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1. Introduction

Let | be a compact interval in R and let us consider the real disfocal differential operator L:
C"(J) — C(]) defined by

Ly =y" () + ap ()y" V(@) + -+ ap(D)y(x), x €], ©)

where a;(x) € C(J),0 < j < n—1. Following Eloe and Ridenhour [1], let (); be the set whose
members are collections of / different ordered integer indices i such that 0 <i <n —1, letk € Nbe
such that1 < k < n—1,leta € Q be the set {ay,...,ar} and B € O, i be the set {B1,...,Bn_k},
both associated to the homogeneous boundary conditions

y((xi)(a) :0, i:1r2r‘-‘/k/ 061'60(, (2)

yBI(b) =0, i=12,...,n—k Bicp, ®)

where [a,b] C J. Throughout this paper we will impose the condition that, for any integer m such
that 1 < m < n, at least m terms of the sequence «y,...,ax, B1,..., By—k are less than m. Due to
their resemblance with the conditions defined by Butler and Erbe in [2], we will call them admissible
boundary conditions (note that (2) and (3) are not exactly the same boundary conditions defined by
Butler and Erbe since the latter applied to the so-called quasiderivatives of y(x) and not to derivatives).
In particular, if for every integer m such that 1 < m < p 41, exactly m terms of the sequence a1, . .., ay,
B1,- .., Bu—k are less than m, we will say that the boundary conditions are p-alternate. In the case
p = n — 1 we will call the boundary conditions strongly admissible. The admissible conditions cover
well known cases like conjugate boundary conditions (¢ = 0,42 =1,...,axy =k —1and 1 =0, =
1,...,By_x = n—k—1),focal boundary conditions (right focal withay = 0,ap =1,..., a4, =k —1and
Br=kpr=k+1,...,8,r=n—1orleftfocal witha; =n—k,ap =n—-k+1,..., a0y =n—1and
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B1=0,82=1,...,B8,_k = n—k—1)and many other. The focal boundary conditions are also strongly
admissible (or (n — 1)-alternate).

The purpose of this paper will be to provide results on the sign of G(x,t), the Green function
associated to the problem

Ly=0, x¢€ (ab),
(4)
y(“[)(g) = 0, o cuw, ]/(ﬁl)(b) - 0/ ﬁi S ﬁ’

as well as some of its partial derivatives with regards to x, both in the interval (4, b) and at the extremes
a and b. We will also analyze the dependence of the absolute value of G(x, t) and its derivatives with
respect to the extremes 4 and b. In this sense, this paper represents an extension of the work by Eloe
and Ridenhour [1] which in turn extended previous results from Peterson [3,4], Elias [5] and Peterson
and Ridenhour [6]. Note that the disfocality of L on [, b], according to Nehari [7], implies that y(x) = 0
is the only solution of Ly = 0 satisfying y(i) (x;) =0, i=0,1,2,...,n—1, with x; € [a,b], and also
guarantees the existence of the Green function of (4).
It is well known (see for instance [8], Chapter 3) that problems of the type

Ly=f, x¢€(ab),
®)
y@(a) =0, o ca; yPi)(b)=0, B;icph,

with f € C[a, b] being an input function, have a solution given by y(x) = [ ab G(x,t)f(t)dt. Therefore,
the knowledge of the sign of G(x, t) and its derivatives can provide information on the sign of the
solution y(x) and these same derivatives, at least when f does not change sign on (a,b). This was
already used by Eloe and Ridenhour in [1] to show that a clamped beam is stiffer that a simply
supported beam. Likewise, the evolution of G(x, ) as a or b vary can also provide insights on the
dependence of the value of y(x) on these extremes and can allow comparing the effect of a longer
separation of the extremes when the same input function f is applied to a system modeled by (5).

The knowledge about the sign of G(x, t) is also useful to find information about the eigenvalues
and eigenfunctions of the general problem

Ly =A%) a0y (x), x € (ab),
(6)
y®)(a) =0, a; € a; yB)(b) =0, B €p,

with y <n—1,¢(x) € C(J) for 0 < I < p. These problems are tackled by converting them in the
equivalent integral problem

My(x) = 1y(x), x € [a,8], )

where M is the operator M: CH[a, b] — C"[a, b] defined by

b M
My(x) = / G(x,t)lch(t)y(l)(t)dt, x € [a,b]. ®)
Ja -0

If the partial derivative of G(x, t) of the highest order whose sign is constant on (4, b) is not lower
than p, it is possible to define a cone P associated to that partial derivative such that MP C P and,
with the help of the cone theory elaborated by Krein and Rutman [9] and Krasnosel’skii [10], prove
that there exists a solution of (7) associated to the smallest eigenvalue A. Moreover, it is possible to
determine some properties of A and even compare the values of A for different boundary conditions.
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Refs. [11-17] are examples that follow this approach. In all these, therefore, the knowledge of the sign
of the derivatives of G(x, t) is critical.
The non-linear version of (6), namely

Ly = Af(y,x), x € (a,b), )

subject to different homogeneous, mixed or integral boundary conditions (see for instance [18,19]), is
also addressed usually by converting it in the integral problem

1 b
Ty = / G(x, ) f(y(t), )dt, x € (a,b). (10)

In most of these problems, the information about the sign of the Green function is relevant to apply
other tools (fixed-point theorems, upper and lower solutions method, fixed-point index theory, etc.)
to determine the existence of a solution. In some of them, the knowledge of the sign of the partial
derivatives can help to achieve the same goal ([18,20,21]).

As for a physical applicability, problems of the type (5), (6) and (9) appear in many situations, like
the study of the deflections of beams, both straight ones with non-homogeneous cross-sections in free
vibration (which are subject to the fourth-order linear Euler-Bernoulli equation) and curved ones with
different shapes. An account of these and other applications can be found in [22], Chapter IV.

Throughout the paper we will use the terms G(«a, B, x, t) and G, ;(x, t) (and further G, ;(«, B, x, 1))
when we want to highlight the dependence of the Green function of (4) on the boundary conditions
(«, B) and the extremes a, b, respectively. That will be particularly useful when we manipulate Green
functions subject to different boundary conditions or different extremes. We will denote by H(x, t) and
I(x,t) the partial derivatives of G(«, B, x, t) with respect to the extreme b and a, respectively, that is

oG(x, 1) oG(x, 1)

H(x,t) = T I(x,t) = Ey (x,t) € [a,b] X [a,b]. (11)

We will say that a, b are interiorto A, Bif A <a < b < Band A <aorb < B. We will use the
expression card{D} to denote the number of elements (or cardinal) of the set D.

Likewise, if we assume that y is a function with (n — 1)th derivative in [a, b], we will make use of
the following nomenclature associated to (&, 8):

e  K(a,p) is the minimum derivative of y(x) for which the boundary conditions («, B) specify that
v (a ) = oory<'>( )=0fori=K(a,p)+1,...,n—1,with K(a, ) = n—1if both y"~V(a) #0
and y"V(b) # 0.

e m(a,i) is the number of derivatives of y of order equal or higher than i which the boundary
condjitions « do not specify to be zero at a.

e (B, i) is the number of derivatives of y of order higher than i which the boundary conditions
do specify to be zero at b.

e a, € ais the greatest index such that y/) (a) = 0 for a; < j < a4 and yU) (b) # Ofor ap <j<
wq —1,and B € B is the greatest index such that y\/) (b) = 0 for B; < j < B and y)(a) # 0 for
B1 < j < Bp — 1. Note that if fp € a then the boundary conditions are p-alternate with p > B3,
whereas if B € a and B > 0 then the boundary conditions are (fp — 1)-alternate.

e  S(u) is the sum of all indices of a. Likewise, S(B) is the sum of all indices of B.

To make these definitions clear, let us use some examples. Let us assume thatn = 8, k = 4,
a={0,1,2,5} and B = {3,4,5,7}. Thenay = 2 (since 3 ¢ a), B = 5 (since 6 ¢ B butalso 5 € w),
K(a,B) = 6 (since6 ¢ aUPand7 € B), S(a) =0+1+2+5=8and S(B) =3+4+5+7 = 19.
Likewise, let us assume thatn = 7,k = 2,« = {3,5} and g = {0,1,2,4,5}. Thenay = 3, 5 = 2,
K(a,B) =6,S(x) =8and S(B) = 12.
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As for the organization of the paper, Section 2 will provide the main results of the paper.
Concretely, in the Section 2.1 we will tackle the general case of admissible boundary conditions,
in the Section 2.2 we will prove some additional results associated to p-alternate boundary conditions
and in the Section 2.3 we will cover the strongly admissible boundary conditions. Finally in Section 3
we will elaborate some conclusions.

2. Results

2.1. The Sign of the Green Function and Its Derivatives on the Admissible Case

In this subsection, we will prove some basic results concerning the sign of the Green function of
the problem (4) and its derivatives, as well as comparisons of their absolute values when the extremes
a and b vary. To this end, it is interesting to recall a couple of results from Eloe and Ridenhour, which
we will state (modified slightly using our notations) for completeness.

Theorem 1 (Theorem 3.3 of [1]). 1. Ifa; =0, thenfori=0,...,B1,

(—1)”_1‘81'%(;'1}) >0, (x,t) € (ab) x(a,b). (12)

2. IfB1=0thenfori=0,...,a1,

(—1)”_k+i% >0, (x,t) € (a,b)x (a,b). (13)

Theorem 2 (Theorem 3.4 of [1]). Let us suppose that max(ay, B,,_x) < n — 1, and that ay, by are extremes
interior to ap, by, with [ap, by C J.

1. Ifag =0, thenfori=0,...,B,

9'G Jt
(-1 PGBl )

n—k aiGalrbll(x, t)

oxl >0, (X, t) € (ﬂ],bl) X (ﬂl,bl). (14)

2. IfB1 =0, thenfori=0,...,aq,

n—k+i aiGﬂz/bz (x’ t)
ox!

aiGallbl (x, t)

71 n—k+i
> (1) dxt

(-1 >0, (x,t) € (a1,b) x (a1, by). (15)

These theorems, although of considerable scope, unfortunately, do not yield information on the
sign of all the partial derivatives of G(x,t) at the extremes a and b, whose knowledge is necessary
for the application of cone theory to the eigenvalue problem (6) mentioned in the Introduction, as
well as for the analysis of the strongly admissible case (see Section 2.3). Likewise, they do not cover
the dependence of G(x, t) with the extremes a and b when either ay or B, are equal to n — 1. These
shortcomings and the lack of explicit proofs of these theorems in [1] (the reader is left to obtain them
following the techniques devised by the authors in previous sections of that paper) lead us to dedicate
this subsection to reproduce what we suppose were the steps used by Eloe and Ridenhour to obtain
Theorems 1 and 2 as well as to prove the missing results (see Remark 2 for some examples of the latter).

We will start with a Lemma that can be considered an extension of [1], Lemma 2.3 to the
problem (4). As Eloe and Ridenhour pointed out, [1], Lemma 2.3 was in essence proved by Peterson
and Ridenhour in [6] for the case (aq,...,a5) = (0, ... k —1).
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Lemma 1. Let us assume that L is disfocal on [a, b] and that y(x) is a nontrivial solution of Ly = 0 which
satisfies the n — 1 homogeneous boundary conditions

y®i)(a) =0, a;€r, a€ Oy,

yB)(b) =0, BicB, PBED i

Let us also assume that
card{i: 0<i<j—1,yD(a) =0} +eard{i: 0<i<j—1,yD(B)=0}>j, j=1,...,K(apB). (17)
Then y(x) is essentially unique (to within the norm) and satisfies

1. Neither y(x) nor any of its derivatives vanish at a or b on derivatives lower than K(w, B) + 1 and different
from those of (16), that is
yD(a)#£0, i=0,...,K(a,p), i¢a,

yD(®) #£0, i=0,...,K(wB), i¢p (18)

2. y®(x) #0, x € (ab), 0<i<max(ay,B1). Moreover, if («, B) are p-alternate, y') (x) #0, x €
(a,b), 0<i<p+1.

3. Ify®(a) =0,0 <i < K(a,B) —1, there exists an € > 0 such that y@) (x)y+ (x) > 0, x € (a,a +¢).
4. IfyD(a) #£0,0 < i< K(a,B) — 1, there exists an € > 0 such that y® (x)y(+1) (x) < 0, x € (a,a + ¢).
5 Ify"D(b) =0,0 <i<K(w,B)—1, there exists an € > 0 such that y) (x)y V) (x) < 0,x € (b—¢,b).
6. IfyW(b) #0,0 <i<K(a,B)—1, there exists an € > 0 such that yO) (x)y (x) > 0,x € (b —¢,b).

Proof. Following the argumentation of [6], let us denote by I, 7; the following values
li=card{i: 0<i<j—1, y(i>(a):0}, 0<j<mn,

rj = card{i: Ogigj—l,y(i)(b)zo}, 0<j<n.

We will show by induction that the number of zeroes of y(/) (x) in the interval (a,b) (let us name it
zj(a, b)) is at least [; + rj — j. For j = 0 it is straightforward, so let us assume that the hypothesis holds
for j — 1, that s,

Z]‘,l(a, b) > l]‘,1 +rjo1— j+1.

If we consider the possible zeroes of y/~1)(x) at a or b, Rolle’s theorem mandates that
Z]'(ll, b) > Zj—1 (ll, b) + l] - lj—l + rji—Tj—1— 1

le_1 +Vj_1—j+1+lj—lj_1 —|—r]-—r]-_1—1:lj+rj—j.

From the definition of [;, r;, this result also implies that the number of zeroes of yU) (x) in [a, b] (let
us name it z;[a, b]), satisfies
Z/'[{Z, l’J] > l]‘+1 +rin —J.

With this in mind it is immediate to see that the condition (17) translates into
zjla,b] >1, j=0,...,K(a,B) -1, (19)
whereas the definition of K(&, f) implies

zjla,b] > 1, j=K(a,p)+1,...,n—1. (20)
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The key insight for the rest of the proof is that any additional zero of y()(x) on [a,b] for i =
0,...,K(a, B) not forced by the homogeneous boundary conditions nor by Rolle’s theorem will imply,
again by Rolle’s theorem, that zg, g)[a,b] = 1 which together with (19) and (20) give

zj[a,b] >1, j=0,...,n—1

Since L is disfocal on [a,b] by hypothesis, such an additional zero will mean y = 0. This
proves properties 1 and 2 (the p-alternate condition grants that only one homogeneous boundary
condition -at either a or b- is set in each derivative up to p-th one, so these boundary conditions cannot
force, at least via Rolle’s theorem, any zeroes in (a,b) in the derivatives up to the (p + 1)-th one) and
also the fact that y is essentially unique to within the norm (if there were two different solutions y; and
Y2 one could create a non trivial linear combination y3 of these two with a zero of yék(a’ﬁ ) in [a, b]).

As for property 3, if i + 1 < K(a, B) then the number of zeroes of y(*1)(x) on (a,b) must be
finite (otherwise from Rolle’s theorem we would end up with a zero of y(K(@h)) (x) on (a,b) and the
disfocality of L on [a,b] would force y = 0) and there must be an € > 0 such that y(*1)(x) # 0 on
(a,a+ €). Since

v =y 0@ + [y D eas = [Ty s)as,

it must follow that y() (x)y*1(x) > 0 on (a,a + €).

To prove property 4, let x; € (a,b] be such that y(!) (x;) = 0 and y() (x) # 0 on [4, x;) (the existence
of x; is granted by (19)). There cannot be any zeroes of y("*1)(x) on (a, x;) since, by the previous
argumentation, this would imply again a zero of yK(®F))(x) on (a, b) and therefore y = 0. As

. . . Xi .
() =y () =y = [Ty (s)as,

one gets to @ (x)y*1) (x) < 0 on (a,x;).
The proof of properties 5 and 6 is similar to that of properties 3 and 4, respectively. [

Remark 1. It is important to stress that the results 3—6 of the previous Lemma only apply if i < K(a, ) — 1. If
y(K(@B) (x) + 0 on [a, b] we cannot deduce anything about the zeroes of higher derivatives of y(x) on [a,b],
as the disfocality condition would already not be met in yK(@P)),

The next Theorem extends [1], Lemma 2.4 and Theorem 2.1 to the problem (4).

Theorem 3. Let us assume that the boundary conditions («, p), with « € Qy and p € Q),_y, are admissible.

Then one has )
i) 9'G(a, B, a,t)

(—1)m = >0,0<i<n-1, i¢a, (21)
and .
“Dﬂ(ﬂow >0, 0<i<n—1, i¢p. (22)
In addition:
1. Ifay = 0then ‘
(_1)"—kw >0, 0 <i<pBy, x€(ab). (23)

ox!
2. If By =0then

nk+i9'Ga, B, x, 1)

(71) oxi

>0, 0<i<ay, x€(ab). (24)

Proof. Let us note first that the admissibility of the boundary conditions imposes that #; = 0 or

B1 = 0.
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We will focus initially on the case a; = 0, for which we will follow a similar approach as that
used in [1], Lemma 2.4. Thus, as a starting point, let us fix ¢ € [4, b] and let us consider the boundary
conditions (&, ) witha = {0,...,k — 1}, which (as it is straightforward to show) are always admissible
regardless of the value of k and B. From [1], Lemma 2.4 one has (22) and from [1], Theorem 2.1 one
gets (23) and
(_1)n7k akG(D(, :3/ a, t)

dxk

If k < n — 1, we can pick new boundary conditions (&', f') witha’ = {0,...,k} and B’ = B\B,_«
(thatis ' = {B1,..., Bu_k_1}, for which [1], Theorem 2.1 gives again

> 0. (25)

k1 G, B0, t)
(=1) dxk+1

> 0. (26)

We can build the function ¢;(x) = G(&/, /,x,t) — G(«, B, x,t), which is n-times continuously
differentiable (the difference of the Green functions compensate the discontinuity of their (n — 1)-th
partial derivatives with regards to x at x = t) and satisfies

Lg1 =0, x € (a,b);

s@=0,0<j<k-1 " (b)=0, p; € p\Buv

®), \ kG (a, Bat)  (Bui) iy aﬁﬂka(zx’, B',b,t)
e I L A @)

From (25) and (27) it follows
(—1)" g (a) < 0. (28)

The boundary conditions of g are («, f'). It is straighforward to prove that K(«, ') = n—1
and that g; satisfies the hypothesis (17) of Lemma 1 for 1,...,n — 1. In consequence, one can apply
properties 1 and 4 of Lemma 1 to g; and, taking (28) into account, get to

(—1)" g a) > 0.
From here and (26) one has

(_1)n7kflw _ (_1)ka71 ak+1G(o¢/, B, a,t)
axk-‘rl 8xk+1

—k—1 (k+1
— (—1) kg E gy S 00 (29)
This argument can be repeated recursively to obtain

A
(-1)%% >0, k<i<n—1, (30)

which is (21).

Next, we will proceed by induction over S(a). Thus, let us consider admissible (but not strongly
admissible) boundary conditions («, f) with @ € O and B € Q),,_, and let us define new conditions
(«/, B) by taking « and replacing the homogeneous boundary condition «; by ay + 1 (that is, &’ specifies
y(@+1) (g) = 0 instead of (%) (a) = 0). Let us assume that («/, §) are also admissible.

The function g (x) = G(&/,B,x,t) — G(a,B,x,t) is n-times continuously differentiable
and satisfies

Lgr =0, x € (a,b);

gﬁ”‘f’(a) =0, aj€a, a;# 0y géﬁj ') =, Bi€p
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_ 4G, B,a,t)  (at1) 2 = 78""<“G(0¢,ﬁ,a, t)

g () s g ) = - (1)

Let («”, B) be the homogeneous boundary conditions satisfied by g, with a” € (1. We will
prove now that
K(a”,B) = max(K(a/, B), arx + 1), (32)

and that g, complies with the hypotheses of Lemma 1 for K(a”, B).
If K(o/, B) > ay + 1 then K(a”, B) = K(«/, B) as the only difference between («/, ) and («”, B) is
precisely a; + 1. In that case

card{fieB,j<p<n—-1}<n—-1—-j—1=n—j-2

for oy +1 < j < K(a”,B), since K(a",B) ¢ B as per the definition of K(a”, ). Following the
nomenclature of Lemma 1 and noting that

Ln(a/, B) +ru(a, B) = mn,

it follows
(@, B) + 11 (0, B) 2n—(n—j—2) =j+2, ax+1<j<K(@"p),

which in turn means
liga(e”,B) +riza(a”,B) > j+1, ap+1<j<K(@",Pp). (33)

Since
lisi(@”,B) +rjpa(a”, B) = Lipa (&, B) +rjpa (e, B) > j+1, j <y, (34)
due to the admissibility of («’, §), from (33) and (34) it follows that the condition (17) holds for («”, B)
and 1,...,K(a”, B).
On the other hand, if K(«/, ) < a + 1, since (a’, B) are admissible there cannot be an order
above K(a/, B) which belongs to «’ and B at the same time, which implies that the number of boundary
conditions above K(&/, B) is limited by

card{a; € o/, K(&/,B) < ay <n—1} +card{f; € B, K(&/,) < By <n—1} =n—1—-K(, B),
and therefore
card{a; € &', K(¢/,B) < ay <n—1} +card{p; € B, K(&/,B) < By <n—1} =n—2—K(a,p).

This means that there must exist an index [ with K(a/, ) +1 <1 < n—1such that! ¢ a«’’ UB.
That index I must obviously be K(a”, B). As the only difference between («/, ) and (a”, B) is precisely
ay + 1, it follows that K(a”, B) = ax + 1. The admissibility of («/, ) grants that (a”, ) fulfils the
condition (17) of Lemma 1 for 1,...,K(a”, B), also in this case K(a”, B) = ay + 1.

Moving on, from the induction hypothesis we know that

0%*1G(a, B, a,t)
axtxk+1

(—1)m™@at1) >0, (35)

which together with (31) gives
(~1)" e gl () < 0. (36)
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Since the number of derivatives of g, between ggx" ) and gga" D which are not specified to be zero

ataism(a’,a;) — m(a, ax +1) + 1, applying properties Properties 3 and 4 of Lemma 1 to g (x) one gets

(—1)m(“/,“i)g£ﬂ‘i) (El) > O, (37)
that is N )
(fl)m(“lr‘xi)% > 0. (38)
In a similar manner, for x € (a,a + ¢€)
(-1 gl (x) > 0, j <, (39)

and since m(a’, j) = m(a, j) for j < a; from the induction hypothesis one obtains

afG(zx’,/%, a,t)
ox/

w) afG(uc, B,a,t)

—1)m(a"j) ‘
(1) 5

= (~1)"@Dgd (a) + (1) >0, j#a, j<a (@0)
Equations (38) and (40) prove (21) for j < a;.
Before addressing (21) for a; > j, which will require a different function g3, let us focus on (23)
and (22), in this order. Thus, from (39), the definition of m(a’, j) and property property 2 of Lemma 1
it follows

(—1)" kgl (x) >0, 0<i< By, x€(ab) (41)

Since by the induction hypothesis

n_kaiG(zx, B, x,t)

(-1) e >0, 0 <i<PBy, x€(ab), (42)
from (41) and (42) one gets to
(—1)nkECW ) _ (_qyn—koli) (x) 4 (—1)r-k2CWEL - 0, 0 <i< By, x € (ab), (43)

which is (23).
On the other hand, (41) also implies (—1)"_kg£ﬂ1)(x) = (—1)”(5'ﬁ1)+1g§ﬂ1)(x) > 0forx € (b—
€,b). Applying properties properties 1, 5 and 6 of Lemma 1, one has

(—1)"Eg (b) >0, 0<j<K(",B), j&B. (44)

Since the induction hypothesis on b implies

(1)n(ﬁ,j)W >0, 0<j<n-1,j¢pB, (45)

from (44) and (45) we get to
(1)"<ﬁ/f>ajG("gjl”” >0, 0<j<K(@",B), j¢B (46)

or rather .
(_1)71(/3,]')3](;@‘6/%!"” >0, 0<j<max(K(a,B),ax+1), j&B, (47)

if we consider (32). The extension of (47) to (22) is straightforward since if max(K(a/, ), ax +1) <n—1
then {max(K(«/,B),ax +1)+1,...,n—1} C B.
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Let us move on to prove (21) for j > «;. For that let us consider the boundary conditions (&, B),
defined by & = &’ U {&;} (or in another way, & = a U {a +1}),& € Qg and B = B\Bu_r, B € Qy_s_1-
(&, B) are admissible since:

1. If B,k > w;, the property is straightforward as (a/, B) are also admissible.

2. If B,k < wj, then (reusing the nomenclature ofALemma 1) one has lj;1(&, B) + riv1(&, B) = n for
j=war+1,...,n—1and in particular I, _»(&, B) + 74 +2(&, ) = n which in turn implies (note
ap+1 < n)

L@ B) +rip(@,B) >n— (g +1—j)=n—a+j-1>j+1,

for B,,_x < j < ay + 1. As there is no change in the boundary conditions associated to derivatives
of order lower than f,,_y, this proves the admissibility of (&, 3).

Thus, let us define the function g3(x) = G(«/, B, x,t) — G(&, B, x, ), which is n-times continuously
differentiable and satisfies
Lgz3 =0, x € (a,b);

@) =0, ajca, gt g (1) =0, B € p\Bui;
& (o, B,a,t) . oPnkG(&, B, b, t)
g5 (a) = T‘f ﬁ U(p) = Tj (48)
From (38) and (48) it follows
(—1)"@2) g (7) > 0. (49)

The boundary conditions for g3 are (a’, 3). We will prove now that

K(&/, p) = max(K(a’, B), Bu-), (50)
and that (a/, B) satisfy the condition (17) of Lemma 1 for 1,...,K(a/, B).
If K(a/, B) > B,_i then K(a/, B) = K(a’, B) as the only difference between (a/, 3) and («/, B) is
precisely B,,_x. In that case we can follow a similar reasoning as before to state
card{a; €a/, j<ay<n—-1}<n—-1-j—1=n—j-2,
for B,_x <j < K(«/, B), so, using again the nomenclature of Lemma 1 for («/, B)

(@, B)+ripa(a,B) > n—(n—j—2)=j+2, By <j<K(,B)=K(,p).

That in turn implies

lj+1(“/rﬁ)+7’j+1( B)=j+1, Buk <j<K(@,B),

or
Lo, B) + 7, B) > j, Buk+1<j<K(@&,p) (51)

Since
(o, B+ ri(a’, B) = (&, B) i, B) =y < B (52)
from (51) and (52) it follows that («, B) satisfy the condition (17) for 1,...,K(a/, B) when K(a/, ) =

K(a', B).
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On the other hand, if K(a/, B) < B,_, since («/, B) are admissible, there cannot be an order above
K(a', B) which belongs to a’ and B at the same time, which implies that the number of boundary
conditions above K(a/, B) is limited by

card{ay € o/, K(&/,B) +1 <o <n—1} +card{f; € B, K(&/,f) +1 < B <n—-1} =n—-1—-K(, B),
and therefore
card{a; € o/, K(&',B) +1 < a; <n—1} +card{p; € B, K(&/,) +1 < B <n—1} =n—2—K(«, ).

This means that there must exist an index ! with K(a/, 8) +1 <1 < n —1such that! ¢ «’ U 3. That
index  must obviously be K(a/, B). As the only difference between (a/, 8) and (&/, B) is precisely B,,_x,
it follows that K(a/, ) = B,,_x. The admissibility of (a/, ) grants that (a/, ) fulfils the condition (17)
of Lemma 1 for 1,...,K(«/, B), also in this case K(&, B) = By_-

Since K(a/, ﬁA) > B,_k, in all cases where K(«/, B) < «;, W =0forj=w;+1,...,n—1,
eliminating the need for proving (21) in these scenarios. In the rest of the cases we can apply properties
3 and 4 of Lemma 1 to g3 and (49) to yield

(~)"@Dgd(a) >0, a;<j<K@,B) j¢ua (53)
Due to the definition of B, we can apply in this case induction over S(8) and assume

JG(a, B, a,t)

—1)m(&j) ‘
(1) 3

>0, a;<j<n—-1, j¢a. (54)

From (53) and (54), and the fact that m(&, j) = m(a’,j) for a; < j < n — 1, one finally gets to

mlxwajG o' B,a,t ma ) (i ma/'ajG Q, A,a,t
(-ayren LEELDD _ gyt igld gy 4. (~aynien LCEL D)
P (i - JIG(a B R
= (D) (@) + (1 EEERED o o k@, ) e 6)
or, taking (50) into account
2 G(a!
(—1)m« )G, Bat) >0, a; <j<max(K(a,B),Bnx) j¢a. (56)

ox/

The extension of (56) to (21) is straightforward as if max(K(«/, B), B,_x) < n— 1then a]cﬂgf]ﬁut) =
0 for j = max(K(a/, B), By_x) + 1,...,n — 1. This completes the proof of the case a; = 0.
Let us focus now on the case &1 > 0, f1 = 0. For that we will consider the function

G'(Baxt)=(-1)"G(a,B,b+a—xb+a—t), (57)
which as one can readily show (see e.g., [8], Chapter 3, page 105) is the Green function of the problem
LG =0, (xt) € {(a) V(L D)} x (D),

9P G'(B,a,a,t)
oxPi
with L’ defined as

“G'(B,a,b,t)

=0, j=1,....,.n—k ey

=0, j=1,...,k (58)

L'y =y"(x) = ap1(b+a—x)y" D (x) + -+ (=1)"ag (b +a — 2)y(x). (59)
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Since B1 = 0 is a boundary condition applied at a, G’ satisfies the hypotheses of the first part of
this theorem. Thus, from (21), (22) and (23) one gets to

el
(71)m<ﬁ,z>w S0, 0<i<n—1, i¢B (60)
el
(,1)n(zx,l)w >0, 0<i<n—1,i¢a (61)
and .
1
(PGB g i<y, xe (ab). (62)

ox!
(60), (61), (62) and the relationship

nfjaiG/(’B,a,b +a - x,b+a—t) _ G (a, B, x,t)

-1 - , 0<j<n-1, 63
(-1 o o OIS ©
finally yield

, i

(_1)n(a,l)+n*1w >0, 0<i<n—1, i¢a, (64)
x

‘ i

(—1)"1(&1)%*1% >0, 0<i<n—1,i¢p, (65)
i

(_1)n—k+z%ﬁf’c'ﬂ >0, 0<i<m, xe€(ab). (66)

Asn—i—n(a,i) =m(a,i)fori ¢ aandn —i—m(B,i) = n(B,i) fori ¢ B, from (64) and (65) one
readily gets (21) and (22), respectively. O

Remark 2. Inequalities (21) and (22) are results new with respect to Theorems 3.3 and 3.4 of [1]. Likewise,
(30) is also new with respect to Theorem 2.1 of [1].

Next, we will assess the dependence of G(x,t) and some of its partial derivatives with regards to
the extremes a and b.

Lemma 2. Fixed t € [a,b], H(x, t) is the solution of the problem

LH=0, x € (ab);

OYH(at) ~ PiH(b,t)  9FTG(a, B, b, 1)
= 0, aj €w; o W , Bj€B (67)
Likewise, I(x, t) is the solution of the problem
LI=0, x € (ab);
%l(at)  39'G(a,Ba,t) il
ax“f = — ax“j+1 , D(j S W = O, ﬁ] S ﬁ (68)

Proof. The proof of (67) follows the same steps as that of [13], Lemma 3.3 with x; = aand k = 1 and
will not be repeated. The proof of (68) is also similar. [

Theorem 4. Let us assume that («, B) are admissible boundary conditions. If oy = 0 and either

Bnk <n-—1
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or
By =n—1 and (_1)n(/3,j)a].(b) <0, 0<j<n—1, j¢B, (69)

with at least one | ¢ Bsuchthat 0 <1 <mn —1and

(~1)" e (b) <0, (70)
then )
~ 0/
(_1)"@4)%;'” <0, (x,t) € (a,b) x (a,b), B1<j<Bp (71)
and )
]
(-1)”% S0, (x,t) € (a,b) % (a,b), 0<j< Br. (72)
If a1 > 0 and either
Bnkx <n-—1
or .
Bux=n—1 and (~1)"Fla;(b) <0, 0<j<n—1, j¢B, (73)
then )
.0/
<f1>"‘k‘f% >0, (x,t) € (a,b) x (a,b), 0<j<pp. 74)

Proof. Let us suppose that a; = 0. Fixed t € [a,b], from Lemma 2 we know that H(x,t) =
Z?;lk hg,(x,t), where hg,(x,t) is the solution of

8"‘1‘hﬂi (El, i’)

Lhg, =0, x € (a,b); e

=0, aj € a;

oPing (b, t) oPihg (b,t) F+LG(b, 1)
ASCATA . . P ") ’
A O BB T = T 79

Note that if B; + 1 € B then hg,(x,t) = 0 due to the disfocality of L on [a, b]. That implies that we
only need to take into account those ; such that 8; +1 & B.
If B, <n—1thenB; <n—1forl <i<n—kandwe can apply (22) and (75) to obtain

bilg, (b, t)

_1)n(BBi+1)
(=1) <0

(76)

which combined with the properties properties 2 (as commented at the end of the Introduction the
homogeneous boundary conditions in (75) are at least (S5 — 1)-alternate), 5 and 6 of Lemma 1, and the
fact that n(B, B; + 1) = n(B, B;) when B; + 1 ¢ B, yields

afhﬁi(x, i’)

(_1)71([3/1') ™ <0, (x,t) € (ab)x(ab), j€B, j< Bz (77)
and ) (5.5)
~ 0 hg. (x,t . .
(—1)”(5'])% >0, (x,t) € (ab)x(ab), j¢B, j<PBp (78)
s a]hg;(jb't) =0for 51 <j < Bpand ajhg;gb't) # 0for 0 <j < B1, from (77) and (78), the facts that

Bp < Biand n(B,j) = n — k for j < By, and the decomposition of H(x,t) in hg (x,t), one gets to (71)
and (72).
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On the contrary, if §,,_; = n — 1 then (77) and (78) hold for all hg, but for hg , since in that case

o"n—kp
the sign of %(” is the opposite of that of . G( ) , which Theorem 3 does not yield. In that case
we need to revert to the definition of L. Thus, from (1) and (4) one has
n n—1 1 n—1 !
d G(b t) Z aG b t) Z 8 G(b t) 79)

1=0,l¢

E G (b,t) " g (D) .
rom (22), (69), (70), (75) and (79) one gets to —.7~ > 0 and —e 1 < 0. Applying
properties Properties 2, 5 and 6 of Lemma 1 one obtains again (77) and (78), and taking into account
the decomposition of H(x, t) in g, (x,t) one finally gets (71) and (72).

The proof of (74) in the case a; > 0 can be done following the same reasoning. [

Remark 3. Condition (70) can be removed if B # {k,k+1,...,n — 1}. Such a condition is needed in the case

on—1p =1y bt ) )
B={kk+1,...,n—1} togrant Iy (01) < 0, since Bﬁ+’{() = Oimplies H(x,t) = hg _, (x,t) =

oxh—1
0 by the disfocality of L on [a,b]. However, if B # {k,k+1,...,n — 1}) then there are other non-trivial

hg, (x,t) which guarantee the non-triviality of H(x, t).

Corollary 1. Let by < by. Under the conditions of Theorem 4, if xy = 0 then

) a Gﬂ bz(x t)
ox/

-1y < (ayen T oy ¢ @) x (@), pr<i<ps 60

and

nika]’Ga,hz (x, t) nikajGu,bl (x, i’)

(1)

> (—1) >0, (x,t) € (a,b) x (a,b), 0<j<pi. (81)

ox/ ox/
If a1 > 0 then
G t G t
(b 2l gk G OD)  a) ab), 02 < B 6

Proof. The proof is immediate from Theorem 4. [

Theorem 5. Let us assume that («, B) are admissible boundary conditions.
If a1 = 0 and either

ap <n—1
or
ap=n—1 and (—1)m(”"])aj(a) <0, 0<j<n—-1, j¢ua, (83)
then '
]
(—1)”*"8[8(73(].'” <0, (x,t) € (ab)x(ab), 0<j<ag. (84)
x
If a1 > 0 and either
ap <n—1
or
0 =n—1 and (—1)"1(“'])11]'(11) <0, 0<j<n—-1, j¢ua (85)

with at least onel ¢ a such that 0 <1 <n —1and

(—1)"@Day(a) <0, (86)
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then ,
~ 0/
(—1)”1(“'7)% <0, (x,t) € (ab)x(ab), ag <j<uwy. (87)
X
and .
.0/
(—1)”*7‘77% <0, (x,t) € (ab)x(ab), 0<j<a. (88)
X

Proof. The proof is similar to that of Theorem 4. [
Remark 4. As before, condition (86) can be removed if &« # {n —k,n —k+1,...,n—1}.

Corollary 2. Let ay < aj. Under the conditions of Theorem 5, if a1 = O then

ek afG,Iz,b(x, £) nfkajGal,b(x, t)

(1)

> (—1) >0, (x,t) € (a1,b) x (a1,b), 0<j<ag. (89)

ox/ ox/
If a1 > 0 then
G ot e Lt
(—1)’”(“'1)M > (—1)’"(”"])M, (x,t) € (a1,b) x (a1,b), a1 <j<ay. (90)
ox/ dax/
and
0IG Lt 9IG Lt
(—1)""‘_1% > (1)"—’<—J‘“é;fx) >0, (x,t) € (a,b) x (a1,b), 0<j<ar. (91)

Remark 5. If oy = 0, it can happen that x 4 # B1 (more concretely a4 = B1 — 1). In that case the statement
(i) of [1], Theorem 3.4 (see (14)) does not seem to be valid for | = By and by = by, unless an approach not based
on the sign of I and its derivatives was used by the authors to prove that assertion. The lack of an explicit proof
of that theorem complicates any further analysis, but one cannot help having the impression that the statement is
incorrect. The same comment is applicable to the statement (ii) of [1], Theorem 3.4 in the case a1 > 0, a1 = ap
(see (15)), which seems only valid for 1 =0, ..., Bp and not for | = a1 when Bp # w1.

2.2. The Case of p-Alternate Boundary Conditions

When the boundary conditions are p-alternate, the lack of simultaneous boundary conditions at
a and b for any derivative lower than p suggests no need for the immediately higher derivative to
change the sign on (4, b), at least as a consequence of Rolle’s theorem. The following theorem shows
that this is to some extent the case under certain hypotheses.

Theorem 6. Let us assume that («, B) are p-alternate admissible boundary conditions.
If 0y = 0 and either
Bnk <n-—1

or
Bunx=n—1 and (—1)”(5'f)aj(x) <0, x€ab], 0<j<n—-1, j¢pB, (92)

with at least one | ¢ Bsuchthat0 <1 <n—1and

(=1)"Pg)(x) <0, x € [a,b], (93)

then )
(-ay +ECEBID o, () € (o) x (0 b), 0<j< B, 04
(—1y @ 2C@BIY o (e (ab) x (ab), pr<)<Pa (%5)

ox/
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and, if:Bn—k/ p> ﬁB'

oPEH1G(a, B, x,t)

(_1)"(ﬁ/ﬁ3+1) =il >0, (x,t) € (ab)x(ab). (96)
If &1 > 0 and either
ap <n—1
or
ap=n—1 and (—1)m(“'j)a]-(x) <0, x€ab], 0<j<n—-1, j¢a, (97)

with at least one | ¢ a such that 0 <1 <n—1and

(—1)™®Dg (x) <0, x € [a,b], (98)
then )
.0/
(—1)"+k—1w S0, (x,) € (a,b) x (a,b), 0<j<a, (99)
P
(—1)’“<WW >0, (x,t) € (a,b)x(ab), mq <j<ayp, (100)
and, if oy, p > K4,
tXA-‘rl
(-ayreanh PSWBXD o, (1,1) € (a,b) x (a,b) (101)

Proof. Let us tackle the case a; = 0 first. From Theorem 3, concretely (23), we already know that (94)
holds for 0 < j < By (note that n(B, 1) =n —k —1).
Next, let us assume that x > f. From the definition of H one has

IGyp(e, B, x, )  Gay(a, B, x,t) b 9 IGas(a, B, x, t)

| : | d
o oxi © 0s o/ s

B 0 Gay(a, B, x,t) b9 H,s(a, B, x,t)

- - n / -~ ds, (x,t) € (a,b) x (a,b). (102)

Gux(, B, x,t) is the Green function of the problem (4) when b = x, so it satisfies the boundary
conditions related to § at x, that is

afGa,x(a, B, x,t)

5 =0, te(ax), jeB. (103)

On the other hand, from the hypotheses and Theorem 4 it follows that

E)]'Ha,S (a, B, x, 1)

—1)n(B)
(1) 3

<0, (x,t) € (as)x(as), t<x<s<b P1<j<PBp (104)

From (102), (103) and (104) one finally gets (95) for x > t and 81 <j < Bp.
Let us focus now on the case x < t. As before one has

ds, (x,t) € (a,b) x (a,b). (105)

ajGa,b (D(, ﬁ/ x’ t) o alel,t(a/ ,B/ xl t) + /b ajHa,s (lX, 18/ xr t)
oxi N ox/ ¢ ox/

Gut(, B, x,t) is the Green function of the problem (4) when b = t, so it satisfies the boundary
conditions related to § at ¢, that is

3Gay(a, B,t,t)

™ =0, te(ab), jep. (106)
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Ifn—1¢ B, Gur(a, B, x,t) is n-times continuously differentiable in (4, t), satisfies LG, ¢ (&, B, x, t) =
0 for x € (a,t) and n homogeneous boundary conditions at 2 and b. Since L is disfocal on [a, b], it is also
disfocal on [a, t) and therefore G, (, B, x,t) = 0 for x € [a,t). From here, (104) and (105) one gets (95).
On the contrary, if n — 1 € B, from the properties of the Green function (see [8], Chapter 3, page 105,
property (ii))) it is straightforward to show that G, +(«, B, x, t) is n-times continuously differentiable on
(a,t), satisfies LG, ¢(, B, x,t) = 0 for x € (a,t), n — 1 homogeneous boundary conditions at a and b
and the boundary condition

n—1
tim 2 Cot@Pil) _ 3, te(a) (107)

As noted in the Introduction, p > Bp — 1. We can apply Properties 2, 5 and 6 of Lemma 1 to (107),
as well as the definition of n(p, j), to yield

afGa,t(zx, B, x,t)

()P == <0, x€(at), te(ab), jeB, j<p+1, (108)
and .
~ o)

(1) P8P Xl) o v (a0), te(ab), j2p j<pt (109)

From (104), (105) and (108) one gets (95) for the case x < t.

To address (96), let us note that if both §,,_x, p > Bp then fp ¢ &, fp+1 € a and Bp + 1 ¢ B due
to the definition of Bp and the p-alternate property of the boundary conditions («, 8). In that case
we can define the boundary conditions («, ) by adding B3 + 1 and removing f,,_ to/from B, that
is B = {B\Bu_r} U (B +1). Then, fixed t € [a,b], the function g4(x) = G(a, B, x,t) — G(a, B, x,t) isn
times continuously differentiable on [a, b] and satisfies

Lgy =0, x € (ab);

(a;) (Bj)
g @) =0, ajea; g (B) =0, B B\Bur

41 oPs1G(a, B, b, t)
&0 = - (10
From (22) and (110) it follows that
(—1)n(BAs+1) glF5 D) () < g, (111)
Applying property 2 of Lemma 1 to (111) (note that p > Sp + 1) one has
(—1)n(BAstDolF5 ) (1) <0, x € (a,b). (112)
Likewise, applying (95) to G(«, B, x, t) (note that §,,_; < n — 1) one has
5 PG (a, B, x, t)
—1)MbBp+1) s Pr 2
(—1)"PPB Py <0, x€(ab), (113)
which is also gait .
oPETIG(w, B, x, 1)
—1)(BBp+1)
(—1)(BPs Py et >0, x € (ab). (114)

Combining (112) and (114) one finally gets to

PG (a, B, x,t)
oxPp+1

(—1)"(BPst1)
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Bp+1 g
_ (_1ynesi aiéj;’f’”” — (—1)" BB (1) S 0, x e (o), (115)

which is (96).
The proof of (99)-(101) can be done using the same auxiliar Green function G'(B, «, x, t) of (57),
applying (63) to (94)—(96) and taking into account that n(a, j) + m(a,j) =n—j—1whenjea. O

2.3. The Strongly Admissible Case

Last, but not least, we will prove a result on the strongly admissible case, extending the order of
the partial derivatives of G(x, t) for which the sign is constant in (a,b) up to the (n — 1)-th order.

Theorem 7. Let us assume that («, B) are strongly admissible boundary conditions and that
(—1)"Dg;(x) <0, x € [a,b], 0<j<n—1. (116)
Ifn — 1 € a let us assume that there exists at least one I, ¢ « such that
(—1)™@hlg (a) < 0. (117)
If n —1 € B let us assume that there exists at least one lg & B such that
(—1)"!)ay (b) < 0. (118)

If either of the following two conditions holds

1.  wy =O0andeither {fp+1,... n—1} Caor{fp+2,... n—1} C B,
2. wy >O0andeither {ap +2,... n—1} Caor{ag+1,... n—1} CB,

then ]
d'G(x,1)

—1)m(aj) .
(1) Ew

>0, (x,t) € (ab)x(ab), 0<j<n-—1. (119)

Proof. The key of this theorem is to prove that, fixed t € [a,b], s G(x ) >0forxe (a,b). This, added

to the property of the Green functions (see [8], Chapter 3, page 105) that states that

n—1 n—1
lim 78 G(x, 1) =1+ lim 78 Gx 1)

, 120
xot+ oxnl xot—  oxnl (120)

1
and the presence of one homogeneous boundary condition in &_Gxt)

oxh—1
% does not change sign on x € (a,b). The same absence of change of the sign of the partial

derivatives of G(x, t) of lower orders follows immediately from this fact and the strong admissibility
of the homogeneous boundary conditions

"G(xt)

To prove the non-negative sign of ? o on (a,b) for fixed t € [a,b], let us focus first on its value

at either a or b, guarantees that

at the extremes a and b. Thus, from the definition of L one has

YClw _ 2 06

T a2 - e a2
and . ”

MG(b,t) (bt rAGLL)

BT P R (122

1=0,I¢

From Theorem 3 and the hypotheses (116), (117), it is straightforward to show that i G(“ ) > 0if

n—1¢€ aand o G(“ ) > (0 else. As for o gg 1) ,if I ¢ B, then | € a and the strong adm1851b111ty forces
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that m(a,1) = n(B,1). From here, Theorem 3 and the hypotheses (116), (118), again, one gets that

m%”” >0ifn—1¢€ ﬁandangﬁ(fz’” > 0 otherwise.
Next, let us do a similar comparison for the partial derivatives of lower order. If n —1 € a,

from Taylor’s theorem there must be a § > 0 such that

" 1G(x,t)

T R 0, x € (a,a+59). (123)

Applying Taylor’s theorem recursively and taking into account (21) one proves that there exists a
61 > 0 such that

i) 'G(a, B, x,t)

—1ym(

>0, x€(ag,a+6), 0<i<n-—1. (124)

As for b, (22) already gives

1G(b,t) 9" 1G(b, 1)
oxn—1 - ox—1

(—1)"(Bn=1) > 0. (125)
Applying again Taylor’s theorem recursively and taking into account (22) one has that there must
be a 6, > 0 such that

i
(e PGB o e (b smt), igp 0<i<n1, (126)

and

n(B,i) aiG(a, B, x,t)

(1) = <0, x€(b—0y,b), i€Ph, 0<i<n-—1. (127)

From (123) and (125) it is clear that % has the same (positive, in this case) sign on x €
(a,a+ 61) U (b — 62, b]. We can prove by induction that this same sign property is valid for all partial
derivatives of lower order, namely, that the signs given by (124), (126) and (127) are the same for each
partial derivative. Thus, let us suppose that the sign of the partial derivative of order I + 1 is the
same in the neighborhoods of 4 and b, and is given by (124). If | € , then by Taylor’s theorem, the
sign of the derivative of order I must be the opposite of the sign of the derivative of order | + 1 in
the neighborhood of b. Likewise, m(a, 1) = m(a, 1+ 1) + 1, so from (124) the sign of the derivative of
order / must also be the opposite of the sign of the derivative of order / 4 1 in the neighborhood of
a. Therefore, the sign of the partial derivatives of order I must coincide at the proximity of a and b.
Likewise, if I € a then by Taylor’s theorem the sign of the derivative of order I must be the same as
the sign of the derivative of order / 4 1 in the neighborhood of 4, whereas the sign of the derivative of
order I at b is given by (—1)"(A)) If 1 41 ¢ B then from (126) and since n(B,1) = n(B,1 + 1) the sign
of the derivative of order / + 1 at b must also coincide with that of the derivative of order / at b. If
I+1€pBthenn(B,1) =n(B,1+1)+1,so from (127) the sign of the derivative of order / + 1 at b must
also coincide with that of the derivative of order / at b. That means, again, that the signs of the partial
derivatives of G(x, t) of order I must also coincide at the neighborhoods of 2 and b.

A similar reasoning can be done for the case n — 1 € B, leading to the same conclusions.

Once we have that the signs of the partial derivatives of G(x, t) on the vicinity of a and b are the

same, regardless of the order, and knowing already from Theorem 6 (note that the strongly admissible
9'G(x,t)

i

conditions are (n — 1)-alternate) that the sign of is constant on (a,b) for 0 < i < Bp (case
01 =08, k=PBp),0<i<Bp+1l(casea; =0,B, > Pp),0<i<ay(casen; >0, ap = ay)or
0<i<ay+1(casea; >0, a;, > ay), and determined by (124) in all cases (it is straightforward to
check), it remains to prove that the sign of 31%7550 is constant on (a, b) for the rest of values of i up to
n — 1. We will do it by reduction to the absurd. Thus, let us suppose that there is an order ! for which
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!
%ﬁj’” changes sign on (a,b). Since the sign at the vicinity of the extremes is the same, there must be
at least an even number of sign changes on (a,b). Let us call x;; the minimum of these points and

!
xp; the maximum of these points. Clearly the sign of J gif’t)
x € (xp7,b), and be given by (124).

Let us assume that {/,...,n — 1} C a. Then by Rolle’s Theorem we can obtain a sequence of
dIG(x,t)
o/

must be the same for x € (a,x;;) and

zeroes x1j,j =1,...,n—1,such that xy; > x1,41 > ... > x1,,—2 > 4, for which the sign of is

n—1
aax,# has a discontinuity at x = ¢, there must

n—1
be a smallest point x1 ,_1 < x1,_2 where there is a change of sign of aTG,(ft) from positive (see (124))

to negative, but from (120) it is clear that such a point cannot be x; ,_1 = t, so it must be a zero of
n—1 n *
aTG,(f’t). From the mean value theorem there must exist an x* € (a,x1,_1) such that % < 0.
However, the above reasoning implies that the sign of all partial derivatives of orders from [ ton — 1
G (x )
axll

constant on (a, xL]-), and again given by (124). Since

is given by (124) for x € (a,x1,—1), and from (116), that also means that the sign of must be
non-negative for all x € (a,x1,,_1), which is a contradiction.

A similar argument can be used if {/,...,n — 1} C Bandif a; > 0, which completes the proof. [

Remark 6. If a;(a) = 0 for all j ¢ w, then the hypothesis (117) of the Theorem 7 can be replaced by any

combination of a;(x) that grants aﬂ%@ > 0 for x € (a,a+9). Likewise, if a;(b) = 0 for all j ¢ B, then the

hypothesis (118) of the Theorem 7 can be replaced by any combination of a;(x) that grants angéf 4 0 for
x e (b—9,b).

Remark 7. One cannot help wondering if, with the right combinations of signs of a;(x) in [a, b], it is possible
to guarantee the conservation of sign of each partial derivative of G with respect to x in [a, b] regardless of how
«; and B alternate in the case of strongly admissible conditions (that is, without imposing Conditions 1 and 2 in
Theorem 7). Even though that assertion looks quite plausible, its proof has been elusive to the authors so far.

3. Discussion

The results presented in this paper provide information about the sign and dependence on the
extremes a and b of the Green function of the problem (4) and its derivatives when the two-point
boundary conditions are admissible, property which encompasses many types of boundary conditions
usually covered in the literature (for instance, conjugate or focal boundary conditions). By doing so,
this paper extends (and to a small degree corrects, as discussed in the Remark 5) the results of Eloe
and Ridenhour in [1], a fine piece of Green function theory that is considered a reference in the subject.
The paper goes beyond to address the p-alternate and strongly admissible cases, for which results on
the signs of higher derivatives on the interval are provided. Thus, whilst both [1] and the Section 2.1
yield sign results only for derivatives up to max(ay, B1)-th order, in the case of p-alternate they are
supplied for derivatives up to a4 + 1 (if 1 > 0) and Bp + 1 (if #; = 0) orders, and in the case of
strongly admissible conditions, for derivatives up to (n — 1)-th order. As stated in the Introduction,
this is relevant since the maximum value of the integer p of the problem (6) which allows a cone-based
approach is limited by the order of the highest derivative of G(x, t) with constant sign, so that finding
results for higher derivatives of G(x,t) permits increasing the applicability of the cone theory to
such problems.

One question that is left open is whether it is possible to find conditions on the sign of the
coefficients of L which grant a constant sign of every derivative of G(x,t) on (a,b) up to the (n — 1)-th
order, for any strongly admissible boundary conditions. We hypothesize an affirmative response, but a
proper proof is still pending.

To conclude, other areas that can benefit from an extension of these sign findings are those of
boundary conditions mixing different derivatives or those with integral conditions. The determination
of the sign of the Green function of fractional boundary value problems is also a topic that has raised
interest recently, as part of more sophisticated mechanisms to find solutions of other related non-linear
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fractional boundary value problems (see for instance [23-26]). However, there is a lot to do in this
area, since most of these cases require the explicit calculation of the associated Green function, and this
calculation is only possible in the simplest ones. A more generic approach that provided signs without
having to solve fractional differential equations, similar to that presented here, would, therefore, be
very welcome.
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