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1. Introduction

B.-Y. Chen studied CR-submanifolds of a Kéhler manifold, which are warped products
of holomorphic and totally real submanifolds, respectively [1-3]. In addition, in his
new book [4], he presents a multitude of properties for warped product manifolds and
submanifolds, such as: warped product of Riemannian and Kédhler manifolds, warped
product submanifolds of Kdhler manifolds (with the particular cases: warped product CR-
submanifolds, warped product semi-slant or hemi-slant submanifolds of Kdhler manifolds),
CR-warped products in complex space forms and so on.

Metallic Riemannian manifolds and their submanifolds were defined and studied by
C. E. Hretcanu, M. Crasmareanu and A. M. Blaga in [5,6], as a generalization of Golden
Riemannian manifolds studied in [7-9]. The authors of the present paper studied some
properties of invariant, anti-invariant and slant submanifolds [10], semi-slant submani-
folds [11] and, respectively, hemi-slant submanifolds [12] in metallic and Golden Rieman-
nian manifolds and they obtained integrability conditions for the distributions involved in
these types of submanifolds. Moreover, properties of metallic and Golden warped product
Riemannian manifolds were presented in the two previous works of the authors [13,14].
Lately, the study of submanifolds in metallic Riemannian manifolds has been continued by
many authors [15-17], which introduced the notion of a lightlike submanifold of a metallic
semi-Riemannian manifold.

In the present paper, we study warped product pointwise semi-slant and hemi-slant
submanifolds in locally Golden Riemannian manifolds. In Section 2, we recall the main
properties of Golden Riemannian manifolds and of their submanifolds, and we prove
some immediate consequences of the Gauss and Weingarten equations for an isometrically
immersed submanifold in a Golden Riemannian manifold. In Section 3, we give some prop-
erties of pointwise slant submanifolds in Golden Riemannian manifolds. In Section 4, we
study some properties of pointwise bi-slant submanifolds in Golden Riemannian manifolds.
In Section 5, we discuss warped product pointwise bi-slant submanifolds in Golden Rie-
mannian manifolds, and in Section 6, we find some properties of pointwise semi-slant and
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hemi-slant submanifolds in locally metallic Riemannian manifolds. We also provide exam-
ples of pointwise slant and pointwise bi-slant submanifolds, of warped product semi-slant,
hemi-slant and pointwise bi-slant submanifolds in Golden Riemannian manifolds.

2. Preliminaries

The Golden number ¢ = % is the positive solution of the equation
x> —x—1=0. 1)

It is a member of the metallic numbers family introduced by Spinadel [18], given by

/2
the positive solution 0}, ; = W of the equation x?> — px — g = 0, where p and g are

positive integer values.
The Golden structure | is a particular case of polynomial structure on a manifold [19,20],
which satisfies
P=]+1 @)

where [ is the identity operator on I'(TM).
If (M, ) is a Riemannian manifold endowed with a Golden structure | such that the
Riemannian metric g is J-compatible, i.e.,

gUX,Y) =3(X,]Y), ®)
forany X, Y € T(TM), then (M, 3, ) is called a Golden Riemannian manifold [7].
In this case, g verifies
ZUX,JY) =3(PX,Y) =5(JX,Y) +§(X,Y), @)

forany X, Y € T(TM).

Let M be an isometrically immersed submanifold in a Golden Riemannian manifold
(M,3,]). The tangent space TyM of M in a point x € M can be decomposed into the direct
sum TyM = T,yM & T;—M, for any x € M, where TXLM is the normal space of M in x. Let
i, be the differential of the immersion i : M — M. Then, the induced Riemannian metric g
on M is givenby ¢(X,Y) = 3(i«X,i.Y), forany X, Y € T(TM). In the rest of the paper, we
shall denote by X the vector field i, X for any X € I'(TM).

For any X € T(TM), let TX := (JX)T and NX := (JX)* be the tangential and
normal components, respectively, of [X, and for any V € T(T+M), let tV := (JV)T and
nV := (JV)! be the tangential and normal components, respectively, of JV. Then, we have

JX =TX+NX, JV=tV+nV, (5)

for any X € T(TM) and V € T(T+M).
The maps T and n are g-symmetric [10]:

g(TX,Y) =§(X,TY), g(nlL,V)=g(UnV), ®)

S(NX, V) =3(X,tV), @)

forany X, Y € T(TM) and U, V € T(T+M). Moreover, from [12] for p = g = 1 in the
metallic structure, we obtain

T?°X =TX+ X —tNX, NX = NTX +nNX, (8)

W’V =nV +V —NtV, tV =TtV +tnV, )
for any X € T(TM) and V € T(T+M).
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Let V and V be the Levi-Civita connections on (M, g) and on its submanifold (M, g),
respectively. The Gauss and Weingarten formulas are given by

VxY =VxY+h(X,Y), VxV=-AyX+VyV, (10)

forany X, Y € T(TM) and V € T'(T+M), where h is the second fundamental form and Ay
is the shape operator, which satisfy

3(h(X,Y),V)=3(AvX,Y). (11)
For any X, Y € T'(TM), the covariant derivatives of T and N are given by
(VxT)Y = VxTY — T(VxY), (VxN)Y = VxNY — N(VxY). (12)

For any X € T'(TM) and V € T(T+M), the covariant derivatives of t and n are
given by o
(Vxt)V = VxtV —t(VV), (Vxn)V =VxnV —n(VxV). (13)

From (2), we obtain
3(Vx))Y,Z) =3(Y,(Vx])Z), (14)

forany X, Y, Z € T(TM), which implies [21]
g(VxT)Y,Z) =3(Y,(VxT)Z), 3((VxN)Y,V)=g((Vxt)V,Y), (15)

forany X, Y, Z € T(TM) and V € T(T+M).

The analogue concept of locally product manifold is considered in the context of
Golden geometry, having the name of locally Golden manifold [14]. Thus, we say that the
Golden Riemannian manifold (M, 3, ]) is locally Golden if | is parallel with respect to the
Levi-Civita connection V on M, i.e., V] = 0.

Remark 1. Any almost product structure F on M induces two Golden structures on M [9]:

247

[ (16)

27

where ¢ is the Golden number.

In addjition, for an almost product structure F, the decompositions into the tangential
and normal components of FX and FV are given by

FX = fX+wX, FV=BV+CV, (17)
for any X € T(TM) and V € T(T+M), where fX := (FX)T, wX := (FX)*, BV := (FV)T
and CV := (FV)*.

Moreover, the maps f and C are g-symmetric [22]:
S(fX,Y) =3(X, fY), g(CU,V) =3(U,CV), (18)
forany X,Y € T(TM) and U,V € T(T+M).

Remark 2 ([11]). If M is a submanifold in the almost product Riemannian manifold (M, g, F) and
J is the Golden structure induced by F on M, then for any X € T(TM), we have

TX = EXizq) fX, NX= iZ(PZ Lox. (19)
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3. Pointwise Slant Submanifolds in Golden Riemannian Manifolds

We shall state the notion of pointwise slant submanifold in a Golden Riemannian
manifold, following Chen’s definition [23,24] of pointwise slant submanifold of an almost
Hermitian manifold.

Definition 1. A submanifold M of a Golden Riemannian manifold (M, g, ]) is called pointwise
slant if, at each point x € M, the angle 0, (X)) between JX and TxM (called the Wirtinger angle) is
independent of the choice of the nonzero tangent vector X € ToM \ {0}, but it depends on x € M.
The Wirtinger angle is a real-valued function 6 (called the Wirtinger function), verifying

st — BUXTX) _ [TX]|

- - , 20
UXT-ITX] ~ x| 20)

forany x € Mand X € T,M \ {0}.

A pointwise slant submanifold of a Golden Riemannian manifold is called slant
submanifold if its Wirtinger function 6 is globally constant.

In a similar manner as in [23], we obtain

Proposition 1. If M is an isometrically immersed submanifold in the Golden Riemannian manifold
(M,3,]), then M is a pointwise slant submanifold if and only if

T2 = (cos? 0,) (T + 1), (21)
for some real-valued function x — 0y, for x € M.

From (8) and (21), we have

Proposition 2. Let M be an isometrically immersed submanifold in the Golden Riemannian
manifold (M, g, ]). If M is a pointwise slant submanifold with the Wirtinger angle 6y, then

S(NX,NY) = (sin6,)[3(TX,Y) +3(X,Y)], (22)
INX = (sin® 0, ) (TX + X), (23)
forany X, Y € TyM\ {0} and any x € M.

From (21), by a direct computation, we obtain

Proposition 3. Let M be an isometrically immersed submanifold in the Golden Riemannian
manifold (M, 3, ]). If M is a pointwise slant submanifold with the Wirtinger angle 0y, then

(VxT?)Y = (cos? ;) (VxT)Y —sin(20,) X (6:) (TY +Y), (24)
forany X, Y € TeM \ {0} and any x € M.

4. Pointwise Bi-Slant Submanifolds in Golden Riemannian Manifolds

In this section, we introduce the notion of pointwise bi-slant submanifold in the
Golden Riemannian context.

Definition 2. Let M be an immersed submanifold in the Golden Riemannian manifold (M, 3, ]).
We say that M is a pointwise bi-slant submanifold of M if there exists a pair of orthogonal distribu-
tions Dy and D, on M such that

(i) TM = D1 @ Dy;

(ii) J(D1) LDy and ](D2) L Dy;
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(iii) The distributions Dy and D, are pointwise slant, with slant functions 01, and 0y, for
x € M.

The pair {01, 0,} of slant functions is called the bi-slant function.

A pointwise bi-slant submanifold M is called proper if its bi-slant functions 61, 6, # 0; T and
both 01 and 0, are not constant on M.

In particular, if 6; = 0 and 6, # 0; 7, then M is called a pointwise semi-slant submanifold;
if 4 = 7 and 6, # 0; 5, then M is called a pointwise hemi-slant submanifold.

If M is a pointwise bi-slant submanifold of M, then the distributions D; and D, on M
verify T(D1) C Dy and T(D,) C D;.

Now, we provide an example of a pointwise bi-slant submanifold in a Golden Rie-
mannian manifold.

Example 1. Let R® be the Euclidean space endowed with the usual Euclidean metric (-,-). Let
i : M — RO be the immersion given by

i(u,v) := (cos 1 cosv,cos usinv, sinu cos v, sinu sin v, sin v, cos v),

where M := {(u,v) |u,v € (0,%)}.
We can find a local orthogonal frame on TM given by

. 0 . . 0 0 .
Z1 = —sinucosv— — sinusinv—— + coS U COS V= + COS U SINV=——
ax1 axz 8x3 8x4
. 0 . . 0 . 0
7y = —COSUSINV=— + COSUCOSV— — Sin U Sinv— + sinu cosv—
dxq dxo dx3 dxy

d
+cosv— —sinv—.
8x5 ax6

We define the Golden structure | : R® — R by
](Xll XZ/ X3r X4/ XSr X6) = (¢X1/ $X2/ 4)X3/ $X4r ¢X5r aX6)/

where ¢ 1= # is the Golden number and ¢ =1 — ¢.
We remark that ] verifies J> = |+ Land (JX,Y) = (X, ]Y), forany X, Y € R®. Additionally,

we have
JZ1 = — sinucosvi —i;.inusirwi + cosucosvi + ¢ cosusiny—
1= 4) ax1 4) E)xz 4) aX3 (P aX4/
JZ, = — Cosusinvi—i-fcosucosvi— sinusinvi—i—
2= (P 8x1 (P 8x2 (P 8x3
+¢ sin u cos vi + ¢ cos vi —7sir1vi
¢ x4 ¢ dxs5 ¢ oxg
We remark that (JZ1,Z2) = (JZ2,7Z1) = 0, (JZ1,Z1) = ¢cos’v + ¢psin®v and
(JZ2,7Z5) = 1.

On the other hand, we get
1Z1)1? =1, |Z2)* =2,

11Z4|2 = ¢? cos? v+ §° sin20 = pcos? v+ psino+1, ||JZo]? = ¢>+ ¢ = 3.
We denote by Dy := span{Zy } the pointwise slant distribution with the slant angle 61, where
— _fwo) — 20 4 Fain? - ”
costh = VARt for f(u,v) := ¢cos*v+ ¢sin° v a real function on M. In addition, we

denote by Dy := span{Zy} the slant distribution with the slant angle 6, where cos 6 =

5
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The distributions Dy and D, satisfy the conditions from Definition 2.
If My and M, are the integral manifolds of the distributions Dy and D,, respectively, then
M = Mj X V2 My with the Riemannian metric tensor

g = du® + 2dv*
is a pointwise bi-slant submanifold in the Golden Riemannian manifold (RS, (-,-), ]).

Example 2. If, in Example 1, we consider that f is a Golden function (ie., f> = f + 1), then
cos 01 = 1, and we remark that M is a semi-slant submanifold in the Golden Riemannian manifold
(R, (-,-),]), with the slant angle 6 = arccos %.

Example 3. On the other hand, if, in Example 2, we consider f = 0 (i.e.,, tanv = *¢), then
cos 0y = 0, and we remark that M is a hemi-slant submanifold in the Golden Riemannian manifold

(R, (-,-),]), with the slant angle 6 = arccos ﬁ.

If we denote by P; the projections from TM onto D; fori € {1,2}, then X = P; X + P,X
for any X € T'(TM). In particular, if X € D;, then X = P;X, fori € {1,2}.
If we denote by T; = P; o T for i € {1,2}, then, from (5), we obtain

JX=T1X+TpX+ NX. (25)
In a similar manner as in [24], we obtain

Lemma 1. Let M be a pointwise bi-slant submanifold of a locally Golden Riemannian manifold
(M, 3, ]) with pointwise slant distributions Dy and D, and slant functions 01 and 6,, respec-
tively. Then

(i) forany X, Y € Dy and Z € Dj, we have

(sin? 61 —sin62)3(VxY, o Z + Z) (26)
=3(VxY, hZ) +3(VxZ, T1Y) + (cos? 6 + 1)g(AnzY + AnyZ, X)
—8(ANT,YZ + AnTy2Y, X) — S(ANZzThY + ANy T2 Z, X);
(ii) for any X € Dy and Z, W € Dy, we have
(sin? 8, — sin” 0;)g(VzW, T1 X + X) (27)
=3(VZW, T1X) +3(V2X, TaW) + (cos? 6, + 1)S(AnxW + AywX, Z)

—S(ANT,WX 4+ AnT,xW, Z) — S(ANwTi X + Anx T2 W, Z).

Proof. From (2), we have

3(VxY,Z) =3(VxY,Z) =3(J*VxY,Z) - 3(JVxY, Z), (28)

forany X, Y € Dy and Z € Ds.
By using (3) and (Vx])Y = 0, we obtain

3(VxY,2) =3(VxJ?Y,Z2) —3(Vx]Y, Z). (29)

From (25), we obtain JX = T1 X + NX, JY = T1Y + NY and JZ = T,Z + NZ for any
X,Y € Dy and Z € D, and, from here, we obtain

g(VxY,Z) =g(VxJT1Y,Z) +g(VxINY,Z) = g(Vx(T1Y + NY), Z)
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=3(VxT?Y,7) +3(VxNT1Y,Z) + 3(VxNY,]Z) —3(VxTiY, Z)
+8(AnyX, Z)
=3(Vx(cos?01(T1Y +Y)), Z) — 3(AnTyX, Z) + Z(VxNY, ThZ + NZ)
+§(T1Y,vxz) —|—§(ANyX, Z)
Thus, we obtain
3(VxY,Z) = cos? 0,3(Vx(T1Y +Y), Z) —sin(2601)X(61)3(T1Y + Y, Z)
—3(ANTYX, Z) —3(AnyX, TZ) —3(VXNZ,]Y) + 3(VxNZ, TyY)
+§(T1Y,VXZ) —|—§<ANyX, Z)
By using 3(T1Y + Y, Z) = 0, we obtain
sin? ng(VXY, Z) = cos? Glg(VXTiY, Z) — g(ANleZ + AnyThZ, X)

+3(JNZ,VxY) —g(AnzX, T1Y) + 3(T1Y,VxZ) + 3(AnyZ, X).
By using (8) and (23), we find

2(JNZ,VxY) =3(tNZ+nNZ,VxY)

= sin?0,3(VxY,Z + ToZ) +3(NZ — NTLZ,VxY)
= sin? 0,3(VxY, Z) +sin® 6,3(VxY, T2 Z)
—3(VxNZ,Y) +3(VxNTZ,Y)

and from

g(vXTlYIZ> = _g(]Y - NY,sz) = §<vXYI]Z) —g(vaY,Z)

=3(VxY, 1,Z) — (Y, VxNZ) — g(VxNY, Z)
=3(VxY, ToZ) +3(Y, ANz X) + 3(Any X, Z)

we have
(sin? ) —sin? 62)3(VxY, Z) = (1 —sin?6,)3(VxY, T»Z)

+ cos? ng(ANZY + AnYZ, X) + sin? ng(VXY, TZZ)
—S(ANTyYZ + ANy T2Z + ANz ThY + ANtz Y, X)
—3(Y, VxNZ) +3(TyY,VxZ) + 3(AnyZ, X)

and from here, we obtain (26).
In the same manner, we find (27). O

Lemma 2. Let M be a pointwise semi-slant submanifold in a locally Golden Riemannian manifold

(M, 3, ]), with pointwise slant distributions Dy and D, having slant functions 01 and 6,.

(i) If the slant functions are 6 = 0 and 6, = 6, we obtain
sin?05(VxY, ToZ + Z) = —3(VxY, T2Z) —3(VxZ,T1Y)

—28(AnzY, X) + 8(AnzT1Y + Ant,2Y, X),
forany X, Y € DT and Z € DY, and

sin? 03(VzW, T X + X) = 3(VzW, T1 X) +3(V2X, W)

+(cos? 0 + 1)Z(ANwX, Z) — S(ANT,w X + ANwTi X, Z),

(30)

(31)
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forany X € DT and Z, W € DP.
(ii) If the slant functions are 61 = 6 and 0 = 0, we obtain
sin?03(VxY, TaZ + Z) = 3(VxY, ToZ) — 3(VxTiY, Z) (32)
+(C082 0+1)3(ANnyX, Z) — g(ANleZ + ANnT,2Y, X) —g(ANnyTRZ, X),
forany X,Y € D% and Z € DT, and
sin? 0g(VzW, T1 X + X) = —3(VzW, T1 X) +3(V2ToW, X) (33)

—28(ANXZ,W) +S(ANWZ, X) + S(ANT,xZ, W) +3(ANxT2W, Z),
forany X € D% and Z, W € DT.

Lemma 3. Let M be a pointwise hemi-slant submanifold in a locally Golden Riemannian manifold
(M, 3, ]), with pointwise slant distributions D and D, having slant functions 01 and 0,.
(i) If the slant functions are 01 = 7 and 6, = 6, we obtain

cos?03(VxY, ToZ + Z) =3(VxY, TrZ) (34)

+3(ANzY + AnyZ, X) — S(ANT,zY + ANy TR Z, X),
forany X, Y € D+ and Z € DY, and

cos? 03(VzW, X) = —3(VzX, ToW) (35)

—(cos? 0+ 1)Z(AnxW + AnwX, Z) + Z(Anw X + AnxToW, Z),

forany X € D+ and Z, W € DP.
(ii) If the slant functions are 01 = 0 and 6, = 7, we obtain

cos?03(VxY,Z) = —3(VxZ,TiY) (36)

—(COS2 0+ 1)§(AN2Y + AnYZ, X) +§(ANT1yZ + AnzThY, X),
forany X,Y € D% and Z € D*, and

cos? 03(VzW, T X + X) = g(VzW, T1 X) (37)

+S(ANXW + AnwX, Z) — S(AnTxW + AnwTh X, Z),
forany X € D% and Z, W € D*.

5. Warped Product Pointwise Bi-Slant Submanifolds in Golden Riemannian Manifolds

In [13], the authors of this paper introduced the Golden warped product Riemannian
manifold and provided a necessary and sufficient condition for the warped product of two
locally Golden Riemannian manifolds to be locally Golden. Moreover, the subject was con-
tinued in the papers [14,25], where the authors characterized the metallic structure on the
product of two metallic manifolds in terms of metallic maps and provided a necessary and
sufficient condition for the warped product of two locally metallic Riemannian manifolds
to be locally metallic.

Let (M3, g1) and (My, g2) be two Riemannian manifolds (of dimensions 77 > 0 and
ny > 0, respectively) and let 7r1, 71 be the projection maps from the product manifold
M; x M; onto M and M), respectively. We denote by ¢ := ¢ o 711 the lift to M; x Mj of a
smooth function ¢ on Mj. Then, Mj is called the base, and Mj is called the fiber of My x My.
The unique element X of T(T(M; x M,)) that is 7ry-related to X € T'(TM;) and to the
zero vector field on M, will be called the horizontal lift of X, and the unique element V of
I['(T(M; x My)) that is rrp-related to V € I'(TM;) and to the zero vector field on M; will
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be called the vertical lift of V. We denote by L£(M;) the set of all horizontal lifts of vector
fields on M; and by £(M;) the set of all vertical lifts of vector fields on M.
For f : M; — (0, ), a smooth function on Mj, we consider the Riemannian metric g
on M := M; x Mjy:
g =g+ (f o)’ 3. (38)

Definition 3. The product manifold M of My and M, together with the Riemannian metric g is
called the warped product of My and My by the warping function f [26].

A warped product manifold M := My X f My is called trivial if the warping function f is
constant. In this case, M is the Riemannian product My X Mp, where the manifold M, is equipped
with the metric f>g, (which is homothetic to ¢3) [4].

In the next considerations, we shall denote by (f o 711)? =: f2, mjg; =: g and
;82 =: &2, respectively.

Lemma 4 ([4]). For X € T(TM;) and Z € T(TM), we have on M := My x y M that
VxZ =VzX =X(Inf)Z, (39)
where V denotes the Levi-Civita connection on M.

The warped product M; X M2 of two pointwise slant submanifolds M; and M
in a Golden Riemannian manifold (M, g, ]) is called a warped product pointwise bi-slant
submanifold. Moreover, the pointwise bi-slant submanifold M; x y M is called proper if
both of the submanifolds M; and M, are proper pointwise slant in (M, g, ]).

Now, we provide an example of a warped product pointwise bi-slant submanifold in
a Golden Riemannian manifold.

Example 4. Let R® be the Euclidean space endowed with the usual Euclidean metric (-,-). Let
i+ M — R be the immersion given by

i(f,u) := (fsinu, fcosu, f, fcosu, fsinu,u),

where M := {(f,u) | f >0,u € (0,%)}.
We can find a local orthogonal frame on TM given by

Z smui—H:osuiwLi—i-cosui—i-smui
1= dx X1 ox X2 ox X3 ox X4 ox X5

+ fcosu=— 9 + I

= fcosu-— ovs T axe

— fsinu=— — fsinu=——

0x1 dxo dxy

We define the Golden structure | : R® — R by
](Xll XZ/ X3/ X4/ X5/ XG) = (‘PXl/ 4)X2/ (PX3/ $X4/ aXSI $X6)/

where ¢ is the Golden number and ¢ = 1 — ¢.
We remark that ] verifies J> = |+ Iand (JX,Y) = (X, ]Y), forany X, Y € R®. Additionally,
we have

JZ1 = sinui—ﬁ— cosui—i— i—i—icosuiﬂ—isinui
1= (P aJC1 (P E)xz ¢8x3 (P aX4 (P 8x5

]Z2—<pfcosu I <pfsmu I (/)fsmu I —l—qbfcosuaa +¢8?c6
fZ( Wefr)emazk th;z(tz(jzl,Z2> = (]Z2,21> =0,(Z1,Z1) =2¢+¢=¢+1and (JZ,Zp) =
PH)+P=F 41—
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On the other hand, we obtain

1Z:]? =3, 1Z2|* = 2f* + 1,

Uzl =202+ ¢ = p+4, [JZalP = @ + )+ =32 +2 9.

We denote by Dy := span{Zi} the slant distribution with the slant angle 61 and Dy :=
span{Z,} the pointwise slant distribution with the slant angle 6, where

¢+1

cost) = ———
3(p+4)

and
ffr1-¢
VP +1)GER+2-¢)
The distributions Dy and D, are integrable and, if My and My are the integral manifolds

of the distributions Dy and D, respectively, then M := Mj X VA My with the Riemannian

cos by =

metric tensor
g :=3df*+ (2f* + 1)du?

satisfy the conditions of the warped product of My and My by the warping function \/2f% + 1.
Thus, we obtain a warped product pointwise bi-slant submanifold in the Golden Riemannian
manifold (R, (-,-), ).

In a similar manner as in [25], we obtain

Proposition 4. Let M := My Xy My be a warped product submanifold in a locally Golden
Riemannian manifold (M, g, ]) with warping function f. Then, for any X, Y € T(TMy) and Z,
W e T(TMy), we have

3(h(X,Y),NZ) = —g(h(X,Z),NY), (40)
g(h(X,Z),NW) =0, 41

and
S(h(Z,W),NX) =T1X(Inf)3(Z,W) — X(In )g(Z, TL,W). 42)

Proof. For any X, Y € I[(TM;) and Z € T(TM,), by using (3), (5), (10), (39) and V] = 0,
we obtain o B
3(h(X,Y),NZ) =3(VxY,]Z) - 3(VxY, T,2)

=3(VxTY,Z) +3(VxNY, Z) + §(VxT2Z,Y)
= —8(VxZ,TiY) —3(ANyX, Z) +3(Y, VX T2 Z)
= —X(Inf)g(T1Y,Z) - 3(h(X,Z),NY) + X(In f)g(Y, o Z).

On the otherhand, 3(T1Y, Z) =3(JY,Z) = g(Y,]JZ) = 3(Y, ToZ). Thus, we obtain (40).
For any X € T(TM;) and Z, W € T(TM), by using (3), (5), (10), (39) and V] = 0,
we obtain

S(h(X,Z),NW) =3(VxZ,JW) - g(VxZ, TaW)
= g(VXTzz, W) — g(ANZX, W) — E(VXZ, TzW)
= X(In f)[g(T2Z, W) — g(Z, T.W)] — g(h(X,W),NZ)

and using
8(1Z,W) =3(2, W) =g(JZ,W) —8(Z,JW) =0,

we obtain
2(h(X,Z),NW) = —3(h(X,W),NZ). (43)
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On the other hand, after interchanging Z by X, we have
g(h(Z,X),NW) =3(VzT1 X, W) — g(AnxZ, W) — 3(VzX, TL,W)

=T X(Inf)g(Z, W) — X(In f)g(Z, T,W) —g(h(Z,W),NX) =3(h(X,W),NZ)
and using (43), we obtain (41).
For any X € T(TM;) and Z, W € T(TM,), by using (3), (5), (10), (39) and V] = 0,
we obtain
= g(vZTzw, X) + g(VZNW, X) — g(VZW, T1X)
= —8(TW,VzX) — g(ANwZ, X) + 8(W, V2 T1 X)
— —X(In f)3(Z, ToW) + Ty X(In f)3(Z, W)
and we obtain (42). O

6. Warped Product Pointwise Semi-Slant or Hemi-Slant Submanifolds in Golden
Riemannian Manifolds

In this section, we obtain some properties of the distributions in the case of point-
wise semi-slant and pointwise hemi-slant submanifolds in locally Golden Riemannian
manifolds.

Definition 4. Let M := M Xy My be a warped product bi-slant submanifold in a Golden
Riemannian manifold (M, g, ]) such that one of the components M; (i € {1,2}) is an invariant
submanifold (respectively, anti-invariant submanifold) in M and the other one is a pointwise slant
submanifold in M, with the Wirtinger angle 0 € [0, 5]. Then, we call the submanifold M warped
product pointwise semi-slant submanifold (respectively, warped product pointwise hemi-slant
submanifold) in the Golden Riemannian manifold (M, g, ]).

Now, we provide an example of a warped product semi-slant submanifold in a Golden
Riemannian manifold.

Example 5. Let R” be the Euclidean space endowed with the usual Euclidean metric {-,-) and
consider the immersion i : M — R?, given by

i(f,u,v) := (fcosu, fsinu, f cosv, fsinv, f,u,v),

where M := {(f,u,v) | f >0,u,v € [0, F]}.
The local orthogonal frame on TM is given by

L O T T s T T Ay
0 d d
f—fsmua—+fcosua——i—ay2
d d d
——fsmva—%—fcosva—+ay3

We define the Golden structure | : R” — R” by

(22 (0292 52 59 59 49 59
axk’ayl o ¢8x1’¢8x2’¢ax3’¢8x4’¢8y1’(Payz’(’bayg, !
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fork € {1,2,3,4} and | € {1,2,3}, where ¢ is the Golden number and ¢ = 1 — ¢. Since

JZy1 = COSMi + sinui —Q—icosvi +7sjnvi +7i
1= (P 8x1 4) aX2 (P aX3 (P 8x4 (Payl’

JZy = ¢Zp, JZ3 = 523,
we remark that (JZy, Z;) = 0, for any k # 1, where k,1 € {1,2,3}, and (JZ1,Z1) = ¢ +2¢ =
2— .
We find that
1Z11? =3, [ Z2]? = l|1Z5]* = f* +1,

-2 -2
2P = 9% +2¢" = 5= ¢, V2| = 9*(f* +1), 1V Zs]* = §7(f* +1).

Denote by Dy := span{Z} the slant distribution with the slant angle 6, where cos =
2-¢
V3(5-¢)

If My and Mr are the integral manifolds of the distributions Dy and D, respectively, then
M := My x N Mt with the metric

and by Dy := span{Z,, Z3} the invariant distribution (with respect to J).

g :=3df + (f* + 1) (du? +dv*) = guy + (f* +1)guy
is a warped product semi-slant submanifold in the Golden Riemannian manifold (R7, (-,-),]).

Now, we provide an example of a warped product hemi-slant submanifold in a Golden
Riemannian manifold.

Example 6. Let R® be the Euclidean space endowed with the usual Euclidean metric (-,-) and
consider the immersion i : M — R>, given by

i(f,u):= (fsinu, fcosu,¢fsinu,pf cosu, —f),
where M := {(f,u) | f > 0,u € (0,%)} and ¢ is the Golden number.
The local orthogonal frame on TM is given by

Z *sinui+cosui+ sinui—F cosui—i
1= ox1 ox ¢ ox3 ¢ oxs 0x5’

d .0 d .0
Zy —fcosua —fsmua—x2 —i—cpfcosua—x3 —¢>fsmua.

We define the Golden structure | : R® — RS by
](Xll XZ/ XS/ X4/ X5) = ((PXlr (PXZ/ $X3/ $X4/ (PXS)/
where p =1 — ¢. Since

]

JZ1 = sirmi—l—cosui — sir1ui+cosui —¢p—
1=9¢ oxq oxy ox3 oxy ¢8x5'

d .0 0 .0
JZ> = (Pf(cos uﬁ — smuaxz> —f(cos ua—x3 — smu),

8x4

we remark that (JZ,Zy) = 0, for any k € {1,2}, and (JZ1,Z1) = ¢.
We find that

1Z1]> =¢* +2=9+3, [Z]*>=f(p*+1)=fA(p+2),

JZ1)*> =2¢* +1=2¢+3, |JZ2|I> = f2(¢* +1) = f2 (¢ +2).
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Denote by Dy := span{Zy} the slant distribution with the slant angle 6, where cos =

——  and by Dy := span{Z,} the anti-invariant distribution (with respect to J).
T Y D2 = spaniZa) pect 0 ]
If Mg and M | are the integral manifolds of the distributions Dy and D, respectively, then

M := My xf\/@ M | with the metric

g = (p+3)df* + f(¢p +2)du* = gu, + f(¢ +2)gm,

is a warped product hemi-slant submanifold in the Golden Riemannian manifold (R, (-,-), ).
In a similar manner as in Theorem 2 from [25], we obtain

Theorem 1. If M := Mt x s My is a warped product pointwise semi-slant submanifold in a

locally Golden Riemannian manifold (M, 3, ]) with the pointwise slant angle 6, € (0, %), for
x € My, then the warping function f is constant on the connected components of Mr.

Proof. Forany X € ['(TMr), Z € T(TMy) \ {0}, by using (10)in Vz]X = JVzX and (39),
we obtain

TX(Inf)Z+WTX,Z2) =TVzX+NVzX+th(X,Z)+nh(X,Z).
From the equality of the normal components of the last equation, it follows
h(TX,Z) = X(Inf)NZ +nh(X,Z) (44)
and replacing X with TX = JX (for X € T(TMr)) in (44), we obtain
h(J?X,Z) = TX(In f)NZ + nh(TX, Z).
Thus, we obtain
TX(In f)g(NZ,NZ) = 3(h(J*X,Z),NZ) — g(nh(TX,Z),NZ)

= 2(h(TX,Z),NZ) +3(h(X,Z),NZ) — g(nh(TX, Z),NZ),
forany X € T(TMr) and Z € T(TMjy).
From (41), wehave 3(h(TX,Z),NZ) =3(h(X,Z),NZ) =0, forany X € I'(TMr) and
Z € T(TMy) and by using (22), we obtain
TX(In f) sin? 0[(TZ, Z) + 3(Z, Z)] = —3(nh(TX, Z),NZ). (45)

On the other hand, for any X € I'(TMr) and Z € I'(TMy), we have TX € I'(TMr)
and TZ € T(TMpy), and from (41), we obtain

3(h(TX,Z),NZ) = g(h(TX,Z),NTZ) = 0.
Thus, by using (2) and (6), we have
g(nh(TX,Z),NZ) = 3(h(TX,Z),nNZ) = 5(h(TX, Z),]*Z — JTZ)
= 3(W(TX,Z),NZ) +3(h(TX,Z),Z) —5(h(TX, Z),NTZ) = 0
and using (45), we obtain
TX(In f) tan® 6,3(TZ, TZ) = 0,

forany Z € T(TMy) and x € M.
Since 0, € (0,%) and TZ # 0, we get TX(In f) = 0, for any X € I'(TMr), which
implies that the warping function f is constant on the connected components of Mr. [
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Theorem 2. Let M := My X y M be a warped product pointwise semi-slant submanifold in a

locally Golden Riemannian manifold (M, 3, ]) with the pointwise slant angle 6, € (0,7%), for
x € My. Then
(ANleX — ANTIXY) S F(TM@),

forany X,Y € T'(TMy).

Proof. Forany X,Y € I'(TMy) and Z € T(TMr) \ {0}, from (32) and the symmetry of the
shape operator, we have

sin® 03([X, Y], T3Z) = 3([X, Y], L Z) - (VxT1Y — VyT1X, Z)
—|—(cos2 6+1) [g(h(X, Z),NY) — g(h(Y, Z),NX)] — g(h(X, Z),NTyY)
+3(h(Y,Z),NT1X) +3(h(X,Y),NT»Z) — 3(h(Y,X),NT»Z)
—3(h(X,T2Z),NY) +3(h(Y, T,Z), NX).
Using (3) and (40), we obtain
3(VxT1Y — VyT1X,Z) =3(Vx]Y — VyNX — Vy]X + VyNX, Z)
=3(VxY,]Z) - 3(VyX,]Z) + 3(AnyX, Z) — 3(AnxY, Z)
=3([X,Y],12) +3(h(X, 2), NY) —3(h(Z,Y),NX) = Z([X, Y], TLZ).
From (40), we obtain
3(h(X,Z),NY) =5(h(Y,Z),NX) = —g(h(X,Y),NZ).
Thus, using the symmetry of the shape operator, we have

g(h(X, T,Z),NY) — g(h(Y, ToZ), NX) = —=g(h(X, Y)NT,Z) + g(h(Y,X),NT,Z) = 0

and
S(h(X,Z),NT1Y) —g(h(Y,Z2),NT1 X) = g(ANleX — AN, XY, Z).
Thus, we obtain
0 =sin? 03([X, Y], T3Z) = §(AnT,y X — ANTyxY, Z).
O

A similar result valid for warped product hemi-slant submanifolds in a locally metallic
Riemannian manifold [25], which can be proved following the same steps, holds in our
setting, too.

Theorem 3. If M := M x s My (or M := My X f M| ) is a warped product pointwise hemi-slant
submanifold in a locally Golden Riemannian manifold (M, 3, ]) with the pointwise slant angle
6 € (0, %), for x € My, then the warping function f is constant on the connected components of
M, ifand only if

AnzX = AnxZ, (46)

forany X € T(TM ) and Z € T(TMy) (or X € T(TMy) and Z € T(TM ), respectively).
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