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Abstract

:

Let R be a commutative ring with identity, and let S be a (not necessarily saturated) multiplicative subset of R. We define R to be a nonnil-S-Noetherian ring if each nonnil ideal of R is S-finite. In this paper, we study some properties of nonnil-S-Noetherian rings. More precisely, we investigate nonnil-S-Noetherian rings via the Cohen-type theorem, the flat extension, the faithfully flat extension, the polynomial ring extension, and the power series ring extension.
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1. Introduction


The concept of Noetherian rings is one of the most important topics that is widely used in many areas including commutative algebra and algebraic geometry. The Noetherian property was originally due to the mathematician Noether who first considered a relation between the ascending chain condition on ideals and the finitely generatedness of ideals. More precisely, she showed that if R is a commutative ring with identity, then the ascending chain condition on ideals of R holds if and only if every ideal of R is finitely generated. This equivalence plays a significant role in simplifying the ideal structure of a ring. Due to the importance of Noetherian rings, many mathematicians have tried to use Noetherian properties in several classes of rings and attempted to generalize the notion of Noetherian rings. Nonnil-Noetherian rings and S-Noetherian rings are typical generalizations of Noetherian rings.



In [1], Badawi introduced the concept of nonnil-Noetherian rings by using the nil ideal, and in [2], Anderson and Dumitrescu introduced the notion of S-Noetherian rings by using a multiplicative set. Let R be a commutative ring with identity,   Nil ( R )   the nilradical of R, and S a (not necessarily saturated) multiplicative subset of R. Recall that an ideal I of R is nonnil if I is not contained in   Nil ( R )  ; and R is a nonnil-Noetherian ring if each nonnil ideal of R is finitely generated. Recall that an ideal I of R is S-finite if there exist an element   s ∈ S   and a finitely generated ideal F of R such that   s I ⊆ F ⊆ I  ; and R is an S-Noetherian ring if each ideal of R is S-finite.



It is obvious that Noetherian rings are both nonnil-Noetherian rings and S-Noetherian rings, but not vice versa. We should also mention that nonnil-Noetherian rings and S-Noetherian rings have their own benefits. For example, in nonnil-Noetherian rings, we can investigate non-prime ideals because the nil ideal is the intersection of prime ideals of a ring. Furthermore, in S-Noetherian rings, by using multiplicative sets, we can control the infinite product of rings and infinitely generated ideals, while Noetherian rings do not contain infinitely generated ideals and the infinite product of Noetherian rings is never a Noetherian ring. Now, the natural question is the relation between nonnil-Noetherian rings and S-Noetherian rings. The answer is that the two concepts are not related to each other. For instance, if   R =  ⨁  i ∈ N   Z   is an infinite product of rings of integers and   S = { ( 1 , 0 , 0 ,  … ) }  , then R is an S-Noetherian ring, which is not a nonnil-Noetherian ring. Indeed, the ideal of R generated by the set   { ( 0 , 1 , 0 , 0 ,  … ) , ( 0 , 0 , 0 , 1 , 0 , 0 , … ) ,  … }   is a nonnil-ideal of R, which is not finitely generated. Furthermore, if S is the set of units, then any nonnil-Noetherian ring that is not a Noetherian ring is not an S-Noetherian ring. The readers can refer to [1,3,4] for nonnil-Noetherian rings and to [2,5,6,7,8,9,10,11] for S-Noetherian rings.



The main purpose of this paper is to integrate the concepts of nonnil-Noetherian rings and S-Noetherian rings and to construct a new class of rings that contains the class of Noetherian rings. Let R be a commutative ring with identity and let S be a (not necessarily saturated) multiplicative subset of R. We define R to be a nonnil-S-Noetherian ring if each nonnil ideal of R is S-finite. If S consists of units of R, then the concept of S-finite ideals is the same as that of finitely generated ideals; so if S consists of units of R, then the notion of nonnil-S-Noetherian rings coincides with that of nonnil-Noetherian ring. Furthermore, if   Nil ( R ) = ( 0 )  , then the concept of nonnil-S-Noetherian rings is precisely the same as that of S-Noetherian rings. Clearly, if    S 1  ⊆  S 2    are multiplicative subsets, then any nonnil-  S 1  -Noetherian ring is nonnil-  S 2  -Noetherian; and if   S ¯   is the saturation of S in R, then R is a nonnil-S-Noetherian ring if and only if R is a nonnil-  S ¯  -Noetherian ring.



This paper consists of four sections including introduction and conclusions. In Section 2, we study basic properties of nonnil-S-Noetherian rings. In fact, we give a relation between a nonnil-S-Noetherian ring and an S-Noetherian ring. We also study the Cohen-type theorem, the S-Noetherian spectrum property, and the (faithfully) flat extension of nonnil-S-Noetherian rings. In Section 3, we investigate dealing with some ring extensions of nonnil-S-Noetherian rings. More precisely, we study the polynomial ring extension and the power series ring extension of nonnil-S-Noetherian rings. We also study some properties of power series rings over nonnil-S-Noetherian rings. Finally, in Section 4, the conclusions are drawn.




2. Basic Properties


Let R be a commutative ring with identity,   Nil ( R )   the nilradical of R, and S a multiplicative subset of R. If   s ∈ S ∩ Nil ( R )  , then   0 =  s n  ∈ S   for some positive integer n; so R is always a nonnil-S-Noetherian ring. Hence in this paper, we always assume that   S ∩ Nil ( R ) = ∅  . We are going to show the Cohen type theorem for nonnil-S-Noetherian rings. To do this, we need the following lemma.



Lemma 1.

Let R be a commutative ring with identity and let S be a multiplicative subset of R. If P is an ideal of R which is maximal among all non-S-finite nonnil ideals of R, then P is a prime ideal of R disjoint from S.





Proof. 

If P is not a prime ideal of R, then there exist   a , b ∈ R ∖ P   such that   a b ∈ P  . Note that   P + ( a )   is a nonnil ideal of R. By the maximality of P,   P + ( a )   is S-finite; so there exist   s ∈ S  ,    p 1  ,  … ,   p m  ∈ P  , and    r 1  ,  … ,   r m  ∈ R   such that


  s  ( P +  ( a )  )  ⊆  (  p 1  + a  r 1  ,  … ,   p m  + a  r m  )  ⊆ P +  ( a )  .  








Note that   ( P : a )   is an ideal of R containing P and b; so   ( P : a )   is a nonnil ideal of R. By the maximality of P,   ( P : a )   is S-finite; so:


  t  ( P : a )  ⊆  (  q 1  ,  … ,   q n  )  ⊆  ( P : a )   








for some   t ∈ S   and    q 1  ,  … ,   q n  ∈  ( P : a )   . Let   z ∈ P  . Then   s z =  ∑  i = 1  m   x i   (  p i  + a  r i  )    for some    x 1  ,  … ,   x m  ∈ R  ; so    ∑  i = 1  m   x i   r i  ∈  ( P : a )   . Therefore we can find    c 1  ,  … ,   c n  ∈ R   such that   t  ∑  i = 1  m   x i   r i  =  ∑  j = 1  n   c j   q j   , which indicates that   s t z =  ∑  i = 1  m  t  x i   p i  +  ∑  j = 1  n  a  c j   q j   . Hence we obtain


  s t P ⊆ (  p 1  ,  … ,   p m  , a  q 1  ,  … ,  a  q n  ) ⊆ P ,  








which means that P is S-finite. However, this is a contradiction to the choice of P. Thus P is a prime ideal of R.



If   P ∩ S ≠ ∅  , then we can find an element   s ∈ P ∩ S  ; so   s P ⊆ ( s ) ⊆ P  . Hence P is S-finite, which is a contradiction. Thus P is disjoint from S. □





Theorem 1.

Let R be a commutative ring with identity and let S be a multiplicative subset of R. Then the following statements are equivalent.




	(1) 

	
R is a nonnil-S-Noetherian ring.




	(2) 

	
Every nonnil prime ideal of R(disjoint from   S )   is S-finite.











Proof. 

(1) ⇒ (2) This implication is obvious.



(2) ⇒ (1) Let  A  be the set of non-S-finite nonnil ideals of R. If R is not a nonnil-S-Noetherian ring, then  A  is a nonempty partially ordered set under inclusion. Let    {  C α  }   α ∈ Λ    be a chain in  A  and let   C =  ⋃  α ∈ Λ    C α   . Then C is a nonnil ideal of R. If C is S-finite, then we can find an element   s ∈ S   and a finitely generated ideal F of R such that   s C ⊆ F ⊆ C  . Since F is finitely generated,   F ⊆  C β    for some   β ∈ Λ  ; so   s  C β  ⊆ F ⊆  C β   . This means that   C β   is S-finite, which is absurd. Therefore C is not S-finite. Clearly, C is an upper bound of    {  C α  }   α ∈ Λ   ; so by Zorn’s lemma,  A  has a maximal element. Let P be a maximal element in  A . Then by Lemma 1, P is a prime ideal of R which is disjoint from S. However, this contradicts the hypothesis. Thus R is a nonnil-S-Noetherian ring. □





We next give a relation between a nonnil-S-Noetherian ring and an S-Noetherian ring.



Proposition 1.

Let R be a commutative ring with identity and let S be a multiplicative subset of R. Then the following conditions are equivalent.




	(1) 

	
R is an S-Noetherian ring.




	(2) 

	
R is a nonnil-S-Noetherian ring and   N i l ( R )   is an S-finite ideal of R.











Proof. 

(1) ⇒ (2) This implication is obvious.



(2) ⇒ (1) Let P be a prime ideal of R. If   P = Nil ( R )  , then P is S-finite by the assumption. Suppose that P properly contains   Nil ( R )  . Then P is a nonnil ideal of R. Since R is a nonnil-S-Noetherian ring, P is S-finite. Thus R is an S-Noetherian ring ([2] (Corollary 5)) (or ([7] (Corollary 1.3))). □





Let R be a commutative ring with identity. Recall that R is a reduced ring if   Nil ( R ) = ( 0 )  . Clearly,   ( 0 )   is S-finite for any multiplicative subset S of R. Hence by Proposition 1, we have



Corollary 1.

Let R be a commutative ring with identity and let S be a multiplicative subset of R. If R is a reduced ring, then R is an S-Noetherian ring if and only if R is a nonnil-S-Noetherian ring.





Corollary 2.

Let R be a commutative ring with identity and let S be a multiplicative subset of R. If R is a nonnil-S-Noetherian ring that is not an S-Noetherian ring, then   N i l ( R )   is the unique minimal prime ideal of R.





Proof. 

Note that every prime ideal of R contains   Nil ( R )  ; so it suffices to show that   Nil ( R )   is a prime ideal of R. Suppose that   Nil ( R )   is not a prime ideal of R. Then every prime ideal of R is a nonnil ideal of R. Since R is a nonnil-S-Noetherian ring, every prime ideal of R is S-finite; so R is an S-Noetherian ring ([2] (Corollary 5)) (or ([7] (Corollary 1.3))). This is a contradiction. Thus   Nil ( R )   is a prime ideal of R. □





By Proposition 1, a nonnil-S-Noetherian ring whose nilradical is the unique non-S-finite prime ideal is not an S-Noetherian ring. We give such an example.



Example 1.

Let D be an integral domain,  N  (resp.,  R ) the set of positive integers (resp., real numbers),   X = {  X i   |  i ∈ R }   a set of indeterminates over D,   R = D [ X ]  , P the prime ideal of R generated by the set   {  X i   |  i ∈ N }  , and I the ideal of R generated by   {  X i 2   |  i ∈ N }  . Then   S : = ( R / I ) ∖ ( P / I )   is a (saturated) multiplicative subset of   R / I  . For each   i ∈ N  , let    X i  ¯   denote the homomorphic image of   X i   in   R / I  .



(1) Note that any prime ideal of   R / I   contains   P / I  ; so   P / I   is the unique minimal prime ideal of   R / I  . Thus   Nil ( R / I ) = P / I  .



(2) Let Q be a nonnil prime ideal of   R / I  . Then by (1), Q properly contains   P / I  ; so   Q ∩ S ≠ ∅  . Hence Q is S-finite ([2] (Proposition 2 (a))). Thus by Theorem 1,   R / I   is a nonnil-S-Noetherian ring.



(3) If   P / I   is S-finite, then we can find   s ∈ S   and     X 1  ¯  ,  … ,    X n  ¯  ∈ P / I   such that   s  ( P / I )  ⊆  (   X 1  ¯  ,  … ,    X n  ¯  )  ⊆ P / I  ; so   s   X  n + 1   ¯  =  f 1    X 1  ¯  + … +  f n    X n  ¯    for some    f 1  ,  … ,   f n  ∈ R / I  . However, this is impossible by a routine calculation. Thus   P / I   is not S-finite.



(4) By (3),   R / I   is not an S-Noetherian ring.





Let R be a commutative ring with identity and let S be a multiplicative subset of R. Recall from ([12] (Definition 2.1)) (or ([13] (Section 1))) that an ideal I of R is radically S-finite if there exist an element   s ∈ S   and a finitely generated subideal J of I such that   s I ⊆  J   ; and R has S-Noetherian spectrum if every ideal of R is radically S-finite. It was shown in ([12] (Theorem 2.2)) that R has S-Noetherian spectrum if and only if every prime ideal of R is radically S-finite.



Proposition 2.

Let R be a commutative ring with identity and let S be a multiplicative subset of R. If R is a nonnil-S-Noetherian ring, then R has S-Noetherian spectrum.





Proof. 

Let P be a prime ideal of R. If   P = Nil ( R )  , then   s P ⊆   ( 0 )     for any   s ∈ S  . Suppose that   Nil ( R ) ⊊ P  . Since R is a nonnil-S-Noetherian ring, there exist an element   s ∈ S   and a finitely generated subideal J of P such that   s P ⊆ J  ; so   s P ⊆  J   . Hence P is radically S-finite. Thus R has S-Noetherian spectrum ([12] (Theorem 2.2)). □





Let R be a commutative ring with identity. Recall that R is decomposable if R can be written as   R =  R 1  ⊕  R 2    for some nonzero rings   R 1   and   R 2  .



Theorem 2.

Let R be a decomposable commutative ring with identity, S a multiplicative subset of R, and    {  π i  }   i ∈ Λ    the set of canonical epimorphisms from R to each component of decompositions of R. Then the following statements are equivalent.




	(1) 

	
R is an S-Noetherian ring.




	(2) 

	
R is a nonnil-S-Noetherian ring.




	(3) 

	
For each   i ∈ Λ  ,    π i   ( R )    is a    π i   ( S )   -Noetherian ring.




	(4) 

	
If e is a nonzero nonunit idempotent element of R, then every ideal of R contained in   ( e )   is S-finite.











Proof. 

(1) ⇒ (2) This implication is obvious.



(2) ⇒ (3) Let   i ∈ Λ  . Then   R =  π i   ( R )  ⊕  π j   ( R )    for some   j ∈ Λ  . Let I be an ideal of    π i   ( R )   . Then   I ⊕  π j   ( R )    is a nonnil ideal of    π i   ( R )  ⊕  π j   ( R )   . Since R is a nonnil-S-Noetherian ring, there exist an element   s ∈ S   and a finitely generated ideal F of R such that   s  ( I ⊕  π j   ( R )  )  ⊆ F ⊆ I ⊕  π j   ( R )   . Therefore    π i   ( s )  I ⊆  π i   ( F )  ⊆ I  . Note that    π i   ( F )    is a finitely generated ideal of    π i   ( R )   ; so I is    π i   ( S )   -finite. Thus    π i   ( R )    is a    π i   ( S )   -Noetherian ring.



(3) ⇒ (4) Let e be a nonzero nonunit idempotent element of R, and let I be an ideal of R contained in   ( e )  . Then   R = ( e ) ⊕ ( 1 − e )  . By the assumption,   ( e )   is a    π i   ( S )   -Noetherian ring for some   i ∈ Λ  ; so there exist an element   s ∈ S   and a finitely generated ideal F of   ( e )   such that    π i   ( s )  I ⊆ F ⊆ I  . Note that if J is an ideal of   ( e )  , then J can be regarded as an ideal   J ⊕ ( 0 )   of R; so F is a finitely generated ideal of R, and   s I ⊆ F ⊆ I  . Thus I is S-finite.



(4) ⇒ (1) Let I be an ideal of R. Since R is decomposable,   R = ( e ) ⊕ ( 1 − e )   for some nonzero nonunit idempotent element e of R; so   I =  I e  ⊕  I  1 − e     for some ideals   I e   and   I  1 − e    of   ( e )   and   ( 1 − e )  , respectively. Take   i , j ∈ Λ   so that    π i   ( R )  =  ( e )    and    π j   ( R )  =  ( 1 − e )   . By the assumption, there exist elements   s , t ∈ S   and finitely generated ideals   E , F   of R such that    π i   ( s )   I e  ⊆  π i   ( E )  ⊆  I e    and    π j   ( t )   I  1 − e   ⊆  π j   ( F )  ⊆  I  1 − e    . Hence   s t I ⊆  π i   ( E )  ⊕  π j   ( F )  ⊆ I  , which implies that I is S-finite. Thus R is an S-Noetherian ring. □





Corollary 3.

Let   n ≥ 2   be an integer,    R 1  ,  … ,   R n    commutative rings with identity, and let    S 1  ,  … ,   S n    be multiplicative subsets of    R 1  ,  … ,   R n   , respectively. Then the following assertions are equivalent.




	(1) 

	
For all   i = 1 ,  … ,  n  ,   R i   is an   S i  -Noetherian ring.




	(2) 

	
   ∏  i = 1  n   R i    is a    ∏  i = 1  n   S i   -Noetherian ring.




	(3) 

	
   ∏  i = 1  n   R i    is a nonnil-   ∏  i = 1  n   S i   -Noetherian ring.











Proof. 

These equivalences are immediate consequences of Theorem 2. □





Remark 1.

(1) In Corollary 3, if there exists an index   k ∈ { 1 ,  … ,  n }   such that   R k   is a nonnil-  S k  -Noetherian ring that is not an   S k  -Noetherian ring, then    ∏  i = 1  n   R i    is never a nonnil-   ∏  i = 1  n   S i   -Noetherian ring. To see this, let   n ≥ 2   be an integer and for each   i ∈ { 1 ,  … ,  n }  , let   R i   be a nonnil-  S i  -Noetherian ring. If   R 1   is not an   S 1  -Noetherian ring, then by Proposition 1,   Nil (  R 1  )   is not an   S 1  -finite ideal of   R 1  ; so   Nil  (  R 1  )  ×  R 2  × … ×  R n    is a nonnil ideal of    ∏  i = 1  n   R i   , which is not    ∏  i = 1  n   S i   -finite. Thus    ∏  i = 1  n   R i    is not a nonnil-   ∏  i = 1  n   S i   -Noetherian ring.



(2) Note that  Z  is a   { 1 }  -Noetherian ring. Let   R =  ∏  n = 1  ∞  Z  ,   S =  ∏  n = 1  ∞   { 1 }   , and   I =  ⨁  n = 1  ∞  Z  . Then I is a (nonnil) ideal of R which is not S-finite. Thus R is not a (nonnil-)S-Noetherian ring. This shows that Corollary 3 is not generally extended to the case of an infinite product of (nonnil-)S-Noetherian rings.





Let R be a commutative ring with identity, K the total quotient ring of R, I an ideal of R, and  φ  a generalized multiplicative system of R, i.e.,  φ  is a multiplicative set of ideals of R. Then the φ-transform of R (or the generalized transform of R with respect to  φ ) is an overring    R φ  : =  { x ∈ K  |   x A ⊆ R   for some   A ∈ φ }   of R and    I φ  : =  { x ∈ K  |   x A ⊆ I   for some   A ∈ φ }   is an ideal of   R φ   containing I.



Proposition 3.

Let R be a commutative ring with identity and let S be a multiplicative subset of R. If R is a nonnil-S-Noetherian ring, then any flat overring of R is also a nonnil-S-Noetherian ring.





Proof. 

Let T be a flat overring of R. Then there exists a generalized multiplicative system  φ  of R such that   T =  R φ    and   A T = T   for all   A ∈ φ   ([14] (Theorem 1.3)). Let Q be a nonnil prime ideal of T and let   P = Q ∩ R  . Then P is a nonnil prime ideal of R. Since R is a nonnil-S-Noetherian ring, we can find   s ∈ S   and    c 1  ,  … ,   c n  ∈ R   such that   s P ⊆  c 1  R + … +  c n  R ⊆ P  . Let   x ∈ Q  . Since   Q =  P φ   , there exist an element   A ∈ φ   such that   x A ⊆ P  ; so we obtain


  s x ∈ s x T = s x A T ⊆ s P T ⊆  c 1  T + … +  c n  T .  








Hence   s Q ⊆  c 1  T + … +  c n  T ⊆ Q  , which implies that Q is S-finite. Thus by Theorem 1, T is a nonnil-S-Noetherian ring. □





Corollary 4.

Let R be a commutative ring with identity and let S be a multiplicative subset of R. Then the following assertions hold.




	(1) 

	
If R is a nonnil-S-Noetherian ring and   S ′   is a multiplicative subset of R, then   R  S ′    is a nonnil-S-Noetherian ring.




	(2) 

	
If R is a nonnil-S-Noetherian ring, then   R S   is a nonnil-Noetherian ring.











Proof. 

(1) By Proposition 3, it suffices to note that   R  S ′    is a flat overring of R.



(2) By (1), it is enough to note that if A is an ideal of   R S   and s is an element of S, then   s A = A  . □





Proposition 4.

Let   R ⊆ T   be an extension of commutative rings with identity such that   I T ∩ R = I   for each ideal I of R and let S be a multiplicative subset of R. If T is a nonnil-S-Noetherian ring, then so is R.





Proof. 

Let I be a nonnil ideal of R. Since T is a nonnil-S-Noetherian ring and   I T   is a nonnil ideal of T, we can find   s ∈ S   and    a 1  ,  … ,   a n  ∈ I T   such that   s I T ⊆ (  a 1  ,  … ,   a n  ) ⊆ I T  . Let F be a finitely generated subideal of I such that   (  a 1  ,  … ,   a n  ) ⊆ F T  . Then we have


  s I = s I T ∩ R ⊆ F T ∩ R = F ⊆ I ;  








so I is S-finite. Thus R is a nonnil-S-Noetherian ring. □





Proposition 5.

Let R be a commutative ring with identity and let S be a multiplicative subset of R. Then the following assertions hold.




	(1) 

	
If R is a nonnil-S-Noetherian ring, then   R S   is a nonnil-Noetherian ring and for every (finitely generated) nonnil ideal F of R,   F  R S  ∩ R =  ( F : s )    for some   s ∈ S  .




	(2) 

	
If S consists of regular elements of R or   N i l ( R )   is a prime ideal of R, then the converse of (1) is true.











Proof. 

(1) Suppose that R is a nonnil-S-Noetherian ring. Then by Corollary 4(2),   R S   is a nonnil-Noetherian ring. To show the second assertion, let F be a (finitely generated) nonnil ideal of R. Then   F  R S  ∩ R   is a nonnil ideal of R. Since R is a nonnil-S-Noetherian ring,   F  R S  ∩ R   is S-finite; so there exist an element    s 1  ∈ S   and a finitely generated ideal J of R such that    s 1   ( F  R S  ∩ R )  ⊆ J ⊆ F  R S  ∩ R  . Since J is finitely generated, we can find an element    s 2  ∈ S   such that    s 2  J ⊆ F  . Hence we obtain


   s 1   s 2   ( F  R S  ∩ R )  ⊆  s 2  J ⊆ F ,  








which says that   F  R S  ∩ R ⊆  ( F :  s 1   s 2  )   . Note that the other inclusion    ( F :  s 1   s 2  )  ⊆ F  R S  ∩ R   is clear. Thus   F  R S  ∩ R =  ( F :  s 1   s 2  )   .



(2) Let P be a nonnil prime ideal of R. If   P ∩ S ≠ ∅  , then P is S-finite ([2] (Proposition 2(a))); so we may assume that   P ∩ S = ∅  . Note that   Nil  (  R S  )  = Nil  ( R )   R S   ; so if S consists of regular elements, then   P  R S    is a nonnil prime ideal of   R S  . If   Nil ( R )   is a prime ideal of R, then   Nil ( R ) ⊊ P  ; so   P  R S    is a nonnil prime ideal of   R S  . Since   R S   is a nonnil-Noetherian ring,   P  R S  =  (  p 1  ,  … ,   p n  )    for some    p 1  ,  … ,   p n  ∈ P  . Let F be the ideal of R generated by the set   {  p 1  ,  … ,   p n  }  . Note that at least one of    p 1  ,  … ,   p n    does not belong to   Nil ( R )  ; so F is a finitely generated nonnil ideal of R. By the assumption, we can find an element   s ∈ S   such that   F  R S  ∩ R =  ( F : s )   . Note that   F  R S  ∩ R = P  R S  ∩ R = P  . Hence   s P ⊆ F ⊆ P  . Thus by Theorem 1, R is a nonnil-S-Noetherian ring. □





In Proposition 5(2), the condition that S consists of regular elements of R or   Nil ( R )   is a prime ideal of R is essential. We give such an example.



Example 2.

Let   Z 6   be the ring of integers modulo 6,   X = {  X i   |  i ∈ N }   a set of indeterminates over   Z 6  , I the ideal of    Z 6   [ X ]    generated by the set   {  X i   X j   |  i , j ∈ N }  , and   R =  Z 6   [ X ]  / I  . For an element   f ∈  Z 6   [ X ]   , let   f ¯   denote the homomorphic image of f in R. Let   S = {  3 ¯  }   and    X ¯  =  {   X i  ¯   |  i ∈ N }   .



(1) Let Q be the ideal of    Z 6   [ X ]    generated by the set  X . Then any prime ideal of R contains   Q / I  . Let   P 1   be the prime ideal of R generated by the set    {  2 ¯  }  ∪  X ¯    and   P 2   the prime ideal of R generated by the set    {  3 ¯  }  ∪  X ¯   . Then   P 1   and   P 2   are the only prime ideals of R; so   Nil ( R ) = Q / I  . Since   R / Nil ( R )   is isomorphic to   Z 6  ,   Nil ( R )   is not a prime ideal of R. Furthermore, S contains a zero-divisor of R.



(2) Let   Z 2   be the field of integers modulo 2,   Y = {  Y i   |  i ∈ N }   a set of indeterminates over   Z 2  , and J the ideal of    Z 2   [ Y ]    generated by the set   {  Y i   Y j   |  i , j ∈ N }  . Then   R S   is isomorphic to    Z 2   [ Y ]  / J  . To see this, it suffices to mention that if   f =   a ¯   3 ¯   +  ∑ finite     b i  ¯   3 ¯     X i  ¯  ∈  R S   , then we obtain


   f =        0 ¯      i f   a ∈ { 0 , 2 , 4 }   a n d   b ∈ { 0 , 2 , 4 }         ∑ finite    3 ¯   3 ¯     X i  ¯      i f   a ∈ { 0 , 2 , 4 }   a n d   b ∈ { 1 , 3 , 5 }          3 ¯   3 ¯       i f   a ∈ { 1 , 3 , 5 }   a n d   b ∈ { 0 , 2 , 4 }         3 ¯   3 ¯   +  ∑ finite    3 ¯   3 ¯     X i  ¯      i f   a ∈ { 1 , 3 , 5 }   a n d   b ∈ { 1 , 3 , 5 } .        








Note that each nonzero element of    Z 2   [ Y ]  / J   is either a unit or a nilpotent element; so    Z 2   [ Y ]  / J   is the only nonnil ideal of    Z 2   [ Y ]  / J  . Hence    Z 2   [ Y ]  / J   is a nonnil-Noetherian ring. Thus   R S   is a nonnil-Noetherian ring.



(3) Let F be a (finitely generated) nonnil ideal of R. Note that S is a singleton set; so   F  R S  ∩ R =  ( F :  3 ¯  )   .



(4) Note that    3 ¯   P 1    is never contained in a finitely generated subideal of   P 1  ; so   P 1   is not S-finite. Thus R is not a nonnil-S-Noetherian ring.





Remark 2.

Let R be a commutative ring with identity, S a multiplicative subset of R, and  P  the set of prime ideals of R minimal with respect to the exclusion of S. Suppose that   R S   is a nonnil-Noetherian ring and for every finitely generated nonnil ideal F of R,   F  R S  ∩ R =  ( F : s )    for some   s ∈ S  .



(1) Suppose that  P  contains at least two members and let P be a nonnil prime ideal of R. If   P ∩ S ≠ ∅  , then P is S-finite ([2] (Proposition 2(a))); so we next assume that   P ∩ S = ∅  . Then   P  R S    is a nonnil prime ideal of   R S  . Since   R S   is a nonnil-Noetherian ring,   P  R S  =  (  p 1  ,  … ,   p n  )    for some    p 1  ,  … ,   p n  ∈ P  . Let F be the ideal of R generated by the set   {  p 1  ,  … ,   p n  }  . Then   P  R S  = F  R S   . Note that at least one of    p 1  ,  … ,   p n    does not belong to   Nil ( R )  ; so F is a nonnil ideal of R. By the assumption, we can find an element   s ∈ S   such that    ( F : s )  = F  R S  ∩ R  . Note that   F  R S  ∩ S = P  R S  ∩ R = P  . Hence   s P ⊆ F ⊆ P  , which means that P is an S-finite ideal of R. Thus by Theorem 1, R is a nonnil-S-Noetherian ring.



(2) By Proposition 5(2), if   Nil ( R )   is a prime ideal of R, then the converse of Proposition 5(1) is true. Furthermore, note that if   Nil ( R )   is a prime ideal of R, then  P  is a singleton set; so it might be natural to ask whether the converse of Proposition 5(1) holds when  P  is a singleton set. Unfortunately, the answer is not affirmative. To see this, it suffices to note that in Example 2,   P 1   is the only prime ideal of    Z 6   [ X ]  / I  , which is disjoint from   {  3 ¯  }  .





Let R be a commutative ring with identity and P a prime ideal of R. Then R∖P is a multiplicative subset of R. We define R to be a nonnil-P-Noetherian ring if R is a nonnil-  ( R  ∖  P )  -Noetherian ring. We end this section with a characterization of nonnil-Noetherian rings.



Proposition 6.

Let R be a commutative ring with identity. Then the following conditions are equivalent.




	(1) 

	
R is a nonnil-Noetherian ring.




	(2) 

	
R is a nonnil-P-Noetherian ring for all prime ideals P of R.




	(3) 

	
R is a nonnil-M-Noetherian ring for all maximal ideals M of R.











Proof. 

(1) ⇒ (2) ⇒ (3) These implications are clear.



(3) ⇒ (1) Suppose that R is a nonnil-M-Noetherian ring for all maximal ideals M of R, and let I be a nonnil ideal of R. Then for each maximal ideal M of R, there exist an element    s M  ∈ R  ∖M and a finitely generated ideal   F M   of R such that    s M  I ⊆  F M  ⊆ I  . Let   S = {  s M   |  M   is a maximal ideal of   R }  . Then S generates R; so we can choose a finite subset   {  s  M 1   ,  … ,   s  M n   }   of S such that   (  s  M 1   ,  … ,   s  M n   ) = R  . Therefore we obtain


  I =  (  s  M 1   ,  … ,   s  M n   )  I ⊆  F  M 1   + … +  F  M n   ⊆ I ,  








which means that   I =  F  M 1   + … +  F  M n    . Hence I is finitely generated. Thus R is a nonnil-Noetherian ring. □





As an easy consequence of Proposition 6, we obtain



Corollary 5.

Let R be a commutative ring with identity. If R is a quasi-local ring with maximal ideal M, then R is a nonnil-Noetherian ring if and only if R is a nonnil-M-Noetherian ring.





The next example indicates that the condition “all” in Proposition 6 is essential.



Example 3.

Let R, P, and I be as in Example 1.



(1) By Example 1(2),   R / I   is a nonnil-  ( P / I )  -Noetherian ring.



(2) Let   Q 1   be the prime ideal of R generated by    {  X i   |  i ∈ N }  ∪  {  X  i  2     |  i ∈ N }    and let    S ′  =  ( R / I )  ∖  (  Q 1  / I )   . Then   S ′   is a (saturated) multiplicative subset of   R / I   and    Q 1  / I   is a nonnil prime ideal of   R / I  . As in Example 1(3), a routine calculation shows that    Q 1  / I   is not   S ′  -finite. Thus   R / I   is not a nonnil-(   Q 1  / I  )-Noetherian ring.



(3) Let   Q 2   be the prime ideal of R generated by    {  X i   |  i ∈ N }  ∪  {  X  2   }   . Then    Q 2  / I   is a nonnil prime ideal of   R / I   which is not finitely generated; so   R / I   is not a nonnil-Noetherian ring.






3. Polynomial and Power Series Ring Extensions for Nonnil-S-Noetherian Rings


In this section, we investigate studying polynomial and power series ring extensions for nonnil S-Noetherian rings. To do this, we need the following lemma.



Lemma 2.

Let R be a commutative ring with identity and let S be a multiplicative subset of R.




	(1) 

	
If I is an ideal of R and A is an ideal of   R [ X ]   such that   I ⊆ A ⊆ I [ X ]  , then I is an S-finite ideal of R if and only if A is an S-finite ideal of   R [ X ]  .




	(2) 

	
If I is an ideal of R and A is an ideal of   R [  [ X ]  ]   such that   I ⊆ A ⊆ I [  [ X ]  ]  , then I is an S-finite ideal of R if and only if A is an S-finite ideal of   R [  [ X ]  ]  .











Proof. 

(1) (⇒) Suppose that I is an S-finite ideal of R and let   f =  ∑  i = 0  m   c i   X i  ∈ I  [ X ]   . Then there exist   s ∈ S   and    a 1  ,  … ,   a n  ∈ R   such that   s I ⊆ (  a 1  ,  … ,   a n  ) ⊆ I  ; so for each   i ∈ { 0 ,  … ,  m }  , we can find    r  i 1   ,  … ,   r  i n   ∈ R   such that   s  c i  =  a 1   r  i 1   + … +  a n   r  i n    . Therefore we obtain


     s f =  ∑  j = 1  n   a j   ∑  i = 0  m   r  i j    X i  ∈  (  a 1  ,  … ,   a n  )  .     








Hence   s I  [ X ]  ⊆  (  a 1  ,  … ,   a n  )  ⊆ I  [ X ]   . Since   I ⊆ A ⊆ I [ X ]  , we obtain





   s A ⊆ s I  [ X ]  ⊆  (  a 1  ,  … ,   a n  )  ⊆ A .   











Thus A is an S-finite ideal of   R [ X ]  .



(⇐) Suppose that A is an S-finite ideal of   R [ X ]  . Then there exist   s ∈ S   and    f 1  ,  … ,   f n  ∈ R  [ X ]    such that   s A ⊆ (  f 1  ,  … ,   f n  ) ⊆ A  . Let   a ∈ I  . Then   s a =  f 1   g 1  + … +  f n   g n    for some    g 1  ,  … ,   g n  ∈ R  [ X ]   ; so we obtain





  s a =  f 1   ( 0 )   g 1   ( 0 )  + … +  f n   ( 0 )   g n   ( 0 )  ∈  (  f 1   ( 0 )  ,  … ,   f n   ( 0 )  )  .  








Hence   s I ⊆ (  f 1   ( 0 )  ,  … ,   f n   ( 0 )  ) ⊆ I  . Thus I is an S-finite ideal of R.



(2) The proof is similar to that of (1). □





Let R be a commutative ring with identity and let S be a (not necessarily) saturated multiplicative subset of R. Recall that S is an anti-Archimedean subset of R if    ⋂  n ≥ 1    s n  R ∩ S ≠ ∅   for all   s ∈ S  .



Theorem 3.

Let R be a commutative ring with identity and let S be an anti-Archimedean subset of R. Then the following statements are equivalent.




	(1) 

	
R is a nonnil-S-Noetherian ring and Nil   ( R )   is an S-finite ideal of R.




	(2) 

	
  R [ X ]   is a nonnil-S-Noetherian ring.











Proof. 

(1) ⇒ (2) Let P be a nonnil prime ideal of   R [ X ]  . Then   Nil ( R [ X ] ) ⊊ P  . Since   Nil ( R [ X ] ) = Nil ( R ) [ X ]   ([15] (Chapter 1, Exercise 2 (ii))),   Nil ( R ) [ X ] ⊊ P  . Let A be the subset of P, which consists of polynomials with a nonnil leading coefficient. Then   A ≠ ∅   and   P = ( A ) + Nil ( R ) [ X ]  .



Claim: P is an S-finite ideal of   R [ X ]  .



By the assumption,   Nil ( R )   is an S-finite ideal of R; so by Lemma 2(1),   Nil ( R ) [ X ]   is an S-finite ideal of   R [ X ]  . As in the proof of Lemma 2(1), there exist   s ∈ S   and    a 1  ,  … ,   a q  ∈ R   such that





   s  Nil  ( R )   [ X ]  ⊆  (  a 1  ,  … ,   a q  )  ⊆ Nil  ( R )   [ X ]  .   











For each integer   n ≥ 0  , let   P n   be the ideal of R generated by 0 and the leading coefficients of the polynomials of degree less than or equal to n in A. Let r be the smallest nonnegative integer such that    P r  ≠  ( 0 )   . Then    P r  ⊆  P  r + 1   ⊆  P  r + 2   ⊆ …   is an ascending chain of nonnil ideals of R. Set   I =  ⋃  n ≥ r    P n   . Then I is a nonnil ideal of R. Since R is a nonnil-S-Noetherian ring, there exist   t ∈ S   and    b 1  ,  … ,   b m  ∈ R   such that


  t I ⊆ (  b 1  ,  … ,   b m  ) ⊆ I .  








For each   i = 1 ,  … ,  m  , take an element    f i  ∈  ( A )    with leading coefficient   b i   and let   d i   be the degree of   f i  . Set   d = max {  d i   |  i = 1 ,  … ,  m }  . Since   P k   is a nonnil ideal of R for all   k ∈ { r ,  … ,  d }  ,   P k   is an S-finite ideal of R; so there exist    t k  ∈ S   and    a  k 1   ,  … ,   a  k  n k    ∈ R   such that





   t k   P k  ⊆  (  a  k 1   ,  … ,   a  k  n k    )  ⊆  P k  .  








For each   k ∈ { r , r + 1 , … }   and   i ∈ { 1 ,  … ,   n k  }  , we can take an element    f  k i   ∈  ( A )    with leading coefficient   a  k i    and degree k.



Let   f =  ∑  i = 0  v   p i   X i  ∈ P  . If   v > d  , then   s t  p v  ∈  (  b 1  ,  … ,   b m  ,  a 1  ,  … ,   a q  )   ; so we obtain





  s t  p v  =  r 1   b 1  + … +  r m   b m  +  r  m + 1    a 1  + … +  r  m + q    a q   








for some    r 1  ,  … ,   r  m + q   ∈ R  . Therefore   s t f − (  r 1   f 1   X  v −  d 1    + … +  r m   f m   X  v −  d m    +  r  m + 1    a 1   X v  + … +  r  m + q    a q   X v  )   is a polynomial in P with degree less than or equal to   v − 1  . By repeating this process, we can get a polynomial   h : =  ∑  i = 0  ℓ   q i   X i  ∈ P   with degree less than or equal to d. Now,   s  t ℓ   q ℓ  ∈  (  a  ℓ 1   ,  … ,   a  ℓ  n ℓ    ,  a 1  ,  … ,   a q  )   ; so we obtain


  s  t ℓ   q ℓ  =  c 1   a  ℓ 1   + … +  c  n ℓ    a  ℓ  n ℓ    +  c   n ℓ  + 1    a 1  + … +  c   n ℓ  + q    a q   








for some    c 1  ,  … ,   c   n ℓ  + q   ∈ R  . Therefore   s  t ℓ  h −  (  c 1   f  ℓ 1   + … +  c  n ℓ    f  ℓ  n ℓ    +  c   n ℓ  + 1    a 1   X ℓ  + … +  c   n ℓ  + q    a q   X ℓ  )    is a polynomial with degree less than or equal to   ℓ − 1  . By repeating this process, we obtain


    ( s t )   v − d    s  d − r + 1    ∏  k = r  d   t k  f =  g 1  +  g 2   








for some    g 1  ∈  (  f 1  ,  … ,   f m  ,  f  r 1   ,  … ,   f  d  n d    ,  a 1  ,  … ,   a q  )    and    g 2  ∈ P   with   deg (  g 2  ) ≤ r − 1  . If    g 2  = 0  , then     ( s t )   v − d    s  d − r + 1    ∏  k = r  d   t k  f ∈  (  f 1  ,  … ,   f m  ,  f  r 1   ,  … ,   f  d  n d    ,  a 1  ,  … ,   a q  )   . Suppose that    g 2  ≠ 0   and write    g 2  =  ∑  i = 0   r − 1    e i   X i   . Then by the construction of A,    e  r − 1   ∈ Nil  ( R )   ; so   s  e  r − 1   =  a 1   z 1  + … +  a q   z q    for some    z 1  ,  … ,   z q  ∈ R  . Therefore   g : = s  g 2  −  (  a 1   z 1   X  r − 1   + … +  a q   z q   X  r − 1   )  ∈ P   with degree less than or equal to   r − 2  . By the construction of A, the leading coefficient of g belongs to   Nil ( R )  . By repeating this process, we obtain





   s  r − 1    g 2  ∈  (  a 1  ,  … ,   a q  )  .  








Hence we obtain


    ( s t )   v − d    s d   ∏  k = r  d   t k  f ∈  (  f 1  ,  … ,   f m  ,  f  r 1   ,  … ,   f  d  n d    ,  a 1  ,  … ,   a q  )  .  











Since S is an anti-Archimedean subset of R, there exists an element   w ∈  ⋂  n ≥ 0     ( s t )  n  R ∩ S  . Set   y = w  s d   ∏  k = r  d   t k   . Then   y f ∈ (  f 1  ,  … ,   f m  ,  f  r 1   ,  … ,   f  d  n d    ,  a 1  ,  … ,   a q  )  . Since f is arbitrarily chosen, we obtain





  y P ⊆ (  f 1  ,  … ,   f m  ,  f  r 1   ,  … ,   f  d  n d    ,  a 1  ,  … ,   a q  ) ⊆ P ,  








which means that P is an S-finite ideal of   R [ X ]  .



Thus by Theorem 1,   R [ X ]   is a nonnil-S-Noetherian ring.



(2) ⇒ (1) Suppose that   R [ X ]   is a nonnil-S-Noetherian ring, and let I be a nonnil ideal of R. Then   I [ X ]   is a nonnil ideal of   R [ X ]  ; so   I [ X ]   is an S-finite ideal of   R [ X ]  . By Lemma 2(1), I is an S-finite ideal of R. Thus R is a nonnil-S-Noetherian ring.



Note that X is not a nilpotent element in   R [ X ]  ; so   Nil ( R ) + X R [ X ]   is a nonnil ideal of   R [ X ]  . Therefore there exist   s ∈ S   and    f 1  ,  … ,   f n  ∈ R  [ X ]    such that





   s  ( Nil  ( R )  + X R  [ X ]  )  ⊆  (  f 1  ,  … ,   f n  )  ⊆ Nil  ( R )  + X R  [ X ]  .   











Hence we obtain


  s Nil  ( R )  ⊆ (  f 1   ( 0 )  ,  … ,   f n   ( 0 )  ) ⊆ Nil  ( R )  .  











Thus   Nil ( R )   is an S-finite ideal of R.





The following result follows directly from Corollary 4(1) and Theorem 3.



Corollary 6.

Let R be a commutative ring with identity and let S be an anti-Archimedean subset of R. If R is an S-Noetherian ring, then   R [ X ,  X  − 1   ]   is a nonnil-S-Noetherian ring.





Remark 3.

Let R be a commutative ring with identity and let S be a multiplicative subset of R. Then   R [ X ]   is a flat R-module. By Proposition 1 and Theorem 3, if R is a nonnil-S-Noetherian ring that is not an S-Noetherian ring, then   R [ X ]   is never a nonnil-S-Noetherian ring. Thus the condition “overring” in Proposition 3 is essential.





We next give a necessary and sufficient condition for the power series ring to be a nonnil-S-Noetherian ring. To do this, we need the following two results.



Proposition 7.

Let R be a commutative ring with identity and let S be a multiplicative subset of R. If R is a nonnil-S-Noetherian ring, then any ideal of   R [  [ X ]  ]   properly containing   N i l ( R ) + X R [  [ X ]  ]   is an S-finite ideal of   R [  [ X ]  ]  .





Proof. 

Let A be an ideal of   R [  [ X ]  ]   properly containing   Nil ( R ) + X R [  [ X ]  ]  . Then A contains X; so   A = ( A ∩ R ) + X R [  [ X ]  ]  . Therefore   A ∩ R   is a nonnil ideal of R. Since R is a nonnil-S-Noetherian ring,   A ∩ R   is an S-finite ideal of R; so there exist   s ∈ S   and    r 1  ,  … ,   r n  ∈ R   such that   s  ( A ∩ R )  ⊆  (  r 1  ,  … ,   r n  )  ⊆ A ∩ R  . Hence   s A ⊆ (  r 1  ,  … ,   r n  , X ) ⊆ A  . Thus A is an S-finite ideal of   R [  [ X ]  ]  . □





Let R be a commutative ring with identity and A an ideal of   R [  [ X ]  ]  . Then   A ( 0 ) : = { f ( 0 )  |  f ∈ A }   is an ideal of R.



Proposition 8.

Let R be a commutative ring with identity and let S be an anti-Archimedean subset of R consisting of regular elements. Suppose that R is a nonnil-S-Noetherian ring and P is a prime ideal of   R [  [ X ]  ]   such that   N i l ( R ) ⊊ P ( 0 )  . Then P is an S-finite ideal of   R [  [ X ]  ]  .





Proof. 

Suppose that R is a nonnil-S-Noetherian ring.



Case 1.   X ∈ P  . In this case,   P = P ( 0 ) + X R [  [ X ]  ]  ; so P properly contains   Nil ( R ) + X R [  [ X ]  ]  . Thus P is an S-finite ideal of   R [  [ X ]  ]   by Proposition 7.



Case 2.   X ∉ P  . Since   Nil ( R ) ⊊ P ( 0 )  ,   P ( 0 )   is S-finite; so there exist   s ∈ S   and    g 1  ,  … ,   g n  ∈ P   such that   s P  ( 0 )  ⊆ (  g 1   ( 0 )  ,  … ,   g n   ( 0 )  ) ⊆ P  ( 0 )   . Let   f ∈ P  . Then   f ( 0 ) ∈ P ( 0 )  ; so   s f  ( 0 )  =  ∑  i = 1  n   r  0 i    g i   ( 0 )    for some    r 01  ,  … ,   r  0 n   ∈ R  . Therefore   s f −  ∑  i = 1  n   r  0 i    g i  = X  f 1    for some    f 1  ∈ R  [   [ X ]   ]   . Since   X  f 1  ∈ P   and   X ∉ P  ,    f 1  ∈ P  ; so   s  f 1  −  ∑  i = 1  n   r  1 i    g i  = X  f 2    for some    r 11  ,  … ,   r  1 n   ∈ R   and    f 2  ∈ P  . Note that S consists of regular elements of R; so by continuing this process, we obtain


     f =  ∑  i = 1  n   g i    ∑  j = 0  ∞    r  j i    s  j + 1     X j   .     








Since S is an anti-Archimedean subset of R, there exists an element   t ∈   ⋂  j = 0  ∞   s j  R  ∩ S  . Then    t  s j   ∈ R   for all integers   j ≥ 0  ; so   t f ∈ (  g 1  ,  … ,   g n  )  . Hence   t P ⊆ (  g 1  ,  … ,   g n  ) ⊆ P  . Thus P is an S-finite ideal of   R [  [ X ]  ]  . □





Theorem 4.

Let R be a commutative ring with identity and let S be an anti-Archimedean subset of R consisting of regular elements. Then the following statements are equivalent.




	(1) 

	
R is a nonnil-S-Noetherian ring and   N i l ( R )   is an S-finite ideal of R.




	(2) 

	
  R [  [ X ]  ]   is a nonnil-S-Noetherian ring.











Proof. 

(1) ⇒ (2) Let P be a nonnil prime ideal of   R [  [ X ]  ]   and let   P ( 0 ) = { f ( 0 )  |  f ∈ P }  . Then   Nil ( R [  [ X ]  ] ) ⊊ P  ; so   P ( 0 )   is an ideal of R containing   Nil ( R )  . If   P ( 0 ) = Nil ( R )  , then   P ( 0 )   is S-finite by the assumption. If   Nil ( R ) ⊊ P ( 0 )  , then   P ( 0 )   is S-finite, because R is a nonnil-S-Noetherian ring. In either case, an easy modification of the proof of Proposition 8 shows that P is an S-finite ideal of   R [  [ X ]  ]  . Thus by Theorem 1,   R [  [ X ]  ]   is a nonnil-S-Noetherian ring.



(2) ⇒ (1) Let I be a nonnil ideal of R. Then   I [  [ X ]  ]   is a nonnil ideal of   R [  [ X ]  ]  . Since   R [  [ X ]  ]   is a nonnil-S-Noetherian ring, the ideal   I [  [ X ]  ]   is an S-finite ideal of   R [  [ X ]  ]  . Hence by Lemma 2(2), I is an S-finite ideal of R. Thus R is a nonnil-S-Noetherian ring.



Note that X is not a nilpotent element in   R [  [ X ]  ]  ; so   Nil ( R ) + X R [  [ X ]  ]   is a nonnil ideal of   R [  [ X ]  ]  . Since   R [  [ X ]  ]   is a nonnil-S-Noetherian ring, we can find   s ∈ S   and    f 1  ,  … ,   f n  ∈ R  [   [ X ]   ]    such that


  s  ( Nil  ( R )  + X R  [   [ X ]   ]  )  ⊆  (  f 1  ,  … ,   f n  )  ⊆ Nil  ( R )  + X R  [   [ X ]   ]  .  











Hence we obtain





   s Nil  ( R )  ⊆ (  f 1   ( 0 )  ,  … ,   f n   ( 0 )  ) ⊆ Nil  ( R )  .   











Thus   Nil ( R )   is an S-finite ideal of R. □





Let R be a commutative ring with identity and let S be a multiplicative subset of R. Note that by Lemma 2,   Nil ( R )   is an S-finite ideal of R if and only if   Nil ( R [ X ] )   is an S-finite ideal of   R [ X ]  , if and only if   Nil ( R [  [ X ]  ] )   is an S-finite ideal of   R [  [ X ]  ]  . Hence by a suitable combination of Proposition 1 and Theorems 3 and 4, we regain



Corollary 7. 

(([2] (Propositions 9 and 10))) Let R be a commutative ring with identity and let S be an anti-Archimedean subset of R.




	(1) 

	
R is an S-Noetherian ring if and only if   R [ X ]   is an S-Noetherian ring.




	(2) 

	
If S consists of regular elements of R, then R is an S-Noetherian ring if and only if   R [  [ X ]  ]   is an S-Noetherian ring.











Let R be a commutative ring with identity,  X  a set of indeterminates over R, and   R   [   [ X ]   ]  3    the full ring of formal power series in  X  over R. Then each element f of   R   [   [ X ]   ]  3    can be written as the formal sum   f = ∑ c  (  a  n 1   ,  … ,   a  n k   )   X   n 1    a  n 1    ⋯  X   n k    a  n k     , where    a  n 1   ,  … ,   a  n k     are nonnegative integers,   c (  a  n 1   ,  … ,   a  n k   )   belongs to R, and   {  X  n 1   ,  … ,   X  n k   }   ranges over the finite subsets of  X . The next example shows that the condition “  Nil ( R )   is S-finite” is essential in Theorems 3 and 4.



Example 4.

Let V be a valuation domain with no height one prime ideal,   Y = {  Y i   |  i ∈ N }   a set of indeterminates over V,   R = V   [   [ Y ]   ]  3   ,   P = { f ∈ R  |    the constant term of f is zero}, and   I = { ∑ c  (  a  n 1   ,  … ,   a  n k   )   Y   n 1    a  n 1    ⋯  Y   n k    a  n k    ∈ R  |   a  n 1   + … +  a  n k   ≥ 2 }  . For any   f ∈ R  , let   f ¯   denote the homomorphic image of f in   R / I  . Let   S = {  a ¯   |  a ∈ V ∖  { 0 }  }  .



(1) S is an anti-Archimedean subset of   R / I   consisting of regular elements. Indeed, if   a ∈ V ∖  { 0 }   , then there exists a nonzero prime ideal Q of V such that   Q ⊆  ⋂  n = 0  ∞   a n  V  ; so    ⋂  n = 0  ∞    a ¯  n   ( R / I )  ∩ S ≠ ∅  .



(2) Note that if   g ∈ P / I  , then    g 2  = 0  ; so   P / I ⊆ Nil ( R / I )  . Since   P / I   is a prime ideal of   R / I  ,   Nil ( R / I ) = P / I  .



(3) Let Q be a prime ideal of R properly containing P. Then we can find an element   h ∈ Q  ∖P. Let a be the constant term of h. Then    a ¯  ∈  ( Q / I )  ∩ S  ; so   Q / I   is an S-finite ideal of   R / I   ([2] (Proposition 2(a))). Thus by Theorem 1,   R / I   is a nonnil-S-Noetherian ring.



(4) Let A be the ideal of R generated by the set  Y . Then an easy modification of Example 1(3) shows that   A / I   is not an S-finite ideal of   R / I  . Thus   R / I   is not an S-Noetherian ring.



(5) By (3), (4) and Proposition 1,   Nil ( R / I )   is not an S-finite ideal of   R / I  .



(6) Let   ( R / I ) [ X ]   denote the polynomial ring over   R / I  . Then   Nil ( R / I ) + X ( R / I ) [ X ]   is a nonnil ideal of   ( R / I ) [ X ]  . If   Nil ( R / I ) + X ( R / I ) [ X ]   is an S-finite ideal of   ( R / I ) [ X ]  , then the proof of (2) ⇒ (1) in Theorem 3 shows that   Nil ( R / I )   is an S-finite ideal of   R / I  . This contradicts (5). Hence   Nil ( R / I ) + X ( R / I ) [ X ]   is not an S-finite ideal of   ( R / I ) [ X ]  . Thus   ( R / I ) [ X ]   is not a nonnil-S-Noetherian ring.



(7) Let   ( R / I ) [  [ X ]  ]   denote the power series ring over   R / I  . By combining the same argument as in (6) with Theorem 4, it can be shown that   ( R / I ) [  [ X ]  ]   is not a nonnil-S-Noetherian ring.





Let R be a commutative ring with identity. Recall that an ideal I of R is a strong finite type ideal (SFT ideal) if there exist a finitely generated subideal J of I and an integer   k ≥ 1   such that    a k  ∈ J   for all   a ∈ I  ; and R is an SFT ring if each ideal of R is an SFT ideal.



Corollary 8.

Let R be a commutative ring with identity and let S be an anti-Archimedean subset of R consisting of regular elements. Suppose that R is a nonnil-S-Noetherian SFT ring and P is a prime ideal of   R [  [ X ]  ]   such that   h t ( P ) > 1  . Then P is an S-finite ideal of   R [  [ X ]  ]  .





Proof. 

Suppose that P is not an S-finite ideal of   R [  [ X ]  ]  . Then by Proposition 8,   P ( 0 ) = Nil ( R )  . Note that   P ⊆ Nil ( R ) + X R [  [ X ]  ]   and   ht ( Nil ( R ) + X R [  [ X ]  ] ) ≤ 1   ([4] (proof of Corollary 3.6)); so   ht ( P ) ≤ 1  . This is absurd. Thus P is an S-finite ideal of   R [  [ X ]  ]  . □





We end this section with the following two examples. The first shows that the SFT condition in Corollary 8 is essential, and the second indicates that Corollary 8 is not generally true for a prime ideal P with   ht ( P ) = 0   or 1.



Example 5.

Let  Q  be the field of rational numbers,   Y = {  Y i   |  i ∈ N }   a set of indeterminates over  Q ,   R = Q [ Y ]  , M the ideal of R generated by the set  Y , I the ideal of R generated by the set   {  Y i 2   |  i ∈ N }  , and   S = R / I ∖ M / I  .



(1) Note that   M / I   is the unique prime ideal of   R / I   ([16] (Example 3)); so every nonnil ideal of   R / I   contains a unit of   R / I  . Hence every nonnil ideal of   R / I   is the entire ring which is obviously an S-finite ideal of   R / I  . Thus   R / I   is a nonnil-S-Noetherian ring.



(2) A routine calculation shows that   M / I   is not an S-finite ideal of   R / I  .



(3)   R / I   is a non-SFT ring with   dim ( R / I ) = 0   ([16] (Example 3)).



(4) Note that there are infinitely many prime ideals between   ( M / I ) ( R / I ) [  [ X ]  ]   and   ( M / I ) [  [ X ]  ]   ([16] (Theorem 2)); so we can take a prime ideal P of   ( R / I ) [  [ X ]  ]   such that   ( M / I ) ( R / I ) [  [ X ]  ] ⊊ P ⊊ ( M / I ) [  [ X ]  ]   and   ht ( P ) > 1  . If P is an S-finite ideal of   ( R / I ) [  [ X ]  ]  , then   M / I   is an S-finite ideal of   R / I   by Lemma 2(2). This is a contradiction to (2). Thus P is not an S-finite ideal of   ( R / I ) [  [ X ]  ]  .





Example 6.

Let   Y = {  Y i   |  i ∈ N }   be a set of indeterminates over  Q ,   R = Q   [   [ Y ]   ]  3   ,   M = { f ∈ R  |    the constant term of f is zero}, and   I = { ∑ c  (  a  n 1   ,  … ,   a  n k   )   Y   n 1    a  n 1    …  Y   n k    a  n k    ∈ R  |   a  n 1   + … +  a  n k   ≥ 2 }  . For any   f ∈ R  , let   f ¯   denote the homomorphic image of f in   R / I  . Let   S = {  a ¯   |  a ∈ Q ∖  { 0 }  }  .



(1) Clearly, the set S is an anti-Archimedean subset of   R / I   consisting of regular elements.



(2) Note that    f 2  = 0   for all   f ∈ M / I  ; so   M / I = Nil ( R / I )   and   M / I   is an SFT ideal of   R / I  . Hence   M / I   is the unique prime ideal of   R / I   which is an SFT ideal of   R / I  . Thus   R / I   is an SFT ring with   dim ( R / I ) = 0   ([17] (Proposition 2.2)).



(3) A simple modification of Example 4 shows that   R / I   is a nonnil-S-Noetherian ring and   M / I   is not an S-finite ideal of   R / I  .



(4) Note that    f 2  = 0   for all   f ∈ M / I  ; so   ( M / I ) [  [ X ]  ]   is contained in   Nil ( ( R / I ) [  [ X ]  ] )   ([18] (Theorem 14)). Since   ( M / I ) [  [ X ]  ]   is a prime ideal of   ( R / I ) [  [ X ]  ]  ,   ( M / I ) [  [ X ]  ] = Nil ( ( R / I ) [  [ X ]  ] )  ; so   ht ( ( M / I ) [  [ X ]  ] ) = 0  . If   ( M / I ) [  [ X ]  ]   is an S-finite ideal of   ( R / I ) [  [ X ]  ]  , then   M / I   is an S-finite ideal of   R / I   by Lemma 2(2). This is a contradiction to (3). Thus   ( M / I ) [  [ X ]  ]   is not an S-finite ideal of   ( R / I ) [  [ X ]  ]  .



(5) Note that   ( M / I ) + X ( M / I ) [  [ X ]  ]   is the maximal ideal of   ( R / I ) [  [ X ]  ]   with   ht ( ( M / I ) + X ( M / I ) [  [ X ]  ] ) = 1  . Furthermore, (3) and the proof of (2) ⇒ (1) in Theorem 4 indicate that   ( M / I ) + X ( M / I ) [  [ X ]  ]   is not an S-finite ideal of   ( R / I ) [  [ X ]  ]  .






4. Conclusions


In this paper, we introduce the concept of a nonnil-S-Noetherian ring that is a commutative ring with identity in which every nonnil ideal is finitely generated. The class of nonnil-S-Noetherian rings contains nonnil-Noetherian rings and S-Noetherian rings; so the concept of nonnil-S-Noetherian rings is a generalization of Noetherian rings. We study nonnil-S-Noetherian rings via the Cohen-type theorem, the flat extension, the faithfully flat extension, the polynomial ring extension and the power series ring extension.



Recently, the amalgamated algebra has been studied by many mathematicians because it is a nice example of pullback constructions. In the next work, we are going to investigate the nonnil-S-Noetherian properties in terms of several kinds of pullback constructions including the amalgamated algebra.
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