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Abstract: We consider the linear, second-order elliptic, Schrodinger-type differential operator £ :=

1 r? . . . . -
- EVZ + 5 Because of its rotational invariance, that is it does not change under SO(3) transforma-

1 2
tions, the eigenvalue problem {— 5 V2 + %} f(x,y,z) = Af(x,y,z) can be studied more conveniently

in spherical polar coordinates. It is already known that the eigenfunctions of the problem depend on
three parameters. The so-called accidental degeneracy of L occurs when the eigenvalues of the problem
depend on one of such parameters only. We exploited ladder operators to reformulate accidental
degeneracy, so as to provide a new way to describe degeneracy in elliptic PDE problems.

Keywords: degeneracy; elliptic PDE; ladder operator; commuting operator; eigenvalues

1. Introduction

In this paper, we intend to treat an elliptic PDE (Among the numerous textbooks on
elliptic PDEs, we think that Gilbarg and Trudinger’s book [1], first published in 1998 and
then again in 2001 and 2015, is the main contribution to acquire the necessary knowledge
on this fascinating topic. On the other hand, the main notions to tackle the typical math-
ematical physics problems can be found in [2], for example.) with a special focus on the
property of the degeneracy of its spectrum.

To begin with, we consider the following elliptic PDE:

1, 7
[_2V2 * 2]f(x'~‘/'z) =Af(xy.2), (1)
where r = \/x2 4 y2 + 22, and the function f(x,y, z) belongs to the following Hilbert space:
H= {f(-) € IX(R%)NCA(R%) | lim f(x,y,2) = 0}. o)

As is known, V? is the Laplacian operator:

2 9?7 9
V= 5+ =5+ =
PPl dy? oz
1, 1 . o
The operator £ := — EV + > satisfies the property of rotational invariance, i.e., it is

invariant under SO(3) transformations. Addressing the problem (1) in polar coordinates is
not difficult, and it is well known that the eigenfuctions in H depend on three parameters,
say, [, m, n, whereas the eigenvalues only depend on #, meaning that £ is a degenerate
operator. However, there are different kinds of degeneracy: If the eigenvalues A; are
independent of m, that is called natural degeneracy. If A; are independent of [/, accidental
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degeneracy occurs. Namely, we focus on accidental degeneracy and on its relationship with
ladder operators (a similar procedure applied to spherical hydrogen atom eigenfuctions
can be found in [3]).

Recent papers in which the various types of degeneracy are treated are [4—6], just to
cite a few.

The paper is organized as follows: In Section 2 the main notions and a selection
of useful results on invariance and degeneracy are presented. In Section 3, the ladder
operators are introduced and summarized. Section 4 intends to describe the accidental
degeneracy of the operator £ in detail. Section 5 features a final discussion and the possible
future developments of this theory.

2. Invariance and Degeneracy

We took into account only the linear operators having a discrete spectrum. The
following definitions and results, which are well known in the literature, are helpful to
characterize our setup and to establish the notation that is used.

Definition 1 (Invariant operator). A linear operator Q, defined on a Hilbert space, is said to be
invariant under a linear transformation U, defined on the same Hilbert space, if for any eigenvalue
A of Q, the corresponding eigenspace E)(Q) is an invariant subspace, i.e., ¥ v € E,(Q), also
Uv e E, (@)

Definition 2 (Commuting operators). Given two linear operators Q1, Oy defined on a Hilbert
space, they are commuting if the commutator is null, that is:

[01, 5] = 0,0, — 0,0; = 0.

Since the operator L is self-adjoint, it is easy to prove an invariance result, which holds
for all linear and self-adjoint operators admitting a complete set of eigenvectors generating
the Hilbert space.

Theorem 1 (Invariance theorem). The linear operator Q is invariant under a linear transforma-
tion U if and only if (O, U] = 0.

Proof. If the commutator is zero, we have that, for any eigenvector v of the operator O:
OU =00 = U(Ov) = O(Uv),

hence O(Uv) = AUv, meaning that O is invariant. Conversely, if O is invariant, this means
that, by linearity:
O(Uv) = A(Uv) = U(Av) = U(OQv),

implying that [0, U] = 0, because the eigenvectors generate the whole Hilbert space, by
assumption. []

It is straightforward to note that the operator L is invariant under the action of three
different linear operators, i.e.:

(0 0 (.0 d [ 0 0
Ml—l(zay—yaz>, Mz—l(xaz—zax), Mg—l(yax_xay>, (3)

where the imaginary unit 7 is necessary to guarantee that the operators are self-adjoint (we
recall that in the framework of quantum mechanics, the operators M, M, and M are the
components of the pseudo-vector “angular momentum”, and the invariance of an operator
under the action of all three is called rotational invariance or invariance under the rotation

group SO(3)).
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Given its rotational invariance, it is more convenient to study the eigenvalue problem
by employing the spherical polar coordinates, which depend on the original variables
through the following relations:

)220 2 _ z _ A
r X + Y-+ z°, 0 arccos(\/m>, ¢ arctan<x>,

where (r,0,¢) € [0, +00) x [0, 7] x [0, 27]. By using the standard formulas, we also
reformulate the Laplacian operator in terms of partial derivatives with respect to the
spherical polar coordinates, i.e.:

? 20 1/ 0 1
2_ 9 20 1[0 e, o
Vi=mtrate (aez eotbgg sin29a<p2>’ @)
whereas the operator M3 becomes Mg = —1 %
Plugging the expression (4) into £ yields the following form for the operator:
p 1/9> 20 AB,¢) 12
5—‘z(ar2+rar)+ Y ©)
and consequently, the eigenvalue problem becomes:
2 29 A6,¢)
{arZ P +2)\] Y(r,0,¢) =0, (6)

where A(0, ¢) is the following self-adjoint operator (An alternative formulation of the
problem (6) takes place when A is a constant, i.e.,, A := I(I + g — 2), where g is the di-
mension of the space and ! is an integer number. This problem is usually solved numerically.
Another kind of degeneracy would occur, and although a deep analysis of such a case deserves
future research, it is beyond the scope of our paper.).

2 2
A(G,(p):—a——coth 1 9

262 30 sin20og? @

Based on the change of variables, it is necessary to modify the Hilbert space of the
solutions as well: N
A={yp: R —R|peC®R)NR,

9(r,0,¢+27) = p(r,6,¢), lim (r,6,¢) =0}. ®
The next theorem is very relevant for the subsequent analysis of degeneracy.
Theorem 2. The following relation holds in spherical polar coordinates:
A(8,¢) = M3 + M3 + M;3,
where the operators M, for i = 1,2, 3, are defined by (3).

Proof. The sum of the squares of the operators defined in (3) reads as:

] 3\? ] 3 \? d 3\?
2 0 M2 4+ M2 = Y (VN T PP
Mi 2 3 <Zay yaz> < 0z Zax> (yax xay>

Y2 922 9x2 922 d9x2  9y?
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Yoxay " oxaz  Fayaz T ox Yoy TFez)
Now, we recall the well-known identities among partial derivatives:

0 0 0 0 i 0
9 :sin9cosq>g+ costlcos¢ d  sing 9

dx r 90  rsin6 op’
J . ., 0 cosfising & cos¢ 9
dy sm951n(])ar + 7 90  rsinfogp’
i _ 92 B sin@i
oz Y% r 00’

Applying the above formulas to the latest expression we obtained for the sum of
squares yields:
0? d 1

MZAiMEAME=.. = —— —— = .
1+ My + M3 a7~ <03 sin®  9¢? 46.9)

O

Back to the identification of the solution of (6), we can proceed by the separation of
the variables. The eigenvalues of £ are countable; more precisely for all n € N, they have

the form:

3
)\n:n‘i—i.

The associated eigenfunctions read as:
2 (+1/2
() = Yum(r,0,¢) = Rue(r)Yen (6, 9) = [Nl e /2 S;S/J;fé/)z(”)

where the terms:

N2V (6,9), ©)

R(r) = Ny ! e 12 21(f/;1_/£2/)2(u)

u=r?
and
Yem(0,9) = No2 Ve (0, 9)

are respectively called the radial part and the angular part.
In the expression (9), we have that:

¢ the coefficient Nj, N, are normalization constants, as in every eigenvalue problem,
with respect to the norm of the Hilbert space, that is:

00 27 7T
/ P2R(r)2dr=1 and / d(p/ Y0 (6, @) |2 sin0.d6 = 1;
0 0 0

U n is a nonnegative integer number n = 0,1,2,...;

*  For any fixed value of n, the parameter ¢ takes all the integer values from zero to n
such that n and ¢ are both even numbers or both odd numbers, implying that the
difference between two subsequent values of ¢ is two;

*  For any fixed value of /, the parameter m assumes all integer values between —/ and /;
(t+1/2)

*  Thefunctions £, , '/, (u) are the so-called Laguerre polynomials whose general expres-
sion is: '
)y = & A,y
g (u) = rm (Wthe™™);

e The functions Yy, (6, ¢) are the spherical harmonics:

. {+m
Vim(0, @) =™ sinm6<shll9 ;2) sin2‘0,
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for m > 0, whereas Y*y ,(8, ¢) = (—=1)" YV, (6, @) for m < 0. They are simultaneous

eigenfunctions of the operator A(6, ¢) and of the operator M, in compliance with the
following equations:

A0, 9) Vim0, 9) = LL+1) V0 (6, @), (10a)
M3V (0, ) = MV (6, 9). (10b)

It is well known that the “degeneracy” of an eigenvalue A of a linear operator is
the property for which the eigenspace corresponding to A has dimension greater than
one. Under such a circumstance, we can state that the eigenvalue A is degenerate as well.
When the spectrum of a linear operator has a degeneracy, a problem usually arises: given
a degenerate eigenvalue A, it is not possible to guarantee that a related eigenvector v is
selected unambiguously.

From the secular Equations (10a) and (10b), the three simultaneous secular equations:

LPin (1,0, 9) = Aapuin (1,0, 9), (11a)
A0, @)nim(r,0,9) = L(L 4 1) P (r,0, @), (11b)
M3¢ném (1’, 9/ (P) = mlpném(”r 9/ (P) (11C)

follow, and the degeneracy of the spectrum of the operator £ given in (5) is, in other words,
due to the dependence of the eigenfunctions on the given parameters. Namely, the eigen-
functions 4, (7,6, ¢) depend on the three parameters n, ¢, m, whereas the eigenvalues A,
of the operator £ in (11a) depend on 1 only, being independent of the other two parameters
£,m. The next result, whose proof is rather straightforward, describes the commutation
property of the operators.

Theorem 3 (Commutation theorem). The linear operators Oq, Oy, ..., Oy acting on the same
Hilbert space are pairwise commuting if and only if there exists a basis of the Hilbert space formed
by all simultaneous eigenfunctions of O1, O, ..., Oy.

Theorem (3) provides an important connection with the degeneracy of the spectrum
of an operator, as the next theorem shows.

Theorem 4 (Degeneracy theorem). If a linear operator O, acting on a Hilbert space, is invariant
under at least two linear transformations Uy, Uy, acting on the same Hilbert space, which are not
pairwise commuting, then the spectrum of the operator Q has a degeneracy.

Proof. By reductio ad absurdum, suppose that the spectrum of the operator O has no degen-
eracy. Since O is invariant under the linear transformation U, we can apply Theorem 1,
from which the commutation relation [@, U;] = 0 follows. Hence, there exists a basis of the
Hilbert space formed by all simultaneous eigenfunctions {yl(l)} of O and U;. For the same
reason, there exists a basis of the Hilbert space formed by all simultaneous eigenfunctions

{yj(z)} of O and U,. Since the spectrum of the operator O has no degeneracy, it follows

that the two sets of eigenfunctions {ygl)} and {ngz)} are the same set, but this conclusion
is absurd because the operators U;, U, do not commute with each other, and then, there
cannot exist a basis of the Hilbert space formed by all simultaneous eigenfunctions of the
non-commuting operators Uy, Up. O

At the present stage, based on Theorem 4, we can state that the degeneracy of the
spectrum of the operator L is not surprising, in that this operator is invariant under the
action of the three operators Mj, My, M3, which fail to be pairwise commuting.
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Definition 3 (Complete set of operators). If the linear operators of the set {Q1, Oy, ..., Oy}
are all pairwise commuting and there exists no other linear operator commuting with them, except
the trivial operators, then the set is called the complete set of operators.

Each complete set of operators is endowed with the following key property. Provided
that an operator has a degenerate spectrum, that is the knowledge of an eigenvalue does
not allow selecting its eigenfunction unambiguously in the corresponding eigenspace, such
a degeneracy can be removed. Basically, if a certain eigenfunction is also an eigenfunction
of all the operators in the complete set with respect to a fixed eigenvalue for every operator
simultaneously, then the operator’s degeneracy is eliminated. The notion of ladder operators
is very helpful to outline our procedure.

3. Ladder Operators and the Degeneracy of the Spectrum of Operators

We identify the degeneracy of the spectrum of the operator £ as a consequence of the
existence of a particular kind of operators, called ladder operators. We provide a general
definition of ladder operator after proving the following result, which can be indicated as
the shift theorem.

Theorem 5 (Shift theorem). Let O be an operator acting on a Hilbert space, and let v be an
eigenfunction of O having an eigenvalue A. If another operator T satisfies the condition [0, T]v =
uTv, where the coefficient y is a real number, then: either Tv is the null function or Tv is another
eigenfunction of the operator O with eigenvalue A + .

Proof. If such an operator T exists, we have that, by linearity and and since A is an
eigenvalue of O, the above relation becomes:

[0, T]v = uTv — OTv — TOv = OTv — ATv = uTyv,

implying the new eigenvalue equation:
OTv = (A+u)Tv,

meaning that either Tv = 0 or A + p is an eigenvalue of O associated with the eigenfunction
Tv, so the proof is complete. []

Definition 4 (Ladder operators). An operator T satisfying the hypothesis of the shift theorem is
called the ladder operator for the operator Q. In particular, T is a:

*  Raising operator if y > 0;

*  Lowering operator if u < 0.

A very interesting case in which Theorem 5 is applied occurs when there exists a
complete set of n self-adjoint operators Oy, Oy, ..., O, acting on a Hilbert space such that,
by virtue of Theorem 3, there exists a basis of the space formed by all their simultaneous
eigenfunctions {y1, y2, ..., Yn}-

If there exists an operator T commuting with the k operators O;, 0;,, ..., 0; and

satisfying the n — k relations of the shift theorem with the remaining n — k operators O,

0, ..., Oj, _, for some certain eigenfunction , the following relations hold:
©i1 (T]?) = T@iﬂ? - TAH]Z = )\ﬁ (Ty)
0;,(Ty) = TO;,7 = TA;,7 = Ay, (T7)
(12a)
@lk (T.‘/) - T@iky_ = T/\lky - /\lk(Ty)
and:

[(O)h/ T]]] = Hj T];/ [szl T]y = V]QT]?/ Tty [(O)]'k/ T}y = ‘M]k’]r];, (12b)
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from which we obtain that the function Ty is either the null function or a simultaneous
eigenfunction of OQ;, 0;,,...,0; with respect to the same eigenvalues A; , A, ..., Ay,
respectively. Therefore, by Theorem 5, that function is a simultaneous eigenfunction of
0j,,...,0;,, with respect to the shifted eigenvalues Aj, +p;,,..., A +Hj, -

Remark 1. The degeneracy of the spectrum of a given operator O can be clarified (we precisely use
the term “clarification’ if it is viewed in terms of ladder operators). Basically, we can consider the
complete set of operators as a necessary tool to eliminate the degeneracy of the spectrum of O and to
identify all the operators Ty, ..., T, that satisfy the relations (12a) together with the operator O
and the relations (12b) of the shift theorem with the remaining operators of the complete set.

The operator £ has a degenerate spectrum because its eigenvalues A, given in (11a)
are independent of the parameters £ and 1. Since the operator £ belongs to the complete
set of operators {£, A(6,¢), M3}, in order to clarify the whole degeneracy in terms of
ladder operators, it is sufficient to find the ladder operators T; and T, commuting with £.
Besides commuting with £, such operators also satisfy the relations (12b) with the operators
A(8, ) and M, in such a way that the functions T1¢,s, (7,6, ¢) and Taip,e, (7,0, @) are
eigenfunctions of £ associated with the same eigenvalue A, and eigenfunctions of A (6, ¢)
and of M associated with a shifted eigenvalue with respect to £ and m, respectively.

Natural Degeneracy of a Spectrum

The first ladder operator T; of £ is already well known in the literature. Namely, it
can be easily reconstructed as a combination of the three operators M, M, and Mj3. To be
more precise, we take into account the two combinations of the operators M; and M) that
we express in Cartesian and in spherical polar coordinates as follows:

() w03 AN (L@ N\ (0  icosd 3
Ty .—M1+1M2—1(Zay yaz> (xaz %) T °¢ 89+sin9 o)’

) M — Mo —if 22 O 9,0\ _ ipficos® 0 9
T =M lMZ_’(‘Zay yi)z)+(xaz ax) 7€ sind op 96 )’

which respectively are the raising operator and the lowering operator.

Since the two ladder operators Tgi) satisfy the conditions:

(13)

5 m(E + v + +
£, TS = [A(6,9), T =0, M3, T = 410,
we obtain, according the Equations (12a) and (12b), that the functions ’]I‘Ei)gbn,g,m are eigen-
functions of the operators £ and A(0, ) with respect to the same eigenvalues A, £(£ + 1),

respectively, and eigenfunctions of M3 with respect to the shifted eigenvalue m £ 1.
The action of the ladder operators on the functions ¢,, ; ,,, is described by the next result.

Theorem 6. The functions T§+)¢n,g,g and Tgi)lpn,g,,g are identically zero.

Proof. If we expand the function ']I‘EJF) Py, ¢ ¢, We can note that (1 — u?)! is a polynomial
having degree 2/ in u. Indicating with the constant K the 2/-th derivative of the function
w.r.t. #, we obtain the following expression:

. 20
(+) _ g9 1cos8 O\ | g 1 1 O\ . o
T e =e (89 t sin0 d¢ ¢sin’6 sin6ag ) o 6

, 9 1 a\¥ 1 a\*
i(t+1)¢ .0 200 01 Y
=e {89 [sm 9<sin969> sin 91 { cos 0sin 9<sin089> sin“" 0 3.
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Now, if we posit cos 0 = u and sinf = V1 — u?, the latest expression becomes:

ei(z+1)¢{_m [d ((1 _ uz)m;:;(l — uZ)eﬂ

du

—fu(l— Z(Efl)/zdizg 1— 2\(
w12 )

u

- /Cei““)fi’{—m — 2 [dd (1- u2)£/2} —fu(1 - uz)(“m} = 0.

O

The pair of ladder operators Tgi) provides a clarification of that part of the degeneracy

of the spectrum of L, which is called natural degeneracy. As a matter of fact, the operator L,
depending on the Laplacian operator V2 and the norm r of the vector r, only, has a natural
and intrinsic invariance under rotations belonging to the proper rotation group SO(3).

The existence of the ladder operators ']I‘gi) can be easily deduced from such invariance
properties. It is also straightforward to capture the notion that the natural degeneracy of the
spectrum of the operator £ is the independence of its eigenvalues A,, from the parameter 1.

More precisely, because we have the following actions:

Ty 00 = Ty e = 0,
we can iterate the action of the lowering operator ']I‘g_) so as to obtain:
) —-C T =) —-C
1 Ynee - 1Pnee-1, 1 T e —2Pnii—2

* (Tg_))éflllﬂnze =C_¥uo—ts

or vice versa, by iterating the action of the raising operator ’]I‘§+), the sequence:

Tgﬂ%,ue =C ri1¥ne,—r41, TgﬂTngPn,e,J =C poPne, 142

T (T§+))f71¢n,f,—€ = Célpn,&-i-é/

where the coefficients C; are coefficients of normalization, that is the actions of the raising
()

and lowering operators T, on the eigenfunctions ¢, ¢ ,, leave the parameters n and /¢
unchanged and modify the parameter 1, only.

4. Accidental Degeneracy of the Spectrum of £

Here, we illustrate the main result, which is absent in the literature so far, to the best
of our knowledge. We intend to determine the suitable ladder operators for the degeneracy
with respect to the parameter ¢, which is denoted as accidental degeneracy.

The so-called accidental degeneracy of the spectrum of the operator L consists of the
independence of the eigenvalues A, from the parameter . We explain also this type of
degeneracy with the help of ladder operators, denoted by Tgi). Such ladder operators map
an eigenfunction ¢, ¢ ,, (r) associated with the eigenvalue A, either to the null function or

to another eigenfunction, denoted by:

lpn,é’,m’(r) = Téi)lpn,é,m(r)'

The two eigenfunctions belong to the same eigenspace of A, that is the value of n is
the same in both of them, whereas the two values of ¢ are different, and the two values of
m may be either equal or different.
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First of all, we establish the conditions for the functions ¢, ¢ ,(r) and Téi)gbn/g,m (r)
to be eigenfunctions of £ associated with the same eigenvalue A,,. Namely, by virtue of

Theorem 1, any ladder operator Téi) has to satisfy the following equality:

£, T =o. (14)

If g(r) is any function depending on the polar coordinate r only, and the operator:
- 1,
Lo:i=— 3 V< +g(r),

is defined on the Hilbert space (8), it follows that every operator Eg is endowed with
rotational invariance. Moreover, there are only two particular circumstances where the
operator L, = L has a further invariance, which is then “purely accidental” and is respon-

sible for accidental degeneracy. Such cases occur if either g(r) = % org(r) = —%. The

latter case was extensively treated in [3], so we focus on the former case.

A synthetic explanation may sound as follows: We know that the eigenfunction
P, 0m (1) is associated with the eigenvalues /(¢ + 1), with respect to which ¢, ¢, (r) is
also an eigenfunction of the operator A(6, ¢) in (7). Furthermore, since the variation of ¢
between two consecutive values is two, this implies that the eigenvalue of A(6, ¢), which

is subsequent after ¢(¢ + 1), is (¢ +2)(¢ + 3). Hence, the raising operator Téﬂ, whose
expression is to be identified, must induce the shift (¢ +2)({+3) —¢{({ +1) =4(+ 6 on
the eigenvalues of A(6, ¢).

In order to do that, by virtue of Theorem 5, the raising operator ’]I‘éﬂ has to satisfy the
following condition:

1A, 9), TS 19y7,(1) = (44 6) [T, 70 (0], (15)

where ¢, 7 - (r) is a particular eigenfunction of A(6, ¢). Therefore, we are supposed to
identify an operator that verifies both conditions (14) and (15). The underlying degeneracies
have different natures. On the one hand, natural degeneracy is clarified by the ladder

operators Tgi) given in (13) and obtained as combinations of the angular momentum
operators, and this is due to the fact that the ladder operators have to induce a shift of one
unit on the parameter m. On the other hand, accidental degeneracy has to be clarified by
operators ’]I‘gﬂ, which are obtained from the combinations of the components of a tensor,
because such operators have to induce a shift of two units on the parameter /.

The invariance of the operator L is illustrated by the next result.

Theorem 7. All the components of the following second-rank tensor:

0 0
T = ——— +r1i1, or i,j=1,2,3, 16
g dr; or; T for i/j (16)
where 11, 12, 13 are the coordinates of r, satisfy the commutation identity [L, T;j] = 0, i.e., L is
invariant under the action of all components.

Proof. We can employ the following property of the commutator, which holds for all A, B,
and C:
[AB, C] = A[B, C]+ [A, C]B.
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Expanding the quantity [£, T;;] yields (Some calculations are omitted for the sake of
brevity. However, all the calculations are available upon request to the authors.):

N
27 ariarj

1, 0
[»C/ Tz]} = [_2V +E, _877’187}’] +7’17’]

1
= [—ZVZ, r,'r]} +

13 1, , 9 0
- 22{ 27 ]+ | aa”

1({ 0 d 0 d d d d d
= .- = fri—i-fi’]'—i-i’,‘f—i-i"f 1 — =—71; :0,
ar]- al’] j

_Z e i —
2 or; Tory  Jor;  “tor; ory ) orj
meaning that £ is invariant under the action of all nine components T;;. U

The components Tj; are the further linear operators that accidentally commute with £,
in addition to M;, M, and M.
Given the above-mentioned Tjj, we can consider the following operators:

_Ip—Ty

=T
7—1 12/ 7—2 > s

so that we are able to define the following ladder operators:

9 ? 2
T ::ﬂj:iTZ:—aa+xyj:(x—a+y2—xz>,

x oy 2\ 0x2  oy?
wherei = v/ —1.
Theorem 8. The ladder operators ’]I‘gi) satisfy the following commutation identity:
M, TSH] = 2185 (17a)
Proof. If we expand the expression of the commutator in the left-hand side of (17a),
we obtain:
@[, 2,2 23 L A S
Ms, T ]_l{yax Yoy Taxay Y2\ ety
=—i 9 909 +i ix +ixi 99 —ixix
B yax'axay Tox dy " ox dy ay'y
LI, 201 12 a2 22], [0 .
2\ [Yox" ayay| " |Yox’ dy’ ox ox ay Y
([ o 2.2 9 0 (£)
O

Using Relations (12a), (12b), (14), and (17a), we can establish the following actions of

the operators Téi) on the eigenfunctions 1, ¢, (r):

(n—m-2)/2 (n—m+2)/2

Ty) Uy om (1‘) = Z kW n—2km+2 (I‘), Téi) Yo om (I‘) = Z kWP n—2k,m—2 (I’) .
k=0 k=0
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In order to prove that Téi) are the ladder operators that give a clarification of acciden-

tal degeneracy, we have to determine the commutators [A(6, ¢), ’]I‘éﬂ] and [A(6, ¢), 'H‘éf)].
As in Theorem 8, we also obtain the commutators:

(+)y_;,9 9 9 9 ifo 32 _
My, T ]Z{Zay Yoz’ axay+xy+2 0x2 tyt o

ey Y TV ez axay) T 2%ayY | T2V ez a2

—yz+ixz —

" yoz L% oz
(g, _,9 99 (PP o
Mz, T3] l{xaz % T ax 8y+ w5 (50 a2 Ty
30 0 ? 21 1[, 2
=1 a a ,xi +lx]/, x2,x$ +§ x,Za
K] K
= gxaz  FTWETIG 5

from which we can prove the following fundamental result.

Theorem 9 (Theorem of accidental degeneracy). The commutator {A(G, (p),Ty)} is
the operator:

A6, 9), TSV] = 41{ M5 + 6757 + (— 2i ai +2 aii +2ixz — ZyZ) ",

0
0z Y o
where T%H is the raising operator of the natural degeneracy in (13).
Proof. Using the relation A(6, ) = M3 + M3 + M3 and expanding the left-hand side,
we have:
(466, 9), T{V] = M3+ M3 + M3, TSV]
= M [Mll Tgﬂ} + [er T§+)}M1 + M, [MZ, Tgﬂ} + [MZr TEJF)}Mz

+M; [M3, Tt )} + [Mg, Tt )]Mg

=i zi— 922 Z—l—ixz—iii
oy Vaz \oyaz Y 9x 0z
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Expanding the right-hand side yields:

VAN +z£_zaz+ﬁ_ﬁ EREN)
N dx oy YT 702 20y2 2 2 J\Yox Yy
+6<_axay+xy+28x2_28y2+2_2

—2i ii—I—ZEE—i-Zixz—Z z izi—i I xi—b—z2
0x 0z dy 0z Y oy Yoz 0z 0z
With the help of some algebra, we can recognize that the two expansions are equal;
hence, the proof is complete. [

Theorem 9 and the identity T§+>lpngg = 0 lead to establishing the action of the commu-
tator [A(6, ¢), ']I‘éﬂ | on the eigenfunction 1, ; s, obtained when positing m = £.

40,9), T3 |

" + Jd d Jd d +
- {411@ )M + 6T >+( 2= +28y8 +2ixz —2yz ) TV 00
Jd d Jd d . +
= [4’]I‘§ )M +6T }1/7,1//—1—( a—a——l—?.@a— —|—21xz—2yz> [TE )wn,g’g}

= (4(+6) [Tgﬂiljn,e,/z} ,

that is we have found the fundamental commutator:
4(6,0), 57 [ 900 = (40 +6) [ TS 1. (17b)

The function T l/?n ¢,¢ is either the null function or a simultaneous eigenfunction
of the operator L, w1th respect to the same eigenvalue A, as ¢, ; ¢, and of the operators
A(6, ), M3, with respect to the eigenvalues /(¢ +1) +4(+6 = ({+2)({+3) and { + 2,
respectively, that is:

TH)% 00 = Cora¥upi042-
(+)

generacy of the spectrum of the operator E because its iterated action on the eigenfunction
P, 0,0, where 7 is even, gives:

Furthermore, the raising operator T, "’ provides a clarification of the accidental de-

Tg—i—)lpn,O,O = C2 1Pn,2,2 ’ T§+)¢n,2,2 = C4 1Pn,4,4 ’ sy T§+)¢n,n72,n72 - Cn lpn,n,n

and analogously with n odd:

T§+)¢n,l,l =C3¢uj3, T§+)llfn,3,3 =Cs5¥ns55, R Tgﬂl,bn,n—z,n—z =CuPunn,

where the coefficients C; are coefficients of normalization, that is the action of the raising

(+)

operator T, "’ on the eigenfunctions ¢, ;  leaves the parameters 7 unchanged and modifies
the parameters ¢, m, only.
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Regarding the operator Téf)

same strategy as in Theorem 9):

, we have the relation (it can be proven by means of the

()] = _ 470 () (L9009 5,99 o (<)
{A(G, ¢), T, } = —4T, 'Mz + 6T, '+ ( 2i 3% 92 5y 52 +2ixz+2yz |T; 7,
where ’]1‘5_) is the lowering operator of the natural degeneracy in (13), from which we
obtain the action:

[A(f)/ ?), Tgi)} W, = (40 +6) {T£7)¢n,z,fz}- (18)

Again, for the above reasons, the function ’]I‘g_) Py, ¢ —¢ is either the null function or a
simultaneous eigenfunction of the operator £, with respect to the same eigenvalue A, as
.0, —¢, and of the operators A(6, ¢), M3, with respect to the eigenvalues (£ +1) +4( +6 =
(£42)(¢ +3) and —¢ — 2, respectively, that is:

Téf)lﬁn,e,—e =CrioWniia,t-2-

)

Since the action of the operator ’]I‘g

£ by two units, as the operator ']I‘gr), we can conclude that there is no lowering operator

for the parameter ¢, but this is not surprising because, by virtue of (17a), the operator Téf)
lowers the parameter m of the eigenfunctions ,, ; _y from —¢ to —¢ — 2. This means that

the parameter ¢ cannot change from ¢ to £ — 2 because otherwise, we would have that:

on the eigenfunctions ¥, o _ raises the parameter

m| =] ——2|> (-2,

which is absurd, due to the constraint |m| < /.
)

of the spectrum of the operator L because its iterated action on the eigenfunction ¢, 0,
where 7 is even, gives:

Furthermore, the operator ']I‘é_ provides a clarification of the accidental degeneracy

Té_)lpn,O,O = va2 an,z,—z ’ Tg_)lpn,Z,—Z = 64 lpn,4,f4/ vy Té_)lpn,n—Z,—n—i-Z = En lpn,n,—n/

and also, if n is odd:

T£7)¢n,1,—1 =C39n3-3, Téf)lpns,ﬂ =CsYns5-5, ---, Tgf)lpn,nfz,fwz = Cn Pum—n,

where the coefficients (Z- are coefficients of normalization, i.e., the action of the operator

Tgf) on the eigenfunctions ¢, , _, leaves the parameters n unchanged and modifies the
parameters £, m, only.

5. Discussion

In this paper, we focused on the accidental degeneracy of a second-order, Schrodinger-
type differential operator, acting on a Hilbert space. Typically, in the theory of PDEs, the
concept of degeneracy is connected to the number of parameters on which the eigenvalues
depend. Natural degeneracy and accidental degeneracy were reformulated and character-
ized by using the ladder operators. Such a useful tool can be further employed to provide
a new way to describe degeneracy in eigenvalue problems with elliptic operators.
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