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Abstract: Recently, two general methods for evaluating matrix polynomials requiring one matrix
product less than the Paterson-Stockmeyer method were proposed, where the cost of evaluating
a matrix polynomial is given asymptotically by the total number of matrix product evaluations.
An analysis of the stability of those methods was given and the methods have been applied to
Taylor-based implementations for computing the exponential, the cosine and the hyperbolic tangent
matrix functions. Moreover, a particular example for the evaluation of the matrix exponential
Taylor approximation of degree 15 requiring four matrix products was given, whereas the maximum
polynomial degree available using Paterson—-Stockmeyer method with four matrix products is 9.
Based on this example, a new family of methods for evaluating matrix polynomials more efficiently
than the Paterson-Stockmeyer method was proposed, having the potential to achieve a much higher
efficiency, i.e., requiring less matrix products for evaluating a matrix polynomial of certain degree, or
increasing the available degree for the same cost. However, the difficulty of these family of methods
lies in the calculation of the coefficients involved for the evaluation of general matrix polynomials
and approximations. In this paper, we provide a general matrix polynomial evaluation method for
evaluating matrix polynomials requiring two matrix products less than the Paterson-Stockmeyer
method for degrees higher than 30. Moreover, we provide general methods for evaluating matrix
polynomial approximations of degrees 15 and 21 with four and five matrix product evaluations,
respectively, whereas the maximum available degrees for the same cost with the Paterson-Stockmeyer
method are 9 and 12, respectively. Finally, practical examples for evaluating Taylor approximations
of the matrix cosine and the matrix logarithm accurately and efficiently with these new methods

are given.

Keywords: efficient; matrix polynomial evaluation; matrix function; Taylor approximation; cosine;

logarithm

1. Introduction

The authors of [1] presented a new family of methods for the evaluation of matrix
polynomials more efficiently than the state-of-the-art method from [2] by Paterson and
Stockmeyer (see [3], Section 4.2). These methods are based on the multiplication of matrix
polynomials to get a new matrix polynomial with degree given by the sum of the degrees
of the original matrix polynomials. The main difficulty in these methods lies in obtaining
the coefficients involved for the evaluation of general matrix polynomials. In this sense,
the authors of [1] (Section 3) gave two concrete general methods for evaluating matrix
polynomials requiring one less matrix product than the Paterson-Stockmeyer method.
Regarding the cost of evaluating matrix polynomials, since the cost of a matrix product,
denoted by M, is O(n®) for n x n matrices, and both the cost of the sum of two matrices
and the cost of a product of a matrix by a scalar are O(nz), similarly to [3] (Section 4.2) the
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overall cost of the evaluation of matrix polynomials will be approximated asymptotically
by the total number of matrix products.

The stability of the two methods from [1] (Section 3) was also analyzed and ap-
plications to the Taylor approximation of the exponential and cosine matrix functions
were given.

The two general polynomial evaluation methods from [1] (Section 3) named above
were applied in [4,5] and for the evaluation of Taylor polynomial approximations of the
matrix exponential and the matrix cosine more efficiently than the state-of-the-art Padé
methods from [6,7].

Moreover, the authors of [1] (Example 5.1) provided a polynomial evaluation formula
for computing the matrix exponential Taylor approximation of degree 15 with cost 4M,
whereas the maximum available degree for that cost using the two general methods from [1]
(Section 3) named above is 12. Based on this example, the authors of [5] (Section 3) proposed
other new particular evaluation formulae for computing the matrix exponential Taylor
polynomial approximations of degrees 15, 21, 24, and 30 that had cost 4M, 5M, 6M, and
7M, respectively. In [8], the authors proposed a particular method for evaluating the matrix
exponential Taylor approximations with the lower degrees 12, 18, and 22 with cost 4M, 5M,
and 6M, respectively (see [8], Table 3). Note that general methods for the evaluation of
matrix polynomials more efficiently than Paterson-Stockmeyer method are provided in [1],
whereas [8] deals with the concrete case of the matrix exponential Taylor approximation.
Moreover, (7) from [9] is equivalent to the particular case of taking s = 1 in (62)-(65)
from [1]. This work was submitted in October 2016, and evaluation Formulas (62)-(65)
were first introduced as (25)—(28) of the early unpublished version [10] of February 2016,
whereas [8] is an updated version of the unpublished reference [9] released more than one
year later, i.e., October 2017.

In this paper, we generalize the results from [5] (Section 3) given there for the particular
case of the matrix exponential Taylor approximation of degrees 15, 21, 24, and 30. These
generalizations consist of giving general procedures for:

¢  Evaluating polynomial approximations of matrix functions of degrees 15 and 21 with
cost 4M and 5M, respectively.

e Evaluating matrix polynomials of degrees 6s with s = 3,4, ... with cost (s 4+ 2) M.

¢ Evaluating matrix polynomials of degrees greater than 30 with two matrix products
less than the Paterson-Stockmeyer method.

Finally, examples for computing Taylor approximations of the matrix cosine and the

matrix logarithm efficiently and accurately using those evaluation formulae are given.
Regarding Taylor approximations, if

f(X) = Zaixi/

i>0

is the Taylor series of the matrix function f(-), where X € C"*", then
m .
Tm(X) = Z ain/
i=0

is its Taylor approximation of order m (for the convergence of matrix Taylor series, see
Theorem 4.7 of [3], p. 76).

From [11] (Section 1), a matrix X € C"*" is a logarithm of B € C"*" if eX = B.
Therefore, any nonsingular matrix has infinitely many logarithms and we will focus on the
principal logarithm, denoted by log(B). For a matrix B € C"*" with no eigenvalues on R~
the principal logarithm is the unique logarithm whose eigenvalues have imaginary parts
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lying in the interval (—7t, 71). Therefore, in the given examples, we will assume that B has
no eigenvalues on R~ and we will take the logarithm Taylor series

log(B) =log(I — A) = — Y A’/i, where A=1-B. (1)

i>1

The exponential matrix has been studied in numerous papers (see [3] (Chap. 10),
and [5,6,8,12] and the references therein). This matrix function can be defined by

Xi
exp(X) =) —- 2
s
The matrix cosine has received attention recently (see [4,7] and the references therein).
This matrix function can be defined by

. y2i . vi
cos(X) =Y (—1)1();,)! =) (—1)1(;)!, Y = X2 ®3)

i20 iz0

Note that if we truncate the Taylor series on the right-hand side of (3) by the term
i = m, then the order of the corresponding cosine Taylor approximation is 2m.

Regarding the cost in matrix rational approximations, note that the multiplication
by the corresponding matrix inverse is calculated by solving a multiple right-hand side
linear system. From [13] (Appendix C), it follows that the cost of the solution of multiple
right-hand side linear systems AX = B, where matrices A and B are n x n, denoted by D
(see [14], p. 11940) is

D~ 4/3M. 4)

Therefore, using (4), the cost of computing rational approximations will be also given
in terms of M.

In this article, the following notation will be used: [x] denotes the smallest integer
greater than or equal to x, and | x| the largest integer less than or equal to x. u denotes
the unit roundoff in IEEE double precision arithmetic (see [15], Section 2.2). The set of
positive integers is denoted as N. The set of real and complex matrices of size n x n are
denoted, respectively, by R"*" and C"*". The identity matrix for both sets is denoted as I.
The dependence of a variable y on the variables

X1,X2,+ -, Xn

is denoted by
y=y(x1,x2,...,Xn).

In Section 2, we recall some results for computing matrix polynomials using the
Paterson-Stockmeyer method and summarize the matrix polynomial evaluation methods
from [1]. In Section 3, we describe the general methods for computing polynomial ap-
proximations of degrees 15, 21, and 6s with s = 3, 4, ... and give examples for the Taylor
approximation of the cosine and logarithm matrix functions. Finally, in Section 4, we give
some conclusions. In this paper, we provide a method to evaluate matrix polynomials with
two matrix products less than the Paterson-Stockmeyer method and one matrix product
less than the methods from [1] (Section 3). Moreover, in this paper, we provide methods to
evaluate polynomial approximations of matrix functions of degrees 15 and 21 with cost 3M
and 4M. These methods are interesting because the maximum available degrees using the
other method proposed in this paper are 12 and 18, respectively. All of the new methods
proposed can be used in the applications for computing approximations of matrix functions
or evaluating matrix polynomials more efficiently than using the state-of-the-art methods.
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2. Efficient Evaluation of Matrix Polynomials
2.1. Paterson—Stockmeyer Method
The Paterson-Stockmeyer method [2] for computing a matrix polynomial
m .
Pu(A) =) A, ®)
i=0
consists of calculating P, (A) as
PSw(A) = (( . (cmAS e 1 A s At cm_sI)
X A%+ s 1A Cuos 2 AT Lt opas 1 A Cm72sl)
x A®+ Cm—ZS—lASi1 + Cm72572A572 +.. Fomss1A+ Cm73sl)
X A5 4o ATV e 2 AT 24 iAol (6)

where PS,,(A) denotes the Paterson-Stockmeyer evaluation Formula (6) and s > 0is an
integer that divides m. Given a number of matrix products, the maximum degrees of P, (A)
that are available using the Paterson-Stockmeyer method are the following;:

m=s% and m=s(s+1), (7)

where s € N, denoted by m*, m* = {1,2,4,6,9,12,...} [14] (Section 2.1). The cost Cpg for
computing (6) for the values of m* are given by [14] (Equation (5)), which appear in [14]
(Table 1). In [16], the optimality of the rule m* = (Cpg — s + 2)s, where s = [Cpg/2| + 1,
was demonstrated. This rule gives the same results as (7), since if Cpg is even then Cpg =
2s — 1, and in that case m* = s(s 4+ 1), and if Cpg is odd then Cpg = 2s, and then m* = s2.
Note that, for positive integers m ¢ m*, P,u(A) = PSy,(A) can be evaluated using (6)
taking my = min{m; € m*,m; > m} and setting some coefficients as zero [1] (Section 2.1).

2.2. General Polynomial Evaluation Methods beyond the Paterson—Stockmeyer Method

The authors of [1] (Example 3.1) give a method to compute Pg(A) from (5) with a cost
of 3M with the following evaluation formulae

Y2 (A) = A%(q4A% + 3 A), 8)
y12(A) = (Y02 (A) + 12 A% +11A) (Y2 (A) + 52A%) ©)
+S()]/02(A> + tzAZ +tHA+tl,

where g4, g3, 12, 71, S2, S0, t2, t1, and ty are complex numbers. In order to compute (5) with
m = 8, if we equate y12(A) = Py (A) from (5), then the system of eight equations with
eight coefficients from (16)—(24) from [1] arises. In this system, some coefficients can be
obtained directly from the polynomial P, (A) coefficients as

qa = £./cs, (10)
93 = ¢7/(244), (11)
tr = ¢, (12)
t1 = ¢y, (13)
to = co, (14)

and the remaining equations can be reduced by variable substitution to a quadratic equation
on sp. This equation gives two solutions for g4 = /cg and two more solutions for g4 =
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—4/cg. The remaining coefficients can be obtained from sy, 44, and g3. From (11), one gets
g4 # 0 giving condition
cs # 0, (15)

for coefficient cg in P, (A) from (5).

In order to check the stability of the solutions of g;, 7;, and s; rounded to IEEE double
precision arithmetic, the authors of [1] (Example 3.1) proposed to compute the relative
error for each coefficient ¢;, for i = 3,4, ..., 8 substituting those solutions into the original
system of Equations (16)—(24) from [1]. For instance, from (10), it follows that the relative
error for cg using g4 rounded to IEEE double precision arithmetic is

lcs — &3]/ |cs),

where §y is the value g4 = 4-/cg rounded to IEEE double precision arithmetic. Then, if the
relative errors for all the expressions of the coefficients c; are of order the unit roundoff in
IEEE double precision arithmetic, i.e., u = 2753 2 1.11 x 1078, then the solution is stable.

In [1] (Table 4), one of the solutions rounded to IEEE double precision arithmetic
for evaluating the Taylor polynomial of the exponential and cosine functions is shown.
These solutions were substituted into the original system of equations to calculate the
relative error for c;, fori = 3,4, ...,8 (see [1], Example 3.1), giving a relative error of order
u, turning out to be stable solutions. Moreover, the numerical tests from [1] (Example 3.2)
and [4,5] also show that if the relative error for each coefficient is O(u), then the polynomial
evaluation formulae are accurate, and if the relative errors are O(10u) or greater, then the
polynomial evaluation formulae are not so accurate.

The authors of [1] (Section 3) also provided a more general method for computing
matrix polynomials Py, (A) from (5) of degree m = 4s based on the evaluation formulae

S .
Yos(A) = A°) qs AT, (16)
i=1

]/15(A> = <]/0s(A) + 2 riAi> (]/OS(A) + ZSiAl)
i=1 =2
+so10s(A) + Z LA (17)
i=0

where s > 2, g5, 4, 5; and t; are scalar coefficients, qos = 4/c4s # 0 and then c4s # 0
for coefficient cys from Py, (A). Note that Al i=23,...,5sare computed only once. The
degree and computing cost of y15(A) are given by (36) of [1], i.e., dy,, = 4sand Cy,, =s+1,
s = 2,3,..., respectively. A general solution for the coefficients in (16) and (17) is given
in [1] (Section 3), with the condition

css 7 0. (18)

Given a cost C(M), the maximum orders that can be reached when using the
Formulae (16) and (17) and the Paterson-Stockmeyer method are shown in [1] (Table 5).

Proposition 1 from [1] (Section 3) shows a method for computing matrix polynomials
combining the Paterson-Stockmeyer method with (17) as

Zkps (X) = (( . (yks(x)xs + ap_1xs_1 + ap,zxs_z +ootap s+ ap,s)
x x°+ ap,s,lxsf1 + ap,s,zxsf2 +.otap s+ ap,zs)

X x° + ap72571x571 + ﬂp—25—2x572 Tt ap3sp1X + ap—as)

X x4 a1 V4 ag_ox5 2 4.+ agx + ag, (19)
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where k = 1, p is a multiple of s and ys(x) = y15(x) is evaluated using (16) and (17).
This allows one to increase the degree of the polynomial to be evaluated. The degree of
zlps(A) and its computational cost are given by (53) of [1], i.e., dzlps =4s+p, Czlps =
(1+ s+ p/s)M, respectively. Ref. [1] (Table 6) shows that evaluating a matrix polynomial
using (19) requires one less product than using the Paterson-Stockmeyer Formula (6).

Proposition 2 from [1] (Section 5) gives general formulae more efficient than the
formulae of the previous methods, whenever at least one solution for the coefficients in
(62)—(65) from [1] (Prop. 2) exists so that y(x) is equal to the polynomial Py, to evaluate.
The maximum polynomial degree and the computing cost if x = A, A € C"*", are given
by (66) of [1],i.e., dy,, = 2kt Cy,. = (s + k) where d,,_increases exponentially while Cy,_
increases linearly. (17) is a particular case of (65) from [1] where k = 1.

3. Three General Expressions for y25(A)

This section gives general procedures to obtain the coefficients of y,5(A) from (65)
from [1] with k = 2, generalizing the results from [5] (Section 3) for the evaluation of
the matrix exponential Taylor approximations of degrees 15, 21, 24, and 30, also giving
formulae for evaluating matrix polynomials of orders 6s, wheres =2,3,...

3.1. Evaluation of Matrix Polynomial Approximations of Order 15 with ys(A), s = 2.

The following proposition allows to compute polynomial approximations of order 15
with cost 4M. Note that from [1] (Table 8), the maximum available order with cost 4M is 9
for the Paterson-Stockmeyer method and 12 for the method given by (16) and (17).

Proposition 1. Let y15(A) and y(A) be

8 .
yi2(A) = ) A, (20)
=2
Y2(A) = (y12(A) + b A? + d1A) (y12(A) + eoyoa(A) + e1A)
+foy12(A) + goyoa (A) + ho A2 4+ hi A + kg, (21)

and let Py5(A) be a polynomial of degree 15 with coefficients b;

15 ,
Pis(A) =) biA" (22)
i=0
Then,
16 ,
yn(A) =) a A, (23)
i=0

where coefficients a; are functions of the following variables
a; = ai(CSI C7,...,C2, dZ/ dl/ €1, 6o, fOI gO/ hZ/ hl/ hO)/ i = Or 1/ sy 16/

and there exist at least one set of values of the 16 coefficients cg, c7, . .., ¢, da, d1, €1, €o, fo, Lo, 2,
hq, hg so that
a;="b;, i=0,1,...,15, (24)

and
a16 = c3, (25)
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provided the following conditions are fulfilled:

& # 0, (26)

317%5 7& 8514C§, (27)

27b85c82/% 4 57603, b3c3>/? # 51263457/ + 216byabiscy . (28)

Proof of Proposition 1. Note that y1,(A) from (20) is a matrix polynomial of degree 8.

Therefore, if condition (26) holds, then Example [1] (Example 3.1) gives four possible

solutions for evaluating y15(A) using the evaluation Formulas (8) and (9) with cost 3M.

Similarly to [5] (Section 3.2), we will denote these four solutions as nested solutions.
Using (10) and (11), one gets that o> (A) from (8) can be written as

Yoo (A) = £A%(\ /g A% +c7/(24/Cg) A). (29)

Then, taking the positive solution in (29), if we equate y2(A) from (23) to Py5(A) from
(22), we obtain the following nonlinear system with 16 coefficients ¢;, i =2, 3,...,8, dp, d1,
e1, €, fo, S0, M2, h1, ho:

a5 = 2c7cg = bys,

14 = 7% +2c6c5 = byy,

a13 = 2c5c8 + 2c6cy = bys,

a1y = c6® + cg(ca + /Cs0) + cacs + 2¢507 = by,

a11 = c7(cs + \/cgeq) + cacg + cacy + 2c5c6 + C3 (Cs + Z\F) b1,
2
a1p = c52 + c(ca + v/Cgeo) + Y cosicg_i + 7 (63 + 2\?) +cg(ca +da) = by,
iz0

a9 = c5(cq + +/csep) + ZC2+1C7 it Ce (C3+ 2\/7) +c7(ca+dy) +cg(dy +eq1) = bo,
i=0

ag = cq(cq + /Cgeg) + cace + c3¢5 + C5 (03 + zcj/e%) (30)

+eg(cp +do) +c7(dy +eq) +Csf0 = bs,

ay; = ¢ (C4+\/>€0)+C2C5+C4( )+c5(cz+d2)+c6(d1+31)+C7f07b7,

N

ag = €24+ 03( ) + (c2 +d2)(ca + +/cgeo) +c5(d1 +e1) + cofo = be,

2\/7
a5 = dl\/@(?o + cpc3 + (Cz + dz)(

2\/>) +C4(d1 +€1) + C5f0 = bs,

ay = dl +c2(cz+d2)+c3(d1+e1)+c4f0+\ﬁgo = by,

26

a3 = e1dr + Cz(d1 + 61) +cafo+ 730 _ b3,
2\/cs

ay = diey +cafo+hy =Dby,

a = h1 =1,

ap = ho =1.

This system of equations can be solved for a set of given variables b;,i = 1,2,...,15,
using variable substitution with the MATLAB Symbolic Toolbox using the following MAT-
LAB code fragment (we used MATLAB R2020a in all the computations):

% MATLAB code fragment 4.1: solves coefficient c8 of

% the system of equations (30) for general coefficients bi

1 syms A c2 c3 c4 c5 c6 c7 c8 dl d2 e0 el fO g0 h2 hl hOI

2 syms b0 bl b2 b3 b4 b5 b6 b7 b8 b9 bl0 bll bl2 bl3 bl4 bl5 bl6
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c=[c2;c3;c4;c5;c6;c7;c8];

b=[b16;b15;b14;b13;b12;b11;b10;b9;b8;b7;b6;b5;b4;b3;b2;b1;b0];
yO0=A"2% (sqrt (c8) *A"2+c7/(2%sqrt (c8))*A); % y0> 0 from (29)

y2=(y1+d2*A"2+d1*A) * (y1+e0*yO+e1*A) +f0*y1+g0*y0+h2*A~2+h1*A+hOT;

[cy2,al]l=coeffs(y2,A);

3
4
5
6 yl=sum(c.*A."([2:8]°));
7
8
9 cy2=cy2.7;

10 v=[cy2 b al.’]%v shows the coefficients of each power of A
11 cy2=cy2(2:end)-b(2:end); %System of equations
12 c7s=solve(cy2(1),c7,’ReturnConditions’,true); %c7s=£f(c8,bi)

13 c7s.conditions %c8 "= 0 condition for the existence of solutions

14 c7s=c7s.c7;
15 cy2=subs(cy2,c7,c7s);

16 c6s=solve(cy2(2), c6); %c6bs depends on c8 bi

17 cy2=subs(cy2,c6,c6s);

18 cbs=solve(cy2(3), c5); %cbs depends on c8 bi

19 cy2=simplify(subs(cy2,c5,cbs));

20 symvar(cy2(4)) %cy2(4) depends on c8, c4, e0 bi

21 eOs=solve(cy2(4), e0);
22 cy2=simplify(subs(cy2,e0,e0s));

23 symvar(cy2(5)) %cy2(5) depends on c8, c3, c4, bi

24 c3s=solve(cy2(5), c3);

25 cy2=simplify(subs(cy2,c3,c3s));

26 symvar (cy2(6)) %cy2(6) depends only on
27 d2s=solve(cy2(6), d2);

28 cy2=simplify(subs(cy2,d2,d2s));

29 symvar (cy2(7)) %cy2(7) depends only on
30 dis=solve(cy2(7), d1);

31 cy2=simplify(subs(cy2,d1,d1s));

32 symvar(cy2(8)) %cy2(8) depends only on
33 fO0s=solve(cy2(8), f0);

34 cy2=simplify(subs(cy2,f0,f0s));

35 symvar(cy2(9)) %cy2(9) depends only on
36 c8s=solve(cy2(9), c8)

c8,

c8,

c8,

c8,

c2,

d1,

c4,

b7,

d2,

el,

fo,

b8, ...

bi

bi

bi

,blb

Since cy2(9) from the code fragment line 35 depends only on coefficients b;, for
i=17,8,...,15,and cg, the solutions for cg are given by the zeros of equation cy2(9) with
the condition given by MATLAB code fragment line 13, i.e., condition (26). solve function
gives 16 solutions for cg. They are the roots of a polynomial with coefficients depending on

variables b;, fori =7,8,...,15.

Once the 16 solutions for cg are obtained for concrete values of the coefficients b;,
i =0,1,...,15, the remaining variables can be obtained with the following MATLAB

code fragment:

% MATLAB code fragment 4.2: solves coefficient c2 of the

% MATLAB piece of code 4.1

1 symvar (cy2(10)) %cy2(10) depends on c8, c2, c4, bi
2 cds=solve(cy2(10), c4) % two solutions depending on c8, c2, bi
3 cy2=simplify(subs(cy2,c4,c4s(1)))%change c4s(1) for c4s(2) for

more solutions

4 symvar(cy2(11)) %cy2(11) depends on c8, c2, el, bi

5 els=solve(cy2(11), el)

system of equations (30) for general coefficients bi by
using the solutions for coefficient c8 obtained using the
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6 cy2=simplify(subs(cy2,el,els))

7 symvar(cy2(12)) %cy2(12) depends on c8, c2, g0, bi
8 gOs=solve(cy2(12), g0, ’ReturnConditions’,true)

9 gOs.conditions Y%conditions for the existence of solutions:
%3*b1572 "= 8%b14%c872 &

%27*¥b1576%c8” (45/2) + 576%b14"2*b157°2*c87(53/2) ~=
%512%b1473%c87 (57/2) + 216%b14xb15°4%c8"(49/2) &
%c8 "= 0

10 g0s=g0s.g0

11 cy2=simplify(subs(cy2,g0,g0s))

12 symvar(cy2(13)) %cy2(13) depends on c8, c2, bi

Since cy2(13) depends only on coefficients b;, for i = 3,4,...,15, cg, and cy, sub-
stituting the values obtained previously for cg in cy2(13), the solutions for c; are given
by the zeros of equation cy2(13) with the conditions given by line 9 from MATLAB code
fragment 4.2 when solving cy and g, given by (26)~(28). Both code fragments are available
(http:/ /personales.upv.es/jorsasma/Software/coeffspolm15plus.m  (accessed  on
24 June 2021)).

All of the coefficients c7, cg, ..., ¢3, da, d1, €1, €, fo, L0, can be obtained from c;, cg
and b;, i =0,1,...15, and then }; can be obtained from the three last equations of system
(30) as

hy = by —dye; — cofo, (31)
hy = by, (32)
ho = be. (33)

Finally, using (20) and (21), coefficient a1¢ from (23) is given by (25).

Hence, for any values of the coefficients b;, i = 0,1,...,15, of the polynomial (22),
then there exist at least one solution of system (30) giving a set of values of the coefficients
from y,(A) from (20) and (21) so that (24) and (25) hold, provided conditions (26)—(28)
are fulfilled. O

Given certain coefficients b;, i = 1,2,...,15 for Pj5(A) from (22), using MATLAB
code fragments 4.1 and 4.2, one can get typically more than one solution of system (30).
Moreover, if we take the negative sign in (29) another set of solutions fulfilling (24) can
be obtained. For each of those solutions there are also different solutions for the nested
solutions for evaluating (20) with the solutions from Example [1] (Example 3.1).

For each of those solutions, coefficient a1 from y (A) in (23) is given by (25). For the
particular case of the matrix exponential Taylor approximation from [5] (p. 209), there were
two real solutions of cg giving

|3 —1/16!|16! ~ 0.454, (34)
|3 —1/16!16! ~ 2.510. (35)

Therefore, we selected the first solution (34) since both solutions were stable according
to the stability study from Section 2.2 (see [1], p. 243), but (34) had a lower error for
a1 with respect to the corresponding Taylor coefficient 1/16!. Then, considering exact
arithmetic, one gets that the matrix exponential approximation from y,(A) in evaluation
Formulas (10)-(12) from [5] (p. 209) with the coefficients from [5] (Table 3) is more accurate
than the exponential Taylor approximation of order 15. For that reason, the corresponding
Taylor approximation order was denoted by m = 15+ in [5] (Section 4).

Recently, in [17], an evaluation formula of the type given in Proposition 1 was used
to evaluate a Taylor polynomial approximation of degree 15+ of the hyperbolic tangent.
However, in this case, all the solutions obtained were complExample We tried different
configurations of the evaluation formulae giving degree 15+, but all of them gave complex
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solutions. Then, we proposed the similar evaluation Formula (11) from [17] (p. 6) with
degree 14+ that did give real solutions. Similarly to (34), in the case of the hyperbolic
tangent, the relative error of the coefficients a;, i = 15, and 16 was also lower than 1—
concretely, 0.38 and 0.85, respectively (see [17], p. 6). This method was compared to
the Paterson-Stockmeyer method being noticeably more efficient without affecting the
accuracy (see [17], Section 3) for details. Proposition 1 allows us to evaluate polynomial
approximations of degree 15 not only for the matrix exponential or the hyperbolic tangent
but also for other matrix functions. If all the given solutions were complex, we can modify
the formula to evaluate approximation formulae with a lower degree, such as 14+, to check
if they give real solutions.

Example 1. In [4] (Section 2), we showed that the solutions for the coefficients of the polynomial
evaluation method similar to [5] (Section 3.2) of the matrix cosine Taylor approximation of order
2m = 30+ were not stable, giving poor accuracy results. Using Proposition 1, this example gives a
stable solution for calculating a Taylor-based approximation of the matrix cosine with a combination
of formula (21) with the Paterson—Stockmeyer method from (19). Settingk = p = s = 2 in (19)
and yys = Yoo from (21), one gets
17
202(B) = y2(B)B* — B/2+1 = Pi7(B) = ) _ b;B' + a13B", (36)
i=0

where B = A? and 25 (B) is a Taylor-based approximation of the matrix cosine (3) of order
2m = 34+, ie, b = (—1)'/(2i)! fori = 0,1,...,17, coefficient ayg is given by a5 = c3
(see (25)).

MATLAB code fragment 4.1 was used for obtaining all the real solutions of cg. Then, MATLAB
code fragment 4.2 was used with these solutions taking solution 1 for coefficient c4 in line 3 of
the MATLAB code fragment 4.2. Then, we obtain the equation cy2(13) from the code fragment
in line 12 depending on cy and cg. This equation was solved for every real solution of cg, using
the MATLAB Symbolic Math Toolbox with variable precision arithmetic. Finally, we obtained the
nested solutions for computing (20) with (8) and (9) with q4 > 0 from (10).

The real solutions of system (30) rounded to IEEE double precision arithmetic explored in [4]
(Section 2) gave errors of order > 1014, greater than the unit roundoff in IEEE double precision
arithmetic u = 2753 ~ 1.11 x 10716, Using MATLAB code fragments 4.1 and 4.2, we checked that
there is no solution with a lower error. Then, according to the stability check from Section 2.2, the
solutions are unstable, and we checked in [4] that they gave poor accuracy results. However, using
Proposition 1, for 2m = 34+, we could find two real solutions of system (30) giving a maximum
error of order u. For those two solutions, aig gave

Q

|ﬂ18 - 1/36'|36'
|a18 — 1/36!|36!

0.394, (37)
16.591, (38)

Q

respectively. Therefore, the solution (37) giving the lowest error was selected. Table 1 gives the
corresponding coefficients in IEEE double precision arithmetic from (8) and (9) for computing (20)
with three matrix products, and the rest of the needed coefficients for computing y» (B) from (21)
with s = 2, given finally by

yo2(B) = B*(q4B” +¢3B), (39)
y12(B) = (yoz(B) + 1B + 713> (yoz(B) + 5232)

+s0y02(B) + t2B%, (40)
y2(B) = (y12(B) + d2B* + d1B) (y12(B) + eoyoa (B) + e1B)

+foy12(B) + goyo2(B) + haB* + hy B + Il (41)

Using (39)—(41) with the coefficients from Table 1 and (36), a matrix cosine Taylor approxima-
tion of order 2m = 34+ can be computed in IEEE double precision arithmetic with a cost of six
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matrix products, i.e., B = A2, B2, three for evaluating (39)—(41), and one more for evaluating (36).
The maximum available and stable order given in [4] (Section 2) with six matrix products was
2m = 30. The coefficients from Table 1 were computed with variable precision arithmetic with a
precision of 32 and 250 decimal digits to check its correctness, giving the same results.

Taking into account (3) and the selection of the solution in (37), in exact arithmetic, one gets

17 ; xZi 6
2222(x) = i;()(—l) w +agx’". (42)

where, using (39)—(41), one gets a1g = qj.

Table 1. Coefficients of ygy, y12, and yz; from (39)—(41) for computing the Taylor-based approxima-
tion zp7 (B) of order 2m = 34+ from (36) of the matrix cosine.

g4 3.571998478323090 x 10~ 11 dq —2.645687940516643 x 1073
73 —1.857982456862233 x 108 el 1.049722718717408 x 10!
2 3.278753597700932 x 10> €o 8.965376033761624 x 104
"1 —1.148774768780758 x 102 fo —1.859420533601965 x 10°
S —2.008741312156575 x 10~ 20 1.493008139094410 x 10!
S0 1.737292932136998 x 10! hy 1.570135323717639 x 10~*
ty 6.982819862335600 x 103 hy —1/6!

dy —5.259287265295055 x 10> ho 1/4!

To check if the new evaluation formulae are accurate, we compared the results of computing
the matrix cosine with function cosm from [7] with a function using the coefficients from Table 1 in
(39)-(41) and (36) with no scaling for simplicity. Since [7] used a relative backward error analysis,
we used the values of © from [15] (Table 1) corresponding to the backward relative error analysis
of the Taylor approximation of the matrix cosine, denoted by E,. Then, if ||B|| = ||A%|| < ©,
then ||Ey|| < u for the corresponding Taylor approximations. In [15] (Table 1), © for Taylor
approximation of order 16 was 9.97 and @,y = 10.18, showing two decimal digits. Then, for
our test with order 2m = 34+, we used a set of 48 8 x 8 matrices from the Matrix Computation
Toolbox [18] divided by random numbers to give ||B|| between 9 and 10. We compared the forward
error Ey of both functions

Ef = |[cos(A) = f(A)]], (43)

where function f(A) was cosmand the function using zy»(B). The “exact value” of cos(A) was
computed using the method in [19]. The total cost of the new matrix cosine computation function
2909 summing up the number of matrix products over all the test matrices is denoted by Costy,,,.
Taking into account (4), the cost for the cosm Padé function summing up the number of matrix
products and inversions over all the test matrices is denoted by Costeosm. Then, the following cost
comparison was obtained for that set of test matrices

Costcosm — Costy,,,

1
00 > Costy,,,

= 40.78%,

i.e., the cost of zppo is 40.78% lower than the cost of cosm. Moreover, the results were more accurate
in 76.60% of the matrices. Therefore, the new formulae are efficient and accurate.

3.2. Evaluation of Matrix Polynomial Approximations of Order 21

In this section, we generalize the results from [5] (Section 3.3) for evaluating poly-
nomial approximations of order m = 21 with cost 5M. Note that for that cost, from [1]
(Table 8), the maximum available orders using the Paterson-Stockmeyer method and the
evaluation Formulas (16) and (17) are 12 and 16, respectively. Applying a similar proce-
dure to that in Section 3.1 to obtain the coefficients for evaluating a matrix polynomial
approximation of order 21, in this case, a system of 22 equations with 22 unknown variables
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arises. This system can be reduced to three equations with three unknowns using variable
substitution with the MATLAB Symbolic Toolbox, provided that two of the variables are
not zero. The following proposition summarizes the results

Proposition 2. Let y13(A) and y,3(A) be

2
yi3(A) = ) GA (44)
i
y2(A) = (y13(A) +d3 A% + da A% + d1 A) (y13(A) + eoyos (A) +e1 A)
+ foya3(A) + goyos (A) + h3A® + iy A2 + A + g1 (45)

and let Py1(A) be a polynomial of degree 21 with coefficients b;

21 ,
Py (A) =) bA" (46)
i=0
Then,
24 )
ya(A) =) aAl, (47)
i=0

where coefficients a; = a;(c12,¢11, - - ., C2,d3,d2,d1, €1, €0, fo, 80, h3, ha, h1,ho), i =0,1,...,24,
and the system of equations arising when equating

aj="b;, i=0,1,...,21, (48)
can be reduced to a system of three equations of variables c1, c11 and c1p, provided

C12 75 0, € 75 0, (49)

and then variables a;, i = 22,23 and 24 are

2

arq4 = C1p,

ax = 2c11012, (50)
2

axp = cjp + 2c10C12.

Proof of Proposition 2. The proof of Proposition 2 is similar to the proof of Proposition 1.
Analogously, if condition (18) is fulfilled with s = 3, i.e., c1p # 0, then polynomial y13(A)
can be evaluated using (16) and (17) with s = 3 and cost 4M, where g3 is given by (21)
of [5] (Section 3.3), i.e.,

Yos3(A) = £A3 (Ve A® + c11/(2+/c12) A2 + (derpern — ¢4)/ (8¢3)%) A). (51)

If we apply (48), we obtain a similar system to (30). Using variable substitution
with the MATLAB Symbolic Toolbox, the MATLAB code coeffspolm2iplus.m (http://
personales.upv.es/jorsasma/Software/coeffspolm21plus.m (accessed on 24 June 2021))
similar to MATLAB code fragments 4.1 and 4.2 is able to reduce the whole nonlinear
system of 22 equations to a nonlinear system of three equations with three variables c1, c11,
and c1p. The MATLAB code coeffspolm21plus.m returns conditions (49) (see the actual
code for details.) O

If there is at least one solution for cyg, ¢11, and cy; fulfilling condition (49), all of the
other coefficients can be obtained using the values of cjq, c11, c12. Then, y13(A) from
(44) can be evaluated using (16) and (17) giving several possible solutions. Finally, the
solutions are rounded to the required precision. Then, according to the stability study from
Section 2.2 (see [1], p. 243), the solution giving the least error should be selected.
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Similarly to (34) and (35), the degree of y,3(A) of (45) is 24, but with the proposed
method, we can only set the polynomial approximation coefficients of (46) up to order
m = 21. The coefficients of a; of the power Al i =22,23, and 24 are given by (50). The
authors of [5] (Section 3.3) give one particular example of this method for calculating a
matrix Taylor approximation of the exponential function, where in exact arithmetic

ya(A) = To1(A) + a0 A% + a3 A% + ap A%, (52)

where T»; is the Taylor approximation of order m = 21 of the exponential function and

lagy — 1/221]221 ~ 0.437, (53)
|ag3 — 1/231]23! & 0.270, (54)
|agy — 1/241]24! ~ 0.130, (55)

showing three decimal digits. Again, in exact arithmetic, the approximation y»3(A) is more
accurate than Ty (A). Therefore, the order of that approximation was denoted as m = 21+
in [5] (Section 4). The experimental results from [5] showed that this method was more
accurate and efficient than the Padé method from [6].

Recently, in [17], an evaluation formula similar to (45) was used to evaluate a Taylor
polynomial approximation of the hyperbolic tangent. Similarly to (53), in the case of the
hyperbolic tangent, the relative error of the coefficients a;, i = 22, 23, and 24 was also
lower than 1—concretely, 0.69, 0.69, and 0.70, respectively (see [17], p. 7). This method was
compared to the Paterson-Stockmeyer method being noticeably more efficient without
affecting the accuracy (see [17], Section 3 for details).

Proposition 2 allows us to evaluate polynomial approximations of degree 21 not
only for the matrix exponential or the hyperbolic tangent but also for other matrix func-
tions. In the following example, we show an application for the evaluation of the Taylor
approximation of the matrix logarithm.

Example 2. In this example, we give real coefficients for computing a Taylor-based approximation
of the matrix logarithm of order m = 21+ in a stable manner based on the previous results.
Evaluating (44) using (16) and (17) with s = 3, and using (45), the following formulae can be used
to compute the approximation of order m = 21+ of the principal logarithm log(B) for a square
matrix B = I — A with no eigenvalues on R~

Yo3(A) = A3(c1 A% + A% + c3A), (56)
y13(A) = (yo3(A) + c4A’ + c5A% + c6A) (o3 (A) + c7A% + cg A?)
+coyo3(A) + c10A3 + c11 A2, (57)
y23(A) = (113(A) + c12A® + c13A% + c124) (y13(A) + 15903 (A) + c164)
+e17y13(A) + c18y03(A) + c19A% + c20A> + A, (58)

where the coefficients are numbered correlatively, and using (1), we take

log(B) =log(I — A EA/z —y23(A). (59)

i>1

The coefficients can be obtained solving first the system of equations arising from (48) with
bj=1/ifori = 1,2,...,21, by = 0. We used vpasolve (https://es.mathworks.com/help/
symbolic/vpasolve.html (accessed on 24 June 2021)) function from the MATLAB Symbolic Com-
putation Toolbox to solve those equations with variable precision arithmetic. We used the Random
option of vpasolve, which allows to obtain different solutions for the coefficients, running it 100
times. The majority of the solutions were complex, but there were two real stable solutions. Then,
we obtained the nested solutions for the coefficients of (16) and (17) with s = 3 for computing poly-
nomial (44) with four matrix products (see [1], Section 3), giving also real and complex solutions.
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Aguain, we selected the real stable solution given in Table 2. This solution avoids complex
arithmetic if the matrix A is real. The relative errors of the coefficients of A??, A?® and A%
of y23(A) with respect to the corresponding Taylor approximation of order 24 of —log(I — A)
function are:

Ay = 3.205116205918952 x 1072, |axm —1/22]22 ~ 0.295, (60)
ay; = 1.480540983455180 x 1072, |ap3 — 1/23|23 ~ 0.659, (61)
Ays = 3.754613237786792 x 1073, |apy — 1/24/24 ~ 0.910, (62)

where ayy, a3, and a4 are rounded to double precision arithmetic. Then, considering exact
arithmetic, one gets

21
ya(A) = Y A'/i+ apnA? + ap A% + 0y AP, (63)
i=1

which is more accurate than the corresponding Taylor approximation of log(B) of order m = 21.
Therefore, similarly to [5] (Section 4), the approximation order of (63) is denoted by m = 21+.

Table 2. Coefficients of g3, 113, and y23 from (56)—(58) for computing a Taylor-based approximation
of function log(B) = log(I — A) of order m = 21+.

1 2.475376717210241 x 10~} o1 —1.035631527011582 x 10~}
o 2.440262449961976 x 10! 12 —3.416046999733390 x 10~}
c3 1.674278428631194 x 101 13 4.544910328432021 x 102
Ca —9.742340743664729 x 102 C14 2.741820014945195 x 10!
c5 —4.744919764579607 x 102 15 —1.601466804001392 x 10°

C6 5.071515307996127 x 10! 16 1.681067607322385 x 101
cy 2.025389951302878 x 10! 17 7.526271076306975 x 10!
cg —4.809463272682823 x 102 18 4.282509402345739 x 102
Co 6.574533191427105 x 10~} 19 1.462562712251202 x 10!
€10 3.236650728737168 x 107! 20 5.318525879522635 x 10!

The 0 values such that the relative backward errors for the Padé approximations are lower
than u are shown in [11] (Table 2.1). The corresponding 0 value for the Taylor approximation of
log(I — A) of order m = 21+, denoted by 0,1, can be computed similarly (see [11] for details),
giving 611 = 0.211084493690929, where the value is rounded to IEEE double precision arithmetic.

We compared the results of using (56)—(58) with the coefficient values from Table 2, with the
results given by function logm_iss_full from [20]. For that comparison, we used a matrix test set
of 43 8 x 8 matrices of the Matrix Computation Toolbox [18]. We reduced their norms so that they
are random with a uniform distribution in [0.2, 01| in order to compare the Padé approximations
of logm_iss_full with the Taylor-based evaluation Formulas (56)—(58) using no inverse scaling
in none of the approximations (see [11]).

The “exact” matrix logarithm was computed using the method from [19]. The error of the
implementation using Formula (58) was lower than logm_iss_full in 100% of the matrices with
a 19.61% lower relative cost in flops. Therefore, evaluation Formulas (56)—(58) are efficient and
accurate for a future Taylor-based implementation for computing the matrix logarithm.

3.3. Evaluation of Matrix Polynomials of Degree m = 6s

The following proposition generalizes the particular cases of the evaluation of the
matrix exponential Taylor approximation with degrees m = 24 and 30 from [5] (Section 3.4)
for evaluating general matrix polynomials of degree m = 6s,5s =2, 3,...
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Proposition 3. Let yos(A), y15(A), and ys(A) be the polynomials
]/OS = A® Z estiAA (64)
yls 2 Cj AZ (65)
S .
y2s(A) = y15(A <]/Os Ze Al ) =+ ZfiAl/ (66)
i=0
and let Py, (A) be the polynomial
65 )
A) =Y bA" (67)
i=0
Then,
Yos(A Z 1Al (68)

where coefficients a; = a;(c;, ej,fk), i=1,2,...,45,j=12,...,25,k=0,1,...,s, and if
bes # 0, (69)
then, if we equate y5(A) = Py (A), i.e.,
a;="0b;, i=0,1,...,6s, (70)

then the following relationships between the coefficients of the polynomials yos(A), y1s(A), yas(A),
and Py, (A) are fulfilled:

a.
C4s—k = C4s—k(b63/b6s—1/-ulbés—k)/ fOTk = 0/ 1r‘-'rs - 1/

Crs_f = eZS,k(b&, b6571, ceey bésfk)/ fOT’ k=0,1,...,s—1. (71)

b.
C3s—k = CSka(b6Sr bes—1,---,bss_g,es, .- resfk)/k =0,...,s—1L (72)

C.
Cos—f = C25—k(b651 . '/b4sfk/ €s, .. .,61),]{ =0,...,s—1. (73)

d.
Cs—k = Cs_i(bgs, -+, bzs_x,€s,...,€1),k=0,...,s — 1. (74)

Proof of Proposition 3. Polynomial y15(A) from (65) can be computed using the general
method from [1] (Section 3), reproduced here as (16) and (17), provided condition (18) is
fulfilled, i.e., cq4s # 0.

a. In the following, we show that (71) holds. Taking (16) and (17) into account, one gets

y1s(A) = y5,(A) + q(A), (75)

where g(x) is a polynomial of degree lower than 3s + 1, and equating the terms of
degree 4s in (75), we obtain ep; = £/c45. On the other hand, equating the terms of
degree 65 in (66), taking condition (69) into account, we obtain

C4525 = bes,

Cas(E£/Cas) = bes,
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Cis = 3 bés 7& 0, (76)
s =+ \/3 bes # 0. (77)

Since condition (69) is fulfilled, then by (76), one gets that condition (18) is also
fulfilled. Then, polynomial y15(A) from (65) can be effectively computed using (16)
and (17), and by (76) and (77), one gets that c4; and e4; depend on by, i.e.,

Cas = Cas(bes), €25 = easf(bgs)- (78)

Equating the terms of degree 4s — 1 in (75), we obtain
C4s—1 = 2€25€25-1-

Therefore,

C45—1
€51 = 222 : 79)
S

Equating the terms of degree 4s — 2 in (75), we obtain

2
C4s—2 = 256252 + €551 + 252625,

then 5
C4s—2 — €351
2= ——— . (80)
2625
Equating the terms of degree 4s — 3 in (75), we obtain
C4s-3 = €25€25-3 T €25-1€25-2 + €25-2€25-1 + €25-3€2s,
then
_ Ca5-3 — (€25—1€25—2 + €25_2€25_1)
€25—3 = 2, .
S
Equating the terms of degree 4s — 4 in (75), we obtain
Cas—4 = €25€254 1 €25-1€25-3 + €25-2€25-2 + €25-3€25-1 + €254€25,
then
3
Cas—4 — '21 €25 —i€254i—4
=
€25—4 =
2ey;
Proceeding in an analogous way with e,;_j fork =5, 6,...,5 — 1, we obtain
k-1
Cas—k — ‘21 €5—i€2s-+i—k
=
ers_f = ,k=1,2,...,s—1. (81)
2625

On the other hand, equating the terms of degree 65 — 1 in (66), and taking (79) into
account, we obtain

_ C4s _
C45€25—1 + Ca5_1€25 = Ca5_1 (2 + €2s> = bes—1,
€25

Since

C4s5 L = (o +2€%s _ \3/ bgs +2¢ bgs . 3\3/b6s £0 (82)

2eps 2 2e74 2 bes 2 ’
then o

— 6s—1 . (83)
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Taking into account (77), (79) and (83), we obtain that c4s_1 and ep;_1 depend on bg
and bgs_1, i.e.,

cas—1 = C45-1(es, bos—1), €25-1 = €25—1(Des, bes—1)- (84)
Equating the terms of degree 6s — 2 in (66) and taking (82) into account, we obtain

C45€25—2 + Ca5_1€25—1 + C45—2€25 = bes_2,

and taking into account (80) and (82), it follows that
9%571
 bes2 —Cys1e21 + 5
-2 = 3Vbe '

(85)

On the other hand, from (77), (84) and (85), one gets that c45_» and ep;_» can be
computed explicitly depending on bg, bgs_1, and bes_2, i.e.,

Cas—2 = Cas—2(bes, bes—1,bes—2),€25—2 = €2s—2(bes, bes—1, bes—2)- (86)

Proceeding similarly when equating the terms of degrees 6s — 3, 6s —4...,55 4+ 1in
(66), one gets (71).

In the following, we show that (72) holds. Equating the terms of degree 5s in (66)
and taking condition eys # 0 from (77) into account, we obtain

C45€s + C45-1€541 + ... + C3541€25—1 + C3s€25 = s,

_ bsg — (Casls + Cas—1€541 + ... + C3541€25-1)
C3s = e .
S

Hence, taking (71) into account, it follows that

c3s = C35(bes, bs—1, - - -, bss+1, bss, €5). (87)

Equating the terms 5s — 1 in (66) and taking condition ep; # 0 from (77) into account,

we obtain
C45€s5—1 + Ca5—1€5 + ... + 35251 + C35_1€25 = b5s_1,

bss—1 — (C4s€s—1 + Cas—165 + ... 4 C35€25_1)

C3s—1 = e .
S
Hence, using (87), one gets
35—1 = C35—1(b6s, bos—1, - - -, bss, bss—1,€5,€5-1) (88)

Proceeding similarly, equating the terms of degrees 55 — 2,55 —3 ..., 4s + 1 in (66),
one gets (72).

In the following, we show that (73) holds. Equating the terms of degree 4s in (66)
and taking condition eys # 0 from (77) into account, it follows that

C45-1€1 + Cas—2€2 + ... + C2541€25—1 + Cos€as = bas,

bas — (cas—161 + Cas—n€2 + ... + Cos41€25-1)
€25

C2s =
Taking (71) and (72) into account, we obtain

Cys = CZs(bés/- . -/b4S/eS/- . -/el)'

Equating the terms of degree 4s — 1 in (66) and condition ep; # 0, one gets
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Ca5—2€1 + Ca5_3€2 + ... + Cos€2s_1 + Cos_1€25 = bgs_1,
oot = bas—1 — (Cas—2€1 + Cas—3€2 + ...+ Cos€25—1)
_—_ .
€25

Taking (71) and (72) into account, we obtain

c2s—1 = C25—1(bes, - -, bas_1,€s,...,€1).

Proceeding similarly, equating the terms of degrees 4s — 2, 4s — 3,...,3s 4+ 1 in (66)
and taking (71), (72), and condition ep; # 0 into account, one gets (73).

d.  In the following, we show that (74) holds. Equating the terms of degree 3s in (66)
and takingcondition eps # 0 into account, it follows that

C35-1€1 + €35-2€2 + ... + Cs1 16051 + Cs€s = bag,

o - bas — (C3s—1€1 + C35—2€2 + ... + C511€251)
s = .
€25

Hence, from (71)—(73), we obtain

Cs = Cs(b651- ., bsg, e, . -/31)-
Equating the terms of degree 3s — 1 in (66) and condition ep; # 0, we obtain

C35—2€1 +C35_3€2 + ...+ Csps_1 + Cs_1€25 = b3s_1,

Coq = bzs—1 — (035—26’1 + 35360+ ...+ C562571)
] = .

€2s

Hence, from (71)—(73) we obtain

Cs—1 = CSfl(b6S/ e /b?)sfl/eS/ e ,E]).

Proceeding similarly, equating the terms of degrees 3s — 2,35 —3,...,25 4 1, in (66),
one gets (74).
O

Corollary 1. If condition (69) holds, then the system of 6s + 1 equations with 7s + 1 variables
arising from (70) can be reduced using variable substitution to a system of s equations with s
variables, and if there exist at least one solution for that system, then all the coefficients from
(64)—(66) can be calculated using the solution of the system.

Proof of Corollary 1. If we equate the terms of degree 25,25 —1,...,s+ 1in (66), we obtain
the following system of equations:

Co5—1€1 + Cos—2€0 + ...+ Coeos_2 + C1e25—1 = by
Co5—2€1 + Cos—3€2 + ...+ Coe2s_3 + C1e25—2 = bps_1

Ccse1 +Cs—1€2 + ...+ s 1+ c18s = bsy1. (89)

Taking (71), (73), and (74) into account, it follows that system (89) can be written as a
system of s equations with a set of s unknown variables {e1,¢; ..., es}, where, in general,
(89) is nonlinear system since the ¢ coefficients depend on the ¢ coefficients.
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Equating the terms of degrees s,s — 1,...,0, in (66), one gets

fs = bs —cs_1e1 —cs2e2 — ... —C1€5_1,

fs-1 = bs_1—cs0e1 —cs_3e2 — ... — 1652,

fo = by —cieq,
fi = by,
fo = bo. (90)

Using (71) from Proposition 3, one gets that the values cy  and ey, for
k=0,...,5—1, can be calculated explicitly depending on the polynomial coefficients
b;fori =6s,6s—2,...,5s+1.

If there exist at least one solution of system (89), then the values c3s_, cos_x and c;_x
can be calculated for k = 0,...,s — 1 (see (72)—(74)), and coefficients f;_j can be calculated
fork =0,...,s, using (90), allowing one to obtain all the coefficients from (64)—(66). O

Using [1] (Table 6), in Table 3, we present the maximum available order for a cost
C(M) in the following cases:

e The Paterson-Stockmeyer evaluation formula.

*  zpps from (19) with k = 1, denoting the combination of (17) with the Paterson—
Stockmeyer formula proposed in [1] (Section 3.1).

*  Zpys from (19) with k = 2, denoting the combination of (66) with the Paterson—
Stockmeyer formula, whenever a solution for the coefficients of Z2ps exist.

Table 3. Maximum available approximation order for a cost C using the Paterson-Stockmeyer
method, order denoted by dps, maximum order using z;,, from (19) combining (16) and (17) with
the Paterson-Stockmeyer, denoted by d;,,, and maximum order using zps from (19) combining (66)
with the Paterson-Stockmeyer method, denoted by d, , whenever a solution for the coefficients of
Zpps exist. Parameters s and p for zpps(x) such that s is minimum to obtain the required order giving
a system (89) of s equations with minimum size.

cM 3 4 5 6 7 8 9 10 11 12 13
dps 6 9 12 16 20 25 30 36 42 49 56
ds,. 8 12 16 20 25 30 36 42 49 56 64
d,. - 12 18 24 30 36 42 49 56 64 72
Sy - 2 3 4 5 6 6 7 7 8 8
P - o o o0 0 0 6 7 14 16 24

Table 3 also shows the values of p and s for zpps(A) such that s is minimum to obtain
the required order, giving the minimum size of the system (89) to solve, i.e., s equations
with s unknown variables. Note that it makes no sense to use (66) for s = 1 and cost
C = 3M since the order obtained is m = 6s = 6 and for that cost the Paterson-Stockmeyer
method obtains the same order. Table 3 shows that evaluation formula z5,,s obtains a greater
order than z; ps for d,,; > 12. Concretely, for s,,. > 5, where the available order with zy, is
dz,, = 30,36,42,..., Z2ps allows increments 10, 11, 12.. .. of the available order with respect
to using the Paterson-Stockmeyer method, and increments of 5,5, = 5, 6, 6. .. with respect
to using z1s.

In [5], real stable solutions were found for the coefficients of (64)-(66) for the exponen-
tial Taylor approximation with degrees 6s with s = 4 and 5, i.e., 24, and 30. The following
example deals with the matrix logarithm Taylor approximation.
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Example 3. In this example, we provide real coefficients for calculating the Taylor approximation
of the principal matrix logarithm log(B) of order m = 6s = 30, s = 5, in a stable manner based on
the results of Proposition 3 and Corollary 1 with the following expressions

Yos(A) = A2(c A% + coA* + c3A% + ¢ A% + c5A), (91)
y15(A) = (Yos(A) + 6 A® + c7 A* + g A% + 09 A? + c1pA)
X (y05(A) + C11A5 + 012A4 + C13A3 + C14A2)

+c15Y05(A) + c16A° + c17A* + €18 A% + c19A% + ca0A, (92)
y25(A) = y15(A) (Yos(A) + cn A% + cnA* + c23 A% + 0 A + 05 A)
+C26A5 + C27A4 + 628A3 + ngAz 4+ 304, (93)

where the coefficients were numbered correlatively. The coefficients c;i =1, 2,..., 30, can be
obtained following the procedure from Section 3.3, reducing the whole system of 30 equations with
30 unknown variables to the system (89) of s = 5 variables with s unknownse;, i =1,2 ...,5,
corresponding in (93) to ey = 5, €2 = Cp4, ..., €5 = Cp1. Once this was done, we checked that
e1 and ey could be easily solved as functions of es, ey and es, reducing the system to a system of
three equations with three unknown variables. To obtain a real solution of the three coefficients,
we used the MATLAB Symbolic Math Toolbox function vpasolve giving a range [—10,10] for
the solutions of the three variables and using 32 decimal digits. The results of the coefficients from
(91)—(93) rounded to IEEE double precision arithmetic are given in Table 4.

Note that using the evaluation Formulas (91)—(93), the Taylor approximation y,5(A) of order
m = 30 can be computed with a cost of 7M. For the same order the cost of the Paterson—Stockmeyer
method is 9M, and using z1ps from (19) the cost is 8M (see Table 3). Similarly to [11], we computed
the value such that the relative backward error is lower than u for the Taylor approximation of
log(I — A) of order m = 30 giving 639 = 0.329365534847136.

Similarly to Example 2, to check if yo5(A) is competitive, we prepared a new matrix test set
with 50 8 x 8 matrices of the Matrix Computation Toolbox [18] reducing their norms so that they
are random with a uniform distribution in [0.3, 63|, and the inverse scaling algorithm is not used
in either the Padé and Taylor algorithms. Then, we compared the results of using (91)—(93) with
the results given by function logm_iss_£full from [20] for the previous matrix set, computing
the “exact” values of the matrix logarithm in the same way. The error of using the evaluation
Formulas (91)—~(93) was lower than logm_iss_full in 97.62% of the matrices with a 42.40%
lower relative cost in flops, being competitive in efficiency and accuracy for future implementations
for computing the matrix logarithm.

Table 4. Coefficients of yo5, Y15, Y25 from (91)—(93) for computing the Taylor approximation of
log(B) = log(I — A) = —y25(A) of order m = 30.

1 3.218297948685432 x 10~} C16 2.231079274704953 x 10~}
) 1.109757913339804 x 10! 17 3.891001336083639 x 10~}

3 7.667169819995447 x 102 18 6.539646241763075 x 10~ !
Ca 6.192062222365700 x 102 19 8.543283349051067 x 10~ !
c5 5.369406358130299 x 102 20 —1.642222074981266 x 102
C6 2.156719633283115 x 101 o 6.179507508449100 x 102
cy —2.827270631646985 x 102 c» 3.176715034213954 x 102
cg —1.299375958233227 x 10~ 1 23 8.655952402393143 x 102
co —3.345609833413695 x 107! Co4 3.035900161106295 x 10!

10 —8.193390302418316 x 10~! 25 9.404049154527467 x 101
1 —1.318571680058333 x 101 26 —2.182842624594848 x 101
12 1.318536866523954 x 101 o7 —5.036471128390267 x 10~
13 1.718006767617093 x 101 o8 —4.650956099599815 x 10~
14 1.548174815648151 x 101 29 5.154435371157740 x 101

15 2.139947460365092 x 10~ €30 1




Mathematics 2021, 9, 1600

21 0f23

Note that using the evaluation formulae from Sections 1 and 2 with cost 4M and 5M,
one can get an order of approximation 15+ and 21+, respectively, whereas using zzps from
(19) combining (66) with the Paterson-Stockmeyer method, the orders that can be obtained
are lower, i.e., 12 and 18, respectively (see Table 3). Note that for the approximation 15+
where s = 2 (see Section 3.1), one gets order 15+ = (6s + 3)+ and the total degree of the
polynomial obtained is 8s = 16. For the approximation 21+ where s = 3, one gets order
214+ = (65 + 3)+ and the total degree of the polynomial degree is 85 = 24. The next step in
our research is to extend the evaluation formulae from Propositions 1 and 2 to evaluate
polynomial approximations of order (6s + 3)+ of the type

Yos(A) = As Z ciA, (94)

y1s(A) = 425 g Al = <y0s +ZdA> <y05 +ZeA>

i=s+1 i=1

+ foyos(A) + Zfz ir (95)

yZS( ) (yls + Zgl ) (yls ) + ]/loyos + Z h A: >

i=1

+joy1s(A) + koyos(A) + El Aj. (96)

Those formulae correspond to a particular case of Formulas (62)—(65) of [1] (Prop. 2)
where k = 2. It is easy to show that the degree of y,;(A) is 8s and the total number
of coefficients of y; is 6s + 4, i.e., 3s coefficients a;, s coefficients g;, s coefficients h;,
s + 1 coefficients /;, and coefficients fy, jo and ko. Using vpasolve in a similar way as in
Example 2, we could find solutions for the coefficients of (94)—(96) and (19) so that yp5(A)
and zps allows to evaluate matrix logarithm Taylor-based approximations of orders from
154 up to 75+. Similarly, we could also find the coefficients for Formulas (94)—(96) to
evaluate matrix hyperbolic tangent Taylor approximations of orders higher than 21. Then,
our next research step is to show that evaluation Formulas (94)-(96) and its combination
with the Paterson-Stockmeyer method from (19) can be used for the general polynomial
approximations of matrix functions.

4. Conclusions

In this paper, we extend the family of methods for evaluating matrix polynomials
from [1], obtaining general solutions for new cases of the general matrix polynomial
evaluation Formulas (62)—(65) from Proposition 2 from [1] (Section 5). These cases allow
to compute matrix polynomial approximations of orders 15 and 21 with a cost of 4M and
5M, respectively, whenever a stable solution for the coefficients exist. Moreover, a general
method for computing matrix polynomials of order m = 6s, for s = 3,4... more efficiently
than the methods provided in [1] was provided. Combining this method with the Paterson—
Stockmeyer method, polynomials or degree greater than 30 can be evaluated with two
matrix products less than using Paterson-Stockmeyer method as shown in Table 3.

Examples for evaluating Taylor approximations of the matrix cosine and the matrix
logarithm were given. The accuracy and efficiency results of the proposed evaluation
formulae were compared to state-of-the-art Padé algorithms, being competitive for future
implementations for computing both functions.

Future work will deal with the generalization of more efficient evaluation formulae
based on the evaluation Formulas (62)-(65) from Proposition 2 from [1] (Section 5), its
combinations with Paterson-Stockmeyer method (19), and in general, evaluation formulae
based on products of matrix polynomials.
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