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1. Introduction and Preliminaries

For two analytic functions f and FinU:={z:z€ C and |z| < 1}, itis stated that the function
f is subordinate to the function F in U, written as f(z) < F(z), if there exists a Schwarz function ®,
which is analytic in U with

®0)=0 and |o(z)|<1 (z€U),

such that f(z) = F(@(z)) for all z € U. In particular, if F be a univalent function in U, then we have
below equivalence:
f(z) < F(z) < f(0) =F(0) and f(U) C F(U).

Let 3;; denote the category of all functions analytic in the punctured open unit disk U* given by
U :={z:2€C and 0<|z| <1} =TU\{0},

which have the form
1 (0]
f@) =+ Y (neN={12}). )
k=n

A function f € X, where X is the union of X, for all positive integers #, is said to be in the class

MS («) of meromorphic strongly starlike functions of order « if we have the condition

arg <—Z]{;i§))‘ < % (zeU50<as).
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In particular, MS* := M3 (1) is the class of meromorphic starlike functions in the open unit
disk U.
Let A, be the category of all functions analytic in U which have the following form

fz)=2"+ ) aZt (neN). )
k=n+1
The class A; is denoted by A.
Let S*(a) be the subcategory of A defined as follows

arg(i{é?)‘ <% (ZGIU;O<04§1)}.

The classes S*(«) will be called the class of strongly starlike functions of order «. In particular,
S* := §*(1) is the class of starlike functions in U.

By means of the principle of subordination between analytic functions, the above definition is
equivalent to

S*(a) == {f:feA and

1+z
1—=z

S*(a) := {f:fe A and z;;iz)') =< (

Furthermore, let CC(«) denote the category of all functions in A which are strongly close-to-convex
of order a in U if there exists a function g € §* such that

arg<2§;i§)>‘<a2n (zeU, 0<as1).

In particular, CC := CC(1) is the class of close-to-convex functions in U.

In the year 1978, Miller and Mocanu [1] introduced the method of differential subordinations.
Because of the interesting properties and applications possessed by the Briot-Bouquet differential
subordination, there have been many attempts to extend these results. Then, in recent years,
several authors obtained several applications of the method of differential subordinations in
geometric function theory by using differential subordination associated with starlikeness, convexity,
close-to-convexity and so on (see, for example, [2-13]). Furthermore, based on the generalized Jack
lemma, the well-known lemma of Nunokawa and so on, certain sufficient conditions were derived
in [14-16] considering concept of arg, real part and imaginary part for function to be p-valently starlike
and convex one in the unit disk.

The aim of the current paper is to obtain some new criteria for univalence, strongly starlikeness
and strongly close-to-convexity of functions in the normalized analytic function class A, in the open
unit disk U and meromorphic strongly starlikeness in the punctured open unit disk U* by using a
lemma given by Nunokawa (see [17,18]). Further, the current results are compared with the previous
outcomes obtained in this area.

)a (zEU;O<a§1)}.

In order to prove our main results, we require the following lemma.

Lemma 1 (see [17,18]). Let the function p(z) given by
p(z) =14 ) cuz"  (cw #0; meN)
n=m

be analytic in U with
p(0)=1 and  p(z) #0 (zeU).
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If there exists a point zo (with |zg| < 1) such that

Jarg (p(z)| < 5 (2] < [zo])

and
7T

v
|arg (p(20))| = 5

for some v > 0, then

zop'(20) _ . :
———= =iky i=+v-1),
pz0) =V
where .
k> @ =m when arg(p(z)) = 2—”
and .
k< _m(%a) < —m when arg(p(z0)) = —72—”,

where

[P(Zo)]l/7 =Z4ig and a > 0.

2. Main Results

Theorem 1. Let p be an analytic function in U, given by

p(z) =14 ) cuz" (cm #0; m > 2)

and p(z) # 0 for z € U. Let ay is the only root of the equation

arctan(2ma) — 7t = 0.
If
‘ arg (pZ(Z) - 2p(z)zp’(z)) ‘ < % [i arctan(2ma) — 2a |,
where 0 < a < a, then

jarg (p(2))| < 5° (z€ D),

Proof. To prove our result we suppose that there exists a point zg € U so that

ar
|arg (p(z))] < > for |z| < |zo|

and

Then, Lemma 1, gives us that
zp'(20)
p(2o0)
where [p(zo)]% = +ia (a > 0) and k is given by (3) or (4).

For the case arg (p(z)) = % when

= ika,

Rl=

[p(z0)]

=1ia (a >0),

30f13

®)

(4)

©)



Mathematics 2020, 8, 847 40f 13

with k 2 m, we have

arg (pZ(zo) - ZP(ZO)Zop/(ZO)) — arg (PZ(ZO) (1 B 2225?;;;”))

— are (12 are [ 1 - 2707 (20)
- g(P (ZO))+ g<1 2 P(ZO) )

=2arg (p(z0)) + arg (1 — i2kn)

< am — arctan(2ma)

- 2
= 771? (71 arctan(2ma) — 204) ,

which contradicts with condition (5).

Next, for the case arg (p(zo)) = —% when

2=

[p(z0)]* = —ia  (a>0),

with k £ —m, applying the similar method as the above, we can get

arg (PZ(ZO) - ZP(ZO)ZOP'(ZO)) < —art + arctan(2ma)
w2
=5 (71 arctan(2ma) — 2a> ,

which is a contradiction to (5).
Therefore, from the two mentioned contradictions, we obtain

|arg (p(z))] < % (z € U).

This completes our proof. [

Let ¢(r,s,t;z) : C> x U — C and let h be univalent in U. If p is analytic in U and satisfies the
(second order) differential subordination

p(p(2),2p'(2),2%p" (2);2) < h(2), (6)

then p is called a solution of the differential subordination. The univalent function g is called a
dominant of the solution of the differential subordination or more simply a dominant, if p < g for all p
satisfying (6). A dominant § satisfying § < g for all dominants g of (6) is said to be the best dominant
of (6). The best dominant is unique up to a rotation of U. If p(z) = 1+ anz" +a,, 12" + - be
analytic in U, then p will be called a (1, n)-solution, g a (1, n)-dominant, and § the best (1, n)-dominant.

The following result, which is one of the types of differential subordinations was expressed in [1].

Theorem 2 ([19], Theorem 3.1e, p. 77). Let h be convex in U, with h(0) = 1 and Reh(z) > 0. Let also
p(z) =14 anz" + ay 12" + - - - be analytic in U. If p satisfies

P (2) +2p(2)zp'(2) < h(2), )

then
p(z) <4q(z) = /Q(z),
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where

and the function q is the best (1, n)-dominant.

Remark 1. The form (5) cannot be used to obtain in inequality (7). Therefore, Theorem 1 is a small extension of
Theorem 2.

For m = 2 in Theorem 1 we have
2
o (a) =: - arctan(4a) — 20 > 0 8)

for « € (0,a9) which ap = 1/4 is the smallest positive root of the equation 0»(«). So we have the
following results

Remark 2. Suppose that f € ¥ with

_z#f'(2)
f(z)

p(z) == #0,

and 0 < a < 1/4 satisfy the following inequality

(i) (2 -8 <=5

where 0y () is given by (8). Then f is meromorphic strongly starlike function of order «.

p) =12 20

and 0 < a < % satisfy the following inequality

g (L) - o)) | < 2207,

z

Remark 3. Suppose that f € A with

where o () is given by (8). Then

’arg\/@‘<a2n (z € U).

Since 0> () given by (8) takes its maximum value at « = /(4 — 77) /167, we obtain the following
result.

Corollary 1. Let p be an analytic function in U, given by

p(z) =1+ ) cp2"
n=2
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and p(z) # 0 for z € U. Let

% ( Tor ) 4
‘ 2 ! -~
arg (P (z) —2p(z)zp (z)) ‘ < ———5—— = 0071125,

Vi
2” ~ 020528 (z€U).

Theorem 3. Let p be an analytic function in U, given by

then

|arg (p(2))| <

p(z) =1+ ) cp2"
n=2
and p(z) # 0 for z € U. Let a be the smallest positive root of the equation

_ (1+24)/2
2w (1_{_;‘:) cos (7tar)

2
— arctan
7T

1_ 20‘) (14+20)/2
sin (7te)

1—20&—20((1+2“

Suppose that

arg (P(Z) LA )‘ W (10)

where

1- 2« (14+2a)/2
Za(l +2a> cos (7a)

1 — g (1H20)/2
1+ 2

2
O(a) = p arctan —u (11)

1—2&—20(( sin (7o)

and 0 < & < ag. Then
%
larg (p(2))| < > (z €.

Proof. First, let us define

where

1- 20‘) (1+20)/2

1 o\ (1+20)/2
142«

n(a) —Zoc( cos(ma) and m(a) = 1—20&—2&(1+2“ sin (7ta),
then we have 6(0) = 0, §(a)y 12 = —1/2, and 6’(0) > 0. Therefore, there exists in (0, 1/2) the
smallest positive root ag of the equality (9), so that §(a) > 0 for a € (0, ).
Now we suppose that there exists a point zg € U such that
arT
|arg (p(z))] < - for |z| < |zo|

and
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Then, from Lemma 1, it follows that

= ika,

where [p(zo)]% = +ia (a > 0) and k is given by (3) or (4) for m = 2.
a7t
For the case arg (p(zp)) = — when

2
p(z0))s =ia  (a>0),
we have
“g<““>‘§zgﬁ;>:a@(p@“<l‘Z§Z? wéwv))
= arg (p(z0)) + arg (1 — ika (ml)za>
s o)+ g (14 52 e 1 2072).
Since

> 1-2a —1-2a
o = a(a +a ),
we now define a real function g by

gla) =al ™2 y o172 (a >0).

Then this function takes on the minimum value for a given by

0 1+ 2«
T V1-2a"

Therefore, from the above inequality we obtain

ka o ((1420 (1‘2"‘>/2+ 1420\ T2/ 2n (12 (“2“)/2__1(“)
a2 = 1— 2w 1—2a« T 1—2a\1+2« o '

Therefore

zp'(zo) ar —I(&) cos (7ta)

which is contradict with condition (10).

Next, for the case arg (p(z9)) = —% when

[p(z0)]* = —ia  (a>0),

with
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applying the similar method as the above, we can get

arg (P(ZO) - ;ﬁgjﬁl) = arg (p(z0)) +arg <1 — lkoc >
— arg (p(z0)) + arg < ka in(1120)/ 2)
Z —% + arctan (1 l—(lz C;;i(ﬂl))
_ ()
5

which is a contradiction to condition (10).
Therefore, from the two mentioned contradictions, we obtain

QT
larg (p(2))| < > (z € ).
This completes the proof of Theorem 3. [J

Theorem 4 ([19], Corollary 3.4a.3, p. 124). Let B and v be complex numbers with B # 0 and let p and h be
analytic in U with p(0) = h(0). If P(z) = Bh(z) + v satisfies

(i) Re P%(z) > 0

(ii) P or P~ is convex, then

p(z) +2p'(2) - [Bp(2) + 7] < h(2), (12)

implies p(z) < h(z).

The condition (10) can be written as a generalized Briot-Bouquet differential subordination.
However, It is remarkable that the condition (12) among the outcomes on the generalized Briot-Bouquet
differential subordination collected in ([19], Ch. 3) is not taken into account the case y =0, B =i
which we have in (10).

Corollary 2. Let f € Xy with

_ ')

and 0 < a < wg satisfy the following inequality

(G (@S
8 <Zf’(2> (14 f’(2)> @) 1)

where &(a) is given by (11). Then f is meromorphic strongly starlike function of order «.

S(a)
5

Theorem 5. Let p be an analytic function in U, given by
[ee]
z) =1+ ) cz"  (cw #0; meN)
n=m

and p(z) # 0 forz € U. Let &« > 0 and B > 0 satisfy the inequality

arctan(ma) >

T
2B°
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Suppose that

’arg <p(z) [1 - Z;’;S)] ﬁ) ‘ < g [275 arctan(ma) — | . (13)

Then -
|arg (p(z))] < > (z € U).

Proof. Suppose that there exists a point zy € U such that
ar
|arg (p(z))] < - for |z <z

and

14
|arg (p(z0))| = -

Then, from Lemma 1, it follows that

where [p(zo)]% = =+ia (a > 0) and k is given by (3) or (4).
a7t
For the case arg (p(z9)) = > when

2=

[p(20)]

=ia (a>0),

with k 2 m, we have
_ zop'(20) B —ar ar B zop' (z0)
arg (P(Zo)[l (o) } > = arg (p(z0)) + parg (1 (o) )
= arg (p(z0)) + parg (1 — ikn)

< % — Barctan(mau)

= %ﬂ (275 arctan(ma) — vc) ’

which contradicts our hypothesis in (13).

Next, for the case arg (p(z9)) = — % when

2=

[p(z0)]* = —ia  (a>0),

with k £ —m, applying the similar method as the above, we can get

20p'(20) 1P
arg (P(Zo) {1 — OFZZ(O)O)] ) > — 7 + Barctan(ma)

7T
— < arctan ma zx> ,
)
which is a contradiction to (13).
Therefore, from the two mentioned contradictions, we obtain

larg (p(2))| < % (z e ).
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This completes the proof of Theorem 5. [J

Remark 4. By choosing m = 2 and 3 = 1 in Theorem 5, we have the result obtained by Nunokawa and Sokdt

in ([11], Theorem 2.4).

By choosing /
pa) = -5 2o,
in Theorem 6, we obtain a sufficient condition for strongly meromorphic starlikeness as follows.
Corollary 3. Let f € X, with /
p@) =~ 2o

Let & > 0 and B > 0 satisfy the inequality

i
tan (2 —.
arctan(2a) > 26

Suppose that
‘ arg (_Zf’(z) [1 + 2f(2) - (1 + Z]J:’,;(zz))>}ﬁ> ‘ < % {275 arctan(2a) — | . (14)

f(z) f(z)
Then f is meromorphic strongly starlike function of order «.

Theorem 6. Let p be an analytic function in U with p(0) = 1, p’(0) # 0and p(z) # 0 for z € U that satisfies

the following inequality

arg (P(Z) (p(2) +zp’(z))>‘ - C(tx)n,

p(z) = Bzp'(2) 2
where
(o) =a+ % (arctan (&) +arctan (Ba)) (a > 0; B =0). (15)
Then -
larg (p(2))| < > (z € D).

Proof. To prove the result asserted by Theorem 6, we suppose that there exists a point zy € U such that

ar
|arg (p(z))] < > for |z| < |zo|

|arg (p(z0))] = 5~

and

Then, from Lemma 1, it follows that

2p"(20) _ 4

where [p(zo)]% = =+ia (a > 0) and k is given by (3) or (4) for m = 1.

For the case ot
arg (p(z0) = °7,
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1
o

where [p(zo)]x =ia (a > 0) and k = 1, we have

EAC)

arg (P(Zo) (p(20) +20P'(Zo))> — arg [ p(z0) p(20)
p(z0) — Bzop' (20) 1 ﬁZP’(Zo)

p(z0)

= arg (p(z0)) +arg <11——’—izcljca>

= arg (p(z0)) + arg (1 + ika) — arg (1 — ifka)
= % + arctan (ka) — arctan (—Bka)

% + arctan (ka) + arctan (Bka)

2 % + arctan («) + arctan (Ba)

_ o)
2 7
which contradicts our hypothesis in Theorem 6.

Next, for the case
7T

arg (p(z0) = — 5,

1
o

where [p(zg)]* = —ia (a > 0) and k < —1, applying the similar method as the above, we can get

p(z0) (P(z0) + 200" (20))\ _ 0 (105 ape L ik
arg( p(zo0) — Bzop’(z0) >_ 8 (p(z0) + g<1—iﬁkzx>

= _% + arctan (ka) 4 arctan (Bka)

< —% — arctan («) — arctan (Ba)

ga)m
7

which is a contradiction to the assumption of Theorem 6.
Therefore, from the two mentioned contradictions, we obtain

QT
larg (p(2))| < > (z € U).
This completes the proof of Theorem 6. [J

Remark 5.
(i) If Ba® < 1 in Theorem 6, then (15) is equal to

C=ua+ %arctan (W) .

(ii) By setting p = 0and p(z) := f'(z) # 0 in Theorem 6, we have the result obtained by Nunokawa et al.
in ([20], Theorem 3).

By setting

_ /')
p(z) T g(z) ;é 0/

in Theorem 6, we obtain a sufficient condition for strongly close-to-convexity as follows.
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Corollary 4. For g € S* and f € A such that 2f" (0) # g"(0), suppose that the following inequality

arg 2(f'(2))° )|t
f12)g'(2) - f"(2)g(z)  g(2) 2

is satisfied, where

(a) =a+ % (arctan («) +arctan (Ba)) (a >0, B =0). (16)

w(£9)|< ven

Then

Remark 6. Similar to Corollary 4 by setting

_zf'(2)
P(Z) T f(Z) 7& O/

in Theorem 6, (or § =: f in Corollary 4), we can obtain a sufficient condition for strongly starlikeness.
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