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Abstract: Symmetric varieties are normal equivarient open embeddings of symmetric homogeneous
spaces, and they are interesting examples of spherical varieties. We prove that all smooth Fano
symmetric varieties with Picard number one admit Kahler-Einstein metrics by using a combinatorial
criterion for K-stability of Fano spherical varieties obtained by Delcroix. For this purpose, we present
their algebraic moment polytopes and compute the barycenter of each moment polytope with respect
to the Duistermaat-Heckman measure.
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1. Introduction

A Kéhler metric on a complex manifold is said to be Kéhler-Einstein if the Riemannian
metric defined by its real part has constant Ricci curvature. The existence of Kéhler-Einstein
metrics on Fano manifolds has become a central topic in complex geometry in recent years.
In contrast to Calabi-Yau and general type [1,2], Fano manifolds do not necessarily have a
Kéhler-Einstein metric in general, and there are obstructions based on the (holomorphic)
automorphism group.

The first obstruction was discovered by Matsushima in [3]. He proved that the
reductivity of the automorphism group is a necessary condition for the existence of Kahler—
Einstein metrics. Later, Futaki [4] proved that the existence of Kdhler-Einstein metrics
implies that the Futaki invariant, a functional on the Lie algebra of the automorphism
group, vanishes. As a generalization of this invariant on test configurations, Tian [5,6]
and Donalson [7] introduced a certain algebraic stability condition, which is called the
K-stability. The famous Yau-Tian-Donaldson conjecture predicts that the existence of a
Kéhler-Einstein metric on a Fano manifold is equivalent to the K-stability. Eventually, this
conjecture was solved by Chen-Donaldson-Sun [8-10] and Tian [11].

Despite of these obstructions, each Fano homogeneous manifold admits a Kdhler—
Einstein metric [12,13]. Therefore, one can expect the existence of a Kdhler-Einstein metric
on a Fano manifold if it has large automorphism group. A natural candidate is the almost-
homogeneous manifold, that is, a manifold with an open dense orbit of a complex Lie group.
For the case of toric Fano manifolds, Wang and Zhu [14] proved that the existence of
a Kdhler-Einstein metric is equivalent to the vanishing of the Futaki invariant. In fact,
this was based on the theorem by Mabuchi [15], which says that the Futaki invariant
vanishes if and only if the barycenter of the moment polytope is the origin. This gave us a
powerful combinatorial criterion for the existence of a Kdhler-Einstein metric on a toric
Fano manifold, which is much easier to check than the K-stability condition.

An important class of almost-homogeneous varieties is spherical varieties including
toric varieties, group compactifications ([16]), and symmetric varieties. A normal variety
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is called spherical if it admits an action of a reductive group of which a Borel subgroup
acts with an open orbit on the variety. As a generalization of Wang and Zhu’s work,
Delcroix [17] extended a combinatorial criterion for K-stability of Fano spherical manifolds,
in terms of its moment polytope and spherical data. In particular, this criterion is also
applicable to smooth Fano symmetric varieties (see Corollary 5.9 of [17]).

By combining the above criterion and Ruzzi’s classification [18] of smooth Fano
symmetric varieties with Picard number one, we prove the following.

Theorem 1. All smooth Fano symmetric varieties with Picard number one admit Kihler-Einstein metrics.

For this theorem, the condition on the Picard number is crucial because a smooth
Fano symmetric variety with higher Picard number may have no Kdhler—Einstein metrics.
For example, the blow-up of the wonderful compactification of Sp(4, C) along the closed
orbit does not admit any Kéhler—Einstein metrics (see Example 5.4 of [16]). Moreover,
we note that Delcroix already provided the existence of Kdhler—Einstein metrics on smooth
Fano embedding of SL(3,C)/ SO(3, C), and group compactifications of SL(3,C) and G,
respectively (see Example 5.13 of [17]). The above theorem leads us to complete all re-
maining cases of smooth Fano symmetric varieties with Picard number one also admit
Ké&hler-Einstein metrics.

2. Criterion for Existence of Kdhler-Einstein Metrics on Symmetric Varieties

Let G be a connected reductive algebraic group over C.

2.1. Spherical Varieties and Algebraic Moment Polytopes

We review general notions and results about spherical varieties. The normal equivari-
ant embeddings of a given spherical homogeneous space are classified by combinatorial
objects called colored fans, which generalize the fans appearing in the classification of toric
varieties. We refer to the works in [19-21] as references for spherical varieties.

Definition 1. A normal variety X equipped with an action of G is called spherical if a Borel
subgroup B of G acts on X with an open and dense orbit.

Let G/ H be an open dense G-orbit of a spherical variety X and T a maximal torus of B.
By definition, the spherical weight lattice M of G/ H is a subgroup of characters x € X(B) =
X(T) of (nonzero) B-semi-invariant functions in the function field C(G/H) = C(X), thatis,

M = {x € X(T): C(G/H)}" £0},

where (C(G/H)&B) ={fe€C(G/H):b-f=x(b)f forallb € B}. Note that every function
fxinC(G/H )(B) is determined by its weight x up to constant because C(G/H)? = C,
that is, any B-invariant rational function on X is constant. The spherical weight lattice
M is a free abelian group of finite rank. We define the rank of G/H as the rank of the
lattice M. Let N' = Hom(M, Z) denote its dual lattice together with the natural pairing
(+, ) NxM=TZ.

As the open B-orbit of a spherical variety X is an affine variety, its complement has
pure codimension one and is a finite union of B-stable prime divisors.

Definition 2. For a spherical variety X, B-stable but not G-stable prime divisors in X are called
colors of X. A color of X corresponds to a B-stable prime divisor in the open G-orbit G/H of X.
We denote by © = {Dy, - - -, Dy} the set of colors of X (or G/ H).

As a B-semi-invariant function f, in C(G/H) ,(CB) is unique up to constant, we define
the color map p: © — N by (p(D),x) = vp(fy) for x € M, where vp is the discrete
valuation associated to a divisor D, that is, vp(f) is the vanishing order of f along D.
Unfortunately, the color map is generally not injective. In addition, every discrete Q-valued
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valuation v of the function field C(G/H) induces a homomorphism p(v): M — Q defined
by (p(v), x) = v(fy), so that we get a map p: {discrete Q-valued valuations on G/H} —
N ® Q. Luna and Vust [22] showed that the restriction of p to the set of G-invariant
discrete valuations on G/ H is injective. From now on, we will regard a G-invariant discrete
valuation on G/H as an element of N ® Q via the map g, and in order to simplify the
notation p(vg) will be written as p(E) for a G-stable divisor E in X.

Let L be a G-linearized ample line bundle on a spherical G-variety X. By the multiplicity-
free property of spherical varieties, the algebraic moment polytope A(X, L) encodes the
structure of representation of G in the spaces of multi-sections of tensor powers of L.

Definition 3. The algebraic moment polytope A(X, L) of L with respect to B is defined as the
closure of Ugen A/ k in M @ R, where Ay is a finite set consisting of (dominant) weights A such
that HO(X, L®%) = Dica, Vo(A). Here, Vg (A) means the irreducible representation of G with
highest weight A.

For a compact connected Lie group K and a compact connected Hamiltonian K-
manifold (M, w, i), Kirwan [23] proved that the intersection of the image of M through the
moment map y with the positive Weyl chamber with respect to a Borel subgroup B of G is
a convex polytope, where G is the complexification of K. The algebraic moment polytope
A(X, L) for a polarized G-variety X was introduced by Brion in [24] as a purely algebraic
version of the Kirwan polytope. This is indeed the convex hull of finitely many points in
M ® R (see the work in [24]). Moreover, if X is smooth, then A(X, L) can be interpreted as
the Kirwan polytope of (X, wy) with respect to the action of a maximal compact subgroup
K of G, where w;j is a K-invariant Kahler form in the first Chern class c; (L)

Example 1 (Equivariant compactifications of reductive groups). Any reductive group G is
spherical with respect to the action of G x G by left and right multiplication from the Bruhat
decomposition. Let us consider the wonderful compactification of a simple algebraic group G
of adjoint type constructed by De Concini and Procesi [25]. As a specific example, the wonderful
compactification P(Maty»(C)) =2 P2 of the projective general linear group PGL(2,C) has the
action of PGL(2, C) x PGL(2, C) induced by the multiplication of matrices on the left and on the
right. It is known that the spherical weight lattice M of the wonderful compactification of a simple
algebraic group G of adjoint type coincides with the root lattice of G. As the anticanonical line
bundle KIE; is isomorphic to Ops (4),

H°(P®, Ky ) = Sym* C*
= End(Vpgr2,0)(0)) & End(Vpgr(o,0) (201)) @ End (VgL (o,c) (401)),

where @1 denotes the fundamental weight of PGL(2, C). Repeating this calculation for tensor
powers (K1) ®K, we obtain

P3
Ia=1020, %0 o2 %
k k - 7 k l, k 1/ 7 k 1/ k 1 M

Therefore, the algebraic moment polytope A(P3, KH;;) of the wonderful compactification of
PGL(2,C) is a closed interval [0,4@1] = [0,2a1] in M @ R = R - a1, where ay denotes the simple
root of PGL(2,C).

2.2. Symmetric Spaces and Symmetric Varieties

For an algebraic group involution 8 of a connected reductive algebraic group G, let
G = {g € G : 0(g) = g} be the subgroup consisting of elements fixed by 0. If H is a
closed subgroup of G such that the identity component of H coincides with the identity
component of G?, then the homogeneous space G/H is called a symmetric homogeneous
space. By taking a universal cover of G, we can always assume that G is simply connected.
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When G is simply connected, by (see Section 8.1 in [26]) G? is connected and H is a closed
subgroup between G? and its normalizer Ng(G?) in G, thatis, G € H € Ng(G?).

Definition 4. A normal G-variety X together with an equivariant open embedding G/H — X of
a symmetric homogeneous space G/ H is called a symmetric variety.

Vust proved that a symmetric homogeneous space G/H is spherical (see in [27],
Theorem 1 in Section 1.3). By using the Luna—Vust theory on spherical varieties, Ruzzi [18]
classified the smooth projective symmetric varieties with Picard number one from the
classification of corresponding colored fans. As a result, there are only six nonhomogeneous
smooth projective symmetric varieties with Picard number one, and their restricted root
systems (see Section 2.3 for the definition) are of either type A, or type G,. Moreover, Ruzzi
gave geometric descriptions of them in [28].

In the case that the restricted root system is of type A, (Theorem 3 of the work in [28]),
the symmetric varieties are the smooth equivariant completions of symmetric homogeneous
spaces SL(3,C)/SO(3,C), (SL(3,C) x SL(3,C))/ SL(3,C),SL(6,C)/ Sp(6,C), E¢/ Fy, and
are isomorphic to a general hyperplane section of rational homogeneous manifolds which
are in the third row of the geometric Freudenthal-Tits magic square.

R C H 0
R | o04(P')  P(Tp2) Gre(2,6) OP}
C | ©(P?) P2xP?2 Gr(2,6) OP?
H LGI‘(3, 6) GI‘(3, 6) S6 E7/P7
0 F Eg Ead Egd

Remark 1. Though all the rational homogeneous manifolds admit Kihler—Einstein metrics, a gen-
eral hyperplane section of a rational homogeneous manifold is not necessarily the case. For example,
a general hyperplane section of the Grassmannian Gr(2,2n + 1), called an odd symplectic Grass-
mannian of isotropic planes, does not admit Kihler—Einstein metrics by the Matsushima theorem
in [3] because the automorphism group of the odd symplectic Grassmannian is not reductive (see
Theorem 1.1 in [29]).

In the case that the restricted root system is of type G, (Theorem 2 of [28]), the sym-
metric varieties are the smooth equivariant completions of either G, /(SL(2,C) x SL(2,C))
or (Gy x G2)/Gy. The smooth equivariant completion with Picard number one of the
symmetric space G,/ (SL(2,C) x SL(2,C)), called the Cayley Grassmannian, and the smooth
equivariant completion with Picard number one of the symmetric space (G, x Gy) /Gy,
called the double Cayley Grassmannian, have been studied by Manivel [30,31].

Their geometric properties including the dimension, the Fano index, the restricted root
system are listed in Table 1. For the deformation rigidity properties of smooth projective
symmetric varieties with Picard number one, see in [32].

Table 1. Nonhomogeneous smooth projective symmetric varieties with Picard number one.

X; GIGY dimX; (X;) ®p Multiplicity Geometric Description

1 SL(3,C)/SO(3,C) 5 3 Ay 1 hyperplane section of LGr(3, 6)
2 (SL(3,C) xSL(3,C))/SL(3,C) 8 5 Ay 2 hyperplane section of Gr(3,6)
3 SL(6,C)/ Sp(6,C) 14 9 Ay 4 hyperplane section of Sg

4 E¢/F4 26 17 Ap 8 hyperplane section of E7/ P,
5 G2/ (SL(2,C) x SL(2,C)) 8 4 Gy 1 Cayley Grassmannian

6 (Go x Gp)/ Gy 14 7 Gy 2 double Cayley Grassmannian

2.3. Existence of Kihler—Einstein Metrics on Symmetric Varieties
We recall Delcroix’s criterion for K-stability of smooth Fano symmetric varieties in [17].



Mathematics 2021, 9, 102

50f15

For an algebraic group involution 6 of G, a torus T in G is split if 6(t) = t~! for any
t € T. A torus T is maximally split if T is a f-stable maximal torus in G which contains a
split torus T; of maximal dimension among split tori. Then, 8 descends to an involution of
X(T) for a maximally split torus T, and the rank of a symmetric homogeneous space G/H
is equal to the dimension of a maximal split subtorus T of T.

Let ® = ®(G, T) be the root system of G with respect to a maximally split torus T.
By Lemma 1.2 of [25], we can take a set of positive roots @ such that either 6(a) = a
or 6(a) is a negative root for all « € ®*; then, we denote 2py = Lyeo+\ao & Where
@Y = {0 € @:0(a) = a}. Theset Dy = {a — 0(a) : & € D\ D} is a (possibly non-reduced)
root system, which is called the restricted root system. Let Cj denote the cone generated by
positive restricted roots in @} = {a — 0(a) : « € &\ DY},

Proposition 1 (Corollary 5.9 of [17]). Let X be a smooth Fano embedding of a symmetric
homogeneous space G/ H. Then X admits a Kihler—Einstein metric if and only if the barycenter of
the moment polytope A(X, K;(l) with respect to the Duistermaat—Heckman measure

[T x(@p)dp

acd+t\@?

is in the relative interior of the translated cone 2pg + C4 , where x denotes the Killing form on the
Lie algebra g of G.

In fact, this result is a direct consequence of a combinatorial criterion for the existence
of a Kdhler—Ricci soliton on smooth Fano spherical varieties obtained by Delcroix (see
in [17], Theorem A). The proof consists of the existence of a special equivariant test con-
figuration with horospherical central fiber and the explicit computation of the modified
Futaki invariant on Fano horospherical varieties.

3. Moment Polytopes of Smooth Fano Symmetric Varieties and Their Barycenters

We prove in this section our main result Theorem 1. The proof combines Proposition 1
together with the following result allowing us to compute (algebraic) moment polytopes of
Fano symmetric varieties.

Proposition 2. Let X be a smooth Fano embedding of a symmetric space G/ GP. Then, there exist
integers m; such that a Weil divisor —Kyx = Zé‘:l m;D; + Z]E'Zl E; represents the anticanonical
line bundle K;(l for colors D; and G-stable divisors E; in X, and the moment polytope A(X, K;)
is 20 + QY, where the polytope Qx is the convex hull of the set

m;j

{P(Di) =1 ,k}U{ﬁ(E]-) j=1,---,0}
in N'® R and its dual polytope Q% is defined as {m € M @R : (n,m) > —1 for every n € Qx}.

This statement is a specialization of a result of Gagliardi and Hofscheier ([33], Section 9)
in which they studied the anticanonical line bundle on a Gorenstein Fano spherical variety.
It is based on the works of Brion [34,35] on algebraic moment polytopes and anticanonical
divisors of Fano spherical varieties. For the convenience of the reader, we provide a sketch
of the proof.

Proof. Let us recall results about the anticanonical line bundle on a spherical variety from
Sections 4.1 and 4.2 in [35]. For a spherical G-variety X, there exists a B-semi-invariant
global section s € T'(X, K;(l) with div(s) = Zile m;D; + Zle E;. Furthermore, the B-
weight of this section s is the sum of @ € ® such that g_, does not stabilize the open B-orbit
in X. Thus, when X is a symmetric variety associated to an involution 8 of G, the weight of

s is equal t0 209 =}, cpr\ @0 -
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For a Gorenstein Fano spherical variety X, Brion obtained the relation between the
moment polytope A(X, K)_(l) and a polytope A_g, associated to the anticanonical divisor
in Proposition 3.3 of [34]. More precisely, if X is a smooth Fano embedding of G/G?, then
the moment polytope A(X, K;(l) is 209 + A_g, and a polytope A_g, associated to the
anticanonical (Cartier) divisor —Kx is the dual polytope Q%. [

Let ® = (G, T) be the root system of G with respect to a maximally split torus T.
Fix a set of positive roots ®* such that either 6(a) = « or 6(«) is a negative root for all
a € . We recall that the coroot aV of a root & € ® is defined as the unique element in

the Lie algebra t of T such that a(x) = ﬁ’{éi ‘;V)) for all x € t. Given a set of simple roots

{ay, a0, ,0,} C P, we define the fundamental welghts {@1,@y, - ,@,;} dual to the
coroots by requiring (&}, @;) = ¢;; fori,j=1,2,--- ,r = dimT.

3.1. Smooth Fano Embedding of SL(3, C)/ SO(3, C) with Picard Number One

Considering the involution 6 of SL(n, C) defined by sending g to the inverse of its
transpose 0(g) = (g*) !, which is usually called of Type Al, the subgroup fixed by 6 is
SO(n,C). As 0(a) = —a for & € ® = g, the set ® is empty and the restricted root
system ®y is the double 2® of the root system ®. The spherical weight lattice M =

X(T/TNGY)is formed by 2A for weights A € X(T). Thus, the dual lattice N is generated
by half of the coroots 1x1 '3 Loy from the relation (0, @;) = 8; j. In general, Vust [36] proved
that when G is semisimple and simply connected, the spherical weight lattice M of the
symmetric space G/G? is the lattice of restricted weights determined by the restricted root
system, which implies that \V is the lattice generated by restricted coroots forming a root
system dual to the restricted root system Py.

Let X be the smooth Fano embedding of SL(3,C)/SO(3, C) with Picard number
one. Using the description in [28], we know that the two colors Dy, D, and the G-stable
divisor E in X; have the images p(D;) = 1ay, p(D2) = 1oy and p(E) = —3@) — Loy =

%lev - %zxz in \V, respectively. Recall from Theorem 6 of the work in [28] that the maximal
colored cones of its colored fan are (Cone(ay, —@) — @y ),{D1}) and (Cone(ay, —@) —
@y ),{D2}). Then, we have two relations 2D; — D, — E = 0and —D; + 2D, — E = 0, so
that D; = D, = E in the Picard group Pic(X).

Proposition 3. Let X, be the smooth Fano embedding of SL(3,C)/ SO(3, C) with Picard number
one. The moment polytope Ay = A(Xy, Ky, ) is the convex hull of three points 0, 61, 6@; in
MR,

Proof. From the colored data of SL(3,C)/ SO(3, C) and the G-orbit structure of X;, we know

the relation —Kx, = D; + D; + E of the anticanonical divisor. Using Proposition 2, p(Dy),

p(Dz), and p(E) are used as inward—pointing facet normal vectors of the moment polytope
A(Xq, Ky ) First, p(D;) = 3o gives an inequality

1
<2a¥,x~2w1 +y~2w2—2p9> =x—-1>-1

because 20y = 27 + 20y = 2@ + 2@,. Similarly, as p(D;) = 1ay gives a domain {x -
201 +y-20p € MR :y > 0}, the images of two colors D1, D, determine the positive
Weyl chamber. Last, p(E) = —1a} — 1a gives a domain {x-2@; +y 20, € MR :
x +y < 3}. Thus the moment polytope A(X;, Ky X 1) is the intersection of three half-spaces,

so that it is the convex hull of three points 0, 601, 600, in M @ R. O

Corollary 1. The smooth Fano embedding Xy of SL(3,C)/ SO(3, C) with Picard number one
admits a Kihler—Einstein metric.

Proof. Choosing a realization of the root system A, in the Euclidean plane R? with a; =

(1,0) and ap = (— 1, ?) , for p = (x,y) we obtain its Duistermaat-Heckman measure
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I] (e, p)dp = x(—%—i— ?y) (g—k £y) dxdy.

aedt

From Proposition 3, we can compute the volume

wwmp/fﬂ(—x L) (5 o)t

2
2\/5 6*\/§y X \/g X \@ 27
(T (3 ) ety =5 V3
and the barycenter
N _(55V3y_5
barpy (A1) = (%,7) = m/AI AL x(a,p)dp = (Z’T) =g 2

of the moment polytope A; with respect to the Duistermaat-Heckman measure. Therefore,
barpy (A1) is in the relative interior of the translated cone 2py + C;’ (see Figure 1), so X3
admits a Kdhler—Einstein metric by Proposition 1. I

60y

Figure 1. A} = A(Xy, Ky ).

3.2. Smooth Fano Embedding of (SL(3,C) x SL(3,C))/ SL(3, C) with Picard Number One

Any reductive algebraic group L is a symmetric homogeneous space (L x L)/diag(L)
under the action of the group G = L x L for the involution 6(g1,92) = (£2,81), 81,82 € L.
If T is a maximal torus of L, then T x T is a maximal torus of G and we get the spherical
weight lattice

M = X((T x T)/diag(T)) = {(A, —A) : A € X(T)}.

Thus, M can be identified with X(T') by the projection to the first coordinate. Under
this identification, the restricted root system &y is identified with the root system @, of L
with respect to T, and the dual lattice \V is generated by the coroots oy, o), - - - ,a,/, where
r=dimT.

Let X, be the smooth Fano embedding of (SL(3,C) x SL(3,C))/ SL(3, C) with Picard
number one. Using the description in [28], we know that the two colors D1, D; and the
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G-stable divisor E in X, have the images p(D1) = &y, p(D2) = oy and p(E) = —ay —ay

in \V, respectively.

Proposition 4. Let X be the smooth Fano symmetric embedding of (SL(3,C) x SL(3,C))/SL(3,C)
with Picard number one. The moment polytope Ay = A(Xo, Ky, ) is the convex hull of three points
0, 501, 5@, in M Q@ R.

Proof. From the colored data of (SL(3,C) x SL(3,C))/SL(3,C) and the G-orbit structure
of X5, we know the relation —Kx, = 2D1 + 2D; + E of the anticanonical divisor. Using
Proposition 2, 0(D1), 1p(D,), and p(E) are used as inward-pointing facet normal vectors
of the moment polytope A(Xj, Ky, ) First, 3p(D1) = 3a) gives an inequality

1 1
<20‘1v/x-@1 +]/'602—2P9> =5(=2)>-1

because 205 = 2a1 + 20y = 27 + 2@,. Similarly, as 1p(D;) = Jay gives a domain
{x-@o1+y- @ e MR :y >0}, the images of two colors D, D, determine the positive
Weyl chamber. Lastly, p(E) = —ay —ay gives adomain {x-@1 +y- @ e MOR:x+y <
5}. Thus, the moment polytope A(Xp, Ky X 1) is the intersection of three half-spaces, so that
it is the convex hull of three points 0, 5@1, 5@, in M @R. O

Corollary 2. The smooth Fano embedding X, of (SL(3,C) x SL(3,C))/ SL(3, C) with Picard
number one admits a Kihler—Einstein metric.

Proof. As in the proof of Corollary 1, we choose a realization of the root system A; in the
Euclidean plane R? with oy = (1,0) and ap = (— %, ?) Then, the Duistermaat-Heckman
measure on the moment polytope is given as
2y — 2 XL V3N X V32
I x(a,p)dp=T[ «(Bp) dp—x( 5t 2y> (2+ 2}/) dxdy.

+
aed BEPg (30

From Proposition 4, we can compute

33
Volpr(A2) = A /

53 [ 5-\/3y V3 \2 V3 \2 78,125
3 2 _ X X, ve =
+/2\/§ /o x ( 2+ y) ( + y) dxdy 18,432\/5

and the barycenter

_ 1 '
barpy(Ar) = (%,7) = VOIDH(A2</A2x IT x(ap dp,/ vy [ x(ap) dp)
acdt

acedt

10 1043 _ 10
=\<a o X 2pq

97 9 9

of the moment polytope A, with respect to the Duistermaat-Heckman measure. Therefore,
barppy (A;) is in the relative interior of the translated cone 209 + C(j (see Figure 2), so X;
admits a Kdhler-Einstein metric by Proposition 1. [
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Figure 2. Ay = A(Xp, Ky !).

3.3. Smooth Fano Embedding of SL(6, C)/ Sp(6, C) with Picard Number One

Recall the involution of Type AIL Let 6 be an involution of SL(2m,C) defined by
0(g) = Jm(g")1Ji,, where ], is the 2m x 2m block diagonal matrix formed by ( % }).
Then, G? = Sp(2m,C) is the group of elements that preserve a nondegenerate skew—
symmetric bilinear form w(v, w) = v'],;w. We can check that the restricted root system
@y is the root system of type A, with multiplicity four, and the spherical weight lattice
M = X(T/T N GY) is generated by 2A for weights A € X(Ts), where T; denotes a split
subtorus of dimension two in a maximal torus T C SL(6, C). In fact, if we choose the torus
of diagonal matrices as T, then the maximal split torus T; consists of diagonal matrices
of the form diag(ay, ay, a2, a2,a3,a3) with ay,a3,a3 € C* and a%a%ag = 1. Denoting by
ax: Ts — C* for k = 1,2 the characters defined by

Ak

ay(diag(ay, a1,az,a2,a3,a3)) = m,
+

we have the restricted root system @y = {iZal, +2a5, +(2001 + 20p) } of type Ay. Then, the

dual lattice NV is generated by the coroots (xlv , %062

Let X3 be the smooth Fano embeddmg of SL(6,C)/ Sp(6,C) with Picard number

one. Using the description in [28], we know that the two colors Dy, D, and the G-stable
divisor E in X3 have the images p(D;) = 3ay, p(D2) = ay and p(E) = —1a} — 1) in

N, respectively.

Proposition 5. Let X3 be the smooth Fano symmetric embedding of SL(6,C)/ Sp(6,C) with
Picard number one. The moment polytope Az = A(X3, Ky, ) is the convex hull of three points 0,
184, 18, in M ® R.

Proof. From the colored data of SL(6,C)/ Sp(6,C) and the G-orbit structure of X3, we
know the relation —Kx, = 4Dq + 4D, + E of the anticanonical divisor. Using Proposition 2,
10(D1), 1p(D,) and p(E) are used as inward-pointing facet normal vectors of the moment
polytope A(X3, Ky, ) Like the previous computatlons, 4 1p(Dy) and }p(D,) determine the

positive restricted Weyl chamber. Indeed, p(D;) = §ay gives an inequality

<2130clv,x-2(2)1 +y-2w2—2p9> = %(235—8) > —1

because 205 = 8a; + 8ay = 81 + 8;. As p(E) = —%a) — 7042 gives a domain {x - 201 +
Y2y € M®R: x +y <9}, the moment polytope A(X3, Ky, ) is the intersection of this
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half-space with the positive restricted Weyl chamber. Thus A(X3, K;(Sl) is the convex hull
of three points 0, 18@;, 18@; in M @R. O

Corollary 3. The smooth Fano embedding X3 of SL(6,C)/ Sp(6, C) with Picard number one
admits a Kihler-Einstein metric.

Proof. As the multiplicity of each restricted root in the restricted root system ®y is four,
the Duistermaat-Heckman measure on M ® R is given as

x /3 \4/x /3 4
[T xepdp=x(->+2"y) (5+5y) dudy.
e\ o ( 22 )(2 2 )
Then, the barycenter
. 21 21v3) 21
barpp (A3) = (%,§) = <5’5> = g0 X%

is in the relative interior of the translated cone 2pg + C; (see Figure 3). Therefore, X3 admits
a Kdhler—Einstein metric by Proposition 1. [

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 1 8(17
S

Figure 3. A3 = A(X3, Ky ).

3.4. Smooth Fano Embedding of E¢ / F4 with Picard Number One

Let 0 be the involution on the simple algebraic group Eg of Type EIV. Then, G is
isomorphic to the simple algebraic group Fy, and the restricted root system @y is the root
system of type A generated by the simple restricted roots 2a1, 2ap with multiplicity eight.
The spherical weight lattice M = X(T/T N GY) is generated by 2A for weights A € X(T5),
where T; denotes a split subtorus of dimension two in a maximal torus T C Eg, so that the
dual lattice V is generated by the coroots Jay, 1ay.

Let X4 be the smooth Fano embedding of Eg/ F; with Picard number one. Using the
description in [28], we know that the two colors D1, D; and the G-stable divisor E in Xy
have the images p(D1) = a7, p(D;) = $ay and p(E) = —1a} — o) in NV, respectively.
Proposition 6. Let X4 be the smooth Fano symmetric embedding of E¢/ F4 with Picard number
(/)\rjle. Téée moment polytope Ay = A(Xy, K;(:) is the convex hull of three points 0, 341, 34w, in

®R.

Proof. From the colored data of E¢/F; and the G-orbit structure of Xy, we know the
relation —Kyx, = 8D; + 8D, + E of the anticanonical divisor. Using Proposition 2, %p(Dl),
10(D>) and (E) are used as inward-pointing facet normal vectors of the moment polytope
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A(Xy, K;(:) In particular, §p(D;) and §p(D,) determine the positive restricted Weyl
chamber. Indeed, §0(D;) = {zay gives an inequality

1 1
— . . _ - _ >
<16zx1,x 201 +y - 207 2p9> 16(2x 16) > —1
because 209 = 167 + 16a; = 1601 + 16@,. As p(E) = —lay — Lay gives a domain
{x 201 4+y-200 € M®R : x +y < 17}, the moment polytope A(X4, K;(:) is the
intersection of this half-space with the positive restricted Weyl chamber. Thus A(X4, K;(j)
is the convex hull of three points 0, 341, 34@; in M @R. O

Corollary 4. The smooth Fano embedding X, of E¢/ F4 with Picard number one admits a Kihler—
Einstein metric.

Proof. As the multiplicity of each restricted root in the restricted root system ®y is eight,
the Duistermaat-Heckman measure on M ® R is given as

s x VB A\Brx VB NS
aeql;l\q)gx(oc,p)dp—x (—E+7y> <§+7y) dxdy.

Then, the barycenter

221 221\/§> 221
X 209

barDH(A4) = (3?/]7) = (27/27 = 716

is in the relative interior of the translated cone 205 + C, (see Figure 4). Therefore, X4 admits
a Kdhler—Einstein metric by Proposition 1. [

- barpp(Ag)

N

[
N> o}
u . (94

4
aC0 1

Figure 4. Ay = A(Xy, K;(j).

3.5. Smooth Fano Embedding of G/ (SL(2,C) x SL(2, C)) with Picard Number One

Let 6 be the unique nontrivial involution on the simple algebraic group Gy. Then, G%
is isomorphic to SL(2,C) x SL(2,C), but ®° is empty and the restricted root system @y is
the root system of type G,. The spherical weight lattice M = X(T/T N G?) is generated by
2A for weights A € X(T) of a maximal torus T C Gy, so that the dual lattice \V is generated
by the coroots %lev, %zxzv.

Let X5 be the smooth Fano embedding of G,/ (SL(2,C) x SL(2, C)) with Picard num-
ber one. Using the description in [28], we know that the two colors D1, D, and the G-stable
divisor E in X5 have the images ay, say and —1@) in N, respectively. Recall that

the maximal colored cone of its colored fan is (Cone(ay, —@5 ), {D;}) from Theorem 6
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of [28]. Then we have two relations 2D; — D, = 0 and —3D; + 2D, — E = 0, so that
D2 = 2D1 =2Ein PIC(XS)
Choose a realization of the root system G, in the Euclidean plane R? with a; = (1,0)

and ap = (— 3, ?) . Then, the complex Lie group G, has six positive roots:

Pt = {0(1,0(2,0(1 + ap, 2000 + ap, 301 + ap, 3q -|-20(7_}

(o (29 (1 (D) Don)

From the relation (¢}, @;) = 4;;, the fundamental weights corresponding to the system

of simple roots are @1 = (%, @), @, = (0,/3).

Proposition 7. Let X5 be the smooth Fano symmetric embedding of G,/ (SL(2,C) x SL(2,C))
with Picard number one. The moment polytope As = A(Xs, K;(:) is the convex hull of three points
0, 801, 4y in M @ R.

Proof. From the colored data of G,/ (SL(2,C) x SL(2,C)) and the G-orbit structure of X5,
we know the relation —Kx, = Dj + D, + E of the anticanonical divisor. Using Proposition 2,
p(D1), p(Dy) and p(E) are used as inward-pointing facet normal vectors of the moment
polytope A(X5,K;(5l). As before, p(D;) and p(D;) determine the positive Weyl chamber.

Indeed, p(D;) = %ay gives an inequality

1., 1

Etxl,xla)l +y -2y —2p9 ) = E(Zx—Z) > -1
because 209 = 1001 + 6y = 271 + 2@;. As p(E) = f%wzv = (O, —%) gives a domain
{x-201+y- 20, € MR : x+2y < 4} from (@), @;) = 1and (@5, @;) = 2, the moment
polytope A(Xs, K;(Sl) is the intersection of this half-space with the positive Weyl chamber.
Thus, A(Xs, K;(:) is the convex hull of three points 0, 8@ = (4,4\@), 4w, = (0, 4\@) in
M@R. O

Corollary 5. The smooth Fano embedding Xs of G/ (SL(2,C) x SL(2, C)) with Picard number
one admits a Kihler—Einstein metric.

Proof. For p = (x,y), the Duistermaat-Heckman measure on M ® R is given as

al;L k(a,p)dp = x( — %x—k ?y) (— %x+ ?y) (%x+ ?y) (%x+ ?y) (V/3y) dxdy.

From Proposition 7, we can compute the volume

Volpy (As) = /04\/3/0‘% x( - %x + ?y) ( — %x + ?y) (%x + ?y) (%x + ?y) (V/3y) dxdy

=29,952V/3,
and the barycenter

512 32v/3

barpy(As) = (%,7) = (2739> ~ (1.875,3.556 x V/3)
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of the moment polytope As with respect to the Duistermaat-Heckman measure. Therefore,
barpp (As) is in the relative interior of the translated cone 209 + C(j (see Figure 5), so X5
admits a Kdhler-Einstein metric by Proposition 1. [

Figure 5. A5 = A(Xs, Ky !).

3.6. Smooth Fano Embedding of (Gy x Gy) /Gy with Picard Number One

As explained in Section 3.2, the simple algebraic group G, can be considered as a
symmetric homogeneous space (G, x Gy)/diag(G,) under the action of the group G, x G,
for the involution 0(g1,82) = (82,81), 81, %2 € Gy. The spherical weight lattice M can be
identified with the character group X(T) of a maximal torus T C G; by the projection to
the first coordinate, and the dual lattice A is generated by the coroots oclv , oczv .

Let X be the smooth Fano embedding of (G, x G)/G;, with Picard number one.
Using the description in [28], we know that the two colors Dy, D, and the G-stable divisor
E in X4 have the images p(D;) = &, p(Dz) = ay, and p(E) = —w@, in N, respectively.

Proposition 8. Let X be the smooth Fano symmetric embedding of (G X Gy) /Gy with Picard
number one. The moment polytope Ag = A(X6,K;(61) is the convex hull of three points 0, 71,

Zwyin MR

Proof. From the colored data of (G, x Gp)/G; and the G-orbit structure of X, we know
the relation —Kx, = 2D + 2D, + E of the anticanonical divisor. Using Proposition 2,
10(D1), 3p(D2), and p(E) are used as inward-pointing facet normal vectors of the moment
polytope A(Xs, K;(()l) As 20 = 100 + 60y = 201 + 20, 1p(D;) = 1ay gives an inequality

1 1
<2041V,x~c01 +y'w2—2p9> = E(x—z) > —1.

Therefore, $0(D1) and 1p(D,) determine the positive Weyl chamber. In the same way,
as p(E) = —@, gives a domain {x-@; +y-@; € MR : x+2y < 7}, the moment
polytope A(Xe, K;(él) is the intersection of this half-space with the positive Weyl chamber.
Thus A(Xg, K;%l) is the convex hull of three points 0, 701 = (%, %ﬁ> , %c@z = (0, 77\/3> in
MeR. O

Corollary 6. The smooth Fano embedding X of (Ga X Gz)/ Gy with Picard number one admits a
Kihler—Einstein metric.
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Proof. We can compute the barycenter of Ag with respect to the Duistermaat-Heckman

measure
139601 49+v/3
barpy(Ag) = (%,7) = (79360’ 1\5f> ~ (1.759,3.267 x \/g)
from
Y
[T a3 VB N2 1 VB N2 VB N2 VB2 2
VOIDH(A6)_/() /0 x( 25t y) ( 2t y) <2x+ 2 y) (2"+ 2 y) (V3y)* dxdy.

As 209 = (1,3v/3) and the cone C; is generated by the vectors (1,0) and (-3, V3),
the barycenter barpy(Ag) is in the relative interior of the translated cone 2py + C(j (see
Figure 6). Therefore, X admits a Kdhler-Einstein metric by Proposition 1. O

Figure 6. Ag = A(Xg, K;((}).

Finally, by Ruzzi’s classification of the smooth projective symmetric varieties with
Picard number one in [18], Corollaries 1-6 imply the following statement. Therefore,
we conclude Theorem 1.

Theorem 2. All smooth Fano symmetric varieties with Picard number one admit Kihler—Einstein metrics.
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