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Abstract: In this note, the convergence of the sum of two convergent sequences of measurable
functions is studied by means of two types of absolute continuity of fuzzy measures, i.e., strong
absolute continuity of Type I, and Type VI. The discussions of convergence a.e. and convergence in
measure are done in the general framework relating to a pair of monotone measures, and general
results are shown. The previous related results are generalized.
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1. Introduction

In fuzzy measure and fuzzy integral theory, many results in the classical measure theory no
longer hold generally without additional conditions for fuzzy measures. For example, for Lebesgue
measurable functions sequences { f;; } ,eny and {gn }nen, we have

fn— faelm] and g, — ga.e[m| = f,+gn — f+ga.e.[m] (1)
and
fo == fand gu =58 = futgn — f+8 2)

where m is the Lebesgue measure and the convergence concerns convergence almost everywhere and
convergence in measure [1,2]. However, for a fuzzy measure y, in general, the above Equations (1) and
(2) may not be true.

The above Equations (1) and (2) were generalized to fuzzy measure spaces under the conditions
of weak null-additivity and pseudometric generating property of set functions [3].

In this note, we consider a pair of fuzzy measures A and v defined on the same measurable space
(X, A). Under the condition of strong absolute continuity of Type I (resp. strong absolute continuity of
Type VI), we obtain the following result:

fn— faelv] and gn — gaelv] = fu+gn — f+gae[A] 3)

(resp. fnL>fandgnL>g:>fn+gni>f+g). (4)
Comparing Equation (3) with Equation (1), and Equation (4) with Equation (2), respectively,

we see that the general results are obtained in the framework concerning a pair of monotone measures.
The previous related results in [3,4] (see also [5]) are recovered.
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2. Preliminaries

Let (X, .A) be a measurable space, i.e., X is a nonempty set and A is a o-algebra of subsets of
X. Let F denote the collection of all A-measurable functions f : X — [0, 1] (such a function f is also
called a fuzzy set on X). The symbols “ V ” and “ A ” denote logical addition and logical multiplication
(e, foranya,b € [0,1],a Vb =max{a, b}, and a A b = min{a, b}), respectively.

2.1. Fuzzy Measures and Integrals

A fuzzy measure on (X, A) is a real valued set function y : A — [0, 1] satisfying the conditions:
(EM1) u(@) =0and u(X) > 0; (FM2) u(P) < u(Q) whenever P C Q and P,Q € A (see [6,7]).

A fuzzy measure is also known as “non-additive measure”, “capacity”, “monotone measure”,

“non-additive probability”, etc (see [8-11]).

Let §2 denote the set of all fuzzy measures defined on (X, A). For A, v € §M, let (A, v) denote
the order pair of A and v, i.e., (A, v) € FM x FM.

We recall fuzzy integral [6] (it is also called Sugeno integral, see [12,13]).

Let (p, f) € M x F. The fuzzy integral of f on X with respect to y, is defined by

() [ fau= "V [enn({xeX|fx) >a})]. ©)

0<a<1

For A € A, we define (S)[, fdu = (S) | fxadu, where x 4 is the characteristic function of A.
Note that the Sugeno integral is a special kind of nonlinear integral.
We define the conjugate 3 of i by

H(A) = u(X) —p(X\ A), Ac A
Then € 3N and i = p.

2.2. Convergence of Sequence of Measurable Functions

Letp e §Mtand f, f, € F (n =1,2,...). We say that

(1) {fn}nen converges almost everywhere to f on X with respect to 1, and denote it by f, == f[u], if
there is a subset E € A such that #(E) =0and f, — f on X \ E;

(2) {fu}nen converges pseudo-almost everywhere to f on X with respect to u, and denote it by

Fu "5 £lu], if there is a subset F € A such that u(X \ F) = u(X) and f, — f on X \ F;

(3) {fn}nen converges to f in measure y (resp. pseudo-in measure ) on X, denoted by f, N f (resp.
fn LN f), if forany o > 0, limy ot ({x € X | |fu(x) — f(x)| > 0}) = 0 (resp. limy 40 p({x € X |
[fu(x) = f(O)] < 0}) = u(X)).

Proposition 1. Let u € M. Then
(1) fu =% flu) if and only if f, == £
(2) fu —= f ifand only if f, =5 f.
2.3. Absolute Continuity of Fuzzy Measures
We recall several types of absolute continuity of fuzzy measures.

Definition 1. [14] Let (A, v) € FM x . We say that
(1) A is absolutely continuous of Type I with respect to v, denoted by A <1 v, if for any A € A, we have

v(A)=0 = A(A) =0; (6)
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(2) A is absolutely continuous of Type VI with respect to v, denoted by A <y v, if for any { Ap}pen C A,
we have

V(Ay) = 0(n —00) = A(A;) = 0(n— o). (7)

Inspired by the concepts of weak null-additivity and pseudometric generating property of set
functions we generalized the above two types of absolute continuity, i.e., Type I and Type VI (see [3]).
Let us first recall weak null-additivity and pseudometric generating property of fuzzy measures.

Let p € M. (1) p is called weakly null-additive [11,15], if for any P, Q € A, we have

u(P)=u(Q) =0= u(PUQ) =0. ®)

(2) p is called to have pseudometric generating property (briefly, (p.g.p.)) [4,16], if for any sequences
{Py}nen € Aand {Qu}yen C A, we have

w(Py) Vu(Qn) = 0(n— o0) = u(P,UQy) — 0 (n — o). 9)

Definition 2. (Lietal. [3]) Let (A, v) € FM x FM. We say that
(1) A is strongly absolute continuous of Type I with respect to v, denoted by A <<§S) v, if

v(A)=v(B) =0 = A(AUB)=0; (10)

(2) A is strongly absolute continuous of Type VI with respect to v, denoted by A <<§,SI) v, if for any
sequences { Ay }yen C Aand {By},en C A, we have

v(Ay)VVv(By) = 0(n— o) = A(A,UB,) = 0(n — o). (11)

Note: Comparing Equation (10) with Equation (8), and Equation (11) with Equation (9),
respectively, we have (1) u <<§s) w if and only ify is weakly null-additive, and (2) u <<$,SI) u if and only
if 4 has pseudometric generating property.

Proposition 2. Let (A, v) € FM x M.
(1) If A Ly v, then A < v.
(2) IfA <<§/SI) v, then A <<§S) V.
(3) A <<§S) vimplies A < v, and A <<§,SI) v implies A < yy V.
The inverse statements in (1), (2) and (3) may not hold.

3. Main Results

The following Theorems 1-3 are our main results.

Theorem 1. Let (A, v) € FM x FM. Then, we have
(1) forall f € Fandall {fy}yen C F,

fo =5 flv] = fu =5 fIA]

ifand only if A <1 v;
(2) forall f € Fandall {fy},eny C F,

fo D f = fu o f

ifand only if A <y v.
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Proof. From Definition 1 it is easy to obtain the conclusions. [

Theorem 2. Let (A, v) € FM x FM. Then the following are equivalent:
M A< y;
(2) forall f,g € Fandall {fu}nen C F, {gn}tnen C F, we have

fu =% flv) and gn == glv] = fuV g = fV g[A;
(3) forall f,g € Fandall {fu}nen C F, {gn}nen C F, we have
fu =% flv) and gu =% glv] = fu + gn = f 4 g[A]-

Proof. (1) = (2). If f, 2% f[v] and g, =% g[v], then there exist F,G € A with v(F) = v(G) = 0
such that f, — fon X\ Fand g, — gon X\ G. Since A <<§s) v, we have A(F U G) = 0. Noting that
fuVgn — fVgonX\ FUG, therefore f, V gn —= fV g[A].

(2) = (1). Let P,Q € Aand v(P) = v(Q) = 0. Denote f,;, = xp and g, = xo, where xp and xo
are the characteristic functions of P and Q, respectively. It follows from f,, — 0[v] and g, —= O[v]
that f, V gn — 0[A]. So A(PUQ) = A({x € X| fu(x) V gu(x) = 0}) =0.

(1) < (3). The proof is similar. [

Theorem 3. Let (A, v) € FM x FM. Then the following are equivalent:
(1) A <<E,SI) v;
(2) forall f,g € Fandall {fu}nen C F, {8gn}nen C F, we have

fo—S fand gy~ ¢ = futgu - f+g;
(3) forall f,g € Fandall {fu}nen C F, {gn}nen C F, we have
fnﬁfandgnﬁg :fn\/ganVg.

Proof. (1) = (2). Suppose that f, — f and g, — g. For any given € > 0, we denote

€

Fa(e) = {x € XIlfulx) - ()| = 5 |

3

{% € XII(fu(x) +8a () = (f(x) + g()] Z € C Fal€) UGn(e).

and

Gale) = {x € Xl|gn(x) — g(x)]| =

NI @™

Then

Since f, — f and f, — g, we have
V(Fn(€)) \ V(Gn(e)) — 0 (n — o0).
Therefore, from A < SI) v, we have
)\(Fn((—:) U Gn(e)) — 0 (n — o0).

Hence it is clear that

A({x € XI1(fa(x) +gu(x) = (F(x) +2(x)| Z €} ) — 0 (n = o0).
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This shows that f;, + g 2, f+g
(2) = (3). If fy —> fand gu — g, then f, +gn — f +g.
Noting that f,(x) V gu(x) < fu(x) + gu(x), for any € > 0 we have

{x € X[ |fu(x) V&n(x)| = €} C{x € X|[fu(x) + gn(x)[ > €}.

So
Jim A({x € X || fu(x) Vgn(x)| = €}) < lim A({x € X[ fu(x) +gu(x)| = €}) = 0.

This shows f, V gx 50
(3) = (1). Forany {Py}nueny C A {Qnltneny C A with Jigrgoy(Pn) V u(Qn) = 0, we define
measurable function sequences { f, } ,eny C F and {gn }nen C F by

B B 0 if x¢ P,

and
B B 0 if x¢ Qy,
gn(x) = XQu (x) o { 1 if x € Qy,

n=1,2,..,then f, s 0and Sn %5 0. Thus, fuVgn l) 0. Therefore for € = %, we have
. 1
lim A({x € X| fulx) V gu(x) > 3}) =0.
Noting f, V ¢n = xp, V X0, = XP,uQ,, We have

1
}={x e X] xp,ug,(x) > 5} =P, UQ,.

N —

{x € X| fu(x) Vgn(x) >

So
nngA(Pn U Qn) = O.

Thus we have A <<$I) v. O

When we take (A, v) = (i, 1), (1, 1), (i, 1), and (u, 7), respectively, and combine Proposition 1,
then the previous results obtained in [3] (Li et al.) are recovered by Theorems 2 and 3, respectively.

Corollary 1. ([3], Theorem 1) Let u € §M. Then,

Iz

1) u <<§S) u (i.e., y is weakly null-additive) if and only if for any f,g, fu, &n € F, fu —= f (1] and gn
glu = futgn = f+glul N

@ u <<§S) 1 (i.e., 7 is weakly null-additive) if and only if for any f, g, fu,gn € F, fu L f [y] and gy,
gl = futgn " fHg .

@) 7 <{ wifand only if for any £,, fu,gn € F, fu =5 f [u] and gu =5 g [u] = fu + g
frglul y y

@) p < i if and only if for any f,g, furgn € F, fu 5 f [u] and g0 P55 g 4] = fu+ g
f+8 -

Corollary 2. ([3], Theorem 2) Let u € M. Then,

=
2
a

=
1)
3

I3

l.

1) u <<§/SI) u (ie., y has (p.g.p.) if and only if for any f,g, fu, gn € F, fu N f and gy N g =
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2 u <<$/SI) 1 (ie., u has (p.g.p.) if and only if for any £, 8, fn,§n € F, fu LN f and gy LA g =
fotgn 5 f+g

(3) ﬁ<<§,sl) wif and only if for any f, g, fu, gn € F, fu Lfandgn i>g = fu+8&n ﬂ>f+g.

4) u <<$,SI) wuifand only if forany f,g, fu,gn € F, fu %fandgn Mg = fu+8&n i>f+g.

In the following we discuss fuzzy measures defined by fuzzy integral.
Givenv € §Mtand h € F. Then the Sugeno integral of & with respect to v determines a new fuzzy
measure Ay, € M, as follows:

A(A) = (S)/Ahdv, VA € A.
Proposition 3. (1) Ay <; v, and A, <yr v; (2) Ay <<§S) v, (3) If v is continuous from below, then
A <$) .

As a direct result of Proposition 3 and Theorems 2 and 3, we have the following corollary.

Corollary 3. Let v € 9. Then,
(1) forall f,g € F and all {fu }neny C F, {gntnen C F, we have

fo =% flv]and gu == glv] = fuV gn = £V g[M);
(2) forall f,g € Fandall {fu}nen C F, {gn}tnen C F, we have
fo =5 flv)and gn =% glv] = fu + gn = £+ g[M);

Furthermore, if v is continuous from below, then
(3) forall f,g € Fandall {fu}nen C F, {gn}nen C F, we have

fu— fand g, ¢ — fn\/gn%ng;
(4) forall f,g € Fandall {fu}nen C F, {gn}tnen C F, we have

An
fo—> fand gy = 8§ = fat+gn —> f+8
4. Conclusions

We have shown the equivalences between the convergence (a.e. or in measure) of the sum of
two convergent sequences of measurable functions and several types of absolute continuity of fuzzy
measures. The main results are Theorems 1-3. The characteristics of strong absolute continuity of Type
I and Type VI of fuzzy measures have been described by using convergence of sequence of measurable
functions. As we have seen, such descriptions were done in a more general context concerning a
pair of monotone measures, the previous related results [3,15] become to be some special cases of our
new results.

In our discussions we only involved theoretical methods, not presenting a specific application
instance. In further research, we will focus on the application of these methods. For instance, we will
generalize convergence in measure theorems of nonlinear integrals [17,18] in the general framework
concerning a pair of monotone measures, and discuss the linearity of pan-integrals and concave
integrals [19,20], our results will be useful.
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