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Abstract: In this paper, the thermal explosion model described by a nonlinear boundary value
problem is studied. Firstly, we prove the comparison principle under nonlinear boundary conditions.
Secondly, using the sub-super solution theorem, we prove the existence of a positive solution for
the case K(x) > 0, as well as the monotonicity of the maximal solution on parameter A. Thirdly, the
uniqueness of the solution for K(x) < 0 is proved, as well as the monotonicity of the solutions on
parameter A. Finally, we obtain some new results for the existence of solutions, and the dependence
on the A for the case K(x) is sign-changing.
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1. Introduction
In this paper, we study the following problem

—Au+K(x)u™ =AuP, inQ,
u>0, in (), 1)
n-Vu+guu=0, on 9Q),

where the constant &« € (0,1), p € (0,1), g : [0,00) — (0, 00) is a nondecreasing C! function,
Q is a bounded domain in R? with smooth boundary dQ2, and A > 0 is a parameter.
The problem (1) is related to the stationary analogue of the equation

up— Au = f(t,x), (t,x) € (0,T) x Q,
n-Vu+gu)u=0, (t,x) € (0,T) x 0Q), )
u(0,x) = uy, x €,

which is a classical problem of combustion theory, see [1-4]. Here, u is the appropriately
scaled temperature in a bounded smooth domain Q in R?, and f(t, x) is the normalized
reaction rate.

In [2], Gordon, Ko and Shivaji considered the following problem

—Au = Af(u), inQ,
u >0, in (), (3)
n-Vu+gu)u=0, on 9},

using the method of sub-supersolutions by which they showed that the solution of this
problem is unique for large and small values of parameter A, whereas for intermediate
values of A, solutions are multiple, provided that the nonlinear term f satisfies

Hypothesis 1 (H1). f : [0, +00) — (0, +c0) is a C! nondecreasing function, and
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. - f(s) _
Hypothesis 2 (H2). sgr_&o . =0.
Using variational methods (see [5]), Ko and Prashanth considered the
following problem
—Au = Aet, in Q),
u>0, in (), 4)

n-Vu+gu)u=0, onadQ,
and showed that there exists 0 < A < +o0, and that the problem (5) has at least two

positive solutions if 0 < A < A, no solution if A > A, and at least one positive solution
when A = A. In [6], Rasouli considered the following system

—Au = Af(v), inQ),

—Av = Ag(u), inQ,

u>0, in O,

v >0, in O, ®)
n-Vu+a(u)u=0, ondQ,

n-Vo+b(v)v=0, on (),

and established some existence and multiplicity results via the method of sub-supersolutions
if nonlinearity f and g satisfies

Hypothesis 3 (H3). f, g : [0, +00) — (0, +00) are nondecreasing function, and

Hypothesis 4 (H4). Tim £ A8 _ o prana o
s—+00 S
Another interesting work comes from [7], in which Shi and Yao considered the follow-

ing problem
—Au+K(x)u™=AuP, inQ),

u>0, in (), (6)
u=0, on d(),

and obtained the existence, uniqueness, regularity and the dependency on parameters of
the positive solutions under various assumptions for K(x).

Notice that the condition that nonlinearity f (or f and g) is nondecreasing is very
important in [2,5,6]. However, in [7], f(x,u) = —K(x)u~* + AuF is nonlinear and lacks
monotonicity as regards u. One natural question is whether problem (1) (note f(x,u) =
—K(x)u™" + AuP) has the existence, as well as the uniqueness and the dependency, on
parameters of the positive solutions under various assumptions for K(x). This paper is
devoted to answering the above question.

Throughout this paper, we always assume that K € C>#(Q)) and the heat-loss parame-
ter g(u) satisfies the following hypothesis:

Hypothesis 5 (H5). ¢ : [0,00) — (0,00) is a Cf nondecreasing bounded function with
B € (0,1) and satisfies

inf g(u) = g(0) =go > 0.
uel0,4o00)

Here, C'"# means that, for any x, y satisfies |¢’(x) — ¢'(y)| < C|x — y/P.
The rest of the paper is organized as follows. In Section 2, we cite some lemmas. Due
to the change of boundary conditions in the process of the citation, some theorems cannot
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be directly cited, so we provide the proof of this part of lemma. In Section 3, we record the
conclusions of the paper and provide the relevant proofs.

2. Preliminaries

In this section, we will list and prove some lemmas. In order to obtain our results, we
consider the following problems

_Au:f(x,u), inQ,
n-Vu+gu)u=0, onodQ, @

where () is a bounded domain in RN (N > 2), ¢ is satisfying (H5).
The definitions of the sub-supersolutions of problem (7) are listed as follows.

Definition 1. Q) is the closure of the set Q). A function i : O — R is called a supersolution of
problem (7) if u € C*(Q) N CY(Q) and

—Au > f(x,u), in O,
n-Vu+g(u)u>0, onodQ. ®

Definition 2. A function u : Q — R is called a subsolution of (7) if u € C2(Q)NC'(Q) and

{ —Au < f(x,u), in Q), 9)

n-Vu+gu)u<0, onoQ.
Now, we point out the following lemma.

Lemma 1 ([8]). Assume f is continuous on Q x R, % is continous and g satisfies condition (H5).
If u is a subsolution and U is a supersolution of problem (7) with u < u, then the problem (7) has at

least one solution u in the order interval

u<u<u, onQ.

Moreover, problem (7) has a minimal solution Uy, and a maximal #max in [u, 7).
In order to compare the supersolution and subsolution more conveniently, we list the
following lemmas.

Lemma?2. Let wy, w, € C2P(Q) N CYA(Q) satisfy — Awy < —Awy, in Q, n-Vwy + g(wr)w;
< n-Vw; + g(wp)wy, on Q. Then, wy < wy in Q.

Lemma 3. Let f : Q x (0,00) — R be a continuous function such that @
decreasing for s € (0,00) at each x € Q. Let w,v € u € C2(Q) N CH(Q) satisfy:

(@) Aw+ f(x,w) <0< Av+ f(x,v) in

(b) w,o > 0in Qand n-Vo+g(v)v < ¢ < n-Vw + g(w)w, on 9Q where c is a
nonnegative constant;

(c) Av € LY(Q).
Then, v(x) < w(x) in Q. If one “<” in the above condition (a) is replaced by “<”, we have
v(x) < w(x) forall x € Q.

is strictly
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Proof of Lemma 3. We prove this lemma by contradiction. If v < w is not true, then there
exist €y,d9 > 0 and a ball B CC Q) such that

v(x) —w(x) > ¢y, x €B

and

/va(f(’;’)w) - f(’;’”))dx > 5. (10)
flx,w)  f(x,0) f(xs)

w
strictly decreasing. Due to w,v > 0in (), it is true to obtain (10).
Let

because is

Here, C C means strict inclusion. We know that

M = max {1,

AZ’HLl(Q)}

and
)

¢ =min {1, &, m}
1
Let ¢ be a smooth function on R such that ¢(t) = 0if t < 5 P(t) =1ift > 1,

P(t) € (0,1)ift € (%, 1) and ¢/(t) > Ofor t € R. For € > 0, we define the function i (t) by

Pe(t) = l[)(é), teR.

It then follows from (a) and the fact that ¢ (t) > 0 for t € R that
)q)g(v —w), inQ.

By the continuity of w, v and ¢, set up a subdomain ()*
QF = {x|o(x) > w(x),x € Q},

X,0)
v

(whv —vAw)pe(v —w) > vw(f(g;’]w) it

with a smooth boundary. It is easy to see that vw (f();,}w) - f(g;' v) ) > 0,in O*/B.

Therefore,
/Q* (wAv — vAw) e (v — w)dx
> [ (=) + of (v, ) (o — w)dx
flx,w) _ f(x,0)
= . wo — l)bg(v — w)dx
C o (fee) S 2> an
= Q*/Bwv< o >1Pe(v_w)dx
+ wv(f(x'w) - f(g;' v))lPs(U —w)dx
flxw) _ f(x,0)
> /Bwv< " )dx> do
Define

then it is easy to verify that

€

5
On one hand, if B C Q* CC O, we have v(x) = w(x) for all x € 9Q)*. Hence, the

following result can be obtained through the divergence theorem

0<V¥(t) <2, teR and Y (t) =0, ift< (12)
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00"

and

. (wAv —vAw)pe(v — w)dx
o wipe(v —w) -n - Vods — /Q* VoVuwye(v — w)dx
wipe (v —w)Vo (Vo — Vw)dx — /ao e (v — w) - n- Vwds

\w\

—|—/) VoVwipe(v — w dx+/ o (v — w)Vw(Vo — Vw)dx
:/Q v (v — w) (Vo — Vw) (Vw — Vo)dx
+/;( —w)P.(v—w) (Vo — Vw) Vodx < /Q* VoV (Ye(v — w))dx

= | ‘Ifs(v—w).n.Vvds—/Q* Ye(v —w)Avdx< 52—0.

This is a contradiction to (11). Thus, v < w is true.

On the other hand, if B C O)* and 9Q)* = S; U S, where S; = dQ* NdQ and S, =

CC Q, then v(x) = w(x) holds in S, and
/a we(v —w) -n-Vods
—/wqjgv— -n- Vvds+/ wipe(v —w) -n - Vods

= | we(v—w) -n-Vods
S1

/am ope(v —w) -1 - Veods
—/ o0 —w) n- des+/ 00— w) -1~ Vwds
= [ oo —w) - Vaods.
From (13) and (14), we have
/O (wAD — 0AW) e (v — w)dx
:/S] wv,ug(v—w)-n-wds—/m VoV (v — w)dx
—/Q* wwé(v—w)Vv(Vv—Vw)dx—/Sl ope(v — w) - 1 - Vuwds
+ / VoVwpe(v — w)dx + /Q oyl(v - ) Vo (Vo - Vo) dx
= [ ol =) (Vo - Va) (Vo — Vo)dx
+ [ (0= w)pi(Vo - Va) (o - w) Vodx
—I—'/Slwwg(v—w)-n-Vvds—/Slvlpg(v—w)-wdes
< [ VoV (%o —w))dx
wg(v—w)(wm-Vv—v-wVw)dx
_/ - Vvds—/m ¥, (0 — w)Avdx

+/S Pe(v—w)(w-n-Vo—v-n-Vw)dx
1

<%+/s lpe(p_w)(w-n~Vv—v-n-Vw)dx.
1

(13)

(14)

(15)
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From condition (b) and the property of S;, we haven- Vo +¢(v)v < ¢ <n-Vw +
g(w)w and v(x) > w(x) on 9Q) for S; C 9Q), which together with (H5) implies that

(n-Vo+g(v)) -w<cw, (n-Vw+ gw)w) -v > co > cw, x €5

and
g(v(x)) > g(w(x)), x € Sy.
Hence,
s Ye(v—w)(w-n-Vo—v-n-Vw)dx

< 5 Pe(v — w) (cw — g(v)vw + g(w)wov — cw)dx
=J Pe(v—w) (— g(v)vw + g(w)wo)dx (16)

= | Pe(v - w)ow(g(w) — g(v))dx

From (15) and (16), we have
/ (wAv — vAw) e (v — w)dx
Q*

<(52—0+/ Pe(v—w)(w-n-Vo—v-n-Vw)dx
S1

do do
< > +0= >

This is a contradiction with (11).

Consequently, v < w in Q).

If one “<” in condition (a) is replaced by “<”, we show that v(x) < w(x) for all
x € Q.

In fact, suppose that there exists a xp € Q with v(xg) = w(xp). Choose rg > 0
small enough B(xp,r9) C Q. From v(x) < w(x) in B(xg,7p), one has w(xy) — v(xg) =
MiN ¢ (xy o) (W(X) — v(x)), which implies A(w(xp) — v(xp)) > 0. On the other hand, from
condition (a) and f(xg, w(xg)) = f(x0,v(x0)), we have A(w(xp) — v(xp)) < 0. This is
a contradiction.

The proof is completed. O

Now, we list some well-known results.
The following problem (see [9])

{ —Au = Au, in Q, 17)

u=20, on oQ)

has the smallest eigenvalue A; with the corresponding eigenfunction ¢; € C2+F(Q).
In the following, we present the existence and uniqueness of the positive solutions of
the following problem

—Au = AuP, inQ),
u>0, inQ, (18)
n-Vu+guu=b>0, ondQ,pe(01).

Lemma 4. Let p € (0,1), A > 0. Then, the boundary value problem (18) has a unique positive
solution u* € C*#(Q) N C1(Q).
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Proof. We start with a proof of existence of a positive solution of (18).
First, let e be the unique solution of
-Au=1 in Q)
7 4 l
{n-Vu—i—gou—b on d(), (19)

1
where g(0) = go > 0. Define 7 = Me, where M > max{1, (Ae})) ™7 } is a positive constant.
Here, ¢g = max, . e(x). It is easy to see that

u>0 in QO
and
—AU = M(—Ne) =M > \u?, in Q),
n-Vii+g(@)i >n-VMe+gy(Me) = M(n-Ve+goe) >b,  onodQ,
that is, 1 = Me satisfies
—Au > AuP, inQ),
>0, in ),
n-Vi+g(u)u>b, on 0Q),

which guarantees that # = Me is the supersolution of (18).
Second, let us now show that there is a positive subsolution u for problem (18). We
now choose u = £¢1, where ¢, is given by the previous (17) and ¢ is small enough such that

u(x) < 7(x), and A(e@1) 77 < A, in Q.

Thus,
—Au=—N(ep1) =e(—A¢p1) = Mepy = /\1(8(;)1)1_”(8(;)1)” < AuP, inQ.

Moreover, by Hopf’s maximum principle, n- V¢; < 0, we have
n-Vu+guu=en-Vp;+0<0, onadQ.
Hence, u = e, satisfies
—Au < Aub, in Q,
u >0, in O,
n-Vu+guu<b,  onadQ,
which implies that u is indeed a positive subsolution of (18).
Therefore, by Lemma 1, we know that (18) has a positive solution.

Next, let us show that the positive solution of problem (18) is unique.
Let u1,uy > 0 be solutions of (18), satisfying 17 # uy. We have

Auq + /\uf =0=Aup + Aug, inQ),

and
n-Vuy+g(u)uy =b=mn-Vuy+ g(up)up, onoQ

AsP . . . . . .
where ~ is strictly decreasing. By Lemma 3, we obtain 11 < 1 in ), and up < uq in Q.

Now, we obtain 11 = uy, in (), the uniqueness is proved.
The proof is completed. [

If g(u) = go for all u € [0, +c0), we have a direct conclusion as follows.

Lemma 5. Let p € (0,1), A > 0. Then, the following problem
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—Au = AuP, in ),
u>0, inQ), (20)
n-Vu+gou=>b2>0, on d()

has a unique positive solution u** € C*F(Q) N C(QY), where go = g(0).

Lemma 6. There exists a 8, > 0 such that
u(x) > 6),u™(x) >6,, VxeQ, (21)
where u* and u** are the solutions of problem (18) and problem (20), respectively.

Proof. Let d1, := min 5 u*(x). If 41, = 0, there exists a xo € dQ) such that u*(xg) = 0.
By the strong maximum theorem, one has n - Vu*(xp) < 0, which implies that

n-Vu*(xo) + g(u*(xp))u*(xg) <0, x € 9Q. (22)
This is a contradiction. Thus, 6; 5 > 0.
Let 6;) := min gu*(x). The same argument shows that 5,, > 0. Set

) = min{dy 1,021 }.
The proof is completed. O

3. Main Theorems

Now, we list our main results in the following.

Theorem 1. Assume that K(x) > 0 forallx € Q,0 < a < 1and 0 < p < 1. Then, there exists
A € (0, +0c0) such that

(i) (1) has at least one positive solution uy € C(Q) N C>TA(Q) forall A > A;

(ii) (1) has no positive solution in C(Q) N C2(Q) forall A < A;

(iii) For A > A, (1) has a maximal solution @i, and il, is increasing with respect to \.

Theorem 2. Assume that K(x) < 0forallx € Q,0 < a < 1and 0 < p < 1. Then,
(i) (1) has a unique solution in C(Q) N C%(Q) for any A > 0;
(ii) u, is increasing with respect to A.

Theorem 3. Assume that K(x) is a sign changing function and 0 < « < 1,0 < p < 1. Then,
there exists a A' > 0 such that

(i) (1) has at least one positive solution in C(Q) N C?(Q) for any A > A';

(ii) For Ay > Ay > A/, there exists solutions uy, and u,, satisfying problem (1) for A = A4
and A = Ay, respectively, such that uy, < u,,.

In our proof, the following result is needed in [7].

Lemma 7. There exists a A, > 0 such that problem (6) has at least one positive solution
uy € CY7(Q), where v = 1 — a when K(x) > 0and A > A.,.

We now present the proofs of our main theorems.

The Proof of Theorem 1. (i) We show that there exists a A > 0 such that problem (1) has at
least one positive solution u; € C(Q) N C2>TA(Q) forall A > A and has no positive solution
for A < A.
First, we consider the following problem
—Au+K(x)u™=AuP, inQ,
u>0, inQ, (23)
n-Vu+gu)u=3, on 0Q)
and claim that problem (23) has at least one positive solution for each k > 1 and A > A,
where A, is defined in Lemma 7.
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u>0, inQ, (24)
n-Vu+g(uu =1, on 0Q).
For A > A, and k = 1, let ii; = u} € C2#(Q) be the positive solution of the problem
(18) for b = 1. Then, we have

— AT+ K(x) () = — Ak + K(x) (1)~ > AP = A(m)P, inQ

{ —Au+K(x)(max{g,u}) " =AuP, inQ,

and n- Vi +g(m)m =n-V(ul) +gui)(ul) =b=1, ondQ,
which guarantees #; is a supersolution of problem (23) for k = 1.

Since limg_, 19 g(s)s =0 < % for each k > 0, choose a decreasing sequence {s; > 0}
such that g(sy)s; < %, k=1,2,---. Let u; = u + s; where u be the positive solution of
problem (6) in Lemma 7 and g(sq)s; < 1. Since u € CY/A(Q)) with u; = u(x) +s; > 0 for
all x € O, onehas thatn - Vu; =n-Vu =n-Vu < 0forall x € 9Q), which, together with
u(x) = 0 for all x € (), implies that

n-Vu +g(uuy =n-V(u+sy)+gu+sy)(u+tsy)
=n-Vu+g(s1)s1

<1
for all x € Q). Moreover, we have
—Aup +K(x)u;* = —-A(u+s1)+K(x)(uw+s)™
< —Au+K(x)u™* (25)
= Auf, inQ.

Thus, u, is a subsolution of problem (23) for k = 1.
The above proof shows that
Auy + Al > 0= At + A()?, in Q,
n-Vuy +g(uy)uy <1=mn-Viuy + g(iy)u1, on9Q.

AsP
Since TS = AsP~lis strictly decreasing for s € (0, 0), it follows from Lemma 3 that

0 < u;(x) <uyp(x), forx € Q.
Hence, Lemma 1 guarantees that problem (23) has at least one solution u; satisfying
up <up <y, onf), (26)
forall A > A,.
Let 1 = u1 be defined in (26). Obviously,
— Aty + K(x) (1) ™ = —Aug + K(x)u;* = Aul = Aub, inQ

and
1
n~Vﬁ2+g(ﬁz)ﬁ2 =n-Vu +g(u1)u1 =1> 5 on 0(),

which guarantees 1, is a supersolution of problem (23) for k = 2.
A similar argument in (25) shows that u, = u + s, is a subsolution of problem (23) for
k = 2. Now, Lemma 1 guarantees that problem (23) has at least one solution u; satisfying

Uy (x) < up(x) <wp(x) =up(x), onQ,

forall A > A,.
Since

lim u(x) =u(x),x € Q.
k—+c0
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For each k > 1, problem (23) has at least one positive solution uj for all A > A, with
u(x) <o <u(x) <o <ugx), x€Q.
Second, we consider the property of {u} defined in (27).

The monotonicity and boundedness of {uy} guarantee that there exists a positive
solution u such that

(27)

lim g (x) = u(x) > u(x),x € Q.
k—+oc0

A standard argument in [10] shows that for each bounded (31 C Q with C lﬁ—boundary,
lim wuy(x) = u(x), uniformly for all x € O,
k—+o0
which implies that u € C2(Q) satisfies that

—Au+K(x)u™* = uP, xe Q. (28)
Moreover, from the boundedness of {u;(x)} on 0Q and n - Vuy + g(ug)uy = —~ on 0Q),

1
k
we know that {n - Vi } are bounded on 0Q), which, together with limy_, ;o g (x) = u(x)
on d(), guarantees that

lim n-Vug(x) =n-Vu(x)and lim !

— = 0, uniformly on 0Q).
k——o00 k—+o0
Thus,
n-Vu(x)+ g(u(x))u(x) =0, on Q. (29)
Combined (28) and (29), we know that u is a positive solution of problem (1) for
A > A
Finally, we present the existence of A.
Set
¢ := {A > 0| problem (1) has at least one positive solution u, }
and B
A=infd.
Now, we show that if Ay > A, then [Ag, +00) C 9. Since A > A, there existsa A € ¢
with A/ < Ag.

For A > Ay, we consider the existence of positive solutions of the following problem

—Au+K(x)(u)™=AuP, inQ,
u>0, in Q), (30)
n-Vu+gu)u=0, on 9Q).
Observe the following problem

—Au+K(x)u™ =AuP, inQ,

u>0, in O,

) (31)
n-Vu+gu)u= v on 0Q),

It is easy to see that u,/ is a subsolution of problem (31) for each k > 1, where
u s satisfies

—Au+K(x)(u) ™ =MuP, inQ,

u>0, in O,

n-Vu+gu)u=0, on Q).

By the same process as we constructed the supersolutions of problem (23), we can
obtain the supersolutions of problem (31) for each k > 1.
A standard argument as we discuss problem (23) shows that problem (31) has at least

one positive solution for each k > 1, and we can obtain that problem (30) has at least one
positive solution for A € [Ag, +0), i.e., [Ag, +00) C 9.
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Moreover, by the definition of A, problem (23) has no positive solution for all A < A.

(ii) We show that problem (1) has a maximal solution % for all A > A and Uy, < Uy,
for Ay > Ay > A.

First, we prove problem (1) has a maximal solution 7, for all A > A.

Let {w;} be a solution sequence of the following problem

—Av+K(x)w Y =Awl |, inQ,

1 32
n-Vo+g(v)v= = on dQ), (32)
fori =1,2,---, where wy is defined in (20) for above A > A and b = 1.
We claim that for any positive solution u, of (1), we have
Uy oeees Swp<wiqg <o < wp. (33)

In fact, it is easy to see that

Auy + Mk = K(x)u;® > 0= Awg + Aw), inQ

and
n-Vuy+guy)uy =0<1=mn-Vwy+ gowy < n-Vwy+ g(wy)wy, onaQ.
From Lemma 3, we have u, < wy.
From (32) and (20), we have
Awy + Awly = K(x)wy® > 0 = Awg + Aw)), inQ
and

n-Vwy + g(w)wy =1=n-Vwy+ gowo < n- Vwy + g(wp)wy, ondQ),

which, together with Lemma 2, implies that w; < wy, in Q).
In addition, for any s > 0, since (As? — K(x)s™*)" = A-p-s"1 +aK(x)s™* 1 >0
and the function As? — K(x)s™* is an increasing function, we have

Awl — K(x)w;* < Awh — K(x)w,®,  inQ,
Auﬁ — K(x)u " < Awl — K(x)wy *, inQ,

which, together with
—Awy = Awl — K(x)w;®, Awl) — K(x)wy* = —Aw,

and
—Auy = Al — K(x)u®, Awh — K(x)wy® = —Awy,

implies that —Awp, < —Awp and —Au, < —Awy, in Q). Moreover, for x € d(), we have

>n-Vwy + g(wz)wz

N —

n-Vwy + g(w)wy =1>

and
n-Vw; +g(wy)wy =1>0=mn-Vuy+g(uy)u,.

Hence, Lemma 2 guarantees that wy, < wj and u, < wy in Q.
Repeating the previous steps, we know that (33) is true.
Using the same proof as (28) and (29), we obtain a u, defined by

(x) = 1im w;(x) (34)

and u, is a solution of (1) and for any u, such that ) > u,. Therefore, i, is a maximal
solution of problem (1) for A > A.

Second, we show that ), <1,,, where u,, and %,, are the corresponding maximal
solution of problem (1) for A = A and A = A,.

Let w), be the solution of the
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—Au = Aub, in (),
u>0, inQ, (35)
n-Vu+gou=1, on 0.
Let v; be a sequence of solutions to the following problem
—Nv+ K(x)v]-__”‘1 = )szf_l, in Q,
1 36
n-Vo+g(v)v= ;, on 0Q), (36)
forj=1,2,---,withvg = w,,.
By the proof process of (34), we obtain
{ Uy, <+ <0 <01 < <0,
li (x) =1),. (37)
Jim vj(x) =,

Moreover, from (35) and (36), we have
n-Viy, +g(uy )iy, =0<1=n-Vu + govg < n- Vo + g(vg)vo, on 0Q)
and from
Aﬁ,\l + )\1ﬁ§1 = K(x)(ﬁ/\l)_"‘

>0
= Avg + Az (vp)?
> Avg + Aq(vp)?, inQ,

we obtain Avg + Alvg <0< Auy, + Alﬁil, in (. Now, Lemma 3 implies that 7, < v, in Q.
The monotonicity of A1s? — K(x)s™* guarantees that Alﬁﬁl — K(x)ﬂgl‘)‘ < Moh — K(x)vy ™.
From

—Aly, = Alﬂf\l —K(x)(uy,) ™" < Alvg —K(x)vy* = =Avy, inQ

and
n- Vﬁ/\l +g(ﬁ,\1)ﬁ/\l =0<1=n-Vu; +g('01)271, on d(),

we obtain — A, < —Avq, in O, which implies that i), < v; by Lemma 2.
Repeating the process, we have

u)Ll Svj/j:()/l/z/"' 7

which, together with (37), implies that i), < 1,,. So u, is increasing with respect to A.
The proof of Theorem 1 is now completed. [

The Proof of Theorem 2. (i) We prove the existence and uniqueness of positive solution
problem (1).
First, we consider a generalized problem

—Au+K(x)u==AuP, inQ,
u>0, in (), (38)
n-Vu+g(u)u=>b2>0, on o),

where b > 0 and claim that problem (38) has a unique positive solution for each b > 0.
From Lemma 4, problem (18) has a unique positive solution #,, and Lemma 6 guaran-
tees that there exists a , > 0 such that u, > J, for all x € Q.
In order to discuss problem (38), we consider a modified problem

—Au+ K(x)(max{u,d,}) " =AuP, inQ,
u > 0, in Q/ (39)
n-Vu+g(u)u=7o, on dQ},

where ¢, is in Lemma 6 and show that the problem (39) has at least one positive solution.
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Let i1y = Cu; € C?>P(Q)) where u is the positive solution of problem (20) for b > 0,
and C > 1is big enough such that

CAuf 4 K(x)(max{Cuy,8,}) ™ > A(Cuy)?.

Hence,
— Aty 4 K(x) (max{i, 6, }) ™% = CAul + K(x)(max{Cuy, 6, })*
> A(Cuq)P
=Au?, inQ
and
n-Vig+g(u)u; =n-VCuy+ g(Cuy) - Cuq
> C(n-Vuy + gour)
=C-b
>b, ondQ),
which implies that ; is a supersolution of (39).

Set u(x) = u*(x) where u* is the unique positive solution of problem (18) for b > 0.
We know that the problem

—Au = AuP, in Q),
u>0, in Q,
nVu+g(u)u=2>, on 0(),

which implies that u is a subsolution of problem (39). In fact,
—Au~+K(x)(max{u, 6, }) < —Au+0- (max{u,d,}) = —Au=AuP, inQ
and
n-Vu+guu=">0 ondQ.
Thus, u is a subsolution of problem (39).
Moreover, since
Au+ AuP =0 > K(x)(max{uy,6}) " > Ay + A} inQ,
n-Vu+guu=>0b<n-Vuy +g(u)h on 0Q)

p
and A% = AsPlis strictly decreasing for s € (0, c0), which implies that

u(x) <up(x) forx e Q

by Lemma 3.
Hence, problem (39) has at least one solution u satisfying

Hh<u<u<iu;, onQ.

In addition, max{u(x),6, } = u(x) forall x € Q) guarantees that u is the solution of problem
(38) as well.
Next, let us show that the solution of problem (38) is unique.
We assume that 11 and u; are the solutions of problem (38). In other words, 17, uy
respectively satisfy
—Auy +K(x)u;* = Auf,  inQ,

u; >0, in O,
n-Vuy+g(u)uy = b, on 0Q)
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and
—Auy + K(x)uy* = Aub,  inQ,
up >0, in ),
n-Vu2+g(u2)u2 =D, on 0Q).

Since
(e +1)K(x)

(f(x,5)>/ :)L(pil)sp—2Jr 2

<0,

we know that M

u1 < up. Thus, uls: up, which implies that the solution of problem (38) is unique when
K(x) <O0.

Hence, problem (38) has a unique positive solution for each A > 0 when K(x) < 0 and
b>0.

Let b = 0. We know that problem (1) has a unique positive solution when K(x) < 0
for x € Q.

(ii) We show that u, is increasing with respect to A where u, is the solution of
problem (1).

We assume that A, > Ay > 0 and u,,, u,, are the corresponding unique
solutions. Obviously,

is decreasing. Therefore, Lemma 3 guarantees that u; > uy and

Auy, — K(x)uy* + /\zuﬁz =0
= Auy, — K(x)uy* + Aluﬁl
< Duy, — K(x)uy * + /\zuﬁl,

forx € Qand
n-Vuy, +g(up,)ur, =0=mn-Vuy, +g(uy,)uy, onoQ.
K(x)s™% 4 AgsP

Lemma 3 implies that u, (x) < u,,(x) in Q) since — 5 is strictly decreasing
for s > 0 at each x € (). Moreover, by the extension of Lemma 3, we have
uy, (x) < up,(x), x € Q. Thus, u, is increasing with respect to A.

The proof of Theorem 2 is completed. [

The Proof of Theorem 3. (i) We show that there exists a A > 0 such that problem (1) has
at least one positive solution for all A > A when K(x) is sign-changing.

Let K = min, 5 K(x) and K = max, 5 K(x). Obviously, K < K(x) < K and
K < 0 < K. Now, Theorem 1 guarantees that there exist a A > 0 such that the fol-

lowing problem CAu+ K = AuP, inQ,
{ u>0, in (), (40)
n-Vu+guu=0, on 9Q)
has a maximal solution u, for all A > A.
Letv := uy for A > A.
First, we consider an approximate problem P;(A) of problem (1) as follows

—Au+K(x)(u) ™ =Auf, inQ,
{ n-Vu+g(u)u = %, on 9Q). 41
Obviously,
—Av+K(x)o % = —Auy + K(x)u® < —Auy + Ku)® = /\uﬁ = Av?, inQ,
n-Vo+g@v=n-Viy +g(uy)i), =0< on dQ),

El
which implies that v is a subsolution of (41) for each k > 1.



Mathematics 2021, 9, 2173

150f 17

According to the previous proof Theorem 2,

u>0, in O,

—Au+Ku™ = AuP, in Q),
n-Vu+guu=1, on 0Q)

has a unique positive solution w;. Therefore, we obtain
— AWy + K(x) (@)™ > —Awy + K(wy) ™" I)\@f, in Q),
n- Vi, +g(w1)w1 =1, on 0(),
which implies that w; is a supersolution of (41) for k = 1.
Obviously,
AWy + AW =K w0, <0< Ko *=Av+A0f, inQ
and
n-Vu,+g(w))wy =1>0=n-Vo+g(v)v, onaQ,
AsP
Lemma 3 guarantees that v < w; in () because % is a strictly decreasing function for

s € (0,00). Therefore, by Lemma 1, there exists a minimal solution u; satisfying problem
(41) for k = 1 withv < uy < wj.
It is easy to see that u; satisfies

—Aup +K(x)(u1) ™" > —Aug + K(wy) ™ = Auy,  inQ,

1
n-Vuy+g(u)u; =1 > 5 on dQ},

, v is a subsolution of

NI~

which implies that 14 is a supersolution of (41) for k = % Fork =

=

the problem (41). Lemma 1 guarantees the minimum solution u; o
(41), meeting v < upy < uy.
Repeating the process, we can obtain a solution sequence {uy } such that

DL e Sup <t <oeeens <u; <wy, (42)

the existing problem

where uy, satisfies problem (41) for k > 1.
Second, we consider the property of {u} defined in (42).
The monotonicity and boundedness of {1} guarantee that there exists a positive
solution u such that
lim u(x) = u(x) > v(x),x € Q.
k—+o0

A standard argument in [10] shows that for each bounded (31 C Q with C 1'ﬁ—boundary,

lim u(x) = u(x),uniformly for all x € Oy,

k—+o0
which implies that u € C2(Q) satisfies that
— Au+K(x)u™* = uP, x e Q. (43)
1
Moreover, from the boundedness of {u;(x)} on0Q and n - Vuy + g (up)uy = zon 0Q),
we know that {n - Vi } are bounded on dQ), which, together with limy_, , o, ux(x) = u(x)
on 0(), guarantees that
lim n-Vug(x) =n-Vu(x)and lim L 0, uniformly on 9Q).
k—+o0 ko0 k
Thus,
n-Vu(x)+ g(u(x))u(x) =0, on Q. (44)

Combined (43) and (44), we know that u is a positive solution of problem (1) for
A> A
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(ii) For above A > 0, let A’ < A; < Ay. Theorem 1 implies that, for any A;, the
following problem
—Av+ Ko™ = A\0P, inQ,
v >0, in O,
n-Vo+g(v)v=0, on 0Q)
has a maximal solution v,, with v), < v,, for A} < A;. Similarly, Theorem 2 implies that
for any A;, the following problem
—Av+ Ko™% = AoP, inQ),
v >0, in Q,
n-Vo+g(v)v=1, on 9Q)
has a unique positive solution w), with w,, < w,,. Obviously, v, and w,, are subsolution
and supersolution of Py (A;) as follows
—Au+Kx)u ™ =AuP, inQ,
1 45
n-quLg(u)u:E, on 9Q) 4

respectively. According to the proof of (i), for A, there exists {u(Akl) } such that

Dp S <ul® <ul V< <) <,
and
uy (x) = lim u&kl)(x),x X0
where ugﬁ) is a minimal solution of problem (45) for k > 1in [v,,, w,,]. For A,, the same

argument shows that there exists {uf\kz)} such that

(k) (k=1) (1)
U)\2 S ...... S u)LZ S qu S ...... S u/\z S w/\z

and

uy,(x) = lim ugé)(x),x €q,

k—+o0

(k)

where u s is a minimal solution of problem (45) for k > 1in [v,,, wy,].
(k)

Since u A satisfies

—A”(Akz) + K(x)(u(ﬁ))*“ = Az(ug’?)” > Al(u(Akz))”, inQ,

n- Vu(Akz) —i—g(ug\kz))ug\kz) = on 0(),

(k) (k)

we know that i) * is a supersolution of problem P¢(A1), which implies u PR uf\kz) (note

that uf\k) is a minimal solution in [v A W 1,)) for each k > 1. Hence,
1

(k)

k .
() < lim u)’ =uy,
—>+00 2

uy, = lim u
M k— o0 M k
for Ay < Ajp.
So u) is increasing with respect to A, and the proof of Theorem 3 is now completed. [

4. Concluding Remarks

This article has a positive impact on the problem of thermal explosion in physics. For
example, the left side of the first equation in problem (2) is the heat conduction equation,
which is widely used in physics. Before our research, some articles discussed the existence
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of positive solutions for our problem when the nonlinear term is nonnegative and is
continuous at zero. In this paper, a new comparison method for an elliptic problem with
a nonlinear boundary condition is designed. Based on our comparison theorem and
sub-super method, we obtained the existence of the solution and the dependence of the
solutions on parameters when the nonlinear term is sign-changing and singular at zero.
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