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Abstract: In this paper, the stability of Ulam-Hyers and existence of solutions for semi-linear
time-delay systems with linear impulsive conditions are studied. The linear parts of the impulsive
systems are defined by non-permutable matrices. To obtain solution for linear impulsive delay
systems with non-permutable matrices in explicit form, a new concept of impulsive delayed matrix
exponential is introduced. Using the representation formula and norm estimation of the impulsive
delayed matrix exponential, sufficient conditions for stability of Ulam-Hyers and existence of
solutions are obtained.

Keywords: impulsive delay equation; delayed matrix exponential; stability

1. Introduction

The theory of functional differential equations has been attracted by many researchers.
Delay phenomena have applications in control engineering, biology, medicine, economy and other
sciences. Many processes are characterized by quick state changes. The duration of state changes
are relatively short compared with the total duration of the entire process. For the theory of
impulsive differential equations, we refer the reader to the monograph of Samoilenko et al. [1] and
references therein.

The phenomena with time delays appear in system theory, automatic engines, and engineering systems.
Recently, in [2], a concept of delayed matrix exponential is introduced providing an explicit formula of
solutions for linear time-delay continuous systems with commutative matrices. Congruently [3,4], it is also
used to find an explicit formula for solutions of linear discrete delay systems.

In general, it is difficult to get an explicit representation of the solution without knowing impulsive
delayed fundamental matrix for impulsive linear time-delay differential equations. Therefore, in [5]
authors adopted the idea of [2—4] obtaining the representation of solutions of linear time-delay
continuous systems with impulses. To do so, they introduced a concept of impulsive delayed matrix
function for commutative matrices.

These basic results are widely used in dealing with control theory, iterative learning control,
and stability analysis for time-delay continuous\discrete and impulsive equations; for example,
refer to [6-19]. For more details on the recent advances on the stability (Ulam-Hyers) of differential
equations, one can observe the monographs [20-22].

However, no study exists in the literature seeking an explicit solution for linear impulsive
time-delay differential equations with non-commutative matrices. Due to the double impact of
impulses and time-delay, it is a challenging task to attain a representation for a solution of a time-delay
impulsive differential equation of non-commutative matrices and study the stability concepts of
these equations.
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Motivated by the above articles, we have considered the representation of solutions of a linear
time-delay impulsive differential equation of the form:

v ()=Ay(t)+By(t—h)+f(t), te[0,T], h>0,t#t,
Ay (b)) =y () —y (k) = Cey (t), k=1,2,..p, (1)
yt)=¢(t), - h<t<0

where A, B,C; € R™*" are constant matrices, ¢ € C! ([~h,0],R"), f € C([0,T],R"), {#}.satisfies
0=ty <t; <.<tp<tp =T, y(t) =lim o+ y (L +a),y(t;) =y (k).

Moreover, we investigated existence, uniqueness, and the stability of Ulam-Hyers for the
following semi-linear time-delay impulsive differential equation:

y'(t)=Ay(t)+By(t—h)+ f(ty(t), t€[0,T], h >0, t#t,
Ay (t) =y () —y () =C (), k=12,..p, 2)
y(t)=¢(t), -h<t<0,

The main contributions were as follows:

e  We introduced a novel impulsive delayed matrix exponential function (impulsive delayed
exponential) and adhered its norm estimate. Using this impulsive delayed exponential and
the variation of constants method, we gave an explicit representation for solutions of impulsive
time-delay initial value problems with linear parts defined by non-permutable matrices.

e  Based on the presentation of solutions and a norm estimation of the impulsive delayed exponential,
we obtained sufficient conditions for existence, uniqueness, and the stability of Ulam—-Hyers.

In the next section, we introduced the impulsive delayed matrix exponential and showed that it is
the fundamental (Cauchy) matrix for linear time-delay impulsive differential equations. In Section 3,
we gave explicit formulae for solutions to linear homogeneous/nonhomogeneous time-delay impulsive
differential equations via an impulsive delayed matrix exponential. Section 4 is aimed at existence,
uniqueness, and stability of Ulam-Hyers for system (2). In Section 5, we studied the existence of the
solution for the system (2). Finally, some examples are presented in Section 6.

2. Impulsive Delayed Matrix Exponential
Let ] = [0,T], Jo = [0,t1], ., Jy—1 = (tp—1,tp), s Jp = (tp, T] ey tpr1 = T Furthermore, define
P=PC(RY:={y:]->R":yeC(Ju,R"), m=0,1,..,p

and there exist the left limit y (¢,,) = y (t,) and right limit y (¢,};)}. It is clear that %}3 is a Banach space
endowed with norm defined by [|y|[pc = sup;; [ly (£)||-
We introduce the spaces:

e C'(JR)={yeC(R"):y eC(,RN}
e PC'(R"):={y:] > R":y €PC(]R")}.

Definition 1. A function y € C' ([~h,0],R") U PC! (J,R") is said to be a solution of (1) if y satisfies
y(t)=¢(t), —h <t <0and Equation (1) on ].

Definition 2. [2] A function eB (t) : R — R™*" is called delayed matrix exponential if
o, —co < t< —h, h >0,

eb(t):=¢ 1 —h<t<0, (3)
2 k
[4+Bt+B2 UM gD g yp <t < ki,
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where k € N, B € R"*", ©, and I are the zero and identity matrices, respectively.

For k > 0, we define

Xo (t,5) = eAU=s) >

o A(t-r) _
Xq(t,s+h) = { Jssne BXo (r—h,s)dr, s+h<t,
(S s+h>t

’

S e IBX, y (r—hys+ (k—1)h)dr, s+ki<t,
s+kh >t

7

X (5 + kh) _{

Definition 3. Let A, B € R"*". Delayed perturbation of matrix exponential function X;’?'B 'R R — R"*"
generated by A, B is defined by

O, —co<t—5<0,
XM (ts) =14 1, t=s, “)
eAU=S) L Xy (t,s+h) + ..+ Xp (s +kh), kh<t—s<(k+1)h k=0,1,2,..

Lemma 1. Let X;?’B (t,5) be defined as in Equation (4). Then, the following holds true:

(i) if A=0,then X;'P (t,0) =ef (t—h), kh <t< (k+1)h,
(i) if B =@, then X{"P (t,5) = eAl=9),
(iii) if AB = BA, then X;:LB (t,5) = eA(t’S)efl(tfhfs), By =exp(—Ah)B,kh <t—s < (k+1)h.

Proof. (i) If A = ©, then

t
Xo(t,s) =1, Xy (t,s+h)= thr:B(t—h_s),
5+

t o2

XZ(t,SJrZh):/ B%r—Zh—s)dr;]ﬂw
s+2h 21

L (t—kh—s)F

e

7

Xy (t,s+kh) =B , s+kh<t<s+ (k+1)h.

Thus,

ko (g _ 1 _ o\
XE sy = Y BT << st (k)R
j=0

(ii) If B = O, then

Xo (t,5) =A%), X (t,s+kh) =0, k=1,2,..,

and
X;?’B (t,s) = eAlt=s),

(iii) We assumed A and B as commutative; consequently, e4(!=5) B = BeA(*=5)_ Using this property,
we obtained

t
Xo (ts) =A%), Xy (t,s+h) = / A=) BeAl=h=s) gy — pAUt=S) Be= Al (t _}p —5),
s+h

t Cnp 2
Xy (t,s+2h) = / eAt=T) peAlr—21=s)p (t—2h—s)dr = eA(t_s)Bze_AZhi(t 2h = s)

s+2h 21
Ak (£ — kb — s)F

o stk <t <s+(k+1)h

X (t,5 + kh) = A=) Bke~
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It follows that

k k . j

. _ Y t_ h _

X (s) = Y X (t,s+jh) = Y e~ Ble Afh(fj,‘f’)
j=0 i=0 !

A=) P ITIS)  kh <t < s+ (k+1)h

The lemma is proved. O

Lemma 2. Forallt,s € R, we have

%X;:"B (t,s) = AXP (t,5) + BXMP (t—h,s).

Proof. The proof is based on the following formula:
90 [ A-n ,
a/ﬁjhe BX; 1 (r—h,s+(j—1)h)dr

ot
—A +‘heA(t_r)BX]-,1(r—h,s+(j—1)h)dr+BXj,1(tfh,s+(j71)h).
JS ]

Indeed, for kh <t —s < (k+ 1) h, we have

d 9 ¢ :
EX;?’B (t,5) = gZX]- (t,s+ jh)
j=0
k d t Alt .
= Z&/s-i-jhe UDBXj oy (r—hys+ (= 1) h)dr
j=0

k t
=) {A/ eAUIBX q (r—hys+ (j—1)h)dr+ BX;_q (t—h,s+ (j — 1) h)

=0 +jh
k )
=AY Xj(t,;s+jh)+BY_ Xj1(t—hs+(j—1)h)
j=0 j=0
k )
=AY Xi(t,s+jh)+BY X;(t—hs+jh).
j=0 j=0

O

We, then, introduced an impulsive analogue YhA’B C (,5) of the delayed matrix exponential
X;?’B (t,s). Since in Equation (1), the impulse has the linear form Ay (t;) = Cyy (#;), the impulsive
Cauchy matrix has to contain the matrices Cy, being the reason why we introduced the following
impulsive delayed matrix:

Definition 4. Let A, B, Cy € R"*" be constant matrices. Impulsive delayed matrix exponential function
Yf’B (t,s) is defined by

Q, t<s,
YA,B,C (t,S) — I, t=s, (5)
h X P (hs)+ Y X (6 1) G ()

s<tp<t

It should be emphasized that if, in a commutative case, A, B, Cy were commutative matrices,
the impulsive delayed matrix exponential function was then introduced in [13].
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Definition 5. [13] If A, B, Cy are commutative matrices, then impulsive delayed matrix exponential function is
defined as follows:

V(ts) = A<f—S>X(t s+h), (6)
X(ts+h)_eh (t=h=s) 4 ZC tht")X(tks—i—h) By = exp (—Ah) B.
s<tp<t

Lemma 3. Let Y,f’B’C (t,5) be defined by (5). If A, B, Cy are commutative, then Y,f’B’C (t,s) =V (ts).
Proof. Since AB = BA, then, by Lemma 1, we have X;?’B (t,s) =exp(A(t—s))e 51(t ") Thus,

A,B,C A, A, A,B,C
YAPC (ts) = XM (ts)+ Y XP (4 t) CYVPC (1 5)

s<tp<t
eA(t_s)e}ljl(tfhfs)Jr Z eA(t—tk)efl(tfhftk)cky};‘l,B,C )

s<tp<t

— A=) ( 51(1‘ h— s)+ Z C, 631(1‘ h— tk)eA(s—tk)y;:‘l,B,C (tk15)>

s<tp<t

= ¢Al9) ( P Y et X (tk,s+h)>
s<tp<t
= Alt=9)x (t,s+h)=V{(ts).
O

Lemma 4. Impulsive delayed matrix exponential function Y;lq’B (1, s) satisfies

%YABC( s) = AYPC (ts) + BYMPC (t—h,s), t#£1, ?)
YAPC (tr,5) = YABC (1, 5) + QY PC (1,5), (8)
) )
SYAPC (15,5) = S YMPC (1, 5) + ACYPC (1y,5). 9)
ot ot

Proof. Step 1: We verify that Y}?’B € (t,5) satisfies the differential Equation (7).

0 0 0 0
Y (s) = S X (hs)+ Y X P (L) G (s + Y S XV (6 k) ¢

h
ot ot S<l’k<tat S<l’k<tat
A,B A,B A,B,C A,B
=AXP (hs)+ Y AXD (B t) G (bes) + Y AXGYY (b t) gk
s<t<t s<tp<t
+BXM P (t—hs)+ Y BXMP(t—h ) GYPC (ts)+ Y BXMP (- ht) ¢y
s<tp<t—h s<tp<t—h

= AYMPC (1,5) + BYMPC (- 1,5).
Step 2: We verify the equality (8). Note that X?’B (tt,s) = X,‘;"B (t,s). Then,

VPO (ts) = X (6s) + 0 X P (b 1) Y P ()

S<tk<tm

=X (t5) + Y XMP (65, 0) CGYPC (1)

s<tp<tpy
+ XM (5, ) CnYPC (b, 5)
= YABC (t,,5) + Cu Y P (t,s)
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Step 3: The proof of (9) is similar to that of (8). O

3. Representation of Solutions

In this section, we looked for an explicit formula for the solutions of the linear impulsive
inhomogeneous delay system, adopting the classical ideas in finding solutions for linear ordinary
differential equations.

Firstly, we drive two explicit formulae of solutions to a linear impulsive homogeneous
delay system:

Theorem 1. Let ¢ € C! ([—~h,0],R"). Then, the solution of the initial value problem (1) with f = 0 has
the form

v (O =Y (4 —hy g (=h) + [ Oh VPO () [¢' (s) — Ag (s)] ds, t> —h, (10)
y(t) =Y MPC(4,0) 9 (0) + [ Oh YAPC (t,s+h)Bo(s)ds, t>0. (11)

Proof. To prove the formula (10), we looked for the solution in the form of
y (£ = YBC (t,—h / YABC (t,5) g (s)ds, t >0, (12)

where g (f) : [-h,0] — R" is an unknown continuously differentiable function and that it satisfies the
initial condition y (t) = ¢ (), —h <t <0:

0
v () =Yt ng(0)+ [ ¥ (s)g(s)ds =9 (t), —h<t<o.
If t = —h, we have
0
YAPC (=, —n) g (0) + /f P (hys) g (s)ds = g (0) = ¢ ().
Thus, g (0) = ¢ (—h). On the interval —h < t < 0, one can easily derive that
t 0
P ()= Y25 (1, —h) g (~h) + ( / + / )Y ) ()0
t+h)q) / dS

Differentiating the above equality, we have

@' (t) = AedHM g +A/ s)ds+ g (t)
=Agp(t)+g(t).

Therefore,
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Next, we prove the equivalence of (10) and (11). To do this, we use the integration by parts formula

0 =0 0

[ 5o ) = E ()0 ()] = [ S (1,5) g (5) s
_n s=—h _h 05

= Y"PC (,0) ¢ (0) — YMEC (1, —h) ¢ (—h)

0 0
+/ yABC (t,s)A(p(s)ds+/ YABC (4,5 4 h) B (s) ds.
iy _h

Thus, we obtained
0
y (8 = Y5 (t,—h) @ (<) +/_h YABC (4,5) [¢f (s) — Ag (s)] ds
0
= Y€ (£,0) 9 (0) + / thA'B'C (t,s+h) Bg (s) ds.

O

Next, we attained an explicit formula of solutions to linear impulsive a non-homogeneous delay
system with a zero initial condition.

Theorem 2. The solution y, (t) of (8) satisfying a zero initial condition has a form

te

k=1 /¢ t
y () =Y /t TUYABC (1,5) F(s)ds+ [ YBC (t,5) f (s)ds, t>0. (13)
=07t
Proof. We looked for the solution y, () in the form

k=1t t
y(H =Y /t YABC (1,5) g, (s) ds + /t YABE (1,5) g (5) ds,
j=0"% k

whereas g; (s),j = 0,1, ..., k are unknown vector functions. We split the proof into several steps:
Step 1: 0 < t < f1. In this case, we have

yp (t) = /Ot YABC (1,5) go (5) ds.

We differentiated y, and used the property Y,f/B (t—h,s) =0,t—h <s, to obtain

()= A [ YD (,5) 80 (5) s+ B [ YPE (1) go ()5 + g0 (1)
= A/OtY,f’B'C (t,5)g0(s)ds+ B (/(:h +
= A [ () g 6B [ () g0 (9)ds + 0 ()
= Ayp (t) + Byp (t—h) + £ (t).

It follows that g (t) = f (¢).
Step 2: t; < t < tp. In this case,

t

t_h> Y{"B’C (t—h,s)go(s)ds+go(t)

yp (t) = /Ot] YABE (1,5) f (s) ds + /t: YABC (t,5) g1 (s) ds.
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We differentiated v, (t) again to obtain

vy () = /Ot1 [AY,;“'BfC (t5) + BYPC (¢ — h,s)} f(s)ds

+/ (AP (1,5) + BYMPC (= hys)| g1 (5)ds + g1 (1)
1

=Ayp () +Byp (t—h)+f(t),

which implies that g1 (t) = f (¢).
Step 3: Suppose that gx_1 (t) = f (f) holds on the subintervals (#,_1, t¢], k = 2,3, ... Then, for any
ty <t < tpyq, we have

k—1 tii1 t
yp () =) /t] Y{"B’C (t,s)f(s)ds+/t Y,f’B’C (t,5) gk (s) ds.
=071 k

We differentiated v, (t) again to obtain

y;, (t) = Ayp (t) + B

k=1 /¢
) / o YAPC (t - h,s)f(s)ds]
j=0"tj

t

rt—h
P = hs) gk (5)ds + gk (1)
v Tk

= Ayp (t) + Byp (t —h) + f (t).

It follows that gi (t) = f (t).
According to the mathematical induction, we obtained g (t) = f(f), k = 0,1,2,...Thus,
the formula (13) is derived. O

Combining Theorems 1 and 2, we obtained the following representation formula:

Theorem 3. Let ¢ € C' ([—h,0],R"), f € C ([0, T],R"™). Then, the solution of the initial value problem (1)
has the form

(1), —h<t<0
y(t) = Y;I,A'B'C (159) ¢ (0) + f,oh Yf,q’B’C (t,s+h)Be(s)ds
- t
X YO (ks f (s)ds + [ Y PO (1) f(s)ds, £ 0,

where k is the number of points t; in the interval (0,t) .

4. Ulam-Hyers Stability

In this section, we discussed the stability of Ulam-Hyers for (2). In the stability of Ulam-Hyers,
we compared the solution for the given differential equation with the solution of other differential
inequality. The solution for the differential equation was the stability of Ulam-Hyers if it stayed close
to a solution of other differential inequality in relation with the original equation. The stability of
Ulam-Hyers did not imply the asymptotic stability in general.

For problem (2), for some & > 0, we focus on the following inequalities:

[y' (t) = Ay () =By (t =h) — f (Ly (1)[| <&, 0O<EST,
Ay (tk) = Cry (t) | <&, k=1,...,p. (14)
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Definition 6. Equation (2) is Ulam—Hyers stable on [—h, T| if for every y € PC [—h, T] N PC! [0, T| satisfying
(14), there exists a solution x € PC ([—h, T],R") N PCL ([0, T],R") of (2) with ||y — x||pc < Le, for all
te[—hT].

Proposition 1. A function y € PC! ([0, T],R") satisfies (14) if and only if there is a function ¢ €
PC ([—h, T],R") and a sequence gy depending on y such that

(i) |@llpc < eforallt € [=h,T],||gk|| < eforallk =1,..,p;
() o/ () = Ay(5)+ By (t—h) + f (Ly (1) + ¢ (1), 0<E<T;
(iii)) Ay (t) = Cry (fk) +g k=1,...,p.

Lemma 5. Fors < t, we have
HX’I?IB (t’S)H < eUAIFIB) (t=s)

Proof. For k = 1, we have

t t
1% s+ ml < BY [ edt dr < ||B| [ elAI6-elAlr=-ogy
s+h s+h

e

< |B| /t elAlE=h=s)gp — || B|| el A=) (t —p —5) .
o s+h
For k = 2, we get

t
1% (ts+20)] < [
S

HeA(t—r)
+2h

Bl 1X1 (r = ks +h)|[ dr

t
< / AIE=) 1B|| B el A1 =28=9) (r — 20 — 5) dr
s+2h

< ||B||? ellAllCt=2=5) t (r—2h—s)dr
o s+2h

ooy (£ =20 —5)?
_ B|2el Al =2 5 ( . )

By the mathematical induction assuming

k
1% (b5 + (k— 1) )| < [[BIFT Al ti-ti—s) L= (k= DB =)

k! !
one can get
t
X (s kil < [ A 1B Xt (= s+ (k= 1)) ar
5+
t _ _ C1yhs) (r— Kk —$)F
< Al k=1 Al (r—(k=1)h—s) (r —kh =)~
<[ 1B 1B e (T

k
k iy (t—kh—s
< ||B[¥ el AllC—kh S)%.
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Thus, for s + kh <t < s+ (k+1)h, we get

|x2 )] < f 1X; (5 + i)
L

k : j

Al (F— i — )]

< V" |1B| elalle—in—s) (E =1 —5)
L] ;

— el All(t—kh— ZHBH]i)

< oUAlI+IBI (- ).

O

The impulsive delayed matrix exponential Y,f’B € (t,s) for the problem in Proposition 1 was
defined as follows:

O, t<s,
yABC (t,5) = I, t=s,
h 7
Xt s+ 8 XiP (6 (GO (tes) + i)

s<tp<t

Lemma 6. For s < t, we have the following estimation:

[t ws)] < TT @+ lgall+ el Al IEhe-s), (15)

s<tp<t

Proof. Our proof is based on the mathematical induction. We may assume that f,, <s < t,,4; and
tmn < t < tyi,01 for some natural number 7.
(@)t <s <t <tyi1. By Lemmab

YABC (t,5) = XM (1,5),
HY;&,B,C (t'S)H < eUlAI+IBI)(E=s)
(ii) t41 < t < tyyyo : Then,
Y B (1,5) = X2 (£,5) + X[ (b tns1) (Cosa VP () + gt )
HYhA’B’C (t,S)H < oUAI+BI) (=)

+ eUIAI+IBI) (E=tms1) (IlC +1||e(HAH-&-HBH)(t,,,H—s)+||gm+1H)
< (14 ||Cus1ll) e (IA[+1IBI[) (¢t +||g e A+ B (E=tmsr)
< (1+ ||gmell + | Coaa|]) elIAIFIBIDGE=S),

(iii) For t,,,1p < t < ty43, we have

VP s) = X (1) + X (b tan) (Coa VP (b, 8) + g

+ X],I?/B (t/ tm+2) (Cm+2Y;14,B/C (tm+2/ S) + gm+2> .



Mathematics 2020, 8, 1493 11 of 17

Consequently,

Hyé«,&c (t'S)H < clAIHIBIE=9) 4 IAIIBI)(E—tnsn) (||Cm+l|| AIFIBI) (b1 —s) ||gm+1||)

4l AIF+IBIN (t=tn2) (IICm+2H (1+ ||gmat || + || Cruga ||) eNAIFHIBI (2 =s) 4 ||gm+2||)
< el AIFIBNES) (14 || Cora || + | gma])

4B (1 Cypaal] (14 gma | + [ Corga ) + I gmszl)
< eI IBDE) (1 4 gy | + [Csa ) (1 + g2l + [ Curszll) -

We may use the mathematical induction on n to get (15). O

Lemma 7. Everyy € PC ([—h, T|,R") that satisfies (14) also satisfies the following inequality:

¥ () =Y (1,0 9(0) [ Y{PC (1,9) By (5) ds

k—1 t/’+1 t
- ZO/t YABE (15) £ (s) dsf/tk YABE (15) f (s,y (s)) ds|| < Ce
j=0"1j
forall t € [0, T], where k is the number of points t; in the interval (0,t) and
Com [ b T el ) (A1 — 1) 4 Y i) ) (16)
A+ 1Bl g g o<1 =

Proof. If y € PC ([—h, T],R") satisfies (14), then, by Proposition 1, we have

l¢llpc < eforallt € [0,T], ||g|| < eforallk=1,..p;
V() =Ay(t)+By(t—h)+f(ty(t)+o(t), 0<t<T;
Ay () =Cry () + 80 k=1,...,p.

Then, by Theorem 3, we have the following representation formula for the above problem:

0 k
y (t) = YVBC(1,0) ¢ (0) + / . YABC (ts+ 1) Be (s)ds + Y XVP (4,1) g
_ =
k—1

+L LB @) 1 Gy 6D+ 0 6 ds + [ Y 69 F (53 5)) + 9 511, £ (i ]
j=0""% k
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It follows that

0
Hy (t) — YBC (,0) 9 (0) — / . YABC (1,5 + 1) By (s)ds

[ yasc b ABC
- Zo/f Y, e (t,;s) f(s,y(s))ds _/t Y, B (t,5) f (s,y(s))ds
= ] k

< [ [y o) ho o1 as +k20 | )l
1

t k-1
< [ TT @ ligell + el eAI1BDE s g o - 37 BAIED(1) | g |
2

s<tp<t ]

1 k—1
<[t T4 el G (DAIFIBDT Z 1) & ™ o(AI+IBI(t=) | ¢
<||A|+|B|0H (1 + gl + il ( )+ L

<h<T j=0
0

Now, we are able to present our second main result on the stability of Ulam—Hyers.

Theorem 4. If f : [0, T] x R" — R" is continuous and satisfies the Lipschitz condition: there exists L > 0
such that, for all (t,y1),(t,y2) € [0, T] x R"

If (ty1) = f (Ey2)ll < Ly llyr —v2ll -
Then,

(i) Equation (2) has a unique solution in PC ([—h, T],R") N PC! ([~h, T],R");
(ii) Equation (2) is stable in the sense of Ulam—Hyers.

Proof. We define
0
[y (t) = Y{"B’C (¢,0) ¢ (0) + / , Y,f'B’C (t,s+h)Be (s)ds

=1t apc tABC
+ L [T ) f sy ) ds+ [ Y (4s) £ s,u(5)) ds
j=0""% k

on the space PC ([—h, T],R"). We applied the contraction mapping theorem to show that IT has
a unique fixed point. At first glance, it seems natural to use the supremum norm. However, the choice
of supremum norm only leads us to a local solution defined in the subinterval of [—h, T]. The idea was
to use the weighted supremum norm

[yll5 := sup {e_‘” ly )] : =h<t< T}

on PC ([—h,T|,R"). Observe that PC ([—h, T],R")) is a Banach space with this norm since it is
equivalent to the supremum norm.
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(i) We showed that ITis a contraction on PC ([—h, T|,R"). Indeed, for any y, x € PC ([—h, T] ,R"),
we have

e~ |[Tx (1) — Iy (¢) |
< o0t /t HYA,B,C (t’S)H e % || f (s,x(s)) — f (s,y(s))|| ds

Sefét/ o9
0

< TT () [ el B0 x -y,

s<tp<T

YABC t,s) Hdst||x—y||5

1

= sy —yey 1L (A IGD (1= eI ey (7)

s<tp<T

Taking supremum over [0, T], we get

1
Ay —ar L1 -+ IG) (1= eI IsaT) j— .

s<tp<T

We can choose § > ||A|| + || B|| so that the coefficient of ||x — y||; become strictly less that one.
Hence, I1 is a contractive operator and, by the Banach contraction principle, ITis a unique fixed point
in PC ([—h, T],R"), and Equation (2) has a unique solution.

(ii) Lety € PC ([—h, T],R") be a solution (14), and let x be a unique solution of (2). We see that
lly (f) —x(t)]| =0for —h <t < 0. For t € [0, T], we have

[y (8) =x ()] = [ly (£) = TTx ()]
< |ly (8) = Ty ()| + [ITTy (£) — Tx ()] -

Now, we use Lemma 7 and inequality (17) to get

ey (t) —x (8)]| < Ce+ 5—||Al|—|B||s<ItkT<T(1 + |Gkl (1 — ellAl+1Bl-0) ) x =yl
where C is defined by (16). Consequently,
2=yl < ;= £ e
- Ws};[d(l +1ICell) (1 — e(IAIFIBI=)T)

Hence, Equation (2) is Ulam—Hyers stable. [J

5. Existence Results

Our next result is based on the Schaefer’s fixed point theorem. For obtaining the desired results,
we assume the following;:

(Hy) The function f : ] x R" — R" is continuous.
(Hz) There exists a constant My > 0 such that

If ()l < My (1+lyl]), forte] andy € R".

Theorem 5. If the assumptions (Hy) and (Hp) are satisfied, then problem (2) has at least one solution.
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Proof. Consider the operator I defined in Theorem 4. We used Schaefer’s fixed point theorem to
show that IT has a fixed point. The proof is split into four steps.

Step 1. ITis continuous.

Take a sequence {y,} C P, such that y, converges toy € P as n — oo. Then, for ¢ € J;;, we have

|(TTyn) () — (ITy) (¢)]|
< /t P (15| 1f (59w (5)) = £ (5,9 (5)) | ds

< /OT BT, 9) | 1 (59 (5)) = £ (5,9 () ds.

As a consequence of the Lebesgue dominated convergent theorem, the right-hand side of the
above inequality tends to zero as n — oo, hence

[(TTyx) (£) = (Iy) (B)[| = 0 as n — oo,

which implies that
Ty, — Iy||pc — 0 as n — co.

Thus, T is continuous on J.

Step 2. II maps bounded sets into bounded sets in 3.

In fact, we just need to show that, for any positive constant 1, there existed a constant r, > 0 such
that, for each

yE€By ={yeP:lylpc <n},
we have |[Ily||pc < 0. Fort € [;;, m =0,1,..., p, we have

Iy ()1 < € 0) [l )l + [ 5 s+ 181 o (5) ) s

+ [ e s 1 sy el

< Co+ Y2 (T,0)| MyT (14 1yllpc)

< Co+ HYffoC (T,O)H MfT(1+4711) =1y,

which implies that
MTyllpe < r2.

Step 3. IT maps bounded set into equicontinuous set of 3.
Letty, tr € [y, m =0,1,...,p, with t; < t; and B,, be a ball as in the second step. Then, for y € 3,
we have

Iy (t2) = Ty (1) | < ||[Y5C (12,0) = ;€ (11,0 llg (0)
0

+/_h YAPE (b5 4 1) = YAPC (11,54 ) | 1] g (5) ] ds
t

[ ) = 6 (9 1f 5y ) s

Jtm

+/t1t2 y/BC (tz,S)H If (s, (s))] ds.

We saw that the right-hand side of the above inequality tends to zero as t, — #1, since Yf'B (t,9)
is continuous in t € J,; and f is bounded on B, .
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We can conclude that IT is completely continuous from Step 1-Step 3 with the Arzela—
Ascoli theorem.

Step 4. A priori bound.

Now, in the final step, we showed that the set defined by

W={yeP:y=AII(y) forsome 0 <A <1}

is bounded. Let y € W, the for some 0 < A < 1,y = AII(y). Therefore, for t € ], as in Step 2, we have
ly Ol = Ay (5] < Co+ | ¥;P (T, 0)|| MyT
+ e o) My [y ol as.
Gronwall’s inequality yields
ly (4)]] < Co+ HY,j‘foC (T,O)H M;Texp (HY;:"B/C (T,O)H MT) < co.

Then, the set W is bounded.
Thus, using Schaefer’s fixed point theorem, we concluded that IT has a fixed point, which is the
corresponding solution of the proposed problem (2). O

6. Illustrative Examples

Example 1. Consider the linear problem (1):

v (#t)=Ay(t)+By(t—h)+f(t), t€[0,T], h >0, t#t,
Ay (t) =y (5) =y () = Cy (k) k=1,2,..p,
y(t)=9¢(t), -h<t<0

where A,B,Cy € R™" are constant matrices, ¢ € C'([—h,0],R"), f € C([0,T],R"), {t}.satisfies
0=ty <t <..<tp <ty = T. This problem satisfies the conditions of Theorem 4 and this linear
impulsive system is stable in Ulam—Hyers sense.

Example 2. Consider (2) with h = 0.2

—03 1 08 02 12 05
A= B= Ci = =12 .
< 0 —0.3)’ <o O.6> j (0.2 1.5) J

e 3 0.25sin(xq)
t) = tx) =
¢(t) (e—4> » fltx) (0.25 sin(x,)
and AB # BA, AC; # C;A and BC; # C;B. Obviously, f satisfies the Lipschitz condition Ly = 0.25 > 0,

the conditions of Theorem 4 are satisfied and Equation (2) has a uniqueness solution in PC[—h,1] N PC'[0, 1]
which is Ulam—Hyers stable on [—h, 1].
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Example 3. We consider the following fractional problem:

y’<t>=<‘§0 _g_5>y<t>+(é 1)y<t—h>+f<t,y<t>>, be(0,1], h=02, t £ 1y,

1
_ 2+ 0
Ay () =y () —y(t) = 1k ) y(t), k=1,2,.4,
o3
yB) =1{,a] “h=t=0

Obviously, A, B, and Cj are mutually non-commutative
AB # BA, AC; * CjA, BC; * C;B, j=12.

Assume that f : [0,1] x R? — R? is any continuous function satisfying (Hy) . Then, by Theorem 5,
Equation (2) has al least one solution on [—h, 1].

7. Conclusions

The main contribution of this paper is to introduce an impulsive delayed matrix exponential for
non-permutable matrices and use it to construct explicit solutions for the impulsive delay systems
with linear parts defined by non-permutable matrices. We applied fixed point methods to establish
existence, uniqueness, and the stability of Ulam—-Hyers for the impulsive delay system. The study
on representation and stability of delay differential systems with impulses provides a potential for
the future research on fractional impulsive delay systems, on fractional multiple delay impulsive
problems, or in problems with delayed nonlinear terms.
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