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Abstract: The aim of this paper was to obtain common fixed point results by using an interpolative
contraction condition given by Karapinar in the setting of complete metric space. Here in this paper,
we have redefined the Reich-Rus-Ciri¢ type contraction and Hardy-Rogers type contraction in
the framework of quasi-partial b-metric space and proved the corresponding common fixed point
theorem by adopting the notion of interpolation. The results are further validated with the application
based on them.
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1. Introduction

In the year 1922, Banach [1] introduced one of the most prominent results called Banach
contraction principle and its existence in metric fixed point theory i.e., Let | be a self map on a
non-empty set X and d is a complete metric. If there exists a constant x € [0,1) such that

d(Ju,Jn) < xd(u,n) forallp,n € X,

then it possesses a unique fixed point in X. Due to the importance and application potential of
the Banach contraction principle, this notion has been extended by several authors [2—4]. In 1994,
Matthews [5] introduced the notion of partial-metric space as a part of the study of denotational
semantics of dataflow networks. In 1968, the following contraction was proved by Kannan [6] i.e.,

d(Ju,Jn) < pld(p, Ju) +d(y,Jn)] forallp,n € X,

where p € {0, %) . In 2018, Karapinar [7] adopted the interpolative approach to define the generalized
Kannan-type contraction on a complete metric space. We recall that a self-map | : X — X is said to be
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an interpolative Kannan type contraction for a metric space (X, d), if there are constants p € [0,1) and
€ (0,1) such that

d(Ju, Jn) < pld(p, Ju))* - [d(n, Jp)]* = forall u, € X\ Fix(])

where Fix(J) = {z € X : Jz = z}.
In 1972, Reich [8] generalized the concepts of Kannan and Banach, e.g., aself map | : X — X is
called a Reich-contraction mapping if there are «, B,y € [0,1) and & + B + v < 1 such that

d(Ju, Jn) < ad(p, Ju) + Bd(n, Jn) +vd(u,n) forallu,n € X,

Reich-Rus-Ciri¢ [9-15] independently proved the next theorem and its variants i.e., a self map
] : X — X is said to be a Reich-Rus-Ciri¢ contraction map on a complete metric space (X, d) if there

are p € [ ) such that
d(Ju,Jn) < pld(u,n) +d(u, Ju) +d(n, n)l,

for all 1,7 € X, then ] possesses a unique fixed point. Very recently, Karapinar et al. [16,17] introduced
the concept of interpolative Reich-Rus—Ciri¢ and Hardy—Rogers type contraction and proved the
following fixed point results.

Theorem 1 ([16]). In the notion of partial metric space (X,d), if a mapping | : X — X is an interpolative
Reich-Rus-Cirié type contraction, i.e., there are constants p € [0,1) and a, B € (0,1) such that d(Ju, ) <
old(w, m)IP[A(p, J)]* - [d(y, Tn)]*=%P for all u,n € X \ Fix(]), then ] owns a fixed point.

Theorem 2 ([17]). Let (X, d) be a metric space. If the self-mapping | : X — X is an interpolative Hardy—Rogers
type contraction i.e., there exist p € [0,1) and a, B,y € (0,1) with a + B+ v < 1, such that

d(Jp, Jn) < pld(p,m)1Pld(u, Ju))* - d(y, J)]"
1—a—p—
@) +don )| forallny € X\ Fix())

then | possesses a fixed point of X.

In continuation, interesting work was done by many authors [18-27] which enriched this field.

The purpose of this paper was to revisit the approach of interpolative Reich-Rus-Ciri¢ and
Hardy—-Rogers type contractions to attain a common fixed point for quasi-partial b-metric spaces.
Some examples are given to illustrate the new approach.

2. Preliminaries and Definitions

Definition 1 ([28]). A quasi-partial b-metric on a non-empty set X is a function qpy, : X x X — RT such
that for some real number s > 1and all u, 3,9 € X:

QPb1)  qpp(p, 1) = qpe(p, 1) = qpu(n, 1) implies p = 11,
QPb2)  gpu(p, 1) < qpu(p,m),
(QPbs)  qpp(p, 1) < qpu(n, 1),
(QPbs)  qpy(p, ) < slapp(, 0) +aqpe(8,1)] — qps(8, 9).

(X, qpp) is called a quasi-partial b-metric space where X is a non-empty set and qpy, defines a quasi-partial
b-metric on X. The number s is called the coefficient of (X, qpy).

Let gp, be a quasi-partial b-metric on the set X. Then

dap, (1, 11) = qapu(,m) +apu(n, 1) — qpe(p, 1) — qpp(17,17) is a b-metric on X.
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Let us see some new examples of quasi-partial b-metric space.

Example 1. Let X = {O, 4—7;(} Define the metric qpy(u,n) = sink|p —y| + p for any (u,n) € X x X
and k > 2.

It can be shown here that (X, qpy) is a quasi-partial b-metric space. Actually, if gpy (1, 1) = qpp(p, 1) =
qpy(n,n), that is, yu = sink|u — 11| + u = n, then it is obvious that (QPby ) holds for any (u, 1) € X x X.

In addition, sink|p — 3| > 0 and sink|yu — 3| > |u — n| when |p —n| € {0, 4—7;(}, then qpy(u,u) =y <

sink|p — 1|+ p = qpp(p, )

ape(pp) = p
=|p—n+rnl
< |p—=nl+ly

< sink|ip —p| +1
= qpy(n, u) are true, hence (QPby) and (QPbs) hold for any (u, 1) € X x X.

Moreover, for any u, 1,6 € X, |u — 1| <

nl) e {0,2—71[(},0rk(|y 6| +1]6—p|) < g, and since sin y is increasing on [0,;],weget

apy(, 1) +qpp(6,6) = sink|p —n| +pu+6
<sink(|jp—6|+0—n|)+u+d
<k(ju—=08l+10—nl)+p+s
< ksink|p — 6| + ksink|6 —n| +u+6
= k(sink|p — 6| + sink|6 — n| + u +9)
<s(qpy(p,0) +qpp(0,1)) forall u,n,6 € X

and s > k, (QPby) holds, hence (X, qpy) is a quasi-partial b-metric space with s > k.
Lemma 1 ([29]). Let (X, qpy) be a quasi-partial b-metric space. Then the following hold:

(@)  Ifqpp(p,n) = Othenp = 1.
(b)  Ifp # 1, then qpy(p,17) > 0and qpy(n, ) > 0.

Definition 2 ([29]). Let (X, qpy) be a quasi-partial b-metric. Then

(i)  Asequence {y,} C X converges to u € X if and only if
qapy(p i) = Hm qpy(p, pn) = Hm qpy (pn, ).
(i)  Asequence {u,} C X is called a Cauchy sequence if and only if

Lim  qpy(pn, pm) and mlyilrgoo qpy(fm, n) exist (and are finite).

n,m—00

(iii)  The quasi partial b-metric space (X, qpy) is said to be complete if every Cauchy sequence {p,} C X
converges with respect to Typ, to a point y € X such that

apy(w, ) = Lm qpy(pn, im) = Lm  qpy(Hm, pin)-

n,Mm—00 Mm,n—00
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(iv) A mapping f : X — X is said to be continuous at yg € X if, for every € > 0, there exist

8 > 0 such that f(B(po,8)) C B(f(po),€).

Lemma 2 ([29]). Let (X, qpy) be a quasi-partial b-metric space and (X, dgp, ) be the corresponding b-metric
space. Then (X, dgp, ) is complete if (X, qpy) is complete.

Definition 3 ([30]). Let (X,qpyp) be a quasi-partial b-metric space and | : X — X be a given mapping.

Then | is said to be sequentially continuous at z € X if for each sequence {p,} in X converging to z,

we have Ju, — ]z, that is, ILm qpe(Jpn, J2) = qpp(Jz, Jz). Similarly, let S : X — X be a given mapping.
n—oo

S is said to be sequentially continuous at z € X if for each sequence {j,} in X converging to z, we have
nlgn qpy(Sz, Spn) = qpy(Sz,Sz). Then | is said to be sequentially continuous on X if | is sequentially
continuous at each z € X.

3. Main Result
Let us discuss the main result.

Theorem 3. Let (X, qpy) be a complete quasi-partial b-metric space. Let ],S : X — X be self mappings.
Assume that there are some p € [0,1), &, € (0,1), x + B < 1,and s > 1 such that the condition

1-a—p
ape (T, S1) < plaps ()P laps (p, T ﬁm(ﬂ, Sn)} (M)

is satisfied for all y, 1 € X such that [y # p whenever Sy # y. Then S and ] posses a common fixed point.

Proof. Let yp € X. Define the sequence {y,, } by pon+1 = Jpon, Pont2 = Spon41 foralln =0,1,2,....
If there exist n € 0,1,2,... such that y;, = 11 = Hn12 then py,; is a common fixed point of S and
J. Suppose that there are no three consecutive identical terms in the sequence i, and that g # yy.
Now using (1), we deduce that

apy(Hant1, Han+2) = qpu(Jpan, Shony1)

. 1 1-a—p
< plaps(man, t2n1)1P - [ape (Hans Tran )] - [SQPb(Van/SVan)@

1 1-a—p
< p[qpb(VZn/]’lZn-‘rl)]ﬁ lapy(H2n, p2n+1)]" - Lqm(#znﬂ,umz)}

< plaps(mans 12n1)1P - (9P (H2ns pon1)]* - [aps(Hons1, Hansa)] 7P
[9ps(ans1, pon+2)] P < plaps (pon, pansa)]* P

or
[aps (Han+1, Mon+2) < plapy(Han, Hant1)]

Hence,
apy(Hans1, Hanv2) < papy(Han, tans1) < 0% (Man—1, Hon)-
Thus,

apy(Hons1, Hans2) < 02 apy(po, 1) ()
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Similarly,
apy(Han+1, H2n) = qpy(Jpan, Shon-1)

. 1 1-a—p

< plapy (#on, t2n-1)1P - [9P6 (p2n, Tion)]* - [sqpb(Van/SVan)}
1 1-a—p
< plapo(rans p2n -1 - (9P (i2n, pans1)]* - LQPh(ﬂZn—lfVZn)}

14

[aps (Man—1, pan) ]t~

[9p6(p2ns1, )] < p
< plapp(pan—1, pon)]

(9P (Hons1, Hon))
Hence,
ape (Mant1, tan) < 4Py (Han—1, Han) < PP (Han—1, Han—2)-
Thus,

qapy(Hon+1, Han) < p7qpy(po, ). ®)

From (2) and (3), we can deduce that

apy(n, Hut1) < p"qpp(po, p1)- 4)

To prove sequence {y, }is Cauchy, let n,k € N

qpy (s k) < 50pp (s pns1) +52Gpp (s fin2) + -+ 5GPy (a1, i)
< [sp" + %" L+ 55" gy (o, )

kn+k71 )
<s° Y plapy(po, 1)

i=n

<Y p'apy(po, ) )
i=n
From (5),
apo (s Hosmsk) < 55 Y p'apy(pn, pue)
=m
i apy (s i) < 5° lim, i:Zm T p'qpy (pn, pns1)
=0
Therefore,
Y gpy (s pi) = | M apy (Hnsms fnemeri) = 0. ©6)

We conclude that {1, } is a Cauchy sequence. Since (X, gp;) is complete, there exists z € X such
that 1i_r>n un = z. Next, we shall prove that z is a common fixed point of S and T.
n—oo

apy(Jz, wan+2) = qpu(Jz, Spant1)
1-a—pB

1
< plape(z, pan1) 1P - [apo(z J2)I - | Zapy(Hanst, Spiansa)

< plapp(z 1ans1)1P - [apo(z, J2)]* - [app(onsr, Spons1)]' 2P
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Letting n — oo, we get, Jz = z.
Similarly,

qapy(p2an+1,5z) = qpy(Jpzn, Sz)
1 1-a—p
< plaps(oan 5211 - lgpatpmn a1 - | Sl 52)
< plape(pon, S2)1P - [app (pon, pons1)]® - [7p(2, Sz)) 4P
Letting n — oo, we get Sz = z. Hence S and | attain a common fixed point. [

The following fixed point result in the setting of complete quasi-partial b-metric space can be
obtained from our main result Theorem 3.

Corollary 1. Let (X, qpy) be a complete quasi-partial b-metric space and |, S : X — X be self mappings such

that qpy (T, Sn) < lapy(p, Jw))*[apu(n, S))' = for all w,n € X, p € [0,1), & € (0,1), Ju # i whenever
Sy # n. Then S and | own a common fixed point.

Proof. Taking § = 0in Theorem 1. O

We now justify our result by illustrating it with an example below.

Example 2. Let X = {1,2,3,4}. Define complete quasi-partial b-metric as qp, (1, 1) = max{p,n} + | — 1|
that is:

are(wy) 1 2 3 4
1 1 3 5 7
2 3 2 4 6
3 5 4 3 5
4 7 6 5 4

—_

We define self mappings | and S on X as | : (1 ; i) 4), S: <1 ; ; 4) as shown in Figure 1.

_ 1 _1 _ 7
Choose . = 5, B = g,andp— 10-

Figure 1. 1 is the common fixed point of S and J.
Case 1: Let (u, 1) = (3,4). Without loss of generality, we have
1 1-a—pB
apo(Tu, Sn) < plaps(um)Plaps(u, Ju))* Lﬂ/m(m 517)]

1 1/6
qapp(J3,54) =1 < plapy(3,4)]"3[qps(3,73)]"/2 Ltm(i 54)}
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Case 2: Let (u,n) = (1,4)

1/6
pULSH) =1 < plapL 4] laps (17012 | La (4,59

Thus, 1 is the common fixed point of S and ] in the setting of interpolative Reich-Rus—Ciri¢ type contraction.
Many more common fixed points can be obtained in similar manner. Hence, a fixed point exists but is not unique.

In our next theorem, we extend our obtained result for Hardy—Rogers contraction by using
interpolative approach.

Theorem 4. Let (X, qpy) be a complete quasi-partial b-metric space. Let ],S : X — X be self mappings.
Assume that there are some p € [0,1), a, B, € (0,1) witha + B+ v < land s > 1 such that the condition

aps(Ju, Sn) < plaps ()P lape (1, Ti)]* - [aps (1, Sn)]”
1-a—p—v
zls(qpb(#,sn) +apy(n, 1)) @)

is satisfied for all u, 1 € X such that [y # p whenever Sy # y. Then S and ] posses a common fixed point.

Proof. For any arbitrary initial point yy € (X, qpy), we construct an iterative sequence {, },>1 by

Hont1 = JHon, Hons2 = S pons1. If there exist ng € N such that py, = pug1 = pnys2 then py, is
a common fixed point of S and J. Suppose that there are no three consecutive identical terms in the
sequence. Substituting y by y2,11 and # by pa,42 in (7), we have

ape(Hant1, Honv2) = qpu(Jpan, Shony1)

< plape(p2n w2n1)1P [9Ps (2, THzn)1* - (996 (H2ns1, Spion41)]”
I—a—B—y
{ (gpb(H2n, SHan+1) +07Pb(ﬂ2n+1,]}12n))]

< p[aps (Hans P2 1)1 [P (H2ns Hans1)]® - [P0 (Hant1, Hant2)]”
{;; qapp( H2n1V2n+2)4‘%Pb(#2n+1lﬂzn+1))]l e (8)
By (QPby) and (8),
< plapy(man, #2n0)P1apo (M2, p2ns)]* - [4P6 (Hon 11, p2ns2)]”

[
1 1—a—p—y
|5 sz ) + sz )|
< plap(nan, pon1)1P [aPb (an, Hant1)]) - 196 (H2ns1, Hont2)]”

1 l-a—p—y
2(%Pb(ﬂ2n+2,ﬂ2n+1)4‘QPb(ﬂ2n+1,ﬂ2n))} ©)
Suppose that

ape(Han, Honv1) < qpe(Hant1, Hons2)
1
5 (@Po(Man+2, Hani1) + 4Py (Han1, Hon)) < qpp(Honsa, ponr2)-
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By (8),

qpo(Bani1, H2nr2) < PP (pan 12ni1)1P[aP6 (Han, H2n1)]® - [aps (H2nr1, Hang2))”
: [qph(x2n+1, x2n+2)]170¢7‘5,7

[9P6(Hans1, Han2)]P < plaps(pon, wons1)]* P

or

[apy(H2nt1, H2ni2)] < plapy(Han, 2ns1)]

Therefore, we obtain [qpy (H2n+1, Hont2)] < [9Py(M2n, H2ny1)], Which is a contradiction. Thus,
we have

1
E(qpb(yzm, Hont1) + qpe(Hont1, Man)) < qpe(Hont1, Hon)

aps(Hant1, Hons2) < plape(pon wans1) 1P [P6 (Hans pons1)]* - (996 (Hans1,s pons2)]”
[app(Hans1, pon) P
[aps (Hans1, H2ns2) V7 < olaps (pan, pons1)] 7

We deduce that

[apy(Hons1, Hont2) < plapy(Hon, Hons1)]
qaps(Hans1, Hans2) < paps(Hans1, Hans2) < P2 [aPb(Hons1, Honi2)
< 0°[app (Hans1, ponr2)™ 1 apy (po, 1)
qpy (ans1, fonr2) < 0¥ apy (o, ). (10)

Similarly

qapy(H2n+1, H2n) = 9Pp(JH2n, SH2n—1)

< plaps (p2n, wan—1)1P [aps (Han, Tx20)]* - (a6 (pon—1, Stan-1)]"
"1 1-a—p—
- Zs(qpb(VanS,uZn1)+’7Pb(l42n1/]]42n)):|

< plaps(man, w2n—1)1P1aps (B2, pon1)]* - (9P (Han-1, p2n)]”
}1—a—ﬁ—v

1
| 55 P (H2n, p2n) + Py (Han—1, Hon+1))

< plapy(p2n, won—1)1P[aps (Hon, pan1))* - [aP6 (Han—-1, tan)]”
}1“ﬁ7

(1
: Eg-s((qpb(uzn,yzn+1)4‘4Pb(#2n71,#2n)))

< plaps(man, p2n—1)1P1aps (B2, pon1)]* - (9P (Han-1, p2n)]”
1-a—p—7y
] (11)

1
| 5 @po(p2ns pans1) +qpo(pan-1, 12n))

1
§(qu(V2n+2,H2n+4) +aqpy(Hont1, Han)) < qpp(Hon—1, Hon)

qpb(ﬂ2n+1/ ,u2n) < p[qpb(.”Zn/VZn—l)]’g[qu(yzn,yZnH)]“
’ [qph(‘uznfl’y%)]ry : [qph(.uanlr ,uZn)]liaiﬁiry
[Py (H2n1, 12 ™7 < plapy (pan—r, pan)]'
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We deduce that

[9Ps (Han+1, M2n) < plqpe(Man—1, Han)]
qapy(Hons1, pon) < pqpe(Han—1,12n) < 2 [qpp(Hon—2, pon—1) < -+ < p*™qp, (o, 1)
aps(Hant1, pon) < 0" qpp (o, 1) (12)

By (6), sequence {y, } is Cauchy. By completeness property, there exists z € X such that

lim =z.
n—oo ]’ll’l

Again, we shall show that S and T attain z as a common fixed point of X.

apy(Jz, panv2) = qpe(Jz, Span 1)
< plaps(z pant1)1Plaps(z, J2))* - [aps(ant1, Spant1)]”
"1 1-a—p—y
- ;S(qpb(z, Ston+1) + qpb(ﬂZn-i-l/]Z))}

< plapp(z 1ans1)1Plaps(z, T2)]) - [aps(pons1, Hans2)]”
}1—a—ﬁ—7

(1
: g(‘ﬂﬂb(zf Hanv2) + qpe(Hansi1,]2))

Letting n — oo, we get, [z = z.
Similarly

qapy(Han+1,5z) = qpu(Jpan, S2)

< plapy (120, 2V [Py (xan, Ti2))* - [ape(z, S2)]7
1 1—a—p—7y

Letting n — oo, we get Sz = z. Hence self mappings S and | posses common fixed points in
complete metric space. [J

The above result (Theorem 3) motivates us to generalize the interpolative Reich-Rus—Ciri¢
contraction for a family of maps. More precisely:

Problem 1. Let (X, gpy) be a complete quasi-partial b-metric space. Consider a family of self maps S, : X — X,
n>1,and s > 1 such that

. a [1 1=eihj
aps(Sir, Spn) < pizlapo ()P - lapo (. T - Lqpb(ﬂ,sn)}

What are the conditions on p; ;, a;, Bj for Sy to have a common fixed point?

4. Conclusions

The significant contribution of the paper proves the existence of common fixed points for
interpolative Reich-Rus—Ciri¢ and Hardy-Rogers contraction mappings on quasi-partial b-metric
space. Many real world problems and experimental signals lack a sensation of smoothness in their
traces. Therefore, to model these signals, interpolants are required that are non-differentiable in a dense
set of points in the domain. Fractal interpolation, which is based on the theory of iterated function
system, is used to solve such problems. The uniqueness property of fixed points for these mappings
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and their application in the study of nonlinear integral equations will be an interesting concept for
subsequent work.
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