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Abstract: In this paper, a nonparametric estimator of ruin probability is introduced in a spectrally
negative Lévy process where the jump component is a tempered a-stable subordinator. Given a
discrete record of high-frequency data, a threshold technique is proposed to estimate the mean of
the jump size and use the Fourier transform and the Pollaczek—Khinchin formula to construct the
estimator of ruin probability. The convergence rate of the integrated squared error for the estimator
is studied.
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1. Introduction

In actuarial science, the statistical inference of ruin probability has received much
attention from scholars. Many works have been contributed to parametric and nonparamet-
ric estimation of ruin probability. See, for example, Croux and Veraverbeke [1], Frees [2],
Mnatsakanov et al. [3], Pitts [4], Politis [5], and Veraverbeke [6]. In recent years, many
nice results have been obtained by actuarial scholars, such as Huang et al. [7], Li et al. [8],
You et al. [9], Zhang and Yang [10], Zhang and Yang [11], Zhang [12], and Zhang and
Yang [13]. As an extension of ruin probability, the Gerber-Shiu function has been intro-
duced and studied for its statistical properties. Interested readers can refer to Su and
Yu [14,15], Yang et al. [16], Zhang and Su [17], Su et al. [18], Zhang and Su [19], Zhang [20],
Shimizu [21], and Shimizu and Zhang [22], among others.

In Asmussen and Albrecher [23], an analytic (or probabilistic) approach was suggested,
and it needs much more detailed information about the risk model, such as the claim size
distribution. However, in practical situations, it is not easy to obtain the specific distribution
information. Instead, one observes the surplus process at some discrete time points. Then,
a statistical methodology can be directly used to estimate the claim size distribution with
the observed data. In Zhang and Yang [10], a nonparametric estimator of ruin probability
was proposed, based on the Pollaczek—Khinchin formula and the Fourier transform in
a pure-jump Lévy risk model. This estimation approach was extended by Zhang and
Yang [11] to a spectrally negative Lévy risk model. Subsequently, Shimizu and Zhang [22]
estimated the Gerber-Shiu function for an insurance surplus process driven by a Lévy
subordinator. In Zhang and Yang [10] and Comte and Genon-Catalot [24], they considered
high-frequency sampling with n discrete time observations of step width h, > 0 and
derived asymptotics under the framework that i, — 0 and nh;, — cc.

In the present work, our interest is to estimate ruin probability for a spectrally negative
Lévy risk model under the above framework. Assume that the surplus of the risk model
can be observed at a sequence of discrete time points {t} = kh,, k = 0,1,2,3,...} with
hy > 0being the length of the sampling interval. Without observing the jump and diffusion
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parts of the risk model, it is challenging to estimate ruin probability, since it depends on
both parts in a spectrally negative Lévy risk model. In Mancini [25-28] and Shimizu [29,30],
they developed a threshold technique for identifying the times when jump sizes exceed
a suitably defined threshold. Using the threshold technique and the Fourier transform,
an estimator of ruin probability is constructed, and the convergence rate of its integrated
squared error is obtained.

The remainder of this paper is organized as follows. In Section 2, the risk model, as
well as some assumptions for the asymptotic theory are introduced. In Section 3, some
estimators are suggested, based on the Fourier transform and the threshold technique.
In Section 4, the convergence rate of our estimators is established. In Section 5, we conclude
this paper.

2. Preliminaries
2.1. Risk Model and Some Assumptions

A spectrally negative Lévy process is specified by:
Yy =ct+cWy—];, t2>0, @)

where ¢ > 0 is a parameter, ¢ > 0 represents the perturbation coefficient, W; is a standard
Brownian motion, and J; is a subordinator. Suppose that W; and J; are independent of each
other. Then, the characteristic exponent of Y; is given by:

1 . 1 oo ‘
Py(s) = n In(E[e™Y]) = ics — 50252 — / (1—e "% (dx), )
0
where v is the Lévy measure on (0, o). By Sato [31], it can be rewritten as:
Je = Lt + My, ©)

where L; is the sum of jumps over [0, t] with the jump size larger than one, and M;}
is the sum of jumps over [0,t] with the jump size less than one. Specifically, Ly =
fot Sy xp(ds,dx) = Z,I(\]; 1k, where p is the Poisson random measure of J; such that
E[u(ds,dx)] = v(dx)ds, Ny is a Poisson process, and 1, Y2, ¥3, ... are i.i.d. random variables,
that is L is a compound Poisson process representing the jumps of J; with the jump size

larger than one. Process M} admits decomposition, M = bt + M;, where b = [ __, xv(dx)

and M; = fg [ <1 xfi(ds, dx) is a martingale with ji(ds, dx) = p(ds,dx) — v(dx)ds being the
compensated measure of y(ds,dx). It is known that M; is a square integrable martingale
with infinite activity of the jump such that E[M;] = 0 and Var[M;] =t [, x*v(dx) < oo.
Suppose that v, N, and M; are independent of each other.
Let u > 0 be the initial surplus of an insurance company. Then, the surplus at time ¢
can be modeled by:
U=u+Yi=u+ct+oWy—J;, t>0, 4)

where c is the rate of the premium, o represents the perturbation coefficient, J; denotes the
claim payments and other expenses in insurance businesses, and W; is a perturbation.

2.2. Ruin Probability and Its Fourier Transform

The infinite-time horizon ruin probability ®(u) is defined as:

P(u) = P( inf Ut§0l10:u>.

0<t<oo

By Equation (1) in Zhang and Yang [11], ®(u) admits the following representation:

B(u) =1- (1-p) Y- p (G« HOY(w), u >0, ©)
i=0
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where p = &,y = [P xv(dx), H(x) = i L[5 v(y,00)dy, and G is determined by the

Fourier transform [ ¢**dG(x) = c{c — 715} L Settmg ®(u) =0 for u < 0, Zhang and
Yang [11] obtained the Fourier transform of ®(u):

%zis + £ [ (@ = D)v(dx) — i
ics + G2 — Jo~ (5 = 1)v(dx)
ies(1—p) + py(=s)

- —ispy(=s) ' ©

Once an estimator of Fg(s) is available, ®(u) can be estimated by the inverse
Fourier transform.

Fo(s) = /Oooeis”CD(u)du =

3. Estimation of Ruin Probability

Suppose that a discrete sample Y" = {Yju|t]' = ihy;i = 0,1,2...,n} can be observed.
LetZ;, = Yt;; — Yt?-l hy =t =t | >0, hmnﬁOO hn = 0, and lim;;_,c0 1h;, = 0. Our interest
is to estimate ®(u) by Z1, Zy, ..., Z, when Lévy measure v and perturbation coefficient
are unknown.

If one can estimate p and iy (—s) in (6), then Fg(s) can be estimated with the plug-in
device. Inspired by Zhang and Yang [10,11] and You and Yin [32], we define the estimator

of Py (s):

. 1.1&
¢Y(S) = hi(i Z 5%k — 1)‘ (7)
==
To estimate p = £}, we need to estimate pq, the mean of [;. Zhang and Yang [11]

proposed to estimate yl, by

fi = o (e = 2. ®

Note that ch, — Z; = (], e )— (T(Wt;g — Wi ). Ideally, we hope that the estimator

k-1
of yy is % Zzzl(]t}j — ]tZ—l)/ but we cannot observe a discrete sample J" = {]t}1| th =
ihy;i = 0,1,2...,n}. To this end, we introduce a threshold technique. Motivated by
Shimizu [29,30] and Mancini [26,27], we introduce the filter:

Dl ={weQ: (chy—Zy) > rn}, )
where r,, > 0 is a suitable threshold parameter dependent on # such that lim;, _,q7, = 0.
Let C} := {w € O : (chy — Zx) < 1y} be the complement of D}. By (9), if chy, — Zy > ry,

we can detect the existence of a jump in an interval (¢ 1 tk], and then, we take ch,, — Z; as
an approximation to Jyi — Ju . This leads to a natural estimate of uy:

Yo (chn — Zi)Ipy

fn = i (10)
Then, p is estimated by:
- Y (chy = Z)Ipy
p= cnhy, ' ()
Combining (6), (7), and (11) leads to our estimator:
Fols) = ics(1—p) + §v(=s) (12)

—isthy (—s)
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Note that the above estimate has no definition at s = 0. When s — 0, ¢y (—s) — 0, and
thus, Fg(s) may behave erratically. Applying the inverse Fourier transform and removing
a small neighborhood of s = 0, we propose to estimate ®(u) by:

1

<i>(u) =5

M, . R —Mmy s N
/m e~ P (s)ds + % /7M e " Fp(s)ds, u>0, (13)

where m,, and M,, are positive threshold numbers such that m, — 0 and M,, — oo as
n — oo.

4. Asymptotic Properties of Estimators

In this section, the asymptotic properties of p and &(u) are studied. For the ease
of exposure, we first introduce some notations. For integer k = 1,2, yj := fooo xky(dx).
For any two positive sequences {x,,}° ; and {y,} 1, x» S yn means that x, < Cyy,
for some constant C and large index n. For any function f(x) with support (0, o), define
I£1? = fooofz(x)dx. Letuy = floo xv(dx), u, = E['yk],a?y = Var(7;), and (712\/1 = f01 x?v(dx).
Next, we make the following assumptions for our theoretical results:

Assumption 1. The safety loading condition holds, i.e., ¢ — py < .

Assumption 2. J; is the tempered a-stable subordinator.

1
Assumption 3. h, = n ", m, = O(n™"), « € [0,1), and 6 € (0,5), where 1,k > 0,
K1 +3k <1,1—11(2—20)+x2 <0, and x; —20x1(1 — ) < 0.

Assumption 1 guarantees that the ruin is not a certain event. Assumption 2 means
—Ax
e

that v has a density of the form v(x) = I;~o, wherez > 0,A > 0,and « € [0,1).

14a
x
Assumption 2 implies that p1q < oo, iy < 00,

™k k—a _
xv(dx) ~ (ry)%, k=1,2,34, (14)
0

1
and / xv(dx) ~ (m+ri7%), (15)
'n

where m indicates a generic constant.
To establish the convergence rate of ® (1), we need to calibrate the estimation errors
of p. The following Theorem 1 gives the rate of convergence of g.

Theorem 1. Letr, = hfl with @ € (0,1/2). Then, under Assumptions 1 and 2,

R 1

p—p= \/Wth +Op(H1 Y 4 229, (16)

1 Loy
where Qy,, N N(O, C—z(yui7 + va + 1712\/[)).
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Proof. Let Ak] e (]t]r(l —_ ]t;:_l)’ AkM = (Mtlrcl — Mtl’z—l ), AkL = (Ltlr(l - Lt;’_l )/ AkW = O'(Wt;: —
Wi ), and AN = (Nf;'f - Nt'i—1)' By (9) and (11), we have:

Yk (chn = Zi)Ipr 1

p=r = cnh, L
_ 1[2‘2—1 (Ae] — MWL g w1 _ }
o nhy m
1 [ Lkt (O + AL — AW + AM) Ly o p - a W a M=k}
I [ nh - m}
n
4
= Y (17)
=1

where:

1 [er:_l(AkL - AkW)I{AkL*AkWMg'} — /oQ xv(dX)]
l 7

I =
1= nhy

I, — 1 {E;:Zl(AkL — AkW)
= —

P nhy, (I{hhn+AkL7AkW+AkM>hf,} - I{AkaAkW>h?,})} ’

1 (bhy + AM) 1
=] il 7/0 xu(dx)|,

1Y (bl + AeM)

Iy = P nhy, {bhy+ A L—AWA+AM<HE}

In the following, we study each of I; to I4.
(i) Note that:

1

ho= gl

k1 (kL = AW)Lp 1 a Wi A N=1}
i - VL}
n

+1 [er;_l (AL — Akw)I{AkLAkw>h€,,AkN—o}}

c nhy
1 [Zz_l(AkL - AkW)I{AkL—AkW>h3,AkN>2}}
c nhy
= L1+ I+ L3 (18)

By Mancini [25], {AxL — AyW > h%} is equal to {A(N = 1} almost surely for small /.
Thus, for small h,,,

L. — 1 [Zl’g—l (AL — AkW)I{AkaAkW>h,9,,AkN:1} B ]
= nhy, L
11 Xk=1 (76 — DeW)Iga N=1
= - [ o - m} . (19)
Rewrite:

Lo 1 [22:1{(% — MW)Tip N=1) — thL}} _ Zp, (20)

1 Vnhy, c/nhy, C nhy,
Then, due to the independence of v, N;, and W;, by the central limit theorem, we

1 VLUZ
have Zhn B> N(O, sz(;l/lLPlry + 77))

¥
By (A.2)-(A.4) in You and Yin [32], we have:

1
Vnhy

)

1 X1 (AL = AW n 1 A wsnd auN=01}
Ly = - [
c nhy

}ZOP(
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and:
L 1{21?_1(AkL_AkW)I{AkLAkW>hﬂ,AkN>2}} — op( 1 )
3= nhy, P Vnhy, '
Z 1
Therefore, I} = \/% + 0p(7h).
nhy nhy

(ii) Next, we show that I, = 0p(h}f”‘61 llog(hi)). Since bh,, + AyM > 0, we have
n
{AL — AW > 10} C {bhy + AM + AL — AW > K9, Thus,

[ i1 (AL — AW) .

P e nhy ( {bhn+ O L= AN +AM>HG} {AkL—AkW>hg})
L (AL — W) .
T oc nhy, {bhy+ A L— MW+ A M>HG A L— AW <HG} |+ (21)

For small r,, {AyL — AW < W} = {AN = 0} almost surely. As a result, we have:

L = 1[2?;1(_Akw)

c nhy, I{AkM>h§,,AkL7AkW§hg}} (1+40p(1)).

By Mancini [27], we obtain that:

Vi1 [ AW 1

1 _ 1—-ab
*[TI{A,{MMQ}] = op(hy 10g(hn ))-

c

(iii) Applying the central limit theorem, we obtain:

1.7 (bhy + AM 1 T
I; = 7[27‘—1( nt MM) / xv(dx)] = M (22)
c nhy 0 nhy,
D oy
where T),, — N (0, C—z)
(iv) Now, let us consider the last term of (17).
134, (bhy + AcM)
-l = c nhy, {bhy A L— AWM M<K}
LT (bt M)
- nhy, {bhy+D L— D WADM<HG bhy+AM>210 )
1341 (bhy + AeM)
T3 il (bl -+ A L— AW+ A M<K bty + A M<21}
= By +Bs. (23)

By (A.29)-(A.32) in You and Yin [32], we have

1T (b + M)

14+(1-26)
c nhy, nh

By {bh,,+AkL—AkW+AkM§hZ,bhn+AkM>2h?l}SOP( n ). (24)




Mathematics 2021, 9, 2654 7 of 9

Next, we show that the second term of (23) is of order O(r}~%). In fact,

150, (bhy + AM)

B, = p nh, {Dhy+ A L—AgW+AM<H bhy+ A M<218 }
_ 1L (O + M)
R 1nhy, {bhn+AeM<20)}
t
S R ICED)
- c nhn I{bhn‘i‘AkMSzhg}
B o
B, 5 ) N
= o, : (25)

Using Assumption 2 and the law of large numbers, we establish that:

c nhn cJo

v (i u(dx, dt)) 28
E[1 Dl 1/ xv(dx) ~ pol-w)

and:
B, = O(h81 =),

——(Zy, + Ty,) + Op(nh}lJr(leG)
nhy,
hz(l_"‘)), Note that Z; and T}, are independent. It follows that the result of the theo-

rem holds. O

Finally, combining (i)—(iv) leads to p — p = +

The convergence rate of ﬁD(u) depends on the choice of h;, m,, and M. The following
theorem establishes the convergence rate of the integrated squared error of & (u).

Theorem 2. Under Assumptions 1-3, as 1 — oo,
[4b(1) — (u) 2 = Op (max {252, 2000170yl (200 Zy) (o)
n

Proof. By (13), we have:

2
du. (27)

S Mn . ~ —my . N
b)) = [ [ e Epe)ds+ o [ e o (s - o)

—M,

Using Parseval’s identity, we obtain that:

s o2 < L c1-p) _c(l-p)
[b(u) —@@)|” 5 21 /m,,<\s\<Mn @Y(_S) Py (=s)
1

o [ 1F0ls) s+—/ | Fo(s) s
27 J|s|> My |s|<m
= I + 1, + I15. (28)

2
ds
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Note that:
_ 1 (c =) [Py (=s) = py (=s)] + epy (=) —p]|*
= 2n/mn<|s|<Mn By (—5) Py (—s) d
(c = )y (=) =¥y (=9)]|"
S I e ey m L
cp—pl
+»/mn<\s\<M Y( S) d (29)

Using the fact that |y (—s)| > s(c — p1) and Theorem 4.1 in You and Cai [33], we
establish that:

(c=m)ly(=s) =y (=) . _ 5 1 -3
/mn<|s\<Mn Py (—s) Py (—s) S P(nhnm” ) (30)
and:
clp—p] 2 _ 11 2-20 | 120(1—a)y 1
/mn<\s\<MH (s | = Oy ) Ol ) ) (31)

1
By Lemma 1 in Zhang and Yang [11], we have I, = O(ﬁ) and II3 = O(my,). Then,
n

combining (30), (31), and Assumption 3 leads to:

N 1
||q)(u) _ (I)(u) HZ =Op (max{nxl+3szllnK272K19(171x),n17K1 (2729)4’1(2/ E}) )

O

5. Conclusions

In this paper, the threshold and Fourier transform (inversion) techniques were em-
ployed to construct a new estimator of ruin probability for the spectrally negative Lévy
process. The convergence rate of the integrated squared error (ISE) of the estimator was ob-
tained when the jump component was the tempered a-stable subordinator. This shows that
the ISE of the estimated ruin probability function is well controlled. Further work includes,
but is not limited to deriving the asymptotic distribution of the proposed estimator and
making statistical inference for ruin probability, under the framework that the risk model
is a spectrally negative Lévy process with dividend strategy and investment. Furthermore,
statistical inference for the Gerber-Shiu function and the dividend function are worthy
of study.
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