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Abstract: In this paper, we introduce the concept of 4*-complete topological spaces, which include
earlier defined classes of complete metric spaces and quasi b-metric spaces. Further, we prove
some fixed point results for mappings defined on d*-complete topological spaces, generalizing earlier
results of Taskovi¢, Ciri¢ and Presi¢, Presi¢, Bryant, Marjanovi¢, Yen, Caccioppoli, Reich and Bianchini.
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1. Introduction

In 1920 in his PhD. dissertation, S. Banach formulated and proved a contraction mapping principle,
which was published in 1922 [1]. It is one of the most important theorems in classical functional analysis
because it gives:

(i)  The existence of fixed point;

(i) The uniqueness of such a fixed point;

(iii) Method for getting approximative fixed points;
(iv) Error estimates for approximative fixed point.

There are many (partial) generalizations considering only statements (i), (ii) and (iii) of the
contraction mapping principle. Some of them are proved for non-metric spaces, in which the distance
function need not be symmetric and need not satisfy triangle inequality. The notion of d-complete
L spaces, or Kasahara spaces was introduced by S. Kasahara [2] (see also I. Rus [3]). In these spaces,
the class of convergent sequences is axiomatic introduced, because these need not be topological spaces.
The topological approach to Kasahara spaces was given in form of d-complete topological spaces by
T. Hicks [4].

In this paper, we introduce the concept of d*-complete topological spaces and prove that these
include earlier defined classes of complete metric spaces and quasi b-metric spaces (M. H. Shah and
N. Hussain [5]). Further, we prove some fixed point results for mappings defined on d*-complete
topological spaces which generalize earlier results of M. Taskovi¢ [6], Lj. Ciri¢ and S. B. Presi¢ [7],
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S. B. Presi¢ [8,9], V. Bryant [10], M. Marjanovi¢ [11], C. L. Yen [12], R. Caccioppoli [13], S. Reich [14]
and R. Bianchini [15].

2. Preliminaries

Let X be a nonempty set and f : X — X be an arbitrary mapping. x € X is a fixed point for f
if x = f(x). For 9y € X, we say that a sequence (9,) defined by ¢, = f"(d) is a sequence of Picard
iterates of f at point ¢y or (9,) is the orbit of f at point 9.

The next statement was presented in [16]. Its first part was discussed by D. Adamovi¢ [17].

Lemma 1. (Arandelovié-Keckic¢ [16]) Let X # @ and a mapping f : X — X. Let p be a natural number so
that fP possesses a unique fixed point, say u.. Then

(1) u, is the unique fixed point of f;
(2) if X is a topological space and any sequence of Picard iterates defined by fV is convergent to u., then the
sequence of Picard iterates defined by f is convergent to u.

Let X be a Hausdorff topological space and d : X x X — [0, c0) be a given function. We define the
following three properties:

() Forany 9,0 € X,d(9,0) = 0if and only if ¢ = 6;

(B) For each sequence (8,) C X, Yoo d(0n, ¥y41) < co implies that (9,) is convergent;

(7) For every sequence (¢,) C X, if there exist L > 0 and A € [0,1) such that d(8,, 8,+1) < LA" for
n=0,1,2,..., then (9,) is a convergent sequence.

The pair (X, d) is a d-complete topological space if it satisfies («) and (B).

The pair (X, d) is a d*-complete topological space if it satisfies («) and ().

It is obvious that complete metric spaces are examples of d*-complete topological spaces, while the
converse it is not true in general. The following example explains this fact.

Example 1. Let R be the set of real numbers with the usual topology, Q C R be the set of rational numbers
with relative topology induced from real numbers R and d : Q x Q — [0, c0) be given as

0,ifo=6;
d(9,0) = {0 —0, ifthereisk € {1,2,...} so that ¢ = 27k and o = 27k-1;
1, otherwise .

Clearly, the ordered pair (X, d) is a d*-complete topological space. It is not a complete metric space because
the symmetry does not hold.

It is clearly also that any d*-complete topological space (X, d) is d-complete, but the converse is
not true.

Example 2. Let R be the set of real numbers with the usual topology, Q C R be the set of rational numbers
with relative topology induced from real numbers R and d : Q x Q — [0, ) be given as

0,ifd=0;
4(6,0) 60—, ifthereisn € {1,2,...} sothat & = Y| % and 6 = Y/ 4;
’ 0 —0, ifthereisk € {1,2,...} so that ¥ = 27K and o = 27k-1;

1, otherwise .
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Clearly, the ordered pair (X,d) is a d-complete topological space. Furthermore, it is not a d*-complete
topological space. Indeed, there are no L > 0 and A € [0,1) such that

LY (1)

d(ﬁn/ﬁn-i-l) = (n+1)2 =

forall n € N, where the sequence (9y) is given as 0, = ¥ ; ilZ’ neN

Remark 1. Let ng = {%J + 1, then inequality

(1-A)°
1 n
holds for all n > ng. Namely, (2) follows from
2
(1+h)"2 > (”; >h3, 3)

1
whereh = 5 — 1.

Definition 1. Let X and Y be topological spaces. A mapping f : X — Y is said to be sequentially continuous if
for each sequence (8,,) C X so that 1i_r>n 8, = p, it follows that 1Lm f(8a) = f(p).
n—oo n—oo

3. Quasi b-Metric Spaces

The concept of a quasi b-metric space was discussed by Shah and Hussain in [5]. In this section,
we will show that each left complete quasi b-metric space is a 4*-complete topological space.

Definition 2. Let X be a non-empty set and d : X x X — [0, 00) be a given function. (X,d) is said to be a
quasi b-metric space if there is s € [1,00) such that forall p,¢, T € X:

(@) d(p,¢) =0ifand onlyifp =g;
() d(p,T) <sld(p,c)+d(c,T)).

Every quasi b-metric space can be considered as a topological space, on which the topology is
introduced by taking, for any ¢ € X, the collection {B,(¢) : n = 1,2, ...} as a base of neighborhood
filter of the point 9. Here, the ball {B,(¢)} is defined by

B, (9) = {9 € X:d(8,6) < 111}

According to this definition for each ¥ € X and (9,,) C X, from nlgrgo d(9,9,) = 0, it follows that
nlgr.}o 9, = 0.

Further, (9,) C X is said to be a left Cauchy sequence, if for every ¢ > 0, there is a positive integer
ng so that d(d,, 8,,) < e forallm > n > ny.

A quasi b-metric space (X,d) is said to be left complete if each its left Cauchy sequence
is convergent.

Now, we need the following Lemma, which generalizes the result formulated and proved by
R. Miculescu and A. Mihail [18] for b-metric spaces (for other related details, see [19-22]). Our proof is

similar to [18], but for the convenience of the reader we shall give it.



Mathematics 2020, 8, 1447 40f12

Lemma 2. Let (X, d) be a quasi b-metric space with constant s and (8,) C X. Then

k-1
d(Bo, %) <" ) d(9;,0i41),

i=0

forany n € Nand every k € {1,2,...,2"}.

Proof. We use the method of mathematical induction in the proof. Denote by P(n) the statement
k-1
d(Bo, %) <s" Y d(8;,91) ke {1,2,...,2"—1,2"}.
i=0

Obviously, P(0) is true. Now, we prove that P(n) = P(n+1),Vn > 0.
Let P(n) be true for some positive integer 7.
Then for any k € {1,2,...,2" —1,2"}, by P(n) we obtain

k-1
d<l90, l9k) < s" 2 d(l9i, l9i+1),
i=0

which implies
k—1
d(Bo,8) <"1y d(8;,8i41),
i=0
because s > 1. For every k € {2" +1,2" +2,...,2""!1 —1,2"+1} we have

d(0o, %) < s[d(Do, 02n) + d(On, O]

211 k
< s[s" Y d(B,8i01) +5" ) d(8y,8i41))]
i=0 i
k=1
LY d(8i,8i11)-
i=0

So, by induction, P(n) holds for every n > 0. [

The following theorem is a generalization of recent results of R. Miculescu and A. Mihail [18] for
b-metric spaces. The proof is similar to [18]. Again, for the convenience of the reader, we present it.

Theorem 1. Every left complete quasi b-metric space is a d*-complete topological space.

Proof. Let (X, d) be a left complete quasi b-metric space with constants, A € [0,1) and (¢,) C X
such that
d(l%H,l, l9'rl+2) < )\d(ﬂn, l9n+]),7’l =0,12,....

We shall prove that (9,) is a left Cauchy sequence.
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Let m, k be arbitrary positive integers and j = [log, (k)]. Then

Ad(Om+1, Omrk) < 5A(Omt1, Oms2) + 5d(Sms2, Omik)
< 5d(Oui1, Omsa) + 52 d(Onra, Oppin2) +5%d(0 402, k)
< sd(Opg1, Omi2) +5 d( 2, Oi02) +s3d(19m+22,19m+23)
+ d( m~+237 m+k)
j .
< Z $"d(0yy 4 0n-1, Omran) + 5]+1d(19m+2/‘/19m+k)-

n=1

By Lemma 2, we obtain

j ,
A1, k) < Z S”d(ﬂm-kz"*lr Omy2n) + 5]+ld(l9m+2fr Orn-vkc)

n=1
j m42"-1-1
Z d(192”*1+i/192"*1+i+1))

n=1 i=m

0 2m+k—2f—1

4 : .
+ s Y A0 Or)

i=m

IA
g
15)

¥

Al om2nlo

< Z s Z d(Opn1 i Opn14441)
n=1 i=m
]+1 211 n—1
S d 190/ 191 Z 521’1 E Am+2 +i
n=1 i=0
(80, 01)A™ ', u
< 2Ty st
s
m j+1
_ % 2 AanogA(s)jLZ"’l‘

n=0

For each M > 0, there is a positive integer np such that
2nlog,(s) +2" ' —n>M
for any ng € {ngp+1,n9 +2,...} because
: n—1 _ —
’1151;0 2nlog, (s) +2 n = oo. 4)

From (4), we get that
)\2nlog, (s)+2n1 < \M+n

foreach n € {ng+1,n9+2,...}. So, there is a real number S > 0 such that

i /\Zrzlog/\(s)JrZ"’1 —3.

n=1

This implies that
d(0y, 01)A™

IN

S,

for all m, k € N. So, (9,) is a left Cauchy sequence. [



Mathematics 2020, 8, 1447 6 of 12

Remark 2. Let Q and d be defined as in Example 1. Suppose that (Q,d) is a quasi b-metric space. Then there
exists s > 1 such that d(p,t) < s[d(p,¢) +d(g, T)] forall p,g, T € X. Let | be a positive integer such that
s<2L,p=2"¢=2"1and vt =272 Henced(p,7) = 1,d(p,¢) = 27" Tand d(¢,7) = 27172,

We get that 3
1=d(p,7) <sld(p,) +d(g, 7)) <227 +277%) =7,

which is contradiction.
So we obtain that class of d*-complete topological spaces is more general then class of left complete quasi
b-metric spaces.

4. Main Results

Now, we shall prove that the product of d*-complete topological spaces is a d*-complete
topological space.

Theorem 2. Let (X1,dy),...,(Xy, dn) be d*-complete topological spaces, X = Xy X - - - X X, be the product
space and d : X x X — [0, 00) be defined by

d((p1,---,Pn), (g1, -, qn)) = max{di(p1,91),-- -, dn(pn, qn) },

where p;,q; € X; foranyi=1,2,...,n. Then (X1 X --- x Xy, d) is a d*-complete topological space.

Proof. Let (y,) C X be a sequence defined by

vk = (%1,.--, %), k=0,1,2....

If there are L > 0 and A € [0,1) such that d(y, yxr1) < AL for k = 0,1,2,..., then for every
1 <i < n,we get that d (8, O x11);) < AKL, which implies that the sequence (%;) C X; is convergent
for each i = 1,...,n, because (X;, d;) is a d*-complete topological space. So (yx) is a convergent
sequence in X, because all its coordinate sequences (&;) for 1 <i < n, are convergent. [

Lemma 3. Let Xy, ..., X, be Hausdorff topological spaces, X = X1 X -+ X Xy, d : X X X — [0,00) be a
mapping defined by

d((ﬂlr' . '11971)’ (1/1,- . 'r]/n)) = max{dl(ﬁlryl)/' . -/dn(ﬁn/yn)}/

and f; X — X; be sequentially continuous functions and F : X — X be defined by

F(8) = (f1(81), -, fu(0n)),

where & = (0, ...,8,) € X. Then F is a sequentially continuous function.

Proof. Let (y;) € X be a sequence defined by
yk:(ﬁkll"'/ﬁkn)/ k:0,1,2...,

such that lim &; = ¢; foreachi =1,...,n. Lety = (¢1,...,08,). Thatis, (y) is convergent to y. Then

k—o0
Tim F(yy) = lim (£ (8, Bp)s oo (B B
—00 k—o0
(lim fl(ﬁklr NN .,l9kn), ceey lim fn(ﬁklf NN .,l9kn
k—o0 k—00
(fl( lim l9k1,. ey lim l9kn),. . -/fn( lim l9k1,. ey lim ﬂkn
k—o0 k—o0 k—o0 k—o0

(1B, 0), oo, fu(B1,...,80))) = F(y).
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Next theorem generalizes earlier results presented by M. Taskovi¢ [6] on complete metric spaces
(case n = 2) to d*-complete topological spaces.

Theorem 3. Let (X1,d1),...,(Xy, dy) be d*-complete topological spaces, X = Xq X - -+ X Xy, d: X x X —
[0, 00) be a function defined by

d((%1,...,9n), W1, ., yn)) = max{d1(81,y1),...,dn(On, yn)},

fi + X = X; be sequentially continuous functions and F : X — X be defined by

F(8) = (f1(8), ... fu(0)),
where ¢ = (04, ..., 0y). If thereis 0 < A < 1 such that

d(F(9),F(6)) < Ad(8,0),
forall 9,0 € X, then

(1)  F admits a unique fixed point, say p € X;
(2)  for every 0y € X, the sequence of Picard iterates (0, defined by F at 0y converges to p.

Proof. By Lemma 3, we get that F is sequentially continuous. Let ¢y € X be arbitrary, and (8,) be a
sequence of Picard iterations defined by F at ¢#5. We have

d(ﬁn+1/ l9n+2) S /\d(ﬁn/ 1971+l)/ n= 0/ 1/ 2/ ceey

which implies that (¢, ) is a convergent sequence because (X, d) is a d*-complete topological space.
Letp = lijn 9,(€ X). Then
n—oo

p= lim 9, = lgrl 0,41 = lim F(d,) = F(p),
n—oo

n—o0 n—o0

because X is a Hausdorff topological space and F is a sequentially continuous mapping.
Let g = F(q). Then from d(F(p),F(q)) < Ad(p,q), we obtain d(p,q) < Ad(p,q). We get easily
the uniqueness. O

The next theorem extends earlier result proved by Lj. Ciri¢ and S. B. Presi¢, [7] for complete metric
spaces to d*-complete topological spaces.

Theorem 4. Let (X,d) be a d*-complete topological space and f : X" — X be a sequentially continuous
mapping. If thereis 0 < A < 1 so that

d(f(l91,. . .,l9n),f(l92, e ,l9n+1)) S Amax{d(é‘l,ﬁz), .. .,d(ﬁn,ﬁn_;,_l)},
holds for every ¥4, ...,0,, 0,41 € X. Then

(I)  thereis p € X so that
p=fp.-p)

N—_——
n times

(I) ~ for arbitrary 84,..., 0, € X, the sequence (8,) C X defined by

Osn = (O Okrn_1), k=12,...,
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is convergent and
lim l9k = f( lim l9k, ey lim l9k),'
k—o0 k—o0 k—o0

n times

a i
AT D), f(0,10) < d(r0)

PR
~——
n times n times

forall T,v € X, then the point p is unique.

Proof. Assertions (I) and (II). Let d : X" x X" — [0, c0) be defined by

d((ﬂl,. . .,l9n), (yl,. . .,yn)) = max{dl(ﬂl,yl),. --rdn(ﬂn/yn)}-

From Theorem 2, it follows that (X, d) is a d*-complete topological space. Let F : X" — X" be
defined by
F(%,...,0:) = (02,..., 01,0, f(%1,...,0)).
We have that F is a sequentially continuous mapping on X", because f is a sequentially continuous
mapping on X.
Let (yx) C X" be a sequence defined by

Y = (ﬂk/ l9k+lr' . 'rl9k+n71)/

for arbitrary #4,...,9, € X and (¢,) C X be defined by

l9k+n:f(l9k/~~/19k+n—l)/ k:1,2,

We get that
A(Yi1,Yir2) < Ad(Yi, Vi) k=12,...,
which implies that (yx) is a convergent sequence because (X", d) is a d*-complete topological space.
Letz = klim Yk Since X" is a Hausdorff topological space and F is a sequentially continuous mapping
—00
on X", one writes
z = lim y; = lim y;,1 = lim F(yx) = F(2).
k—0c0 k—ro0 k—o0

From z = F(z), it follows

lim yp = (lim 1, im O p, ..., lim ;) = (
k—o0 k—o0 k—o0

m l9k, lim l9k,.. .y lim l9k),
k—o0 k—oc0

li
k—o0 k—o0
which implies

lim l9k = f( lim l9k, ey lim l9k).

k—o0 k—o0 k—o0

n times
Let p = lim 9. Hence, p = f(p,..., p).
k—o00 ——
n times
Assertion (III). Suppose there is ¢ € X (with g # p) so that g = f(q,...,9). In view of the
n times

assumption that
d(f(u u), f(v,...,v) <d(u,v)

ARG
n times n times
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for each u,v € X, then
d(f(p,.--p) f(q,...,q) <d(p,q).
—— ———

-’
n times n times

That is, 0 < d(p,q) < d(p,q), which is a contradiction. Consequently, p = g, and so the
uniqueness is ensured. [

The following corollary corresponds to the result proved by S. B. Presi¢ [8,9] in the setting of
d*-complete topological spaces.

Corollary 1. Let (X, d) be a d*-complete topological space and f : X" — X be a sequentially continuous
n

mapping. If there are 0 < Aq,..., Ay < 1such that Y A; < 1and
i=1

d(f(ﬁll .. 'rﬁn)/f(l?Z/ .. */l9n+l)) S Ald(l?1, 192) +---+ /\nd(ﬁnrﬁn—&-l)/
holds for every ¥4, ...,0,, 0,41 € X, then

(i)  thereis p € X so that
p=fp.-p)

N—_——
n times

(ii) ~ for arbitrary 91,...,0, € X, the sequence (8,) C X defined by

Osn = f( Ok, Okpn—1), k=1,2,...,

is convergent and
lim 0 = f(lim &, ..., lim &);
k—o0 —_——
n times
(i) if
d(f(u,...,u), f(u,...,v)) <d(u,v),
(f( ), £ v)) <d(u,v)

n times n times

foreach u,v € X, then the fixed point p is unique.

Proof. It follows from Theorem 4 and relation

™=

)\i max d(ﬂi, l9i+1)-

1<i<n

)\161(191, 192) et /\ﬂd(ﬁn/ l9n+1) <

Il
_

O

The next theorem extends earlier results presented by V. Bryant [10], M. Marjanovi¢ [11],
C. L. Yen [12], R. Caccioppoli [13], S. Reich [14] and R. Bianchini [15] for complete metric spaces
to d*-complete topological spaces.

Theorem 5. Let (X, d) be a d*-complete topological space, A € [0,1) and f : X — X be a sequentially
continuous mapping such that

d(f"H(8), f111(6)) < A max {d(f1(8), £(6)),d(f'(9), f1(8)),d(f'(6), £71(8))},

0<i<n
foreach 9,0 € X. Then

(1)  f admits a unique fixed point p € X;
(2)  foreach ¢ € X, the sequence of Picard iterates (f"(9)) converges to p.
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Proof. Let ¢; € X be arbitrary, (9,) be a sequence defined by f at ¢;. We get that
d(ﬂn+1/ l91’l+2> S A maX{d(ﬂl, 192)/ ceey d(ﬁnr l9n+l)}/

holds for every n. By Theorem 4, there is p € X so that p = r}g]folo ¥, and

p=f""(p).

Suppose g = f"*1(g). Then from

d(f"H(p), 1)) < A max {d(f'(p), f/(@),d(f (p), f (p)), A(f (@), £ (a))},

0<i<n

we obtain

d(p,q) < Ad(p,q).

Hence, p = g, i.e., f" has a unique fixed point.
From (5), it follows that

d(f(8),f(6)) < Ad(9,0),

which implies that
d(f(8), £4(6)) < A*d(8,0).

Let 8y € X be arbitrary, and (8 ) be a sequence of Picard iteration defined by f at ¢. So,
d(Bi11,Ok12) < d(Biy1, Bra) < Ad(By, pr) < Ad(Bo, 91).
Hence () is a convergent sequence. Let klim U = p. So
—» 00
p = lim 8 = lim &1y = lim f(d) = f(p),
—00 k—o0 k—o0

because f is sequentially continuous. Hence, p = f(p).

10 of 12

®)

We prove that f"*1 has a unique fixed point p, which is the limit of all sequences of Picard
iterations defined by f"*19. By Lemma 1, it follows that f has a unique fixed point p € X and for each

¢ € X, the sequence of Picard iterates defined by f at ¢ converges to p. [

The next corollary extends the known results presented by S. Reich [14] and R. Bianchini [15]

from complete metric spaces to d*-complete topological spaces.

Corollary 2. Let (X,d) be a d*-complete topological space, A € [0,1) and f : X — X be a self-mapping on X.

Suppose that f is a sequentially continuous mapping. If

d(f(9),f(0)) < Amax{d(8,0),d(0, f(8)),d(6, f(0))},
foreach 9,0 € X, then

(D) f has a unique fixed point p € X;
(I)  for each ® € X, the sequence of Picard iterates (f"(09)) converges to p.

In theorem of R. Bianchini [15], the inequality

d(f(x), f(y)) < Amax{d(x, f(x)),d(y, f(y))},

(6)
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was used instead of inequality (6). In theorem of S. Reich [14], the inequality

d(f(8),f(6)) < ad(8,0) + pd(8, f(6)) +vd(6, (9)),

where a, B,y € [0,1) and a +  + v < 1, was used instead of inequality (6).
From Theorem 5, the next corollary extends famous results presented by V. Bryant [10] for
complete metric spaces to d*-complete topological spaces.

Corollary 3. Let (X, d) be a d*-complete topological spaces, A € [0,1) and f : X — X. Suppose that f is a
sequentially continuous mapping. If there is a positive integer n so that

d(f"(9), £"(6)) < Ad(8,0),

foreach 9,0 € X, then f has a unique fixed point, which is the limit of the sequence of Picard iterates of f at an
arbitrary point ¢ € X.

By Corollary 3, we obtain the following result which extends the theorem of C. L. Yen [12] from
complete metric spaces to 4*-complete topological spaces.

Corollary 4. Let (X, d) be a d*-complete topological spaces, A € [0,1) and f : X — X. Suppose that f is a
sequentially continuous mapping. If there exist positive integers m, n such that

d(f"(8), f(8)) < Ad(8,0),

foreach 9,0 € X, then f has a unique fixed point, which is the limit of the sequence of Picard iterates of f at an
arbitrary point ¢ € X.

Proof. Put ¥ = f"(z) and 6 = f™(z). We get that f™ " satisfies all conditions of Corollary 2. [

By Corollary 2, the next result extends the known theorem of R. Caccioppoli from complete metric
spaces to d*-complete topological spaces.

Corollary 5. Let (X, d) be a d*-complete topological space, A € [0,1) and f : X — X. Suppose that f is a

sequentially continuous mapping. If there is a sequence of nonnegative reals (c,) so that Y ¢y < co and

d(f"(9), f1(9)) < cad(8,0),

foreach 9,0 € X, then f has a unique fixed point, which is the limit of the sequence of Picard iterates of f at an
arbitrary point ¢ € X.

Proof. For some positive integer 1, we have ¢, < 1. Now, the statement follows from Corollary 2. [

5. Conclusions

In this paper, we introduce the concept of 4*-complete topological spaces. We give an example of
a d*-complete topological space, which is not a complete metric space. We show that the product of
d*-complete topological spaces is also a d*-complete topological space. We also establish that every
left complete quasi b-metric space is a d*-complete topological space. Moreover, we prove some fixed
point results for contraction mappings in the setting of d*-complete topological spaces. These obtained
results are generalizations of many known ones in the literature.
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