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Abstract: In this work, we study the canal surfaces foliated by pseudo spheres S? along a Frenet
curve in terms of their Gauss maps in Minkowski 3-space. Such kind of surfaces with pointwise
1-type Gauss maps are classified completely. For example, the canal surface with proper pointwise
1-type Gauss map of the first kind if and only if it is a part of a minimal surface of revolution.
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1. Introduction

In the theory of surface, a kind of surface called canal surfaces will shaped by sweeping a family
of spheres whose centers lie on a space curve in Euclidean 3-space. The geometric characters of such
surfaces have been studied by many experts and geometers [1-3]. For example, the authors of [1]
investigated the geometric properties of such surfaces, including the Gaussian curvature, the mean
curvature and their relationships. As time goes on, the construction idea of canal surfaces in Euclidean
3-space is extended into the spaces with indefinite metric, especially into Lorentz-Minkowski space.
In Minkowski 3-space, a canal surface can be formed as the envelope of a family of pseudo-Riemannian
space forms, i.e., pseudo spheres S?, pseudo hyperbolic spheres H3 and lightlike cones Q? [4-6].
According to the classification of curves in Minkowski space, i.e., spacelike curve, timelike curve and
lightlike (null) curve, there are nine types of canal surfaces in Minkowski 3-space. The parametric
expressions and the fundamental geometric properties are stated by discussing the linear Weingarten
canal surfaces in [4,5].

The idea of finite type immersion of Riemannian manifolds into Euclidean space (resp. pseudo
Euclidean space) was introduced by B.Y. Chen in the late 1970s, which was extended into the differential
maps on the submanifolds such as the Gauss maps. A submanifold M in Euclidean space (resp. pseudo
Euclidean space) whose Gauss map G satisfies AG = f(G + C) is said to have pointwise 1-type Gauss
map for a non-zero smooth function f and a constant vector C, where A is the Laplacian defined on M

stated by
1

2 9
A=ty O Jdet(g)lgT ), 1
det(gi))| ;faxl< T v

where ¢/ are the components of the inverse matrix of the first fundamental form of M. In particular,
it is said to be of the first kind or the second kind when the vector C is zero or non-zero, respectively.
Furthermore, G is said to be of proper pointwise 1-type if the function f is not constant, then a
non-proper pointwise 1-type Gauss map is of ordinary 1-type. When the smooth function f vanishes,
G is said to be harmonic [7-9].
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Based on the conclusions obtained in [1], the canal surface with pointwise 1-type Gauss map is
discussed in [2]. In order to do further and complete geometric investigation for canal surfaces in
Minkowski 3-space, the canal surfaces foliated by pseudo spheres S? along Frenet curves to be studied
in the present work. In Section 2, some basic facts including the Frenet formulas of Frenet curves,
the expression forms, and the relationships between the Gaussian curvatures and the mean curvatures
of three types of canal surfaces are recalled. In Section 3, three types of canal surfaces with pointwise
1-type Gauss maps are classified completely.

The surfaces are smooth, regular, topologically connected unless otherwise stated in this paper.

2. Preliminaries

The Minkowski 3-space E? is provided with the standard indefinite flat metric given by
(-,-) = dx} + dx3 — dx}

in terms of the natural coordinate system (x1, x2, x3). A vector v is called to be spacelike, timelike and
lightlike (null), if (v,v) > 0orv =0, (v,v) < 0and (v,v) = 0, (v # 0), respectively. The norm of
the vector v is defined by ||v|| = v/|(v, v)|. According to the causal character of the tangent vectors,
the curves are divided into spacelike, timelike, or lightlike (null) curves. Furthermore, a spacelike
curve is classified into the first kind, the second kind spacelike curve or the null type spacelike curve
(the pseudo null curve) when the normal vector is spacelike, timelike or lightlike, separately.

Remark 1 ([10]). Timelike curves and spacelike curves with spacelike or timelike normal vectors are called
Frenet curves in Minkowski space.

Proposition 1 ([4]). Let c(s) : I — E3 be a Frenet curve parameterized by arc length s with Frenet frame
{a, B, v}. Then, the following Frenet equations are satisfied:

o' (s) = x(s)B(s),

B'(s) = —e1x(s)a(s) +ext(s)(s),

7' (s) = T(s)B(s),
where w is the tangent vector, B and <y is the normal vector and the binormal vector of c(s), respectively.
When c(s) is a timelike curve, €1 = €; = —1; when c(s) is a spacelike curve of the first kind, e = €, = 1;

when c(s) is a spacelike curve of the second kind, e; = —ey = —1. The function «(s), T(s) is said to be the
curvature and the torsion of c(s), respectively.

Proposition 2 ([4]). Let p be a fixed point, r > 0 be a constant in E3. Then, the pseudo-Riemannian space
forms, i.e., the de-Sitter space S3(p, ), the hyperbolic space H3(p, r) and the lightlike cone Q3 (p) are defined by

St(pr)|e=1;
M2(e) = {x € B} : (x — p,x — p) = er} = W (p,7) | e = —1;
Qi(p) |e=0.

In particular, when r = 1 and the center p is the origin, we write them by S3, H3 and Q? simply.

Definition 1 ([6]). A surface M in 3 is called a canal surface which is formed as the envelope of a family of
pseudo spheres S (resp. pseudo hyperbolic spheres H3 or lightlike cones Q) whose centers lie on a space curve
c(s) framed by {«, B, v}. M can be parameterized by

x(s,0) = c(s) + A(s, 0)a(s) + u(s, 0)B(s) + w(s, 0)7(s),
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where A, u, and w are differential functions of s and 0, ||x(s,0) — c(s)||*> = er?(s), (e = +10r0). The curve
c(s) is called the center curve, r(s) is called the radial function of M.

Precisely, if M is foliated by pseudo spheres S? (resp. pseudo hyperbolic spheres H2 or lightlike
cones Q?), then € = 1 (resp. —1 or 0) and M is said to be of type M, (resp. M_ or Mj). In addition,
the canal surface of type M can be classified into M (resp. M2 or M3 ) when c(s) is spacelike
(resp. timelike or null). Moreover, when c(s) is the first kind, the second kind spacelike curve and the
pseudo null curve, M, is denoted by M!!, M!2 and M3, respectively. Similarly, the canal surfaces
M_ (resp. M) can be classified into M , M? and M2 (resp. M(l), M% and MS). Naturally, M (resp.
Mé) can be divided into M1, M'? and M3 (resp. M(l)l, Mcl)z and Mé3) [5].

Remark 2. In the present work, we consider the canal surfaces foliated by pseudo spheres S which have Frenet
curves as center curves, i.e., the canal surfaces of type M}, M2 and M2 .

In [4], the canal surfaces M!!, M'? and M2 are expressed by
MY : x(s,0) = c(s) +r(s){—7"(s)a + /1 —r"2(s) cosh 8 + /1 — r2(s) sinh 67 };
M2 : x(s,0) = c(s) +r(s){—7'(s)a + /1 — r"2(s) sinh 6 + /1 — r2(s) cosh 67 };

M2 : x(s,0) = c(s) +r(s){r'(s)a + /1 +r2(s) cos O + /1 + r2(s) sin 6 }.

For convenience, the authors assumed —’(s) = cos ¢ for M!! and M2, ¥/(s) = tan ¢ for M3,
where ¢ = ¢(s) is a smooth function, then the canal surfaces M!!, M'? and M2 are rewritten by

MY : x(s,0) = c(s) + 7(s)(cos p(s)a + sin ¢(s) cosh 6B + sin ¢(s) sinh 87); (2)
M2 : x(s,0) = c(s) + 7(s)(cos (s)a + sin ¢(s) sinh OB + sin ¢(s) cosh 8y); 3)
M2 : x(s,0) = c(s) + r(s) (tan @(s)a + sec ¢(s) cos OB + sec ¢(s) sin 67 ). 4)

Example 1. Let c(s) = (s,0,0) be a spacelike curve, the radial function r(s) = sins, then the canal surface
M (M2) can be expressed as (see Figure 1)

2

x(s,8) = (—sinscoss + s, sin’ s cosh §, sin® s sinh 6).

s V5

Example 2. Let c(s) = (sin §,cos 5, %5>s) be a timelike curve, the radial function r(s) = sins, then the canal
surface M4 can be expressed as (see Figure 2)

1 5 1
x(s,0) :{sin% + i sinZScos% —sinsV/1 +c0525(singcos9 - i cos > sinf), cos S sin2ssins—

2 2 2 4 2
1
sinsv/1 4 cos? s(cos % cos 6 + ? sin%sine), ?s + ? sin2s + 3 sinsv/1+ cos?ssin6}.

Figure 1. M!! (M!2) with r(s) = sins.
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Figure 2. M3 with r(s) = sins.
Proposition 3 ([4]). For the canal surface M1 (resp. M2, M2 ), the Gaussian curvature K and the mean

curvature H satisfy

1 1

Remark 3. By Proposition 3, the principal curvatures «1,x, of the canal surface M'! (resp. M2, M2 ) are

given by
1
K1 =—Kr, x=—-.
r

3. Main Conclusions

In this section, the classifications of three types of canal surfaces are discussed in terms of their
Gauss maps. We prove the results for M! and omit the proofs for M!'? and M2 since they can be
similarly done to those of M!! in what follows.

3.1. The Canal Surfaces of Type M\! with Pointwise 1-Type Gauss Maps

From Equation (2), the canal surface M!! is parameterized as
x(s,0) = c(s) +7(s)(cos ¢(s)a + sin ¢(s) cosh 0B + sin ¢(s) sinh 07),

where cos ¢(s) = —1'(s), (¢ € [0, 7)) is a smooth function.
Through direct calculations, we have initially

1 2 3 1 2
Xs = X0 + X5+ x5y, Xg = xeﬁ_l'xe')’r

where
x! = —1r"" — risin ¢ cosh 6 + sin? @;
x2 =1’ sin ¢ cosh@ — rr’ ¢ cosh 6 + 7 sin @ sinh 6 — 17'x;
x3 = 1’ sin ¢ sinh § — 17’ ¢’ sinh @ 4 r sin @ cosh §; (5)

X = rsin ¢ sinh 6;

x5 = rsin ¢ cosh 6.

Thus, the Gauss map G of M!! is
G = cos g + sin ¢ cosh 0B + sin ¢ sinh 6, (6)

which points towards M!! inside and (G, G) = 1.
Meanwhile, the quantities of the first fundamental form are obtained as
P} —r?R?

2
g1 =—"—, S12=-1Ry, gon=-—-r
2
sin” ¢

2 sin? @, (7)
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and the quantities of the second fundamental form are written by

R?2—P
hy = %, hip =Ry, hyp =rsin’ g, ®)
sin” ¢
where
Py = rr” 4 rxsin g cosh § — sin® ¢ = rQp — sin? @,
Q1 =" +«singcoshb, ©)

Ry = tsin® ¢ 4 'k sin ¢ sinh 0.

From Equations (7) and (8), the Gaussian curvature K and the mean curvature H of ME are

o)) 2P, +sin’ @
K=~ H=_-—-_" ¥ 1
1’P1 ! 21’P1 ( 0)
Remark 4. From g1182 — g3, = —r*P?, due to regularity, we see that Py # 0 everywhere.

Serving the following discussion, the Laplacian of the Gauss map G of M! needs to be calculated.
First, from the first fundamental form of ME, we have

1n_ sin” ¢ g2 =g = R r’R} — P} ‘ (11)
P’ P’ r2P?sin?
Substituting (6), (7), and (11) into (1), and by putting
Uy = goHs — g12Hp, Vi = —g12Hs + g11Hp, (12)
where
Ho— 212k sin? g cosh? @ — (2rr'x — r?«’) sin® @ cosh 6 + 572r'r"" sin ¢ cosh 6 N
. 2r2P2
— 277+ sin? ¢+ 72" sin? ¢+ 4r2¢'4"2 4+ ¢ sin* ®
$ , (13)
2r2P;
.. 3 .
x sin” ¢ sinh 0
Hy 274)2 ,
2P
after complicated arrangements, we get
1 .
AG :@{WQ% + P?) cos ¢ — 2x Uy ] + [(**Q2 4 P?) sin @ cosh 6 — 2(x2U; + x5 V1)] B+ i~
1

[(*Qf + P{) sin @ sinh 6 — 2(xUy + x5V1) 7}

Assume that a canal surface M!! satisfies AG = f(G + C). Without loss of generality,

we may suppose
C=Cua+ Czﬁ + C37, (15)

where C; = (C,a),Cy = (C,B),C3 = —(C, 7).
Substituting (6), (14), and (15) into AG = f(G + C), we obtain the following equation system:

(rZQ% + Plz) cos ¢ — 2x1 = rZPf(cos ¢+C1)f,
(r?Q3 + P?) sin g cosh 0 — 2(x2U; + x5 V1) = r?P¥(sin g coshf + C,) f, (16)
(r2Q3 + P?)sin g sinh 0 — 2(x3U; + x3V;) = r?P?(sin ¢ sinh 6 4 C3)f.
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From the last two equations of (16), we have

2U, (r7sin? ¢ + 17’k sin @ sinh 6 + x2Cy — x2C3) 4 2V (rsin® ¢ + x5C, — x5C3)

. 2 .2 .4 . (17)
=sin ¢(2P; + 2P; sin” ¢ + sin® ¢)(Cy sinh @ — C3 cosh 0).
Rearranging (17) with the help of (5), (9), and (12), we get
2(g00Hs — g12Hp) (r7sin? ¢ + r#'x sin ¢ sinh 8 + x3Cy — x2C3) + 2(—g12Hs + g11Hp)
(rsin? ¢ 4 rsin @ cosh 8C, — 7 sin ¢ sinh HC3) (18)

= sin ¢[(rx sin @ cosh 8 + 1"’ — sin? ¢)? + (rx sin @ cosh 6 + r7'")?](C, sinh @ — C3 cosh 6).

Since {cosh(mf),sinh(m@)|m € N} constructs a set of linearly independent functions, in view of
the coefficients of sinh 50 and cosh 56 in (18) by the aid of (5), (7), and (13), we have

(19)

64 sin® pCy = 0.

o4 sin® pC3 = 0,
rox

From (19), we consider a non-empty open subset O = {p € M!! | x(p) # 0} of M'!. Since r # 0,
sin ¢ # 0, then we have C; = C3 = 0 on O. However, if C; = C3 = 0, (18) gives

r’R3 + g sinp = P2 =0

which contradicts the regularity of ME Hence, x =0, ME is a surface of revolution.
Putting c¢(s) = (s5,0,0) and « = (1,0,0), 8 = (0,1,0),y = (0,0,1), ME can be represented by

x(s,0) = (s +r(s) cos ¢, r(s) sin ¢ cosh 8, 7(s) sin ¢ sinh 6).
Furthermore, when x = 0, the first equation of (16) gives

(2P12 4 2P; sin? ¢ + sin* ¢) cos ¢ — 2r? sin® pP; H

20
r2P2(cos ¢ + C1) (20)

f=

Because Pj, H; are all functions of s when x = 0, Equation (20) yields f = f(s). Then, by the last
two equations of (16), we obtain

{ (r?Q2 + P2) sin ¢ cosh 0 + 2r%' sin? pH;(sin ¢ — r¢') cosh 6 = r2PZ(sin ¢ cosh 6 + C) f, 1)

(r2Q? + P2) sin ¢ sinh 0 + 2r%r' sin? pH;(sin ¢ — r¢’) sinh & = r2PZ(sin ¢ sinh 0 + C3)f.

Because r # 0, P; # 0 and f = f(s), Equation system (21) implies C, = C3 = 0. In addition,

_2Pf42P sin? ¢ 4 sin* ¢ + 2r>H;P; cos ¢

22
£(s) 25 @)
Combining (20) and (22), we get
2rHsPy (1 — Cy7’) + C1(2P? 4 2P sin® ¢ + sin* ¢) = 0. (23)
Substituting (23) into (22), we have
P2 1 202 2 _
£s) = 2Hs T+ Q] :4H 2K. (24)

e r2P2(1 — Cyr') 1—Cyr
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Noticing that the principal curvatures are given by

!

r 1
= = —— 2
1 21 2 T (25)
when ¥ = 0, and thus the Gaussian curvature K, the mean curvature H can be abbreviated as
1" 2 1" 2 1
K= r—, H= _L. (26)
r(rr” +12 —1) 2r(rr” + 12 —1)

Due to f # 0, the mean curvature cannot be a constant. With the help of (10), Equation (23) can be
rewritten as
2r°Hs(1+rH)(C17' —1) = C1(2r?H? + 2rH + 1) (1> — 1). (27)

Simplifying (27) with the help of (26), the radial function r(s) satisfies the following equation:

{ 2! + 7/2 -1 }/ Cl (1’7’//)2 4 (1,1,// + r/2 _ 1)2. (28)

r(rr” +12 —1) 1= Cyr! r2(rr’ +12 —1)

Conversely, if M!! is a surface of revolution which satisfies (28), then AG = f(G + C) is satisfied
for a non-zero function f as stated by (24) and a constant vector C = (Cy,0,0) in which C; is a
non-zero constant.

Theorem 1. A canal surface MY! has a proper pointwise 1-type Gauss map of the second kind iff it is a surface
of revolution with the following form:

x(s,0) = (s +r(s) cos ¢, 7(s) sin ¢ cosh 6, r(s) sin ¢ sinh 0)
which satisfies (28).

Corollary 1. A canal surface M} with proper pointwise 1-type Gauss map of the second kind satisfies AG =
f(G + C) for a constant vector C = (Cy,0,0) and non-zero smooth function

4H? — 2K
f(s) = 1_7(317,/

where H and K are given by (26), and Cy is a non-zero constant.

Corollary 2. A canal surface ML! has 1-type Gauss map of the second kind iff it is a surface of revolution
represented as
x(s,0) = (s +r(s) cos ¢, 7(s) sin ¢ cosh 6, r(s) sin ¢ sinh 0)

which satisfies (30).

Proof. When a canal surface M!! satisfies AG = A(G + C), (A € R — {0}, C # 0), by Theorem 1, M}!
is a surface of revolution which satisfies (28). By Corollary 1, we get

27" 47217
[rw Frro 1)} = AC (rr" +1 = 1). (29)

From (28) and (29), we get
(1" + 12 —1)2(AM2(1 = Cir') = 1) — ()2 = 0. (30)

The converse is straightforward. O
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Theorem 2. A canal surface ML} has proper pointwise 1-type Gauss map of the first kind iff it is minimal.
Precisely, it is a part of a surface of revolution as

x(s,0) = (s+r(s) cos ¢(s),r(s) sin¢(s) cosh 6, r(s) sin ¢(s) sinh 0)
which satisfies (33).

Proof. A canal surface M!! has proper pointwise 1-type Gauss map of the first kind, i.e, AG = fG for
some smooth function f. From Equation (14), we have

(r2Q3 + P?) cos ¢ — 2x1U; = r*P? cos ¢f,
(r*Q2 4 P?) sin g cosh 6 — 2(x2Uy + x}Vy) = r?P} sin ¢ cosh 6, (31)
(r*Q2 + P2) sin g sinh 6 — 2(x3U; + x3V;) = r?P? sin @ sinh 6f.

From the last two equations of (31), we get
(g20Hs — g12Hp) (Tsin? ¢ + r'x sin @ sinh ) 4 (—g12Hs + g11Hp) sin® ¢ = 0, (32)

with the help of Equation (7), we obtain P12H9 = 0. Therefore, Hy = 0 due to P; # 0. Furthermore,
from the first two equations of (31), we get 2r2P;H; = 0. It is obvious that H; = 0. Then, the mean
curvature of ME is constant.

By the Corollary 3.6 of [4], i.e., the canal surface M!! with non-zero constant mean curvature does
not exist, thus the canal surface ME is minimal. From the Theorem 3.8 of [4], it is a part of a surface of
revolution with the following form:

x(s,0) = (s+r(s) cos ¢(s),(s) sin ¢(s) cosh 6, r(s) sin ¢(s) sinh @)

5ZC2i/1/er1drf (0<cp <r1,00 €R). (33)

Looking back the Equation (31) with the conclusions obtained above, we have

which satisfies

2

fls)=—2K = 5. (34)

Conversely, suppose that M!! is a surface of revolution satisfying (33), M'! is minimal from the
Theorem 3.8 of [4] and AG = fG is satisfied for some non-zero function f given by (34). O

Corollary 3. A canal surface M} with proper pointwise 1-type Gauss map of the first kind satisfies AG = r%(G.

Assume that a canal surface M!! satisfies AG = AG, (A € R — {0}). By Corollary 3, we have
A= %2 is a constant, i.e., 7 is a constant. Thus, we have the following result.

Corollary 4. A canal surface ML! has 1-type Gauss map of the first kind iff it is a circular cylinder.
From Corollary 3, the following conclusion is straightforward since r% #0.
Corollary 5. The canal surface M1 with harmonic Gauss map does not exist.

3.2. The Canal Surfaces of Type M2 with Pointwise 1-Type Gauss Maps

From Equation (3), the canal surface M}E is parameterized as

x(s,0) = c(s) +r(s)(cos ¢(s)a + sin ¢(s) sinh O + sin ¢(s) cosh 07),
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where cos ¢(s) = —7(s), (¢ € [0, 1)) is a smooth function.
Through direct calculations, we have initially

xs = xla+ 328+ 3y, xp=xpp+ 3,
where
x! = —r" + risin @ sinh 6 + sin? @;
x? =1’ sin ¢ sinh @ — rr' ¢’ sinh 6 + rT sin @ cosh 6 — r7'x;
x3 = ' sin ¢ cosh @ — ' ¢’ cosh 6 + rT sin @ sinh 6;
x}, = rsin ¢ cosh 6;
x5 = rsin g sinh 6.

Thus, the Gauss map G of Mﬁf is
G = — cos pa — sin @ sinh 8 — sin ¢ cosh 6, (35)

which points towards M!? inside and (G, G) = 1.
Meanwhile, the quantities of the first fundamental form are obtained as

P2 _ 1’2R2 )
gn=-2—5—2, gn=rRy gn=-r’sin’g, (36)
sin” ¢
the quantities of the second fundamental form are written by
—rRZ+ P
= 2% Ryl = —rsinl g, (37)
sin” ¢

where
Py = 1" + risin @ sinh 6 + sin® ¢ = rQ, + sin” ¢,

Qy = —7"" + xsin gsinho,

Ry = 'k sin ¢ cosh 6 — T sin? ¢.

From Equations (36) and (37), the Gaussian curvature K and the mean curvature H of le are

P _ 2P, —sin’g
N TPZI - 27’P2 )
Remark 5. From g1192 — g3, = —r>P%, due to regqularity, we see that P, # 0 everywhere.

Next, the Laplacian of the Gauss map G of M¥ is to be calculated. First, from the first fundamental
form of le, we have

1 _ sin’ g 2_ 2_ R 2 _ r’R5 — P5 38
T & T8 T T 2 P2gnl e (38)
5 0 r2P5 sin” @
Substituting (35), (36), and (38) into (1), by putting

Uy = goHs — g12Hg, Vo = —g12Hs + g11Hp,
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where

H - —212¢'k% sin? g sinh? 6 — (2r'k — r?«’) sin® @ sinh @ + 5¢2¢'r"'k sin ¢ sinh 0 n
- 2r2P2
240 112

2rr'v" sin? ¢ — 121" —1'sint

7

sin? ¢ — 4r
2r2P?

.3
x sin® @ cosh 0
Hy :74)2
2Py

after complicated arrangements, we get

AG = [(**Q3 + P?) cos ¢ + 2xtUp]a + [(*Q3 + PF) sin ¢ sinh @ + 2(x2U, + x5 V2)| B+

1
a r2P22{
[(r*Q3 + P2)sin ¢ cosh 0 + 2(x3Uy + x3V5)] v}

Due to discussions similar to those of M1, we have the following conclusions directly.

Theorem 3. A canal surface M1} has proper pointwise 1-type Gauss map of the second kind iff it is a surface of
revolution with the following form:

x(s,0) = (s +r(s) cos ¢, r(s) sin ¢ cosh 8, r(s) sin ¢ sinh )

which satisfies

[ 2 + 12 —1 ]/ Cr ()24 (1" + 12 = 1)?
r )

(7‘1’” + 2 1 = 1+ Clr’ 7,2(1,1,// 4 r2 — 1) 4

where Cq is a non-zero constant.

Corollary 6. A canal surface M'? with proper pointwise 1-type Gauss map of the second kind satisfies AG =
f(G + C) for a constant vector C = (Cy,0,0) and non-zero smooth function

4H? — 2K

f(s): 1+ Cqyr/ ’

where Cy is a non-zero constant, H and K are given by

B ' 22 -1
- r(rr” =+ 2 — 1)' - Zr(rr” + 72— 1)‘

Corollary 7. A canal surface M'? has 1-type Gauss map of the second kind iff it is a surface of revolution
represented as
x(s,0) = (s +r(s) cos ¢, r(s) sin ¢ cosh 8, r(s) sin ¢ sinh )

which satisfies
(r” +7% = 1)* (A2 (1+Cyr') + 1) + (rr")? = 0.

Theorem 4. A canal surface M'? has proper pointwise 1-type Gauss map of the first kind iff it is minimal.
Precisely, it is a part of a surface of revolution as

x(s,0) = (s+r(s) cos ¢(s),r(s) sin¢(s) cosh 6, r(s) sin ¢(s) sinh @)

s:czj:/,/r_rCldr, (0<cp <r,00 €R).

which satisfies
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Corollary 8. A canal surface M'? with proper pointwise 1-type Gauss map of the first kind satisfies AG = %G.
Corollary 9. A canal surface M'? has 1-type Gauss map of the first kind iff it is a circular cylinder.
Corollary 10. The canal surface M'? with harmonic Gauss map does not exist.

3.3. The Canal Surfaces of Type M2 with Pointwise 1-Type Gauss Maps
From Equation (4), the canal surface M%r is parameterized as
x(s,0) = c(s) + r(s)(tan @(s)a + sec ¢(s) cos 6B + sec ¢(s) sinH7y),

where tan ¢(s) = 7(s), (¢ € (=75, 5)) is a smooth function.

Through direct calculations, we have initially
Xs = xla+ x?/ﬁ +x3y, xp= xéﬁ + xf;'y,

where
x! = 1" 4 risec ¢ cos 0 + sec? @;

x2 =1’ sec p cos O + rr' ' sec p cos B + rTsec g sin§ + rr'x;
x3 = 1" sec psin@ + 11’ ¢’ sec psin @ — rTsec ¢ cos b;
xé = —rsec ¢sin;

2

X5 = rsec ¢ cos 0.

Thus, the Gauss map G of M2 is
G = tan g + sec ¢ cos 0 + sec ¢ sin 6y, (39)

which points towards M3 inside and (G, G) = 1.
Meanwhile, the quantities of the first fundamental form are obtained as

PZ _ T’ZRZ
g =- 3sec2 @ 3, gu=-r"R;, gn=r’sec’g, (40)
and the quantities of the second fundamental form are written by
—rR3 + P
= TG iRy, = —rsecp, @
sec? ¢

where
Py = rr” + rxsec ¢ cos 6 + sec? ¢ = rQz + sec? @,

Qs = 7"+ xsecgcosb,
Rz = 'k sec ¢ sin 6 + T sec? @.
From Equations (40) and (41), the Gaussian curvature K and the mean curvature H of Mi are

—2P: 2
ke g —2Dtsect g

42
}’P3 ! 27’P3 ( )

Remark 6. From g1182 — g3, = —r*P2, due to regularity, we see that P; # 0 everywhere.
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In the following, the Laplacian of the Gauss map G of M? is to be calculated. First, from the first
fundamental form of Mi, we have

2 2 2p2
1 sec” ¢ 12 _ 21 Rs3 » _ Py —1Rj

=T = =_—_, =29 43
p? § =8 Pz r2PZ sec? ¢ *3)
Substituting (39), (40), and (43) into (1), by putting

Uz = gooHs — g12Hg, V3 = —g12Hs + g11Hp,

where
H = 2r2r' k2 sec? ¢ cos? 0 + (2rr'x — r2x’) sec® ¢ cos 6 + 5r27'r"'x sec ¢ cos 0
s =
2r2P?
2rr'r" sec? @ — r2r'" sec? @ + 4r?r'r'"? + 1’ sect @
2 p2 ’
2r=P;
3 .

K sec” ¢ sin 0

Hy =——F—,

2
2P2

through complicated arrangements, we get

AG [(*Q3 + P5) tan ¢ — 2x3Us]a + [(r*Q3 + P3) sec g cos 6 — 2(x7Us + xg V3)| B+

1
=——{
1’2P32

[(r*Q3 + P5) sec psinf — 2(x3Us + x5V3)]7}

Due to discussions similar to those of M!! and M!?, the following results for M3 can be
given directly.

Theorem 5. A canal surface M3 has proper pointwise 1-type Gauss map of the second kind iff it is a surface of
revolution with the following form:

x(s,0) = (r(s) sec psin 6, r(s) sec p cosb,s + r(s) tan ¢)

which satisfies

2" 2417 G (rr")? + (11" + 72 +1)?
r(rr” +124+1)] 1-Cr r2(rr” + 12 41) !

where Cq is a non-zero constant.

Corollary 11. A canal surface M2 with proper pointwise 1-type Gauss map of the second kind satisfies
AG = f(G + C) for a constant vector C = (Cy,0,0) and non-zero smooth function

4H? — 2K
f(s) = T’

where Cy is a non-zero constant, H and K are given by

! 2 472 41

- g=_rrTr-.
r(rr” +124+1) 2r(rr” + 12 4+ 1)

Corollary 12. A canal surface M3 has 1-type Gauss map of the second kind iff it is a surface of revolution
represented as
x(s,0) = (r(s) sec psin b, r(s) sec p cos B, s + r(s) tan ¢)
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where r(s) satisfies
(rr" + 1+ 1 (A (1 = Cyr') = 1) = (rr")> = 0.

Theorem 6. A canal surface M2 has proper pointwise 1-type Gauss map of the first kind iff it is minimal.
Precisely, it is a part of a surface of revolution as

x(s,0) = (r(s) sec psin 6, r(s) sec p cos8,s + r(s) tan ¢),

s:czi/,/qr_rdr, (c1 >7r>0,c0 €R).

Corollary 13. A canal surface M with proper pointwise 1-type Gauss map of the first kind satisfies AG = V%G.

which satisfies

Corollary 14. A canal surface M2 has 1-type Gauss map of the first kind iff it is a circular cylinder.
Corollary 15. The canal surface M2 with harmonic Gauss map does not exist.

Until now, the canal surfaces foliated by pseudo spheres S% along the Frenet curves, i.e., ML
M!2, and M2 have been classified in terms of their Gauss maps completely. The similar works for the
canal surfaces M, M2 and M2 will be done in the near future. At the same time, considering that
the canal surfaces M) foliated by lightlike cones Q? along a space curve are degenerate [4,5], the canal
surfaces M3, M3 (resp. M3, M ) foliated by pseudo spheres S? (resp. pseudo hyperbolic spheres H3)
along a pseudo null curve or a null curve, respectively, are to be investigated in our future works.
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