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1. Introduction

Let L{“H be an (1 + 1)-dimensional Lorentz manifold, i.e., an indefinite Riemannian
manifold of index 1. A hypersurface M" of LTH is said to be spacelike if the induced metric
on M" from that of L?H is positive definite.

The problem of characterizing spacelike hypersurfaces immersed in a Lorentz space
form is an important and fruitful topic in the theory of isometric immersions, which is
originated from the seminal paper by Calabiin [1] and Cheng-Yau in [2]. As a generalization
of their studies, it motivated a great deal of work of several authors to research the problem
of hypersurface with constant mean curvature (CMC), such as [3-5], or constant scalar
curvature (CSC), such as [6-11]. Meanwhile, some rigidity classifications and pinching
results were obtained, by using Omori-Yau’s maximum principle for the Laplace operator
in [12], or the generalized Omori-Yau’s maximum principle for the self-adjoint differential
operator introduced by Cheng-Yau in [13], respectively.

The above problems have been studied in the more general spaces, such as in locally
symmetric Lorentz manifolds (whose curvature tensors are parallel), which is supposed
to obey some appropriate curvature constraints. We recall that, for constants c¢; and ¢,
Choi et al. [14,15] introduced the class of (1 + 1)-dimensional Lorentz spaces L’f“ with the
following two additional conditions (here, R(u,v) denotes the sectional curvature of L?H):

R(u,v) = % ¢y

for any unit spacelike vector u and timelike vector v and

R(u,v) > o )

for any unit spacelike vectors u and v.
It should be noted that the locally symmetric Lorentz manifolds satisfying (1) and (2)
are generalization of the Lorentz space forms and some non-trivial examples are given
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in [14-16]. In this setting, many authors work in this type of ambient manifolds and a series
of similar results for totally umbilical and pinching results are obtained (see [17-19]), but
they could not give the rigidity classification results due to the fact that there are no nice
symmetry properties for the ambient manifold.

Motivated by the works described above, our aims, in this paper, are to establish
the umbilicity and pinching results by considering hypersurfaces immersed in a Lorentz
Ricci symmetric manifold satisfying (1) and (2). Here, we call it Lorentz Ricci symmetric
manifold if it is a Lorentz space whose Ricci tensors are parallel. Moreover, when the Ricci
symmetric manifold is an Einstein manifold, we further give such hypersurfaces some
rigidity classifications. In the following, we give a large class of examples of Lorentz
Ricci symmetric manifolds satisfying (1) and (2) which are not locally symmetric or space
forms. In this sense, it is worth characterizing the spacelike hypersurfaces in such class of
ambient manifolds.

2. Models

Example 1. Let (RY, g0) be a Lorentz—Minkowski space and (N"*17%, ¢\) be a Riemannian
manifold. We consider the semi-Riemannian direct product manifold

R]{ % NnJrlfk

with the metric § = go + gn. Then, we claim that this direct product manifold is a Ricci symmetric
manifold satisfying (1) and (2) if and only if N"+17K is a Ricci symmetric manifold with sectional
curvature bounded from below. Moreover, RY x N"*1=K is not a locally symmetric manifold if and
only if N"*1=K is not locally symmetric.

Proof. In fact, we know RS x N"*+1-¥ is a Ricci symmetric manifold if and only if N"*+1-*
is a Ricci symmetric manifold.

For any unit vector fields u, v on R’l‘, as in [20], we also denote by u, v the vector
fields (u,0), (v,0) on R’f x N"t1-k_ Likewise, for any unit vector fields #,{ on N"+17k,
we also denote vector fields (0,7) and (0,¢) on RE x N"*1=% by 5, 7. Obviously, u, v are
either spacelike or timelike and 7, { must be spacelike. Then, the sectional curvatures of
RE x N"+1-K are given by

R(u,0) =R(u,7) =0, R(7,¢) =R"(1,2), ®)

where RN (n,Q) is the sectional curvature of N n+l-k. v and 1, are linear independent
respectively. Therefore, from (3), we conclude that (1) always holds and (2) holds if and
only if RN (7,0) > cxand 0 > ¢y, that s to say, the sectional curvature of N n+1-k js bounded
from below.

On the other hand, by (Remark 0.26, [21]), R¥ x N"+17K s locally symmetric if and
only if both R¥ and N"+1-k are locally symmetric manifolds, which confirms our claim. [

Example 2. Let (FX(<L), gr) (k # 1) be a Lorentz space form with the constant sectional curvature
< and (N"+1=K ¢n) be a Riemannian manifold. We consider the semi-Riemannian warped
product manifold

C1 —
Flf(z) % an+1 k

with the metric § = gr + f2gn, where f > 0 is a smooth function defined on F’{(%) Then, the
warped product manifold is an Einstein manifold (with the constant c1) satisfying (1) and (2) if and
only if:

(i)  The Hessian Hf of the function f satisfies

Hf C1
7 = ZSF, 4)
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(i)  N"*1-Kis an Einstein manifold with its Ricci tensor satisfying

. c
Riex = (n = k) (S-f2 +gr (Y, V1)) gns 5)
and the sectional curvature satisfying
RY(1,0) = of? + gr(Vf, V) )
for any linear independent vector fields 1, {;
(iii)
Lo )

N

Proof. Firstly, we give two basic facts. Following the notations in Example 1, the sectional
curvatures of F’l‘ (%) x N ntl—k # 1, are given by (see [22], Proposition 4.2)

a H (wu) & RY(1,8) — 8r(V£, V)
R(u,v) = —, R(u,n)=-——"7-=, R(n,0)= , 8
(10) = S Rlwy) = 200, ROy0) £ ®)
where u,v on ]F’{ ()and 5, on N n+1-k are linear independent, respectively.
Moreover, based on ([23], Corollary 3), IF’{(%) X fN "+1-k is an Einstein manifold with
Einstein constant c; if and only if:

(@) The Ricci tensor of IFI{(%) satisfies

Ricp = c18r — THJ(,

(b) N"t1-kis an Einstein manifold with

Ricy = ugn,

where y is a constant given by

p=—fAf +(n—k)ge(Vf, V) +erf ©)

Now, we assert that (a) together with (b) are equivalent to (4) and (5). Since Ricr =
@ gF, we know that (a) is equivalent to (4). Owing to (a), we get Af := tr(H/) = k% f,
and hence (b) is equivalent to (5). So, we can say that F’f(%) X fN "+1-k js an Einstein
manifold with the constant ¢; if and only if (4) and (5) hold.

Then, we prove its sufficiency and necessity. Due to the obviousness of the sufficiency
(<), i.e., if (i), (ii) and (iii) hold, IE"l‘ (5L) x N n+1-k js an Einstein manifold with the constant
c1 and satisfies (1) and (2), we next prove the necessity (=).

The two basic facts above show that, if IF’{ (%) x N "+1=K is an Einstein manifold with
the constant c1, then (4) and (5) hold and, using (4), we further know (8) reduces to

R(u,v) = R(u,n) = %, (10)

which means (1) is automatic.
On the other hand, since ]F’l‘ () x N n+1-k satisfies (2), we obtain, from (8) and (10),

RN(ﬂ,C)—ng(Vf'vf) > ¢y and a > 0,
7 n

that

that is, (6) and (7).
To sum up, F§ (<) x N "+1-k s an Einstein manifold with the constant ¢; and satis-
fies (1) and (2) if and only if (i), (ii) and (iii) hold. O
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Let us suppose that k = 1; then, Example 2 becomes the so-called generalized
Robertson-Walker spacetime. Then, we have the following Example 3.

Example 3. We consider the generalized Robertson—Walker spacetime
I Xf N"

endowed with metric § = —dt*> + f?(t)gn, where I C R is an open interval and f : [ — R is
a smooth function. Then, the generalized Robertson—Walker spacetime is an Einstein manifold
satisfying (1) and (2) if and only if

(i) N™is an Einstein manifold with the constant o™ and its sectional curvature

RN@E ) = ef 4+ f2 (e < -

s
n

)

for any linear independent vectors ¢ and 1;
(ii)  f satisfies one of the following items:

o f=mt+aypN =—(n—1)awhency =0;
o f=mexp(y/Dt)+arexp(—/Lt), pN — =V 44. 0, when ¢; > 0;
o f=uaysin(y/—Lt) +apcos(y/—tt), pN = (n— 1C1(a1+a2)whenc1<0

for any constants ay and a,.

Proof. Firstly, by [24,25], I Xy N" is an Einstein manifold with the constant p if and only if
N" has constant Ricci curvature pN and f satisfies the differential equations

foon n f?
On the other hand, following the notations above, the sectional curvatures of the
generalized Robertson—Walker spacetime are given by (see [22], Lemma 5.2)

1 N _fm
R(u, 1) = J; R(C,n)=R(C’}72)f (12)

ffop g Pn=1) e+ (n—1)f? an

for any timelike vectors 1 on I and any spacelike vectors ¢, 7 on N”. So, the conditions (1)
and (2) hold if and only if

J;/_/:C;}czand(fgf/z/z (13)

Solving the first equation of (13), we obtain the expression of the function f and,
substituting f into the second equation of (11), we obtain the value of the constant pV; thus,
together with (11) and (13), we finally confirm our proof. O

For more complicated examples, we can construct other warped product manifolds or
twisted product manifolds.

3. Main Theorems

In this section, we only present our characterization results of spacelike hypersurfaces
with constant scalar curvature in L?H, then presenting their proofs in Sections 5 and 6.
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Before giving our main theorems, we need some basic facts and notations. Let us

denote as R 4 g the components of the Ricci tensor of L;’H under a suitable local orthonormal

frame {e4 }";"); using (1), the scalar curvature R of L7 is given by

o n+l no_ no_ no_
R= Y Raa= Y Rijij+2) Rypins1i = Y Rijij +2c1. (14)
A=l ij=1 i=1 ij=1

Since the scalar curvature of a Ricci symmetric manifold is constant, we know from (14)
that fojzl Rjjij is also a constant.

Let us consider the spacelike hypersurface M" of L?H; we may choose e, ;1 as the
normal vector, then the second fundamental form B = Yij hijw; ® w; ® ey 1 with its square
length S = |B |> = Y hlzj and the mean curvature H = % Y. hii. Thus, the Gauss equation
of M" is given by

Rijir = Rijr — (highjy — hihjy). (15)

The components R;; of the Ricci curvature tensor and the normalized scalar curvature
R of M" are given, respectively, by

Rij = ) Rixjx — nHhjj + ) hichyj,
% k
n(n—1)R =Y Ry —n*H*+S. (16)
ik

If we assume the normalized scalar curvature R of M" in LTH is a constant and define

1 _
P:=R— —— Y R +c
n(n—1) ; ijij €

then P is a constant and (16) becomes
n(n—1)P =n(n—1)c —n*H*+S. (17)

In particular, if L?H is a Lorentz space form with constant sectional curvature c, then
Y., Rijij = n(n —1)c and P = R; then, (17) is just the Gauss Equation (16).

Let @ be a symmetric tensor on M" defined by ®;; = h;; — Hé;; with |®|? = Y, @12] It
follows, from (17), that

|®|2 =S —nH?> =n(n—1)(H>+ P —c¢). (18)

A well-known fact is that |®|? = 0 if and only if M" is totally umbilical.
Now, with ¢ := 2¢y — %1, we are in the position to state our main results.

Theorem 1. Let M"(n > 3) be a complete spacelike hypersurface with constant normalized scalar
curvature R in a Ricci symmetric manifold L’f“ satisfying (1) and (2). Let us suppose that H is
bounded on M" and ¢ > 0.

(i) If (";72)6 < P < ¢, then M" is totally umbilical and M" is totally geodesic if and only if
P =g
(i) IfO<P< ("=2) ' then either sup |®|? = 0 and M" is totally umbilical, or

n

(n—1)P?
(n=2)(252c—P)’

sup |(17|2 >1(P,n,c):=

The equality sup |®|2 = (P, n, c) holds and this supremum attains at some point on M", if
and only if M" is isoparametric with two distinct constant principle curvatures, one of which
is simple.
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In particular, if L’f*l is a (geodesically) complete simply-connected Einstein manifold, then
such a totally umbilical (or, totally geodesic) hypersurface in (i) is a sphere S"(R) (or, S"(c)) and
such an isoparametric hypersurface in (ii) is a hyperbolic cylinder H' (a) x S"~1(b) — S’l“'l (c),
with a, b defined by (57).

Theorem 2. Let M"(n > 3) be a complete spacelike hypersurface with constant normalized scalar
curvature R in a Ricci symmetric manifold LTH satisfying (1) and (2). Let us suppose that H is
bounded on M", ¢ > 0, and

LZI{@P (19)

nk(n —k)

for the integer 2 < k < . D(n, k, c) is a positive constant defined by (32):

(i) IfD(n,k,c) < P <c, thensup |®|> = 0 and M" is totally umbilical;

(i) If0 < P < D(n,k,c), then either sup |®|> = 0 and M" is totally umbilical, or

|tr(<1>3)’ <

a(P,n,k,c) < sup |(l>|2 < B(P,n,k,c),

where a(P,n,k, ) and B(P, n, k, c) are two constants defined by (35). The equality sup |®|?> =
«(P,n,k,c) holds and this supremum attains at some point on M", or the equality |®|> =
B(P,n,k,c) holds, if and only if M" is isoparametric and has exactly two distinct constant
principal curvatures, with multiplicities k and n — k.

In particular, if L;‘H is a (geodesically) complete simply-connected Einstein manifold, then
such a totally umbilical hypersurface in (i) is a sphere S" (R ) and such an isoparametric hypersurface
in (ii) is a hyperbolic cylinder HF(a) x S"*(b) — SI™(c), with a, b defined by (47), when
sup |®|2 = a(P,n,k,c), or a hyperbolic cylinder H*(a) x S"~¥(b) — S} *1(c), with a, b defined
by (48), when |®|> = B(P,n,k,c).

Theorem 3. Let M?"(m > 2) be a complete spacelike hypersurface with constant normalized
scalar curvature R in a Ricci symmetric manifold L%mﬂ satisfying (1) and (2). Let us suppose
that H is bounded on M?",0 < P < ¢, ¢ > 0 and tr(®3) = 0; then, M*" is totally umbilical
and it is totally geodesic if and only if P = c. In particular, if LTH is a (geodesically) complete
simply-connected Einstein manifold, then such totally umbilical hypersurface is a sphere S*™(R)
and such totally geodesic hypersurface is a sphere S (c).

Remark 1. The Okumura-type inequality (19) in Theorem 2 was introduced by Meléndez in [26];
it is weaker than to assume the spacelike hypersurface has two distinct principal curvatures with
multiplicities k and n — k.

Remark 2. Concerning the integer k in (19), it is originally assumed that 1 < k < 7. By the
classical Okumura’s lemma ([27], Lemma 2.1), the inequality (19) is automatically true when

k = 1. So, Theorem 1 is just the case of (19) that holds for k = 1 because of D(n,1,c) = (n=2)c

n
while Theorem 3, corresponding to the case of (19), is true for k = % because of the assumption

tr(9%) = 0. Keeping these in mind, we only assume, in Theorem 2, that (19) holds for 2 < k < }.

Remark 3. Theorems 1-3 greatly generalize the previous case that the ambient manifold is a space
form, an Einstein manifold or a locally symmetric manifold. At the same time, they are also the
generalization of the case in which the hypersurface has two distinct principal curvatures. See the
literature [6,7,9-11,17-19] and references.
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4. Lemmas

Taking an appropriate orthonormal frame {e; }/; on M" such that h;; = A;J;j, then we
cite directly from [19] the following Simons type formula:

1 —
EAS :|VB‘2 + Z/\i(I’ZH)ii + Z(/\l - A])zR,]l] + 5% — I’ZHZ)L?
i i i
= Y Ruttint1i(nHA; = §) + ) (AiRysvinok + AiRy1iki)

i ik

(20)

where §n+ll’]’k;l is the covariant derivative of EnJrlijk on L;H'l.

Now, following Cheng-Yau [13], we recall the self-adjoint operator acting on any
C%-function f by Of = Y; i(nH&;; — hy;) f;j. Taking f = nH on M", we have

O(nH) = %AS = n?|VH[* =} Ai(nH)j.
1

Consequently, combining with (20), we obtain

O(nH) =|VB|* = n*|VH|* + Y (A — Aj)*Ryjij + S* —nHY A}
i,j i

= - — (21)
— Y Rustint1i(nHA; — S) + Y (AiRy ik + AiRy1kiki) -
7 K

By the same idea as [10] or [7], we directly have Lemma 1.

Lemma 1. Let M"(n > 3) be a spacelike hypersurface with constant normalized scalar curvature
in a Ricci symmetric manifold L’f“ which satisfies (1) and (2). Let us suppose that P < c; then

|VB|? > n?|VH|?. (22)
Now, we give some key lemmas in order to prove our main results.
Lemma 2. Let M"(n > 3) be a spacelike hypersurface with constant normalized scalar curvature

in a Ricci symmetric manifold L?H satisfying (1) and (2). Let us assume that the inequality (19)
holds for the integer 1 < k < % ; then, we have

1
O(nH) > |[VB[* — n*|VH|* + m|(p‘2QP,n,k,c(|(p|)r

where

Qb ge(x) = (11— 2)x% k(’;__lk) (n— 26)\/¥2 + n(n—1)(c — P) + n(n —1)P. (23)

Proof. Using curvature conditions (1) and (2), we obtain

Y (i = Aj)7Rijij > Y (A — Aj)Pep = 2ncp(S — nH?), (24)
i 7

= c
- ZRn+1in+1i(nH)\i - S) = Z(ﬂH)\l - S);l = —C (S - I’ZHZ). (25)
; -

1
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Since L’f“ is a Ricci symmetric manifold, then the components of the Ricci tensor

satisfy Rap,c = 0. Based on differential Bianchi identity, we have

Y AiRyiviikk = — Y Ai (Rikikns1 + Reniki)
ik

ik B B (26)
= =) Ai(Rigns1 — Rusaiz) =0
i
and . .
Y AiRyiakiki = Y AiRuy1ii =0, 27)
ik i
where Rjjxj,y, are the covariant derivatives of Rjj; on L,
On the other hand, by inequality (19), we have
§2~nHY_ A} = 8% — nH(tr(®%) + 3H| @[> 4+ nH®)
i
> |@|* — nH?|®|* — n|H||tr(?)| (28)

n(n — 2k
> o (jop - 22

Vv nk(n —k)

Thus, combining (21), (24)—(28), we obtain

|me—nHﬁ.

n(n — 2k)

O(nH) > |VB]? — n?|VH|* + ¢>|2(|<;D|2 -
nk(n — k)

|H||®| + n(c— HZ)). (29)

In addition, from (18), we have

1

W=D

|®2 4 ¢ — P. (30)

Substituting (30) into (29), Lemma 2 follows. [

Lemma 3. For any integer k with 2 < k < 4 and the constant D(n,k, c) defined by (32), the
function Qp , 1 (x) of x has the following properties:
(i) IfP > D(n,k,c), then Qp i .(x) > 0 for any x > 0;
(i) If0 < P < D(n,k,c), then:
o  Qpukc(x) >0, for x> < a(P,n,k.c)orx>> B(P,nk,c);
e Qpukc(x) <0, fora(P,nkc) <x*<B(P,nkc).
where the constants «(P, n,k,c) and B(P,n,k, c) are defined by (35).

Proof. For any x > 0, let us observe, from (23), that Qp ,, x .(x) = 0 is equivalent to

n—1

Ko=) (n Zk)x\/x +n(n—1)(c—P)=(n—2)x*+n(n—1)P. (31)
Note that P > 0 and 2 < k < 7, so (31) is equivalent to the following quadratic

equation:

h(y) := Ay2 +By+C =0 with y = X2,
where
nk—1)(n—k—1)
k(n—k)

(n —1)%(n — 2k)?

k(n —k)

A= >0, C=n(n—1)2P? >0,

B= (P—c)+2(n—1)(n—2)P.




Mathematics 2021, 9, 2914

9of 15

Likewise, we also have that Qp, .(x) > 0 (resp., Qp,i(x) < 0) if and only if

h(y) > 0 (resp., h(y) < 0). Note that A, C > 0 and y > 0; then:

e IfB>00rB < 0and B> —4AC < 0, ie, B > —2VAC, then Qp 1 (x) has no
positive root and Qp ,, k (x) > 0 for any x > 0;

e IfB<0andB>-4AC = 0,ie., B= —2VAC, then Qp , (x) has one positive root
and Qp , kc(x) > 0 for any x > 0;

e IfB < 0and B2 —4AC > 0,ie., B < —2V/AC, then Qpnic(x) has two distinct
positive roots; Qp , k(x¥) > 0 when x lies outside the two roots and Qp , . .(x) < 0
when x lies between the two roots.

Now, we explicitly calculate the solution, denoted by xg, of Qp , . (x) = 0. By a direct
calculation, B > —2+/AC (resp., B < —2\/A7C) if and only if

P > D(n,k,c) (resp.,P < D(n,k,c)),

where

(n—1)(n—2k)%c

POk = = n v 2k2) 4 20 Rk 1) (0 B~ k1)

(32)

It is not hard to verify that D(n, k, ¢) is a strictly decreasing function of k for 1 <k < 75;

hence,
n—2

0= D(n, g,c) < D(n,k,c)<D(n1,c) =

i.e., D(n,k,c)is a positive constant and D(n,k,c) < cfor2 <k < 7.
For the caseof P < D(n,k,c),i.e., B < —2v/ AC, the two positive roots of Qp , x .(x) = 0
are given by

¢,

2 _ —Bx VB —4AC )
0 24 '
It is straightforward to check that B2 — 4AC = (n — 1)?(n — 2k)?A, where A is
A= (n1)2<(nP (n —2k)c)® — 4”"(:__11)1)6> (34)

So, substituting A, B and C into (33), the squared of the two roots, denoted by
a(P,n,k,c)and B(P,n,k,c), of the solution Qp ,,  .(x) = 0 are given, respectively, by

(n— 1)((n —1)(n —2k)2(P — ¢) + 2k(n — k) (n — 2)P — (n _zk)\/x)
2n(k—1)(n—k—1) !

(n— 1)((n —1)(n—2k)2(P —¢) + 2k(n —k)(n —2)P + (n —2k)\/K>
2n(k—1)(n—k—1) '

a(P,n,k,c)=

(35)

B(P,n,k,c) =

For the cases of P = D(n,k,c¢), i.e., B = —2/AC, then A = 0 and «a(P,n,k,c) =
B(P,n,k,c), thatis to say, Qp , k. (x) has one positive root. To sum up, Lemma 3 follows. [J

Lemma 4. Let M"(n > 3) be a complete spacelike hypersurface with constant normalized scalar
curvature in a Ricci symmetric manifold L’f“ satisfying (1) and (2). Let us suppose that P < ¢
and H is bounded on M"; then, there exists a sequence of points {qy} ey C M" such that

lim nH(qy) = supnH, lim |VnH(q,)| =0 and limsupO(nH)(q,) < 0.

f—s00

Proof. We observe that, if H vanishes identically on M", then the result is valid. So, let us
suppose that H is not identically zero. This way, we can choose the orientation of M" such
that sup H > 0.
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Let us choose a local orthonormal frame field {e;}" ; such that hij = Aiéjj. Since P < ¢,

it follows, from (17), that )\12 < § < n2H?, which shows that
0 <nlH|— A (36)

Taking together (36) with (2) and (15) leads to Rjji; > c2 — AiAj > 2 — n?H?, ie., the
sectional curvatures of M" are bounded from below because H is bounded. Thus, we may

apply Omori’s maximum principle [28] to the function nH and obtain a sequence of points
{q¢} € M" such that

Elim nH(q,) = supnH, élim |VnH(q¢)| =0 and limsup nH;;(q,) < 0. (37)
— 00 —00

{—ro0

Since sup H > 0, taking subsequences if necessary, we can arrive to a sequence
{q¢} € M" which satisfies (37) and such that H(gqy) > 0. Then, from (36), we obtain

0 < nH(qe) — |Ai(ge)| < nH(qe) + [Ai(q0)| < 2nH(q¢). (38)

Note that H is bounded; hence, {nH(q;) — A;(q/)} is a non-negative and bounded
sequence. Evaluating (J(nH) at gy, taking the limit and using (37) and (38), we have

limsup (O(nH)(q,)) < ) limsup ((nH — A;)(q,)nH;i(9¢)) < 0.

{—rc0 i {—o0
This completes the proof of Lemma 4. [

5. Proof of Theorem 2

Proof of Theorem 2. Since the constant P < ¢ for any 2 < k < 7, by the inequality (19)
and Lemmas 1 and 2, we have

1
O(nH) > — @ Qpnie(|2]). (39)

Using Lemma 4, there exists a sequence of points {g, }; evaluating (39) at this sequence,
we obtain

0 > limsup O(nH(qy)) >

{—o0

—— 5up [ Qp,u k. (sup | 0. (40)

Now, by considering the range of the constant P, we prove Theorem 2 in two cases.

(i) Let us suppose that D(n,k,c) < P < c; then, from Lemma 3, Qp ,, x . (sup |®]) > 0.
Hence, by (40), we obtain sup |®|? = 0 and M" is totally umbilical.

In particular, if L?H is an Einstein manifold, then (30) indicates that H is also a
constant; hence, (39) becomes

1
0=0(nH) > ——[®Qpukc(|P]) > 0. (41)
Therefore, the inequalities in (41) hold for equalities, that is to say, all the inequalities

that we have obtained are, in fact, equalities, as well as the curvature condition (2). As a
result, (1) and (2) indicate that the Ricci curvature of L;’H is

5 = = c
Ric(e;) = Y R(ej e;) + R(ej ent1) = (n—1)ca + ;1
i

Ric(ey41) = Zﬁ(en—&-l/ei) = 1.
i

Therefore, we have ¢, = %, because of LTH being an Einstein manifold, and, by the
hypothesis of geodesic completeness and connectivity, the ambient space L™ must be the
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de Sitter space S (c). Thus, by (15) and (30), we know this totally umbilical hypersurface
must be a sphere S"(R).

(ii) When 0 < P < D(n,k,c), it follows, from Lemma 3 and (40), that either sup |®|?> = 0
and M" is totally umbilical, or Qp ,, . (sup |®|) < 0 with

a(P,n,k,c) < sup |€lf>|2 < B(P,n,k,c).

o If the equality sup |®|?> = (P, n,k,c) holds, then |®|?> < a(P,n,k,c). Using Lemma 3,
we have Qp ,  .(|®|) > 0. Inserting this into (39) yields O(nH) > 0 on M".

Moreover, since P < D(n,k,c) < c, then (17) gives n?H? > S, which means H # 0,
by choosing an appropriate orientation such that H > 0 on M", so we have nH — A; > 0;
hence, the operator [ is elliptic.

By means of (30), the assumption that sup |®|? attains at some points on M" assures
that sup H? also attains at some points on M". Thus, based on the strong maximum
principle, H is a constant. Moreover, (41) becomes trivially an equality, which means all
the inequalities we have obtained become equalities; hence, (22) must be also an equality
or, equivalently, |VB|? = n?|VH|?> = 0, that is, M" is an isoparametric hypersurface. In
addition, (41) assures that the equality in (28) holds, which implies, by (19) and J. Melén-
dez ([26], Lemma 2.2), that the hypersurface has exactly two distinct constant principal
curvatures, with multiplicities k and n — k.

e If the equality |®|> = B(P,n,k,c) holds, then Qp 1 .(|?|) = 0 and (41) becomes
trivially an equality, by a similar way as above; M" is an isoparametric hypersurface

of two distinct constant principal curvatures with multiplicities k and n — k.

In the following, we classify the isoparametric hypersurface mentioned above which
satisfies sup |@|? = a(P,n,k,c) or |®|? = B(P,n,k, c) under the assumption of LI ™! being a
geodesically complete simply-connected Einstein manifold. Since we have proved that (41)
becomes trivially an equality in this setting, similar to (i), we know L™ = S§"*1(c). By a
classical congruence theorem (in [29]), we conclude that M" must be isometric to a standard
product H¥(a) x S"~*(b) < S"*1(c), where2 <k < Zor% <k<n-—2,a<0,b>0and
% + % = % Let us denote its principal curvatures by

Alz"'I)LkI\/C*LZal‘ld/\k+1:-'-:)\n:\/C*b. (42)
Let A = v/c —aand u = V¢ — b; then, together with ¢ = Ay, by (15),

_ (n—k)u®+ke ,  k(n—k)/c 2
He= o ol === (- ) (43)

and

C_Zk(n—k) k(k—1)c2 (n—k\(n—k—1) ,

P= n(n—l)c_n(n—l)pﬂ_ n(n—1)

(44)
Since 0 < 2 < c because of (42); hence, solving the Equation (44), we obtain

0<P<DM&Q,WMn2§k<%

—o < P<eg, wheng<k§n—2,

where D(n,k, c) is given by (32). Together with the range of P in Theorem 2, we finally
obtain 2 < k < % and M" is a product H*(a) x S"¥(b) with2 < k < 4.

Now, we give the values of the constants a, b. For any integer 2 < k < 7, solving the
Equation (44), we have

,  n(n—=1)(c—P)—2k(n—k)c+ VA

w= 21 —K)n—k—1) ' “5)
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or,

_ n(n—1)(c—P) —2k(n—k)c— VA
K= 20—k —k—1) ' (46)

where A is given by (34).
Substituting (45) and (46) into the second equation of (43) and comparing with (35),
we obtain, respectively,

|@> = a(P,n,k,c), or |®* = B(P,n,kc).

Thus, sup |®|> = a(P,n,k,c) or |®> = B(P,n,k,c) holds if and only if (45) or (46)
holds. Solving (45) and together with ¢ = Ay and y? = ¢ — b, we obtain

(n—1)((n —2k)c+nP) — VA

b = 4
2(n—k)(n—k—1) “7)
~ (n=1)(nP — (n—2k)c) + VA
= 2k(k—1) '
Similarly, it follows, from (46), that
,_ (=1 ((n —2k)c+nP) + VA
N 2(n—k)(n—k—1) ’ )
Ve (n—1)(nP — (n—2k)c) — VA

2k(k—1)

Therefore, we obtain that M" is isometric to H¥(a) x S"7¥(b), 2 < k < %, when the
equality sup |®|?> = a(P,n,k,c) holds with a, b defined by (47), or the equality |®|*> =
B(P,n,k, c) holds with a, b defined by (48). We complete the proof of Theorem 2. [J

6. Proofs of Theorems 1 and 3
Proof of Theorem 1. By the classical algebraic inequality due to M. Okumura in ([27],

Lemma 2.1), (19) holds automatically for k = 1. Then, Lemmas 1 and 2 imply that
1
U(nH) > m|‘p|2QP,n,l,c(|(pDr (49)

where

Qpc(x) = (n—2)x* = (n— 2)x\/x2 +n(n—1)(c—P)+n(n—1)P.

It is easy to see that Qp , 1 .(x) is decreasing for any x > 0, and Qp,,1.(0) = n(n —
1)P > 0.

(i) Let us suppose that (n=2)c < P < ¢; then, we claim that Qp,1.(x) > 0 for every

n
x > 0. Indeed, if there exists a point x( such that Qp ,, 1 .(xo) = 0, a straightforward
computation gives
—1)P?
B=_——oDF (50)
(n—2)(*3%c ~ P)

which indicates that P < @, a contradiction. By the continuity of the function

Qp,n1,c(x), the claim is true.

Using Lemma 4, there exists a sequence of points {q,} C M"; evaluating (49) at the
sequence {q,}, we obtain

0 > limsup O(nH)(q¢) >

{—o0

- sup [ B2 Qp,u1,(sup |2]). 61
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So, we immediately conclude that sup |®|? = 0 and M" is totally umbilical. Moreover,
we further obtain that H is constant because of (30); further, (49) must be

1
0=0(nH) > m|<1>|2(31;,,1,1,C(|<1>|) > 0. (52)

That is to say that (52) becomes trivially an equality. So, when L’f“ is a geodesically
complete simply-connected Einstein manifold, with the same discussion as the proof of
Theorem 2, Lg’“ must be the de Sitter space S’f“ (¢). By (15) and (30), we know such totally
umbilical hypersurface must be the sphere S"(R).

(ii) Letussupposethat0 < P < @ ; then, Qp ,,1.(x) = 0 has one positive root given

by (50). From (51), we obtain that either sup |®|> = 0 and M" is totally umbilical, or

(n —1)P?
(n=2)(*F2c—P)

sup | @[> < T(P,n,c) :=

Let us consider the case in which the equality sup |<:D|2 = 1(P,n,c) holds; then,
(@2 < 7(P,n,c) and Qp,u1(|P|) > 0 on M". Since sup |P|? attains at some points on
M", so does sup H because of (30). Besides, P < c guarantees that [ is elliptic and, by the
strong maximum principle, H is a constant. Thus, (52) becomes trivially an equality and
M" is an isoparametric hypersurface. In addition, the inequality in (28) holds for equality.
By Lemma 2.1 in [27], we conclude that M" is an isoparametric hypersurface with two
distinct constant principal curvatures, one of which is simple.

In particular, if L’f“ is an Einstein manifold with geodesic completeness and simpli-
fied connectivity, then we further give such isoparametric hypersurface a rigidity classi-
fication. Under the assumption 0 < P < an)c and based on [29], M" must be isometric
to HF(a) x S"*(b) — SU*!(c), wherek € {1,n—1},a < 0,b > Oand 1 + P =1Lits
principal curvatures are given by

A=+vc—aand p=+vc—b (53)

with multiplicities k and n — k, respectively. So, together with ¢ = Ay, H, |®|? and P are
given, respectively, by

 (n—k)p? +ke _n—1lrsc 2
H—Tr o> = n (;il’l) (54)
and ( 2) 1 k(k—1)c2
n—2)c —1)c
P= n _n(n—1)< u? +(n—k)(n—k—l)y2>. )

Here, the last two equations hold because of the equality k(n —k) = n —1withk € {1,n —1}.
Since 0 < p? < ¢, from (55), we have

b ”T*Z(C—yz)e(o,”%zc), when k=1,
N ﬂ(c—%)e(—w,o), when k=n—1.

n

(56)
Iz

Hence, we conclude that k = 1 because of 0 < P < "T_Zc and M" is a hyperbolic
cylinder H' (a) x S"~1(b). It is easy to check |®|> = (P, n,c) when substituting (56) into
the second equation of (54).

Together with (53), (56) and % + % = %, we finally obtain

nP 0 ncP
n—2""  nP—(n-2)c

(57)
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and complete the proof of Theorem 1. O

Proof of Theorem 3. Since tr((b3) =0, 1i.e., (19) holds for k = 7, then Lemma 2, together
with Lemma 1, implies that

O(nH) > %@F((n —2)| P2+ n(n— 1)P).

Using Lemma 4 and following the proof of Theorem 2, M" is a totally umbilical
hypersurface and, by (18), it is totally geodesic if and only if P = c. In particular, if L;’H is
a geodesically complete simply-connected Einstein manifold, applying the same process as
in the proof of Theorem 1 or Theorem 2, we obtain that such totally umbilical hypersurface
must be a sphere S"(R) and it is a totally geodesic sphere S"(c) if and only if P = c. This
completes the proof of Theorem 3. O

7. Conclusions

In this paper, we investigate the spacelike hypersurface immersed in Lorentz mani-
folds. One often solves this problem by using the Bochner technique combined with the
maximum principle. Here, with some appropriate skills, we extend the ambient manifold
to a more generalized Ricci symmetric manifold; then, we obtain some rigidity classifica-
tions when the ambient manifold is an Einstein manifold. These skills are also applicable
to (spacelike) submanifolds in (pseudo) Riemannian manifolds, which means that many
results of the isometric immersion theory of submanifolds can be generalized.

Meanwhile, we give several non-trivial examples in order to prove the existence
of the Ricci symmetric manifolds satisfying the curvature conditions (1) and (2). The
Okumura-type inequality (19) introduced in [26] also implies the case of hypersurfaces
with two distinct principal curvatures. However, we were not able to point out whether
this inequality has a certain geometric significance.
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