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Abstract: H-umbilicity was introduced as an analogue of total umbilicity for Lagrangian
submanifolds since, in some relevant cases, totally umbilical Lagrangian submanifolds are
automatically totally geodesic. In this paper, we show that, in the homogeneous nearly Kahler
S® x S3, also H-umbilical Lagrangian submanifolds are automatically totally geodesic.
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1. Introduction

Gray and Hervella [1] have distinguished sixteen classes of almost Hermitian manifolds, out of
which the Kihler manifolds represent one of the most important classes. Kahler manifolds are defined
as the almost Hermitian manifolds for which the almost complex structure ] is parallel: V] = 0,
where V is the Levi-Civita connection. If this condition is relaxed to the skew-symmetry of the tensor
V], then the manifold is called nearly Kahler. A nearly Kahler manifold which is not Kahler is called
strict nearly Kéhler. It is known that Kdhler manifolds admit a complex, Riemannian and symplectic
structure that are all compatible with each other. On a nearly Kihler manifold, the fundamental
two-form is not necessarily closed and therefore nearly Kihler manifolds are neither complex nor
symplectic, unless they are Kihler, see, for example, [2].

The interest in nearly Kdhler manifolds grew especially because they are examples of geometries
with torsion and therefore they have applications in mathematical physics [3]. A very important result
is the structure theorem given by Nagy [4]. He showed that complete strict nearly Kdhler manifolds are
locally Riemannian products of six-dimensional nearly Kdhler manifolds, some homogeneous nearly
Kéahler spaces and twistor spaces over quaternionic Kahler manifolds with positive scalar curvature,
endowed with the canonical nearly Kédhler metric. Moreover, if the complete strict nearly Kéhler
manifold is simply connected, then it is globally a Riemannian product of such factors. We also recall
that six-dimensional nearly Kéhler manifolds are Einstein with positive scalar curvature.

Butruille showed in [5] that the only homogeneous six-dimensional nearly Kéahler manifolds are
the sphere S°, the manifold S® x S?, the projective space CP? and the flag manifold SU(3) /U (1) x U(1),
where the last three are not endowed with their “standard metrics”. All these spaces are compact and
3-symmetric, as defined in [6]. Examples of non-homogeneous (but locally homogeneous) strict nearly
Kéhler manifolds of dimension six were given by Podesta and Spiro in [7] and by Cortés and Vasquez
in [8]. The first complete non-locally homogeneous nearly Kahler structures were constructed on S°
and S? x S3 by Foscolo and Haskins in [9].
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In the present paper, we are interested in the study of the homogeneous nearly Kahler S® x S3
from the point of view of its submanifolds. This aligns with the interest of other authors who have
recently obtained results about various properties of different types of submanifolds of S® x S3, such as
CR submanifolds, almost complex surfaces and hypersurfaces (see for instance [10-12]). In particular,
we consider Lagrangian submanifolds, i.e., submanifolds for which the almost complex structure of
the ambient space maps the tangent space to the submanifold to the normal space and vice versa.
The study of Lagrangian submanifolds originates from symplectic geometry and classical mechanics.
Lagrangian submanifolds of the nearly Kahler S® were for example studied in [13,14], while various
results on and examples of Lagrangian submanifolds of the nearly Kahler S* x S* were obtained
in [15-18]. In general, Schéfer and Smozcyk [19] proved that Lagrangian submanifolds of nearly
Kéhler manifolds of dimension six and twistor spaces are always minimal and orientable.

Recall that a submanifold M of dimension # > 2 of a Riemannian manifold M is said to be totally
umbilical if its second fundamental form # is given by

h(X,Y) =g(X,Y)¢ )

for all X and Y tangent to M, where g is the metric and ¢ is a normal vector field along the submanifold,
not depending on X and Y. It follows directly from (1) that { = H, the mean curvature vector field of
the immersion. In the case that the ambient space carries an almost complex structure |, we define the
cubic form acting on tangent vectors to M by (X, Y, Z) — g(h(X,Y),]Z), and the following result is
easy to prove.

Lemma 1. Let M be a totally umbilical Lagrangian submanifold of an almost Hermitian manifold (M, g, ]).
If the cubic form of the immersion is totally symmetric in its three arguments, then the submanifold is totally
geodesic, i.e., the second fundamental form vanishes identically.

Symmetry of the cubic form holds for important classes of Lagrangian submanifolds, such as all
Lagrangian submanifolds of all Kdhler manifolds and nearly Kdhler manifolds, see, for example, [2].
This led Chen to introduce the concept of H-umbilicity as an alternative for total umbilicity for
Lagrangian submanifolds in [20]. To motivate the definition, we first remark that, in the case of
a Lagrangian submanifold, (1) can be expressed as follows: in a neighborhood of any point of M,
there exists a local orthonormal frame {Uy, ..., U, } on M and a local function A such that the second
fundamental form is given by

h(Uy,Up) = AJUy, h(Uy, U;) =0, h(U;,Uj) = Ad;;]Uy
fori,je {2,...,n}.

Definition 1. [20] Let M be a Lagrangian submanifold of dimension n > 2 of an almost Hermitian manifold
(M, g,]). We say that M is H-umbilical if, in the neighborhood of any point, there exist a local orthonormal
frame {Uy, ..., Uy} on M and local functions A and y such that the second fundamental form h is given by

h(Uy,Up) = AJUy,  h(Uy, U;) = uJU;,  h(U;, Uj) = pé;JU; 2)
fori,je{2,...,n}.

While there are plenty of examples and classification results of H-umbilical Lagrangian
submanifolds in the Kéhler setting—see, for example, [20,21] for the classification in complex space
forms—we prove in this paper that no new examples occur in the nearly Kahler S® x S3.

Theorem 1. An H-umbilical Lagrangian submanifold of S® x S® is totally geodesic.
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Note that a complete classification of totally geodesic Lagrangian submanifolds of S* x S3 is given
in [22]. All the known examples of Lagrangian submanifolds of S* x S? are in some sense very special,
see the references given above. Our result shows that the condition of H-umbilicity, which is natural
in the Kahler setting, does not produce any new examples in this specific nearly Kdhler manifold.
It would therefore be interesting to find explicit examples of “generic” Lagrangian submanifolds of
S® x 3 and to classify Lagrangian submanifolds of S* x S® under some natural additional conditions.

The remaining part of this paper is organized as follows: in Section 2, we introduce the necessary
basics about S® x S3 and its Lagrangian submanifolds and in Section 3 we will prove Theorem 1.

2. Preliminaries

We will briefly present the homogeneous nearly Kahler structure on S* x S® as well as the basic
equations for Lagrangian submanifolds of S* x S?, as they have been introduced in [22,23].

Looking at the 3-sphere as the set of all unit quaternions, it is not hard to see that the tangent
space at p € S® can be identified with T,S® = {pa | a is an imaginary quaternion}, where px denotes
the quaternionic multiplication of the unit quaternion p and the imaginary quaternion «. A tangent
vector to S® x S% at a point (p,q) € S? x S® can hence be written as (pa, g8) for imaginary quaternions
« and B.

Using this notation, the almost complex structure ] on the nearly Kahler S* x S? is defined by

1
Jp.q) (P, qB) := %(P(zﬁ —a),q(B —2a)). 3)

A Hermitian metric that is compatible with this almost complex structure can now be built starting
from the product of the round metrics of curvature 1 in a standard way:

80 (P2 9B), (p',4B) = 5 ({(p,aB), (pod,aB)) + Uy (02, 9B), T (P, 86)))

)
T T N @
=3 () +(B,p) = 5 (0 ) + (&, ),
where (-, -) stands for the product of the round metrics of curvature 1 (or, equivalently, for the Euclidean
metric on R8) in the first line and for the Euclidean metric on R3 in the second line. Following [23],
we define one more tensor field on S x S®, namely

P (pa,qB) == (pp,que). (5)

Note that P is an almost product structure since it is involutive and symmetric with respect to g.
Moreover, it anti-commutes with the almost complex structure: JP = —PJ.

Denote by V the Levi-Civita connection on S x S® with respect to the metric g and let G := V.
Since G is skew-symmetric, the Hermitian manifold (S® x S3, g, J) is indeed nearly Kahler.

Now, let M be a Lagrangian submanifold of S* x S®. This means that ] maps tangent vectors
to M to normal vectors to M and vice versa, which, in particular, implies that M is 3-dimensional.
The formulas of Gauss and Weingarten, which hold for general submanifolds, state, respectively

VxY = VxY +h(X,Y),
VxE = —S:X + Vx&

for vector fields X and Y tangent to M and a vector field ¢ normal to M. Here, V is the Levi-Civita
connection on M with respect to the metric induced by g, h is the second fundamental form of the
immersion, S; is the shape operator with respect to the normal vector field ¢, and V+ is the normal
connection. In the case of a Lagrangian submanifold of S® x S®—or, more generally, a Lagrangian
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submanifold of any (nearly) Kahler manifold—the following equations describe the relations between
some of these geometric data:

h(X,Y)=]S;xY =]Si¥X, (6)
Vx]Y = JVxY +G(X,Y) 7)

for all vector fields X and Y tangent to the Lagrangian submanifold M. In particular, it follows from (6)
that the cubic form (X,Y,Z) — ¢(h(X,Y),]JZ) on M is totally symmetric.

Since M is Lagrangian, the pull-back of T(S® x S3) to M splits into TM & JTM. There are two
endomorphisms A, B: TM — TM such that the restriction P|ry of P to the submanifold is given
by PX = AX + |BX for all X € TM. It follows immediately from the properties of P that A and
B are symmetric that they commute and satisfy A2 + B> = Id. Therefore, for each point p € M,
there is an orthonormal basis {e1,e;,e3} of TpM and real numbers 61, 6, and 603, determined up to
an integer multiple of 77, such that Ae; = cos(26;)e; and Be; = sin(26;)]e; fori € {1,2,3}. We may
extend the orthonormal basis {e1, e, e3} at a point to a differentiable frame {E;, E, E3} on an open
neighborhood where the multiplicities of the eigenvalues of A and B are constant. Therefore, there exist
a local orthonormal frame {E;, E3, E3 } and local functions 61, 6, and 63 on an open dense subset of M
such that

AE; = cos(26;)E;, BE; = sin(26;)E; (8)
fori € {1,2,3}.

The following lemma is a combination of two lemmas proven in [17].

Lemma 2. [17] Let M be a Lagrangian submanifold of S® x S® and define the local angle functions 61, 0, and
03 as above. Then, the sum of these functions vanishes modulo 1t. Moreover, if two of the angle functions are
equal modulo 7t, then the submanifold is totally geodesic.

The next lemma follows from studying VP and was also proven in [17].

Lemma 3. [17] Let M be a Lagrangian submanifold of S® x S® and take a local orthonormal frame {E1, E, E3}
and local functions 01, 8, and 63 as above. Denote by hifj the components of the second fundamental form of the

immersion and by a)f.‘]. the components of the Levi—Civita connection of M with respect to {E1, Ep, E3}, i.e.,

M= g(h(E, Ey), JE), Wl = g(VEEj Er)
fori,j,k € {1,2,3}. Then,

Ei(6)) = —hi;,

1 .
hi-‘]- cos(8; — 6) = (msll-‘]- - w@) sin(0; — 6k) )

fori,j,k € {1,2,3}, with j # k. Here, s’l?]- is defined by
1 if (ijk) is an even permutation of (123),

gy = —1 if (ijk) is an odd permutation of (123),
0 otherwise.

=
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By changing the orientation of one of the vectors in a local orthonormal frame {Ej, E;, E3} on a
Lagrangian submanifold of S* x S? if necessary, we may assume that

1 & 4
G(E; E;)) = ——— E e JEg, 10
( 1 ]) \/g = 1]] k ( )
where e]i‘« is as in Lemma 3; see, for example, [2]. Hence, from now on, we will assume this for the

frame {Ey, Ey, E3} constructed above.
Finally, we recall the equation of Codazzi for a Lagrangian submanifold M of S* x S3 from [17].
It states that

(Vh)(X,Y,Z) - (Vh)(Y,X,Z)

11
:%(g(AY,Z)]BX —9(AX,Z)JBY — g(BY,Z)JAX + g(BX, Z)JAY) ()

for all tangent vector fields X, Y and Z on M, where the covariant derivative of the second fundamental
form is defined as (V) (X, Y, Z) := Vxh(Y,Z) — h(VxY,Z) — h(Y,VxZ).

3. Main Result

In this section, we prove the main theorem, Theorem 1, which states that an H-umbilical
Lagrangian submanifold of S* x S? is totally geodesic.
First, we prove the following lemma.

Lemma 4. Let M be an H-umbilical Lagrangian submanifold of the nearly Kihler S* x S3. Then, in a
neighborhood of any point, there exists a vector field V on M such that the second fundamental form of M is
given by

h(X,Y) =gV, V) (8(Y, V)X +g(X, V)]Y +¢(X,Y)]V) = 58(X, V)g (Y, V)]V, (12)
for all vector fields X and Y on M in that neighborhood.

Proof. Let M be a Lagrangian H-umbilical submanifold of the nearly Kahler S® x S3. By Definition 1,
around every point of M, there exist a local orthonormal frame {Uj, Uy, U3} and local functions A and
u such that

h(Uy, Ur) = AJUy,  h(Uy, Uz) = pJUz, h(Uy,Us) = uJUs,

13
h(Uz,Uz) = }l]Ul, h(Uz,Ug,) = 0, h(U3,U3) = ,u]U1. ( )

Since Lagrangian submanifolds of S* x S® are minimal by [19], we must have A = —2y. If we
define V := ;41/ 3Uy, it is then easy to see that (13) is equivalent to (12). O

We are now ready to give a proof of Theorem 1.

Proof of Theorem 1. Assume that M is an H-umbilical Lagrangian submanifold of S* x S°.
Let {Eq, Ep, E3} be an orthonormal frame of tangent vector fields and 61, 65, and 65 functions on
an open dense subset of M such that (8) and (10) hold. If V is a local vector field on M as defined in
Lemma 4 and v, vp, and v3 are local functions such that V = v1Eq 4+ v E; + v3E3, then it follows from
Lemmas 3 and 4 that

hi.{]. = (z}% + v% + v%) (viéjk + vjékl- + vkéij) — 500U (14)

foralli,j k € {1,2,3}.
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By substituting (14) into (9), we obtain the following:

w%l = —02(—40% + v% + v%) cot(61 — 67), w%l = —213(—421% + v% + U%) cot(61 — 63),
w%z = -1 (U% — 40% + U%) cot(6, — 6), wgz = —03(0% — 40% + v%) cot(6, — 63),
wiy = —v1 (v} + 03 — 403) cot(63 — 61), w3y = —0y(v? 4 v5 — 403) cot(63 — 62) (15)
1 1
3 1
Wi, = ——= + 5010203 cot(6, — 03), Wyy = —— + 5010203 cot (03 — 601),
2= 573 10203 cot(6 — 63) %= 575 10203 cot(63 — 01)
1
2
w5, = —— + bvyvyv3 cot(6; — 65).
WG 10203 cot(6 — 67)

Note that we have divided by factors of type sin(6; — 6;). If such a factor is identically zero, two
of the angle functions are equal modulo 7 and hence M is totally geodesic by Lemma 2, which would
finish the proof. Hence, from now on, we assume we are not in this situation and restrict the open
and dense subset of M we are working on to the subset of those points at which sin(6; — Gj) # 0 for
different 7, j € {1,2,3}. Given the symmetry wf»‘j = —cufk, the equalities in (15) completely determine
the Levi-Civita connection of M.

The rest of the proof will rely on the equation of Codazzi. Evaluating (11) for suitable choices
of X, Y, and Z from {Ej, Ep, E3}, in combination with (7), (8), (10), (14), and (15), yields differential
equations for the functions v1, v, and v3, also involving the functions 6, 6, and 65.

In particular, if we choose (X, Y, Z) equal to (Ey, Ez, E1), (E1, E2, Ep) and (Ey, Ep, E3) in (11), we can
express the derivatives E»(v;1), E1(v2), E2(v2), E1(v3) and E»(v3) in terms of vy, v, v3, 61, 62 and 63.
However, since these expressions are very long, we do not give them explicitly here. Similarly, by letting
(X,Y,Z) be equal to (Ey, E3, E1), (E1, E3, Ez) and (Ej, E3, E3) in (11), we can solve the resulting system
of equations for E3(v1), E1(v2), E3(v2), E1(v3) and E3(v3). By comparing the expressions for Ej(v;)
and E;(v3) from both approaches, we obtain the following system of algebraic equations:

0102 [ (401 + V3 + 40703 + 120203 + v303) sin(2(6; — 62))

— (4071 + 403 + 305 + 8vv3 + 70303) sin(2(6; — 63))] =0,
0103 [ (40} + 304 + 404 + 80303 + 70303) sin(2(6; — 6,))

— (401 + v3 + 120703 + 40105 + v303) sin(2(6; — 63))] = 0.

(16)

These equations take the form vyv,F; (v1,v2,v3, 61,602, 03) = 0 and v1v3F,(v1,v2,v3, 61, 02,63) =0
and it therefore suffices to consider the following five cases: Case 1: v; = v3 = 0; Case 2:
01 = 0; Case 3: Up = F2(01,02,03,91,92,93) =0 Case 4: U3 = F1(01,02,03,91,92, 93) =0 Case 5:
F1(01,02,03,91,92,93) = F2(01,02,03,91,92,93) = 0.

Before proceeding, we remark that, in order to solve for the above mentioned derivatives,
and hence to obtain (16), we have assumed that

407 — 3(03 + 03) # 0. (17)

In fact, 407 — 3(0/2 + %) is non-zero for at least one permutation (ijk) of (123). If this was not
true, we would have V = 0 and hence M would be totally geodesic by (12). Therefore, we may indeed
assume that 402 — 3(v3 + v2) is non-zero.

Case 1: v; = vz = 0. It is straightforward to see that the equation of Codazzi evaluated for
(X,Y,Z) = (Eq, Ep, E1) implies that v; = 0. Hence, V = 0 and M is totally geodesic.

Case 2: v; = 0. The equation of Codazzi evaluated for (X,Y,Z) = (Ej,Ep, E1) gives three
equations, from which we can express E;(v3), E1(v2) and E;(vp) in terms of vy, vy, v3, 61, 62, 63 and



Mathematics 2020, 8, 1427 70f8

E1(v3). Since these expressions are long, we omit giving them explicitly. However, if we replace these
derivatives in the equation of Codazzi for (X, Y, Z) = (E;, E3, E»), we obtain

03(305 — V303 + v + 15V303E (v3)) = 0,
02 (303 — 30303 + 40%) + 3v/3(403 — 7v303 — vi)E1(v3) = 0.

These equations for Ej(v3) are only compatible if v; = v3 = 0, which implies that V = 0 and
hence that M is totally geodesic.

Case 3: v; = (0} 4 v3) [(0% 4 v3) sin(2(6; — 62)) — 03 sin(2(6; — 653))] = 0. The expressions for
E>(v3) and E;(v;) obtained in the beginning of the proof, before Equations (16), simplify to

01 (60} + 503 v3 + 40})
3v/3(8v} + 6020% + 30v4)’
03(100} + 8v3v + 303)
3\f(801 + 60303 + 308)

Ex(v3) =

Ex(v1) =

If we substitute the above expressions in the Codazzi equation for (X,Y,Z) = (Ej,Ey, E3),
we obtain that v3(vf + v3) = 0. We consider two cases in order to prove that M is totally geodesic.
If U% + v% = 0, we have V = 0, since we already have v, = 0 in this case. If v3 = 0, then the equation of
Codazzi for (X,Y,Z) = (Ey, Ep, E1) yields immediately that v; = 0 and hence also that V = 0. In both
cases, we conclude that M is totally geodesic.

Case 4: v3 = (v 4 03) [0%sin(2(6; — 62)) — (v3 +03) sin(2(6; — 603))] = 0. This case is analogous
to Case 3. In fact, if we interchange E; and E3 and replace E; by —E; in order to keep the orientation,
vy will interchange with v3 and 6, with 63, which reduces Case 4 to Case 3.

Case 5. In the last case, we have

(401 + 03 + 40703 + 120703 + 0303) sin(2(61 — 62))
— (407 + 403 + 303 + 80703 + 7v303) sin(2(61 — 63)) = O,
(407 + 303 + 403 + 80703 + 70303) sin(2(61 — 62))
— (401 + 03 + 120707 + 40703 + v303) sin(2(6; — 03)) = 0.

(18)

We regard (18) as a system of equations in the unknowns sin(2(6; — 6;)) and sin(2(6; — 63)).
Let us first assume that the determinant of the system is non-zero. This implies that sin(2(6; — 6;)) =
sin(2(6; — 63)) = 0, which leads to 6; = 6, + k7 and 0; = 63 + ko5 for some integers k; and k.
These equalities imply that 6, = 63 + k37, with k3 = k — k1. We remark that not all k; can be odd.
At least one of them is even, which implies that at least two of the angle functions are equal modulo
7 and hence that the submanifold is totally geodesic by Lemma 2. Finally, we assume that the
determinant of the system is zero, i.e., that

4(v3 + 03) (V3 + 05 + 03) (20} + v3 + 0v3) (407 — 3(v3 +v3)) = 0.

Given (17), this implies that v, = v3 = 0, which was already investigated in Case 1.
We conclude that, in all of the cases, we are dealing with a totally geodesic submanifold,
which finishes the proof. O
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