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Abstract: In this paper, we consider the following p-Laplacian equation in RY with critical
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1. Introduction

In this paper, we consider the following p-Laplacian equation in RY with critical
boundary nonlinearity

—Aju=0, inRY,

@

9 ,
\Vu|p_2£ + u|P72u = |uP"2u + plu|7%u, onRN"1 =9RY,

wherel < p < Nmax{p,p—-1} <qg<p= (I\Ii,ilgp, p > 0and A, is the p-Laplacian operator,

Apu = div(|Vu|P~2Vu). We are looking for axial solutions of the Equation (1) that are solutions of
the form u(x) = u(|y|,s), where we denote x € RY by x = (y,5) € RN"! x [0, o0) and we identify
RN-1 =9R¥, y = (y,0) for y € RN~ if there is no confusion.

Introduce in C§°(RY) a norm by

1
4

= P P
loll = ( [y Vo dx+ [ loray)’

Let W be the completion of CJ(RY) with respect to this norm and W, be the subspace of W of axial
functions, that is,
Wy = {ulu € W, u(x) = u(lyl,s), x = (v,5) € RY}.

The problem (1) has a variational structure given by the functional

1 1 = U
== p p S Pdy — = q
I(u) ; (/]M |Vu| dx—i—/]RN_1 |u| dy> ﬁ/]RN—l |ulPdy p /RN-1 luldy, u e W,.
Notice that p = (Z;]\;lgp is the critical exponent for the Sobolev imbedding from W1#(RY) to

LI(RN-1), p < g < p. Moreover, the imbedding from W, to L1(RN~1) is continuous for p < g < p
and compact only for p < g < p due to the dilations. Therefore, the Palais-Smale condition is not
satisfied by the functional I and the problem (1) lacks the necessary compactness property. Since the
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pioneering work of Brezis and Nirenberg [1], significant progress has been made in recent decades for
these kinds of problems lacking compactness. In particular, the authors of [2] dealt with the Laplacian
equation with critical growth in the bounded domain

)

—Au=u)> 2u4Au, inQ,
u=20, ondQ),

where O ¢ RN, N > 3isa regular bounded domain, and 2* = Zsz While the authors of [3]

considered the Laplacian equation with subcritical nonlinear term in the whole space RN

—Au+a(x)u=|ul7%u, inRN,
{ ®)

u(x) — 0, as |x| — oo,
where 2 < g < 2* and a(x) is the potential function. As to the p-Laplacian equation, there is a lot of

significant work, whether in the field of ordinary differential equations [4—6] or partial differential
equations [7-9], the authors of [7] considered

— Apt+a(x)u = ul’" "2u+Au, inQ, @
u=0, onoaQ),
where p* = I\I]\[fp All of these authors found the solutions as limits of approximated equations

with subcritical growth in bounded domains. The lack of compactness due to dilations (in the
case (2) and (4)) and shifts (in the case (3)) does not allow for deducing that a sequence of approximate
solutions must have a convergent subsequence, but the fact that they solve the approximated
problems gives, with use of a local PohoZaev identity, some extra estimates which lead to a proof of
desired compactness.

In the Existing literature, some researchers considered the existence of finite multiple
solutions [10,11]. While the subcritical problems in bounded domains have infinitely many solutions.
In order to show the existence of multiple solutions of the original problems, we need to check
that multiple solutions of approximated problems do not converge to the same solution of the
limit problems. This is hard work. In both [2,3], some estimates on the Morse index are employed,
which has been used as one of the possible devices to distinguish the limit of the multiple approximate
solutions by their original variational characterization. For general p-Laplacian equations, we have no
information on the Morse index; therefore, the approach in this last step in [2,3] can not be extended
in a straightforward way to problems involving the p-Laplacian operator. Here, we will use the
truncation method, as we did in [8,9]. First, we consider some truncated problems, the solutions
of which will be used as approximate solutions. By a concentration-compactness analysis, similar
to that in [2,3,7], in particular with use of a local PohoZaev identity, the theorem of convergence of
approximate solutions is proved. We show that, by a careful choice of the approximate nonlinear
terms, the approximated problems and the original problem share more and more solutions, as the
approximation parameter tends to zero. For more references, we refer the readers to [12-18].

Let us describe the truncation method in more details. Let ¢ € C°(R, [0, 1]) be an even function
such that ¢(t) = 1 for [t| < 1, (t) = O for |t| > 2 and ¥ is decreasing in [1,2]. Define the auxiliary
functions for A € (0,1], s € R

ba(s) = $(1s), ma(s) = [ ma(o)de
®)
Fy(s) = ;|s|QmA<s>|H, £(s) = LEs).
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Instead of the original problem (1), we consider the truncated problem

(6)

—Apu =0, inRY,
VulP=2 88+ |ulP~?u = fa(u) + plul?™%u, on RN,

In addition, the problem (6) has a variational structure given by the functional

1
IA(u):p</M|w|r’dx+/RN1|u|f’dy)—/RN1 (1) y——/RN ulTdy, weW,.

Notice that the functional Iy, A > 0 is subcritical at the infinity and the imbedding from
W, to L1(RN"1), p < g < P is compact. Therefore, the functional Iy, A > 0 satisfies the
Palais—-Smale condition.

Here are our main results.

Theorem 1. Assume max{p, p —1} < q < p. Given L > 0, there exists v = v(L), independent of A,
such that if u € W,, DI, (u) = 0and I, (u) < L, then it holds that

, fory e RN71 = gRY.

uy)| <

Consequently, if A < v, then u is a solution of the problem (1).

Theorem 2. Assume max{p, p — 1} < q < p. Then, the problem (1) has infinitely many axial solutions.

Throughout the paper, we use the following notations: we use || - || and | - |; to denote the
norms of W and L1(RN~1), respectively, — and — to denote the weak and the strong convergence,
respectively. In addition, we use the notations Bf (xo) = {x|x € RY, [x — x| < 6}, Ds(v0) = {y|y €
RN, ly —yol < 8}, By = B;(0), D5 = D5(0).

The paper is orgaruzed as follows. In Section 2, we do the concentration—compactness analysis of
the approximate solution sequence and prove the convergence Theorem 1. In Section 3, we construct
a sequence of critical values of the truncated functionals by the symmetric mountain pass lemma.
Finally, we prove the existence Theorem 2 by showing that approximated solutions are also solutions
of the original problem for a sufficiently small parameter.

2. Concentration—-Compactness Analysis

2.1. The Profile Decomposition

In this section, we analyze the concentration behavior for the solutions of the problem (6) as
A — 0 and prove Theorem 1. First, we list the properties of the auxiliary functions, defined in (5) in
the following lemma.

Lemma 1. It holds that for s € R

a
b

) 0<by(s) <1
) smy(s) >0,0< 51528 <1.
&) mals) = sforls| < 1.
d)  min{|s|, 1} < [ma(s)| < min{]s|, 3}.
)
)
)

(
(
(
(
(€) Al <Is I" 1|mA(S)I’” T< s

() Zsha(s) (% 3
() Bs)- sz = (3= %) lsllma(s)P=o- (1 - 324

) 51741 A (s) P11 (s) = 0.
)
)

)20
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Proof. The proof is straightforward. We verify (e)—(g). By the definition of F, and f,, we have

fils) = LE(s) = st 2slma ()7 + P sf1lma (5)7 2 5)on ). %)

(f) and (g) follow from (7), and (e) follows from (7) and (a), (d) of this lemma. [
Lemma 2. Let A, > 0, u, € W, such that DIy (uy) =0, I, (un) < L. Then, {u,} is bounded in W.

Proof. By Lemma 1 (f), we have

1
L 2 I)\n (T/ln) = I)\n (u”) - 5<DI/\H(M~,1), u”>

11

N <P - q) (/M |V”n|pdx+/wl |””|pdy> +/RN : ( s fa, (tn) = FA”(u")> o
11 1

> (p—q) (/M |Vun|”dx+/RlH Iunl”dy> - <p ) [P

Hence, {uy} isbounded in W,. [

Let D = DF(RY ) be the completion of C3°(R {\J ) with respect to the norm

1
~ v
lgllp = ( L |v(p|*’dx)
R+

and D, be the subspace of D of axial functions,
= {ulueDu(x) =u(yls), x = (y,5) € RY =R¥"1 x [0,00)} .

Let D be the dilation group

N— -
D = {gr|gou(x) ZUTPM(Ux),XERﬂ,0>O}. 8)

Notice that the operator g, of D is an isometry in both D and LP(RN~1). The imbedding from D, to

LP(RN=1) is compact with respect to the group D that is a sequence {u, } of D,, satisfying go, un — 0

in D, for any sequence {g,, } of D, denoted by u, 2 0in D,, must converge to zero in LP(RN=1).
Now, let u;,, be a bounded sequence of W,. By [19,20], we have the following profile decomposition:

Uy =u+ Z gan’kuk + tn, )
keA

whereu € W,, Uy € Dy, 1y € Dy, 0y € (0,00) and A is an index set, satisfying

Tn,l

(a)  upy —~uinW,, g(;nlkunéukinDrasn%oo,kGA.
Ouje = o0, % +

b
’ On,l On k

(b) — +oo,asn — o0, k1l €A k#I.

(@ Mullp+ & Ul < liminf[fu 5.
keA

(d)

d tn — 0in D, as n — oo, consequently r,, — 0in Lﬁ(RN’l) asmn — 0.

We refer to [19,20] for general concepts of compactness and the profile decomposition and relevant
results. For reader’s convenience, we consider the compactness of the imbedding from D, to LP(RN~1)
with respect to the dilation group D.

Lemma 3. Assume Ay > 0, Ay = 0asn — oo, uy, € Wy, DI (uy) = 0and I, (u,) < L. Assume that
the profile decomposition (9) holds. Then,
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(1) v = |u| satisfies the inequality
/M |Vv|p’2VvV(pdx+/RN71 P pdy < /qu vﬁ’lgodynty/RNil v lody,  (10)
for ¢ > 0, ¢ € W,. Consequently, for some c > 1,
/Rﬁ |Vo|P2VoVedx < C/RNA P Lody, forp >0, p €W,. (11)
(2) Vi = |Ug| satisfies the inequality

/RN YV P2V V Vg dx < / VI gdyfor 920, 9 € D (12)
v

RN-
Proof. We prove the conclusion for the function V. u,, satisfies the equation in the weak form

/]RN |Vun|p72Vuan)dx+/RN7] |un P~ une dy
" (13)

= fa(n) @ dy + p /wal T 2ungdy, ¢ € Wr.

RN-1

Denote 1, = g, 1k””' For ¢ € W;, take go, , ¢ as a test function in (13). By a variable change, we obtain

~ _ ~ —(p—1 ~ _9~
/Ri' |Vii, |P ZVuan)dx+Un/,§p )/wal i, |? Zungody

N- (14)
- /]RNfl f7\n (un)go dy + Han,k /]RN—l |u71| Ung@ d% (RS W,
~ N-p
where A, = A,0, [ . In the above, we have used the fact that

V*(ﬁfl)f/\(vs) = fAv(s)/ Av>0,s€R

which can be proved by the very definition of the function f.
Since [pn-1 |in|P dy = [pn-1 [un|P dy is bounded and i, is axial, for any y € RN~1\ {0}

limlimsup | |i,|Pdy =0.
§=0 noe JDy

Choose 6 = d(y), independent of 1, such that

|7 dy <
/D45(y)| al"dy <

where S, is the Sobolev constant of the imbedding D < LP(RN™1). By Lemma A4, i, is uniformly
bounded in D,5(y). Consequently, by Equation (14) and the following elementary inequality (15),

N
v
SP

N~

i, converges in W7 (B and in W,"¥ (RY). The following inequality (15) is useful for problems
g y loc + g q Yy p

involving the p-Laplacian operator [21]. There exists a constant c, such that, for ¢, € RY,

(1517728 = InlP=20, & =) 2 cpl& —yl?, if p > 2,

. (15)
([E/P2e = 9P 2,8 —n) = cpl& — |- (JE)F + |f7|”)p7, ifl<p<2.
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Let 0, = |iln], Uy converge to Vi = |Ug| in Wllo’f (RY) and satisfy the inequality

~ P20 —(p-1 ~p—1
/RN |VT,|P ZanV(pdx—i—Un,]Ep )/RM1 oh edy
N

51 MLg—(N-1) 1 (16
~D— —(N—= ~]—
< /]R o On edy+ o, /R L O edy
for ¢ € Wy, ¢ > 0. Assume ¢ € C (RN \ {0}) N D,. Taking the limit n — oo in (16), we obtain
p—2 -1
/M IVV P2V V Vg dx < /RN_1 Vi gdy. (17)

By a density argument, (17) holds for ¢ € D, ¢ > 0. O
Lemma 4. The index set A in the profile decomposition (9) is finite.

Proof. By Lemma 3, Vj satisfies the inequality (12). Choose ¢ = Vj in (12). By the Sobolev imbedding

theorem B
P
p P s —1 Pay)’

/M IVVi|P dx < /RIH Vi dy < (s,, /M IVVi| dx)

hence :

N—
o p-1

VU= [ 9V dx >
Jo VUl = [ 19Vl x5
By the property (3) of the decomposition (9), A is a finite set. []

2.2. Safe Regions

Assume the profile decomposition (9) with a finite index set A. Denote
on = min{o, x|k € A}

and define the so-called safe regions [2]

, _1 1
Al ={x|xeRY, i, " <|x| < (7—i)o, "},
L (18)

T = {y|y e RN7Y, iaﬁ <lyl< (-1, "}, i=1,2,3.
For these regions, we have a good estimate.
Proposition 1. There exists a constant c, independent of n, such that
lun(x)| <c forx € AZUT2.
Corollary 1. There exists a constant c, independent of n, such that

/A3 |Vu,|Pdx <c.

In order to prove these estimates, we start with the following definition.

Definition 1. Suppose 1 < pp < p < p1, 0 > Land a > 0. Consider the following system of inequality
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|M1|p1 S x,
No1 N1 A (19)

il < 00T
Define the norm | - [, p, ¢ by
||y, pa,c = inf{a | there exist uy, up such that |u| < uy + upand (19) holds} .

Proposition 2. Assume A, >0, Ay = 0asn — oo, uy, € W,, DIy (u,) = 0and I, (u,) < L. Assume the
profile decomposition (9) holds. Denote 0, = min{o,, i | k € A}. Then, for any p1, pa satisfying

1,_ —
(1*;)P<P2<P<P1/
there exists a constant ¢ = c(p1, p2) such that

|uﬂ|P1/P2,(7n S C.

Proof. By Lemma 3, v = |u| satisfies the inequality
/RN \VU\”ZVUVq)dx < c/RN?1 U?*1¢dy, >0, ¢cW,.
N
By Lemma A4, u € L®(RN~1), hence for p; > P,

1-F2 P
Julpy < [uloo ™ |uly' <c. (20)

By Lemma 3, V}, = |Uy| satisfies the inequality
p—2 p-1
/Rym" Vqu)de/RNilv pdy, ¢ >0, ¢ € Wy.

By Theorem 2.2 of [22], there exists a constant c such that

_N—p
r

P _
W)l = Vi) <c(1+1y177) 7, y e RN

Hence, for (1 — %)ﬁ < p2 < P, we have

7 p_ _N-p
1803, Uklpy < <]$N_1(0m£ 1+ lowpyl7T) 7 )pzdy>

N N-1

Nop_ N-1 p_ _N-p P2
= o, " (/RN1 (1 + |y| pfl) P pZd]/)
<

—r
P
k
N-1_N-1
P
k

(21)

IN

C(Tn

By (20) and (21), we have

|“|p1,pzﬂn + Z |g‘7n,kuk‘]31fp2/¢7n <c. (22)
ke
Define w, W, R € D, by
—Aw=0, inRY,
{ b ¥ )

VwP~2 =wP~!, onRN7Y,
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— AW, =0, inRY,

_ (24)
VWi |P~ 23VZk W,f ! onRNTY
—AyR=0, inRY,

ZBR 5 (25)

|VR|P~ = |ra[P71, on RN,

By the Wolff potential estimate([2], Corollary 4.13), we have

un| = v <c(w+ ) We+R). (26)
keA

By Lemma A3, for (1 — %)? < p2 <P < p1, we have

l
‘w|p1 paon < c\v” IR ‘U|p1 P2,
1 (27)

<cluly ? |”|p1pchn <C|”|p1pzon <c

|Wk‘p1 paon < C|gc7nkuk| |g‘7nkuk|P1 P2,0n (28)
< C|8r7n,k uk|p1,pz,r7n <c
and

L
|R|P1,P2,Un < C|r”|N |r"|P1/P21f7n

= (1)|7n|p1,pzﬁn

< o(1) (|tnlpypoow + |1lpy,payer + Z |gtf,,,kuk|p1,pz,tfn)
keA

(29)

=o(1) +o(1)|unlpy,py0 -
We have

tnlprpaon < c(100]py,paon + 2 Wil .0 + 70l prpaon)
keA

< c+0(1)[tnpypaycn

and

|u” |P1/P2/l7n <c.

O

Lemma 5. Assume Ay, > 0, uy, € W,, DIy (u,) < L. Assume the profile decomposition (9) holds. Then,

fory e (p -1, %) there exists ¢ = c(vy), independent of n, such that

1

1
(v [l dse N[ pfray) < foryz e,

Proof. By Lemma A6 for v < 1, we have
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_N Y4 7N+1/ 74 >7
u X+ u
A Sy i
pll dt
(30)

1
y 1 ,
< i Y p—1
<c </B;r|un| dx—l—/Dl|un| dy) —l—c/r (/Dt ™ dy> t1+%

1

1 5 1 dt
§c+c/ (/ |un|p1dy>p —
r Dt t1+pflp

By Proposition 2, we have |uu|p po, < ¢ for any pi,ps such that (1-— l)ﬁ <p2 <P <pr1
Let pp=p—1,p1 =Np. Choose vy, v; such that [u,| < ©v3 + vy, [v1]p, < ¢ |v2fp, <
N-1_N-1
co,” 7 . Then,
1
1 - =1 dt
/ (/ of 1dt) N
r Dr tl*‘rﬁ

Np—p+1
dt (31)

-1
1 5 Np(p—1) Np(p—T1)
Np p(p / p(p
< d d
/V (/Dt "1 ]/) < Dy ]/) H*%

1
<c/ d—,t <c
Jr tP
and )
1 o 1 dt
p-1 b
/r (/D (2 dt> T
t t p—l
B e o
ron tl-l-%
ot dt 1 Np
=coy, Mf”/ < c(oft) 71 <c
r tl+ 71
_1
provided r > ¢, 7. Hence,
-N 0% —N+1 0% 7
Uy|? dx + / uy|’d )
(7 /B,+| | v D,| n| " dy
1 — dt
_ p—
§c+c/ (/ |un|’”_1dy> e
Jr Dt t1+ﬁ
1 1
1 - -1 dt 1 - 1 -1
<c+c |o1|P~1dy — +c [op| P Ldy — <c¢ forr>o,".
N—p N
r Dt t1+ﬁ r D[ tl+ﬁ

O
_ LEP 1
Proof of Proposition 1 and Corollary 1. Let wy,(x) =0, " |uu|(0y, ¥ x), wy satisfy

—Apw, <0, inRY,
|an|7"’za(—% < cw,’ifl, on RN-1,

By the profile decomposition (9), we have
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P4 :/ |
Sy il = [ lualPey
< [Py +e ¥ [ lgo iy e [ ralPay

ke
_N-1 N—p r (33)
<co, T e X [y lo,f Udoww)| dy+o(1)
keAlylzon 7
_J
oW+e T [y (1) Ty = o),
keA y\>c7n

By Lemma A4 and Lemma 5, for2 < x <5, x € Rﬁ URN-1 we have

1
< Y " '
wn(X) S c <</1§x§6 Why (x)dx+ /1§\x|§6 Wy (y)dy)

P

,N% N _N-1 %
=co, * <Un P /1 |un|Ydx + 0, P /1 un|7dy>
Al T;

Hence,
1
lun(x)| = 0,7 wy(ofx) <c forx € A2ZUT?,
We complete the proof of Proposition 1. To prove Corollary 1, we choose a function ¢ € CP(RN) such

1
that ¢(x) = 1forx € A3 U T3 and ¢(x) = 0forx ¢ A2U T3 and |Vg| < 20}, . Testing the Equation (13)
by ¢*u,, we obtain

/AZ |V, |P P dx = /AZ (Vitn P72V (un ) dx—p/A2 |V, P2V, uppP 1V e dx

— 1
_ p p VAV 14 _ P P p p
§/T%( [t |P + |unl? + plun|?) e dy—i—z/A%Wuﬂ @ dx—l—c/A%|un] |Vo|fdx.

Hence,
Vu pdx</ Vuy,|P P dx
[ 1Vl aes< [ 1Vule
Sc/ uy|Pd +c/ uy|P|VeolP dx
Py +c [ lusl? gl
_L1(N—1 _N_ 1, 1-N
gcan’”( )—l—can” ”pgcan P
]

2.3. PohoZaev Identity

In the remainder of this section, following the idea of [2,3], we apply the local Pohozaev identity
to prove the convergence Theorem 1.

Lemma 6. (Local PohoZaev identity) Assume that u € W satisfies the equation

_ : N
{ —Apu =0, inRY, (34)

|Vu|”‘zg—z +ulP~2u = fy(u) + plul7%u, on RN-1.

Let ¢ € C3(RN), then
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7PT/]RN*1 |u|p§0dy+/RN71 ((N*l)FA(u)f pfA(M)H) d]/
N-1 N-
* (7 - 7;1) w uligdy
: i T (35)
:1/ IVuIP(x,pr)dx—/ |Vu|P=2(Vu,x)(Vu, Vo) gy NP VulP2u(Vu, Vo) dx
P RY pJey

S )
+ [ (;\ul” —Ey(u) — EW) (v, Vyo) dy.

Proof. Multiplying (34) by (x, V)¢ and integration by parts, we obtain

1 K
— Y Elyuld
- [ (=57 + Eaw + E i) gy

_N-p -2 1
= Ja |Vup<pdx—/M |[VulP==(Vu,x)(Vu, Vo)dx + P/M |VulP(x, Vo)dx  (36)

1 "
# Lo Gl =B = 1) (v, 90y
Multiplying (34) by u¢ and integration by parts, we obtain

o1 QP = 2 = plul) g dy

(37)
=— /M |Vu|”<pdx—/RN71 |VulP~2u(Vu, Vo)dx.

Eliminating the term fRﬁ |Vu|P ¢ dx, we obtain the local PohoZaev identity. [J

Proof of the convergence Theorem 1. We apply the local Pohozaev identity to the function u,. Let
_1
B = {x|x € RY, |x| < 40, "},

_1
Dy ={yly e RN, |y| < 4o, '}
1

_1 1
Choose ¢ € Cy(RY, [0,1]) such that ¢(x) = 1 for |x| < 30, 7, ¢(x) = 0 for |x| > 40, ' and
1

|Vg| < 20/ . By Lemma 6, the local PohoZaev identity, we have

_r-1 P _ _N-p >
Py [ (V= E () = E2 L ) gy

N-—p N—p) / q

T d
N Gt LI MR L
1

:; /BJr ‘Vun|p(x, vq)) dx — /B+ |Vun|p72(vun, x)(Vun, V(p) dx (38)
N-p
P

1 K
P = E () — Efual?) (v, V) dy
+ [ (Gl = Faton) = Bt 41 V) dy

- |V itn|P 21, (Viy, Vo) dx

We estimate (38). Notice that the integrals of the right-hand side of (38) are taken over the domains A3
and T3. By Proposition 1 and Corollary 1, we know
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RHsa(m)gc/“|Vuﬂmxuv¢mx+c/"|Vuﬂv4rv¢dx+c/ Yl Vyo|dy
A} A} T3 (39)

N-1 N-—
(—p) /D Iunquvdy—C/D dy (40)

Without loss of generality, assume 0,1 = 0, = min{c, s |k € A}. Choose L large enough such that

U7dy=8>0
/DL|1| y=4

_N-p
where D; = {y|y € RN71, |y| < L}. Since i, = 0, " un(o; ') weakly converges to Uj in D;,

we have _
ipdy > | 74
Alewy_ Mﬂde\y

Nopg—(N—1
-, 7 ( )/ |1, |7 dy (41)
Dy
N—
5 1-(N-1)
~ (Tn 14 ﬁ
we arrive at a contradiction N N
~LEq-(N-1) -
On < xoy
for 0, large enough, sinceg+1 > p = % The index set A in the profile decomposition (9) must

be empty, and (9) reduces to
g =u+ry, andr, —0in LPF(RN 1) asn — 0. (42)

That is, u, — u in LP(RN~1). By Lemma A4, u, is uniformly bounded, and there exists v = v(L)
such that

lun(y)| < fory € RN,

<=

O

3. Existence of Multiple Solutions

We define a sequence of critical values of the truncated functional Iy, A > 0 by the symmetric
mountain pass lemma due to Ambrosetti and Rabinowitz, and prove that the corresponding critical
points are solutions of the original problem (1) for sufficiently small parameter A .

Definition 2. Define the critical values of I,

A) = inf supI k=1,2,---
cr(A) 52&325 A(u), /2,

where
Iy = {A|A CW,, A compact, —A=A, y(Anc™1(Sy)) >k}

G={oclce COW,, W,), 0 odd, o(u) =uif 1(u) <0}
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and
Sp = {ulu € W, [[ul| = p},

p is chosen as a suitable positive constant such that
I(u) > B >0.

In fact, for u € W,, ||u|| = p, we have

1 n n 1 n _ ]/l
—— P p I p N q
hiw) = 1) = (/Mm dx+ [ lu dy) o fo iy =5 [y

1 _
> - (/ Vul? dx +/ ul? dy) f/ (clul? + e|ulT) dy
P \. RIX RN-1 RN-1
=1
> cop? —c1p? > ECO‘OP =p>0
provided %coo? > c1p?.
Lemma 7. The functional 1y, A > 0 satisfies the Palais—Smale condition.

Proof. Let 1, be a Palais-Smale sequence of I, and we have

I (1) - ;am(un), i)

1 1 1
:(E—a) </RN|Vun|’”dx+/RN1 Iunl”dy) + - <qf/\ Up Ul _FA(””)> dy
N
1
p

1 1
> ( >(/M|wn|*ﬂdx+/wl|un|ﬁdy) (5 = ) lual”

1
q p

hence u,, is bounded in W;. Since the imbedding from W; to L1 (RN _1) is compact, we assume u,; — u
in Wy, uy, — uin L1(RN~1). By Lemma 1, we have

/RN(Wun\”_zVun — |V P2V, Vi, — Vi) dx
M

+ / P2 — [P 2a00) 1t — ) dy
[ (PnCa) = (o)) (e = )y g [l 200 = |7 210) (00 = 1) dy
+ (DI)(un) — DIy (um), un — Um)
2.p- - -
< (G711 [ (ol + il = -+ (1)
<clup — umlg+0(1) =0, asn,m— 0.
By the elementary inequalities (15), u, is a Cauchy sequence. O

The following proposition is well known ([23,24]).

Proposition 3. (Ambrosetti-Rabinowitz) Assume 0 < A < 1. Then,

(1)  c(A)>pB>0, k=1,2,--- are critical values of I.
(2)  Ifep(A) = cpp1(A) =+ = cxem_1(A) = ¢, then (K (X)) > m, where

Kc(A) = {u|u e Wy, I)(u) =c,DI)(u) =0}.
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Proof of Theorem 2. Given an integer k, let uj(A) € W,, j = 1,---,k such that I) (u;(A)) = cj(A),
DI, (uj(A)) = 0. By Proposition 3 (2), we assume that uj(A), j =1, - - , k are different from each other.
Since Iy < I for0 < A < 1, wehave ¢c1(A) < -+ < ¢x(A) < ¢(1). By Theorem 1, there exists vy
such that

1 -
(M) <—, j=1,---,k yeRN

Vk
Now, for A < v;, we have
lu: (M) (y)| <Lk yerV
] ]/ — Vk /\/ ]_ 7 7Ny ]/
hence f;(u;(A)) = f(uj(A)), uj(A), j =1, -,k are solutions of the original problem (1). Since the

integer k is arbitrary, the problem (1) has infinitely many solutions. [J

For more details and background material, we refer the readers to the Appendices A-C of
this paper.

4. Results

The main results of this paper are Theorem 1 and Theorem 2.
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Appendix A. Estimates on Solutions of p-Laplacian Equations in ]Rf

Lemma A1l. Let u € D satisfy the equation

p—2 —

/M VulP2VuVedx = /Rqu)dy, peD (A1)
where f > 0, f € L1(RN-1)n L%(RN’l), 1<g< % Then, there exists a constant ¢ = ¢(p,q)
such that )

[uls < clflg™ (A2)
A | 1
with 5 = -T53 ~ N-T'
Proof. Denote
- q(p—1)
qp—p(g-1)
then . (N-1)(p 1)
q = — =19

First, we assume y > 1. Take the test function ¢ = u - u’%ﬁfl) € Din (A1), where ur = min{u, T} for
T > 0. We have

/ |VulP2VuVedx = / |Vu\pu7%(771) dx+ (14 p(y—1)) / |VulPuP(r =) dx
Rﬁ u>T u<T
(A4)

<=

ZC(/RN \V(uu%*l)v’ dx > ¢ <~/RN1 (uu’%l)de)

+
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and
N e
< Iflg ( /RN,1 (= 0) dy) (A5)

In the above, we have used (A3) and q%l <7pify > 1. By (A4) and (A5), we have

([, g™y ay)

Notice that % - % =(p—1)s, (1+p(y— 1))% =s. Letting T — oo in (A6), we obtain (A2).

-
Next, we assume 1 — % <y <1 Letg=(u+0)*r(r=1 _gl+r(r=1) 9 > 0, then ¢ € D. In fact,

11

< clflq < L (uu'%l)?’dy> T (A6)

=i

Vgl = (1+p(y = 1) (u+6)P "V |Vu| <070V Vul.
Taking ¢ as a test function in (A1), we have

/ |Vu|p72VuV(pdx:c/ (u+ 0)P V| Vu|P dx
RY RN

: Ny (A7)
= T _gM)|P T _gm\P
_C./RN|V((u+9) 67)| dec(/RNl((quG) 07) dy)
and
/RN*1 fody = /RM1 f((u+ g)1+rr=1) _ 91+P(’Y*1)) dy
q—1
— ITTL AR
9-1
7 q
<elfly ([, ()67 dy)
In the above, we used the following elementary inequality:
(1+5)HPOD _1)7T < c((1+5)7 —1)7, fors > 0.
By (A7) and (A8), we obtain
. .
</RN_1 ((u+0)r—6m)" dy) < c|flg (/RN_l ((u+6)7—67)" dy) : (A9)

Letting T — oo in (A9), we obtain (A2). O

7
Lemma A2. Given f € L*RN-"H)NLFT(RN-1),1 < g < %. Then, there exists a unique function

u € D satisfying the equation

/RN |Vu|P2VuVedx = /RI\H fodx, ¢e€D.
N

1
Moreover, u € L¥(RN71), |uls < c|f\5’1,where % = (pjl)q — ﬁ
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Proof. Consider the functional | defined on D

1
= = 14 P —
J(u) = ; (/]RQ’ |Vl dx—i—/RN?l |14 dy> v fudy, ueD. (A10)
] is lower semi-continuous and bounded from below. Therefore, | assumes its infimum at a function
u € D, which solves the equation. By the elementary inequalities (15), the solution is unique. [

Lemma A3. Let u € D and satisfy the equation

/Rﬂ\j |VulP2VuVedx = /RI\H alo|P"2vpdy, ucD (A11)

N-1 _
where a € LrT(RN71), 0 € LIRN"H)NLP(RN-1), g > p(1 - %) Then, there exists a constant
c = c(p,q) > 0such that
1
|ulg < cla| i) [oly - (A12)

—1

=

Consequently, for p(1 — %) < p2 < p1, 0 > 0, we have

1

‘ull’lrmﬂ < C‘a|pN;:111 |v|p1,Pz,0-

=

Proof. Let % = I]fl;—ll + %1 Then,1 <o < % and % =1 __ ﬁ By Lemma A1 and the Holder

(p—1)
inequality, we have
1 =
ulg < c!a!v\pdz}];*l < c|a\1%7_111 o]y

O

Lemma A4. Let u > 0, u € D and satisfy the inequality

p—2 -1
/RQIVM VuV(lpdxg/Rl\F1 ulP~""pdy, ¢>0,¢€D. (A13)
Assume N
/ WP dy < (S, —8) 7. (A14)
Dr

Then, for any v > 0, there exists a constant ¢ = c(p, 7, §) such that

N N
|”|L°°(D%R)+|”|L°°(BTR)SC(R 7 [ulpr(pg) + R 7|M|m(31;))- (A15)
2

Proof. We only need to consider the case R = 1. The general case can be obtained by a rescaling

N-p
u(x) — R 7 u(Rx). Then, the proof is a standard Moser’s iteration and divided into three steps:

Step 1. There exists ¢ > 0, p = (1 + ¢)p such that
1

(/ uﬁdy) Scp(/ u’”*dx)p,0<R<1. (A16)
Dr (1-R)? \/B

Lete > 0,17 € CP(RYN, [0,1]) such that #(x) = 1, [x| < R;5(x) = 0, [x| > 1and |Vy| < 2.
Take ¢ = uul 5P as test function in (a5), where T > 0, ur = min{u, T}. We have

==
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17 of 24
/ |Vu|P2VuVedx
JRY
- e po
= (1+pe) /HST|V”|p”p£77pdx+/u>T|Vu\’7T”‘?;77”dx—i—p/mY |Vul? 2Vuu(Tp Sy Lyur iy dx
1 e iy ep ) (A17)
> e Jo IVl dx = [ G191 dx
> Sy / (uusn)P d %— L/ (uu%)? dx
= (1+8)p RN-1 T Y (1*R)p B]Jr T
and
/N . uPlody = - uP =P (uufn)? dx
Z %
< ( /D1 u”dy> ( /RM( %ﬂ)pdy) (A18)
z
< (Sp—9) ( /RN_I(W%W)”dy>
Choose € > 0 such that _
> = 1 *, Al
Grop =5 gh Arap<y (A19)
By (A17) and (A18), we have
; b o
AV €n)P __tad P
(/DR(uuT) dy) < (/RNl(uuTn) dy) < A-R) /Br(uuT) dx. (A20)
Letting T — oo, we obtain
7 c c W
(1+¢)p < Ced / (te)p gy < C00 / P o
</DRu dy) = A=Ry S = a-ry 5 "
and (A16) follows.

Step 2. Assume 0 < r < R < Rg < 1. Then, there exists cg, > 0 such that

CR
(1l peo(p,) + [l oo gy < ﬁ (|u|Lv(DR) + |M|Lp*(31®)~ (A21)
Let ¢ = uur%(sfl)np, s> 1,17 € CP(RN,[0,1]) such that (x) = 1, |x| < r; 7(x) =0, |x| > R and
|V17| < z%. Taking ¢ as a test function in (a15), we have

_ 1+p(s—1) _ _
p—2 s=1ip,p s=11p,p
/]M|Vu| VuVedx = o7 /ng””T [Py dx+/v>T|VuuT |PyP dx

_ —1)(s=1) p— _
+p/R$ |VulP 2Vuu(Tp ) )17” 1uu”°'T 1y dx
1 _ _
> 2SP/M |V (uey 1r/>r’dx—c/M<uusT UM
and

(A22)
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- P PP i
p . s=1,)5p
= </DR0 ! dy) </RN1 (uuT 17) m dy) (A23)

P
1 \% pd
< cR, (/RNl(uuST 1y)pd dy)

#%p) < 1. It follows from (A22), (A23), and the Sobolev imbedding theorem

1 1
-~ _ sp _ % sp*
(/Dr(uusT 117)7”dy> n (/Br(uu“} 1yp dx>

1
_ — _ * sp*

< (o sl ay) "o ([ o )

1
< <C/1RN

IV(WST1'7>|”dx> v
v

where d =

8=

(A24)

1

< (cs) (/RNl(uusTlﬂ)Pd dy> o UM

< (525) ()™ o ([ ) ).

In the above, we have used p < p*d. Assume

1
(i )7 V)

/ wPl dy < +oo, / w4 dx < 4o0.
Dr B

R
Letting T — o0 in (A24), we obtain

1

1 1 1 1 1
- sp * sp* cs s - spd * spd
sp sp < spd P / sp*d sp )
</Dru dy) +(/Bgu dx) _<Rr) ((/DRM dy) +( Bgu dx) > (A25)

Letx = %, xj = )(f, rp=r+ 21%1(1? —r),j=1,2,--- . By Moser’s iteration, for some ¢t > 0, we obtain

Cc
|| LoDy + [ ) < ®R=7 (\”|Lﬁ(pk) + |u|Lp*(Bg)>- (A26)

Step 3. By (A26), there exists t/, ¢ such that
1 c
|”|L°°(D,) + |“|Loo(3,+) < 5 (|”|L°°(DR) + |”|L°°(B;g)) + W(|”|L7(DR) + \”|m(3g)>-

By iteration, we obtain

/

C
ey + lmmr) < g7 (1#ler00) + ll1aqsg) )

In particular
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lum(o) + [ul1~qag) < e ([l (py) + |u|m(3§))

HRG

< C<|”\LW(D1) + |“|m(31+)) -
O

We also have inner estimate

Lemma A5. Let u > 0, u € D and satisfy

/]RN |VulP2VuVedx <0, ¢ >0, p €D.
N
Then, for any v > 0, there exists ¢ = c(p, ) such that

_N
|u|L°°(B%R) < R up(By) -

Appendix B. Estimate via the Wolff Potential
Lemma A6. Let f > 0, u € D satisfy the equation

—Apu=0, inRY,
(A27)
|Vu\”_zg—z =f, onRN-!,

_1 (p=Vpp ; _
Then, for v € (p 1, (pil)erﬁ), there exists a constant ¢ = c(p, ) such that
1

1
(7_1\]/ |u|7dx+’y_N+1/ u|7dx>v
Bf D,

<c(/ |u|7dx+/ |u7d>}r+c/l</ fd)p_l A ocr<t
<< fy I dy VL) =2 .

4

(A28)

Proof. Let0 < R <1,7;j=2'"/R,j=1,2,--- and ag. Define

1 ,N/ 7N+1/
i =a+=[r +7; u—aj)’dy |, A29
j+1 ] ) < j+1 B]trlm{u>a/-} j+1 D‘+1m{u>a]-}( ]> Y ( )

)

where Bf = {x|x e RY, |x| < r;}, Dj = {yly € RN"!, |y| < rj}, & is a small positive constant.
By Lemma A2 of [22](and refer [25]) for § small enough, there exists a constant ¢ = ¢(p, ) such that

1

k p-1
ar <2a1+c¢ Z N=p fdy . (A30)
=17 Dr;
We have 1
ap == (/ |u|7dx+R7N+1/ |u|7dx> (A31)
0 \/B Dr

and
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Bt ) =L L ()

j=1 e (A32)

Il
a
;\
=
7N
)
-
Q[
<
~
i~
L
fn
7~
|

and by the proof of Proposition 3 [22], we have

[

1

v
\u|'7dx+rk_N+1/ |u|7dy> < cay. (A33)
Dy,

k

Now, it follows that

N/
,

k

1
v
uftdx 4N [ |u|wzy>
g 1 (A34)

1
¥ R 1 dt
<c R*N/ qux+R*N“/ u7d>7+c/ (/ d) .
<e(RY [ ) e [ ran)"
Assume 27K <y <271 Let R = 2817, 1 < R < 1. By (A30)~(A34), we obtain
1
Y
(rN/ \u|7dx—|—r7N+l/ |u|7dy)
B D,
L 1
-N ~N+1 K P dt
<c(R /|u|7dx+R / |u|" dy +c/ fdy N_
B} Dy A+t
1
p—1
(/ |u|7dx+/ |u7dy> +c (/ fdy)

| /\

O

Appendix C. The Sobolev Imbedding Theorem
Lemma A7. WP (RY) c W c WIP(RN-1 x (0,1)).
Proof. (1) By the Sobolev imbedding theorem, the imbedding from WP (RY) to LI(RN-1), p < g <7p

is continuous, hence W7 (RY) C W. On the other hand, there exist functions that belong to W but not
to WLP(RY ). Here, we give an example. Let ¢ € C3°(By, [0,1]). Define

N— -
q)n(x) = Tliqu)(Tlfl(x - 2n+1€))/ x e IRI\II n= 1/2/' Tty

wheree = (0,---,0,1) € RN, ¢, (n = 1,2, - - ) are supports, and we have

_ [ r— '
/HwW(andx—/RNW(ppdx, /Iwgondx—nP/RNgopdx,/N ¢hdy=0.

Hence,

m
= wnlly = 2 5 [ Ivglrdx =0
k=n+
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Letu = lim u,, u € Wbutu ¢ WP (RY).
n—oo
(2) Letting u € W, we have

s 0
[ul? (y,s) = [u|"(y,0) +/0 5 [P (v, T) dT
s Ju
— |y|P p=2,. 22
u] (y,O)er/O |u|P~u anT
Ty oup 1
< JulP ou Pdr.
< u| (y,O)—l—c/O ‘as‘ dT—i—s/O lulP dt

Integrating over x € RN~1 x (0,1), we obtain

Pd </ P(y,0)d dx / Pdx,
./RN*1><(O,1)|M‘ r= JR&I\Hx(o,l)‘u| (,0)dy +c JRN-1x(0,1) ‘ ‘ e RN-1x (01)| ul? dx

hence
P p p _ p
- axse( [, ty+ [, 19 i) = lull

”u”WLP(RN*lx(O,l)) < cllullw-

and

O
Lemma A8. The imbedding from W, to L1(RN=1), p < g < P is compact.

Proof. Denote Q = (—1, 1)N=1 ¢ RN=1. Fory € RN~1, |y| > R, we find orthogonal transformation
T, €ON—1)CO(N),i=1,--- ,N(R) such that ; = Id and 7;(Q+), i = 1,-- - , N(R) are mutually
disjoint. Obviously, N(R) — +o0 as R — +co.

Letu e W,, z € RN-1 |z| > R. We have

1
ull dy = / ulldy < ulid A35
J, ity = 2 g 117y < sl dy (A35)

and

&z\":

1-
oy <e [ ey ([ i)
Q+z (Q+z)x Q+ (A36)
1

1—
< Vulf d Pd 14
‘C</<Q+z>x<o,1)| ul x+/ jul”d )( (R)/ Ll y)

Taking sum over z € RN~ |z| > R, we obtain

1 1=
Tdy < / Vul? d / Pd)-(/ ”ld)
[ Ny BT B ey I -

< clluflty, NR)™ =5 = e, - 0 (1)

4
q

==

Now, assume u,, € W, u, — 0in W,. Then,

qd:/ 14 / ‘7d</ 74 1) = 0asn — co.
Jo bty = [ g+ [ ualtdy < [ funltdy +con(1) > 0 as = oo



Mathematics 2020, 8, 1520 22 of 24

O

Proposition A1. The imbedding from D, to LP (RN~1) is compact with respect to the dilation group D (defined
by (8)).

N—
Proof. (Adapted from [19]) Choose x € C{°(R, [0,1]) such that x(t) = |t], 1 < [t < ZTP,' chi(t) =
N— N—
[t] < 277 or [t] > 27 Q = (=1, 1)N-1 and N(R) as defined in Lemma A8. Assume u,, )
in D,.

Step 1. [pn-1 XP(un)dy — 0asn — oo.
For z € RN71, |z| > R, we have

1—
Plu,)dy < Vo (uy)|P P(u,)) d P(u,)d
fo Aty < [ V)P ) e ([ )y )
1 = 1=
(/(Q+z |un|pdx+/ dy> (N(R RN-1 p(un)dy> (A38)
1 =\
14 p
U S8, 1578 (s o579

Taking sum over z € RN~1and |z| > R,

_ _ 1 _ A\ 1=
P P P P
J— wwy( /M|wn| dx+ [l dy) (N(R) oyl dy)

=i

IN
a
==

IN
SIS

<IN

(A39)

conmy 0) o

and B B B
o X ) dy = [ xP(un)dy + A7 (1) dy

RN\Dr (A40)

gc/ |un|P dy +or(1) -0 asn — oo.
Dg

N-p

Step 2. Forj € Z, define h; € D by hju(x) = A u(2/x). Then, for any sequence
jn € Z, h]n 0 in D,. By Step 1, we have
P(h.
/RAH X (hj,un)dy — 0, asn — co. (A41)
Step 3. We estimate [py_1 [uy|F dy. Since

Pd
. N—p . N—p |un‘
/zf'P<|uﬂ<z<f“)'r Y

= /RNq (2]‘.1\/’3}7%(2]21\]”””11(3()));7 dy
. N-— . P
= Jena (X(Z_]"?p”n (2_]7())) dy (A42)

(27 o) o ([, (e e )

_ 1-
P
< C/z(/’l)’M7 et |Vuy|Pdx- sup (./RNl (x(hj(un))) dy) ,

jezN-1
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choosing j, € Z such that

sup [ (el dy <2 [ Gey(n)))” dy (A43)

jezN-1 /RN

Then,

(A44)

<

NG &
=¢ /2<J>1>-N”’ <2 T5E [Vitu]? dox- </RN1 (X(h]'(“n)))pdy>

i 1).N=p i ). N=p
Taking sum over j € ZN-1 and taking into account that the sets U= < uy| < 2042~ cover R

with uniformly finite multiplicity, by Step 2, we obtain

=i

Jo ity < [ wnprar ([, <x<hj<un>>>”dy)l

sc (/RNl (X(hfn(”n)))pdy>l_ =0 asn—co.

==

O
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