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Abstract: In this paper, we introduce the class of soft semi w-open sets of a soft topological space
(X, 7, A), using soft w-open sets. We show that the class of soft semi w-open sets contains both the
soft topology 7, and the class of soft semi-open sets. Additionally, we define soft semi w-closed sets
as the class of soft complements of soft semi w-open sets. We present here a study of the properties
of soft semi w-open sets, especially in (X, 7, A) and (X, 7w, A). In particular, we prove that the
class of soft semi w-open sets is closed under arbitrary soft union but not closed under finite soft
intersections; we also study the correspondence between the soft topology of soft semi w-open sets
of a soft topological space and their generated topological spaces and vice versa. In addition to these,
we introduce the soft semi w-interior and soft semi w-closure operators via soft semi w-open and soft
semi w-closed sets. We prove several equations regarding these two new soft operators. In particular,
we prove that these operators can be calculated using other usual soft operators in both of (X, 7, A)
and (X, 7w, A), and some equations focus on soft anti-locally countable soft topological spaces.

Keywords: soft w-open; soft semi-open; soft semi interior; soft semi interior; soft generated soft
topological space; soft induced topological spaces

1. Introduction and Preliminaries

In this work, we follow the notions and terminologies that appeared in [1-3]. Through-
out this work, topological space and soft topological space will be denoted by TS and
STS, respectively. In 1999, Molodtsov [4] introduced the concept of “soft sets”, which can
be seen as a new mathematical tool for dealing with uncertainties. The structure of STSs
was introduced in [5]. Then, mathematicians modified several concepts of classical TSs to
include STSs in [1-3,6-24], and others.

The generalizations of soft open sets play an effective role in the structure of soft
topology by using them to redefine and investigate some soft topological concepts, such
as soft continuity, soft compactness, soft separation axioms, etc. Soft w-open sets in STSs
were defined as an important generalization of soft open sets in [2]. Then, via w-open
sets, several research papers have appeared in [3,6-9]. Chen [25] introduced the concept of
soft semi-open sets. Then, many research papers regarding soft semi-open sets appeared.
The author in [3], studied ws-open sets as a class of soft sets, which lies strictly between soft
open sets and soft semi-open sets. In this paper, we introduce the class of soft semi w-open
sets of a soft topological space (X, T, A) using soft w-open sets. We show that the class of
soft semi w-open sets contains both the soft topology ., and the class of soft semi-open sets.
Additionally, we define soft semi w-closed sets as the class of soft complements of soft semi
w-open sets. We present here a study of the properties of soft semi w-open sets, especially
in (X,7,A) and (X, 7y, A). In particular, we prove that the class of soft semi w-open sets is
closed under arbitrary soft union but not closed under finite soft intersections; also, we
study the correspondence between the soft topology of soft semi w-open sets of a soft
topological space and their generated topological spaces and vice versa. In addition to
these, we introduce the soft semi w-interior and soft semi w-closure operators via soft semi
w-open and soft semi w-closed sets. We prove several equations regarding these two new
soft operators. In particular, we prove that these operators can be calculated using other
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usual soft operators in both of (X, 7, A) and (X, 7, A); also, some equations focus on soft
anti-locally countable soft topological spaces.

The authors proved in [26,27] that soft sets are a class of special information systems.
This is a strong motivation to study the structures of soft sets for information systems.
Thus, this paper not only constitutes the theoretical basis for further applications of soft
topology but also leads to the development of information systems.

The following definitions, results, and notations will be used in the sequel.

Definition 1. Let X be a universal set and A be a set of parameters. Amap F : A — P(X) is
said to be a soft set of X relative to A. The collection of all soft sets of X relative to A will be denoted
by SS(X, A).

In this paper, the null soft set and the absolute soft set of X relative to A will be denoted
by 04 and 14, respectively.

Definition 2. Let Z be a universal set and B be a set of parameters. Then H € SS(Z, B) defined by:

(a) Ref[1] H(b) = { X ifb=a will be denoted by ax.

@ ifb#a
(b) Ref [28] H(b) = X for all b € B will be denoted by Cx.

_ [y} fb=a
(C)Ref[29]H(b){ o ifb+a
The set of all soft points in SS(Z, B) will be denoted SP(Z, B).

will be denoted by a, and will be called a soft point.

Definition 3 ([29]). Let H € SS(Y,B) and a, € SP(Y,B). Then a is said to belong to H
(notation: ay€H if a,CH or equivalently: ay€H if and only if y € H(a).

Definition 4. Let T C SS(X, A). Then T is called a soft topology on X relative to A if
(1) 04,14 €7,
(2) T is closed under finite soft intersection,
(3) T is closed under arbitrary soft union.

If T is a soft topology on X relative to A, then the triplet (X, T, A) will be called a
STS on X relative to A. If (X,7,A)isaSTSand F € SS(X, A), then F is a soft open set in
(X,7,A) if F € Tand F is a soft closed set in (X, T, A) if 14 — F is a soft open set in (X, T, A).
The family of all soft closed sets in the STS (X, T, A) will be denoted by 7°.

Definition 5 ([2]). Let (X, 7, A) bea STS and let H € SS(X, A). Then H is said to be a soft
w-open set in (X, T, A) if for every axE€H, there exist K € T and a countable soft set M such that
ay€K — M CH. The collection of all soft w-open sets in (X, t, A) will be denoted by T,,.

For a STS (X, 7, A), it is proved in [2] that 7, forms a soft topology on X relative to A
that is finer than 1.

Theorem 1 ([5]). If (X, T, A)isa STS and a € A, then the collection {H(a) : H € T} forms a
topology on X. This topology will be denoted by T, .

Theorem 2 ([30]). If (X, <) isa TS, then the collection
{H € SS(X,A):H(a) € Sforallac A}
forms a soft topology on X relative to A. This soft topology will be denoted by ().

Theorem 3 ([1]). Let X be an initial universe and let A be a set of parameters. Let {S, :a € A}
be an indexed family of topologies on X and let

T={F€SS(X,A):F(a) € S, foralla € A}.
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Then T defines a soft topology on X relative to A. This soft topology will be denoted by & 3.
acA

Let (X,7,A) be a STS, (X,3) bea TS, M € S5(X,A), and S C X. In this paper,
the soft closure of M in (X, 7, A), the soft interior of M in (X, 7, A), the closure of S
in (X, <), and the interior of S in (X, ), will be denoted by Cl(M), Int-(M), Clx(S),
and Intg(S), respectively.

2. Soft Semi w-Open Sets

In this section, we introduce the concepts of soft semi w-open sets and soft semi
w-open sets and explore their essential properties. We will see that that class of semi
w-open sets forms a supra STS. To illustrate the relationships related to them, we give
some examples.

Definition 6. A soft set F in a STS (X, T, A) is said to be a soft semi w-open set in (X, T, A)
if there exists K € 1, such that K C F C Cl¢(K). The collection of all soft semi w-open sets in
(X, T, A) will be denoted by SwO (X, T, A).

Theorem 4. Let (X, T, A) bea STS and let F € SS(X, A). Then F € SwO(X, T, A) if and only
if FCCl¢(Inty, (F)).

Proof. Necessity. Suppose that F € SwO(X, 1, A).Then there exists H € T, such that
HCFCCI(H). Since H € T, then Int.,(H) = H. Since HCF, then H = Int., (H)ClInt, (F),
and hence FCCl;(H)C Cl(Inty, (F)).

Sufficiency. Suppose that FCCl.(Int., (F)). Put H = Int,,(F). Then H € 1, and
HCFCCl(Inty, (F)) = Cl;(H). Hence, F € SwO(X,7,A). O

Theorem 5. For any STS (X, 71, A), 7w C SwO(X, T, A).

Proof. Let F € 17,. Choose H = F. Then H € 1, and HQFQCZT(H). Hence, F €
SwO(X,t,A). O

The following example shows that the inclusion in Theorem 5 cannot be replaced by
equality, in general:

Example 1. Let X = R, A =Z, and T = {Cy:VCRand1 ¢ V}U{Cy : V C R,
1 € Vand R — V is finite}. Then Co & Tw. On the other hand, since CQ_{l} € T, and
CQ,{l}QCQQClT(CQ,{l}), then CQ S S(UO(X, T, A)

Theorem 6. Forany STS (X,7,A), ws(X,T,A) CSO(X,1,A) C SwO(X,T,A).

Proof. By Theorem 4 of [3], we have ws(X, T, A) C SO(X, T, A). To see that SQ(XN,T, A) C
SwO(X,t,A),let F € SO(X, T, A), then there exists H € T C 1, such that HCFCCI(H).
Hence, F € SwO(X,t,A). O

The author of [3] provided an example to demonstrate in general, that ws(X, 7, A) #
SO(X, 1, A). The following example shows that the inclusion of SO(X, 7, A) C SwO(X, T, A)
in Theorem 6 cannot be replaced by equality, in general.

Example 2. Let X = R, A = Z, S be the usual topology on R, and T = {Cy : V € }. Let
F = Cr_q. Since F € 1, then by Theorem 5, F € SwO(X, T, A). On the other hand, since
Intr(F) =04, then F ¢ SO(X, T, A).

Lemma 1. If (X, T, A) is a soft anti-locally countable STS, then Int., (M) = Int-(M) for each
M € 7,
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Proof. Suppose that (X, 7, A) is soft anti-locally countable and let M € t¢,. Then 14 —
M € 1, and by Theorem 14 of [2], Cl;, (14 — M) = Cl¢(14 — M). So, Int, (M) =
14 —Cly, (14 — M) =14 — Cle (14 — M) = Int(M). O

Theorem 7. If (X, T, A) is a soft anti-locally countable STS, then SwO(X, T, A) N1, C SO(X,
T,A).

Proof. Let F € SwO(X,t,A) NtS. Since F € SwO(X, T, A), then by Theorem 4, FCCl,
(Int,(F)). Since (X, T, A) is a soft anti-locally countable and F € 1, then by Lemma
1, Inty, (F) = Int.(F). Hence, FCCl.(Int,(F)). Therefore, by Theorem 3.1 of [25], F €
SO(X,7,A). O

The following example shows in that Theorem 7 the assumption of (X, 1,A) to be soft
anti-locally countable is essential:

Example 3. Let X = {1,2,3}, A=Z,and T = {OA,lA,C{l},C{m}}. Let F = Cyyy. Since
F € 1, then by Theorem 5, F € SwO(X, T, A). On the other hand, since Cl(Int(F)) =
Cle(Cpry) = Cpay. then F ¢ SO(X,, A).

Theorem 8. If (X, T, A) is a soft locally countable STS, then SwO(X, T, A) = SS(X, A).

Proof. Since (X, T, A) is soft locally countable, then by Corollary 5 of [2], 7, = SS(X, A).
Hence, by Theorem 5 we obtain the result. [

Theorem 9. For any STS (X, T, A), ws(X, 7w, A) = SO(X, 1w, A) = SwO(X, T, A).

Proof. Let (X,7,A) be a STS. By Theorem 2.7 of [3] and Theorem 6, we only need
to show that SwO(X, 1, A) - SQ(X, Ty, A). Let F € SwO(X, 1w, A), then there ex-
ists H € (tw),, such that H C F C Cl(, (H). Since by Theorem 5 of [2], (1), =
Tw, then Cl) (H) = Clg,(H). Hence, F € SO(X, 7y, A). This ends the proof that
SwO(X,1,,A) C SO(X, 1w, A). O

Theorem 10. For any STS (X, T, A), SwO(X, 17, A) C SwO(X, T, A).

Proof. Let F € SwO(X, 1w, A), then by Theorem 9, F € SO(X, (Tw),,, A) = SO(X, T, A).
So, there exists H € 1, such that H C F C Cl,(H)C Cl(H). Hence, F € SwO(X, 1, A). O

The following example shows that the inclusion in Theorem 10 cannot be replaced by
equality in general:

Example 4. We consider the STS (X, 7, A) given in Example 1. We take F = Cg. Then
F € SwO(X, T, A). On other hand, since Cl,, (Int, (F)) = Co-{1}- then F ¢ SwO(X, T, A).

Theorem 11. Let (X, 7, A) be a STS. If {S;:i € T} C SwO(X,T,A), then JS; € SwO
iel
(X, 7, A).
Proof. For every i € T, choose H; € 1, such that H;CS;CCly, (H;). Then UH; € 1 and
i€l

UH;CUS:iCUCl,(S;) CUCl, (H)CCly, (UHZ-). Hence, U S; € SwO(X, 1, A). O
i€l iel iel iel iel iel

The soft intersection of two soft semi w-open sets is not in general soft semi w-open as
it is shown in the next example.
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Example 5. We consider the STS (X, T, A) given in Example 1. We take F = Cg and G =
Cr-q)u{1}- Zhen F,G € SwO(X, T, A). On the other hand, since FNG = Cyqy and Intr, (Ci1y)
=04, then FNG ¢ SwO(X, T, A).

Theorem 12. Let (X,7,A) bea STS. If F € Tand G € SwO(X, 1, A), then FNG € SwO
(X, 71, A).

Proof. Let F € Tand G € SwO(X, 1, A). Since G € SwO(X, T, A), then we find M € 1,
such that MC GCClr(M). Therefore, FNM € 7, and FN\M CFAGC FACl-(G)CCl¢ (FIM).
Hence, FNG € SwO(X,1,A). O

Theorem 13. Let (X,7,A) be a STS. If F € SwO(X,t,A) and FCGCCl(F), then G €
SwO(X,T,A).

Proof. Suppose that F € SwO(X, 1, A) and FCGCCI(F). Since F € SwO(X, T, A), then
there exists H € 1, suchihat~H§~F §C17(~H). Since FCCl(H), then Cl+(F)CCl;(H). Thus,
we have H € 1, and H CF CGCCI(F)CCl¢(H). Hence, G € SwO(X,t,A). O

Theorem 14. Let (X, 7T, A) be a STS, Y be a nonempty subset of X, and K € SS(Y,A) C
SS(X,A). IfK € SwO(X,t,A), then K € SwO(Y, 1y, A).

Proof. Since K € SwO(X, T, A), then there exists M € T, such that MCKCCl.(M). So,
we have M = MNCyCK = KNCyCCly(M)NCy = Cly, (M). Since MCK € SS(Y, A),
then M € SS(Y, A). Since M € 1, then M = MNCy € (7w )y- So by Theorem 15 of [2],
M € (ty),,- Therefore, K € SwO(Y, 1y, A). O

The converse of Theorem 14 is not true in general, as we show in the next example:

Example 6. We consider the STS (X, T, A) given in Example 2. We take Y = Q and K = Cyq,.
Then K € (ty),, and by Theorem 5, K € SwO(Y, Ty, A). On the other hand, since Int,(K) = 04,
then K ¢ SwO(X, T, A).

Theorem 15. Let (X, T, A) bea STS, Y be a nonempty subset of X, and K € SS(Y, A). IfCy €
T, and K € SwO(Y, 1y, A), then K € SwO(X, T, A).

Proof. Since K € SwO(Y, Ty, A), then there exists M € (ty),, such that MCKCCly, (M).
Since M € (1y),,, then by Theorem 15 of [2], M € (Tw)y- So, there exists H € 7, such that
M = HNCy. Since Cy € T, then M € 1,,. As a result, we have MQKQCITY (M)iClT(M)
with M € 1, and thus K € SwO(X, 1, A). O

The next example demonstrates that the assumption “Cy € 7,,” in Theorem 15 cannot
be weakened to “Cy € SwO(X, T, A)”.

Example 7. We consider the STS (X, T, A) given in Example 1. We take Y = Q and K = Cyg ).
Then Cy € SwO(X,T,A) — 1. Additionally, K € SwO(Y, Ty, A). On the other hand, since

Cle(Intr, (K)) = Cly (C{0}> = Cyg), then K ¢ SwO(X, T, A).

Theorem 16. For any STS (X, T, A), we have
(a) T = {Int(F): F € SwO(X,1,A)}.
(b) 1, = {Inty,(F) : F € SwO(X,1,A)}.

Proof. (a) Let M € 7, then M = Int:(M). On the other hand, by Theorem 5, we have M €
SwO(X,t,A). Hence, T C {Int(F): F € SwO(X, 1, A)}. Conversely, since Int(F) € T
forevery F € SwO(X, T, A), then {Int-(F) : F € SwO(X,t,A)} C 7.
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(b) Let M € 1, then M = Int, (M). On the other hand, by Theorem 5, we have M €
SwO(X,t,A). Hence, 7, C {Inty,(F): F € SwO(X, 1, A)}. Conversely, since Int (F) €
T, forevery F € SwO(X, T, A), then {Int, (F): F € SwO(X,1,A)} C 1. O

Theorem 17. Let X be a nonempty set and A be a set of parameters. Let T and o be two soft
topologies on X relative to A. If SwO(X, T, A) C SwO(X, 0, A), then T C o and 1, C 0.

Proof. Suppose that SwO(X, 1, A) C SwO(X, 0, A), then by Theorem 16 (a),

T = {Int(F):F € SwO(X,1,A)}
C {Int(F):F € SwO(X,0,A)}
= 0.
and by Theorem 16 (b),

Tw = {Int,(F):F € SwO(X,1,A)}
C {Inty,(F):F € SwO(X,0,A)}
= Oy

O

Corollary 1. Let X be a nonempty set and A be a set of parameters. Let T and o be two soft
topologies on X relative to A. If SwO(X, T, A) = SwO(X, 0, A), then T = 0 and 1, = 0.

The converse of Theorem 17 is not true in general, as shown by the next example:

Example 8. Let X = R, & and X be the usual topology on R and Sorgenfrey line, respectively,
A=71={FeSS(X,A):F(a) € Sforalla € A}, and 0 = {F € SS5(X,A) : F(a) €
cforalla € A}. Then T C o. On the other hand, it is not difficult to check that Coy) €
SwO(X,1,A) — SwO(X, 0, A).

Now we raise the following two natural questions.

Question 1. Let (X, T, A) and let F € SwO(X, T, A). Is it true that F(a) € SwO(X, 1,) for all
a€ A?

Question 2. Let (X, 7, A) and let F € SS(X, A) such that F(a) € SwO(X, 1,) foralla € A. Is
it true that F € SwO(X, T, A)?

We leave Question 1 as an open question. However, the following example shows a
negative answer to Question 2.

Example 9. Let X =R, A = {a,b},and M, N, F € SS5(X, A) defined as
M(a) = Q°,M(b)= {1},
N(a) = {2},N(b) =Q,
F(a) = {2} F(b) ={1}.
Let T = {04,14,M,N,MUN}. Then F(a) = N(a) € 1, C (), € SwO(X, 1)

and F(b) = M(b) € 1, C SwO(X,1). On the other hand, it is not difficult to check that
Intr, (F) = 04 and thus F ¢ SwO(X, T, A).

If we add the condition “7 is a generated soft topology,” then Questions 1 and 2 will
have positive answers.
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Theorem 18. Let {(X,,) : a € A} be an indexed family of TSs and let T = & 3. Let F €
acA

SS(X,A). Then F € SwO(X, T, A) if and only if F(a) € SwO(X,<,) for every a € A.

Proof. Necessity. Suppose that F € SwO(X, T, A) and leta € A. Then we find H € 1,
such that H C F C Cl+(H). So, H(a) C F(a) C (Cl:(H))(a). Since H € 1, then H(a) €
(tw), and thus by Theorem 7 of [2], H(a) € (@), = (S4),- Also, by Lemma 4.9 of [3],
(Cl¢(H))(a) = Cly,(H(a)). Hence, F(a) € SwO(X, J4).

Sufficiency. Suppose that F(a) € SwO(X, ;) for every a € A. Then for every a € A,
there exists V; € (), = (), such that V, C F(a) C Cly,(V,). Let H € S5(X, A) with

H(a) =V, € Q, foreverya € A. Then H € (@ (Ta)w> = (69 Ta) = T, and by
w

acA acA
Lemma 4.9 of [3], (Clc(H))(a) = Cly,(H(a)) = Clr,(Va) for all a € A. Since for every
a€ A H(a) =V, CF(a) C Cly,(Va) = (Cl:(H))(a), then H C F C Cl;(H). Therefore,

F e SwO(X,t,A). O

Corollary 2. Let (X, ) be a TS and let A be a set of parameters. Let F € SS(X, A). Then
F € SwO(X,t(), A) if and only if F(a) € SwO(X, Y,) for every a € A.

Proof. For eacha € A, put §; = 3. Then 7(J) = @ Qy. So by Theorem 18, we obtain
acA
the result. O

If the STS (X, 7, A) is an extended STS, then we can easily apply Theorem 3 of [31] to
get positive answers to Questions 1 and 2.

Theorem 19. If fp, : (X,7,A) — (Y,0,B) is a soft continuous function such that fp,:
(X, 1w, A) — (Y ,04,B) is soft soft open, then we have fy,(F) € SwO(Y,c,B) for every
F € SwO(X,1,A).

Proof. Let F € SwO(X, 1, A). Then we find H € 1, such that H CFC Cl:(H), and thus
fou(H) € fou(F) C fou(Cle(H)). Since fpu : (X, Tw, A) — (Y, 04, B) is soft open, then
fou(H) € 0w. Since fpy : (X,7,A) — (Y, 0, B) is soft continuous, then f,, (Cl:(H)) C
Cly(fpu(H)). Therefore, f,u(F) € SwO(Y,,B). 0O

Definition 7. Let (X, 7, A) be a STS and let G € SS(X, A). Then G is said to be soft semi
w-closed set in (X,T,A) if 14 — G € SwO(X,t,A). The family of all semi w-closed sets in
(X, T, A) will be denoted by SwC(X, T, A).

Theorem 20. Let (X, T, A) be a STS and let G € SS(X, A). Then G € SwC(X, 1, A) if and
only if Int(Cl, (G))CG.

Prgof. G € SwC(X,t,A) ifand only if 14 — G € SwO(XLT,A) if and only if 14 —
GCClr(Inty, (14 — G)) ifand only if 14 — Clr(Inty, (14 — G))CG if and only if Intr(14 —
Intz, (14 — G))CG if and only if Int-(Cl,(G))CG. O

Theorem 21. Let (X, 7, A) beaSTS. If{T; : i € T'} C SwC(X, T, A), then ﬁTi € SwC(X,1,A).
iel
Proof. For every i € T, 14 — T; € SwO(X,t,A). So by Theorem 11, U(lA -T;) =
iel

14— (ﬁ:rl) € SwO(X, T, A). Hence, N T; € SwC(X,7,A) O
iel iel

Theorem 22. Forany STS (X, 1, A), 15, C SwC(X, T, A).
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Proof. Let T € 75, then1y — T € 7. So by Theorem 5,14 — T € SwO(X, T, A). Hence,
T € SwC(X,7,A). O

Theorem 23. Let (X,7,A) bea STS. If T € 1€ and G € SwC(X, 1, A), then TUG € SwC
(X,1,A).

Proof. Let T € 7°and G € SwC(X,7,A). Then1ly — T € tand 14 — G € SwO(X, 7, A).
So by Theorem 12, (14 — T)N(14 — G) = 14 — (TUG) € SwO(X, 1, A). Hence, TUG €
SwC(X,7,A). O

Theorem 24. Forany STS (X, 7,A), SC(X,1,A) C SwC(X, 1,A).

Proof. Let T € SC(X,1,A), thenly — T € SO(X,1,A). So by Theorem 6, 14 — T €
SwO(X,t,A). Hence, T € SwC(X,T,A). O

3. Soft Semi w-Closure and Soft Semi w-Interior

In this section, we introduce soft semi w-interior and soft semi w-closure as two new
soft operators. We prove several equations regarding these operators. In particular, we
prove that these operators can be calculated using other usual soft operators in both of
(X,7,A)and (X, 1, A).

Definition 8. Let (X, 7, A) be a STS and M € SS(X, A). The soft semi w-closure of M in
(X, 1, A), denoted Sw-Cl(M), is defined by

Sw-Cly(M) = {T: T € SwC(X,7,A) and M C T}.

Theorem 25. Let (X, T, A) bea STS and M € SS(X, A). Then
(a) Sw-Cl(M) is the smallest soft semi w-closed in (X, T, A) containing M.
(b) M = Sw-Cl(M) if and only if M is soft semi w-closed in (X, T, A).

Proof. (a) Follows from Theorem 21.
(b) Obvious. [

Theorem 26. Let (X, T, A) bea STS and M € SS(X, A). Then
Sw-Cly (M) = MUInt(Cly,(M)).
Proof. Since
Int-(Cly, (MUInt-(Cly, (M)))) CInt (Cly, (MU(Cly, (M)))
= Int(Cly, (Cly, (M))) = Intr(Clg, (M) SMUInt(Clr, (M),

then by Theorem 20, MUInt.(Cly,(M)) € SwC(X,t,A). Since MCMUInt(Cl,, (M)),

w )

(Clz, (
then by Theorem 25 (a), Sw-Clr(M)CMUInt(Cly, (M)). On the other hand, since by Iheo—
rem 25 (a), Sw-Cl (M) € SwC(X, 1, A), then by Theorem 20, Int,(Cl, (Sw-Cl:(M)))CSw-
Cl:(M). Thus,

and consequently MUInt.(Cl,,(M))CSw-Cl;(M). Therefore, Sw-Cl:(M) = MUlnt,
(Cle (M)). D

Theorem 27. Let (X, 7, A) bea STS and M € SS(X, A). Then

Sw-Cl(M)CCly, (M)AS-Cl (M).
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Proof. Follows from the definitions and Theorems 22 and 24. [

The equality in Theorem 27 does not hold in general, as we show in the next example.

Example 10. Let X =R, A = [0,1], and  be the usual topology on R. Consider (X, T(J), A)
and let M = Cqu(o,1). Then S-Clz(M) = 14 and Cly, (M) = Cqujoa), and so Clq, (M)NS-
Clz(M) = Cqujoa)- On the other hand, by Theorem 26, Sw-Clz(M) = MUlInt(Cly,(M)) =

Cau(o1)U Int(Cqup,)) = Cou(o,1)IC01) = M.

Definition 9. Let (X, T, A) be a STS and M € SS(X, A). The soft semi w-interior of M in
(X, T, A), denoted Sw-Int (M), and defined by

Sw-Int(M) = {G : G € SwO(X,7,A) and G C M }.

Theorem 28. Let (X, T, A) bea STS and M € SS(X, A). Then
(a) Sw-Int (M) is the largest soft semi w-open in (X, T, A) contained in M.
(b) M € SwO(X, T, A) if and only if M = Sw-Int:(M).

Proof. (a) Follows from Definition 9 and Theorem 11.
(b) Follows immediately by (a). O

Theorem 29. Let (X, T, A) bea STS and M € SS(X, A). Then
Sw-Int: (M) = MNCl(Intg,(M)).
Proof. Since
MANCly(Intr,(M))CCle(Intr, (MA(Intr,(M))))CCle(Intr, (MOCl (Int-, (M)))),

then by Theorem 4, M(Cl(Inty, (M)) € SwO(X,t,A). Since MACl.(Int.,(M))CM,
then by Theorem 28 (a), MNCl (Int,, (M))CSw-Int:(M). On the other hand, since by The-
orem 25 (a), Sw-Int (M) € SwO(X, T, A), then by Theorem 4, Sw-Int.(M)CCl, (Ints,, (Sw-
IntT(M))CClT(IntTw(M)). Hence, Sw-lntT(M)CMﬁClT(IntTw (M)). Therefore, Sw-Int,
(M) = MNCl¢(Intr, (M)). O

Theorem 30. Let (X, 7, A) bea STS and M € SS(X, A). Then
(@) Sw-Intr (14 — M) =14 — Sw-Cl:(M).
(b) Sw-Clr(14 — M) =14 — Sw-Int-(M).

Proof. (a) By Theorem 29, Sw-Int;(14 — M) = (14 — M)NCl¢(Intr, (14 — M)). In addi-
tion, by Theorem 26.

14 — Sw-Cle(M) = 14— (MUInt(Cly,(M)))
(14 — M)N(14 — Intz(Clg, (M)))
= (14— M)N(Cle(14 — Clg, (M))))

(14 — M)NCl(Intr, (14 — M))

Thus, Sw-Int(14 — M) = 14 — Sw-Cle(M).
(b) By (a), Sw-Int;(M) = Sw-Intr(14 — (14 —M)) = 14 — Sw-Cl(14 — M). So,
14 — Sw-Inte (M) = Sw-Cl (14 — M). O

Theorem 31. Let (X, T, A) be a STS and M € SS(X, A). Then the following conditions are
equivalent:

(a) M is soft dense in (X, 7oy, A).

(b) Sw-Cle (M) = 14.
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(c)IfN € SwC(X,1,A) and MCN, then N = 14.
(d) For every G € SwO(X,t,A) — {04}, GNM # 04.
(e) Sw-Intz(14 — M) = 04.

Proof. (a) = (b): By (a), Cly, (M) = 14. So by Theorem 26,

Sw-Cl;(M) = MUlInt(Cly,(M))
= MOITli‘T(lA)
= MUlu
= 1,

(b) = (c): Let N € SwC(X, 1, A) with MCN. Then by (b), 14 = Sw-Cl(M)CSw-
Cl:(N) = N. Thus, N = 14.

(c) = (d): Suppose to the contrary that there exists G € SwO(X,t,A) — {04} such
that GM = 04. Then MC1y — Gand 14 — G € SwC(X, 1, A). Thus, by (c), 14 — G =14
and hence G = 04, a contradiction.

(d) = (e): Suppose to the contrary that Sw-Int;(14 — M) # 04. Then we have
Sw-Intr(14 — M) € SwO(X,7,A) — {04} and by (d), Sw-Intr(14 — M)NM # 04. How-
ever, Sw-Intr (14 — M)NMC (14 — M)NM = 04, a contradiction.

(¢) = (a): By (e) and Theorem 30 (a), we have 04 =14 — Sw-Cl:(M)andsoly = Sw-
Cl:(M)CCly, (M). Thus, Cl;, (M) = 14 and hence, M is soft dense in (X, 7, A). U

Theorem 32. Let (X, T, A) be soft anti-locally countable and M € SS(X, A). Then
S(U'IntT(S(U_ClT(M)) - Sw-ClT(M)ﬁClT(ITIfT(CZTw (M))).

Proof. Since (X, T, A) be a soft anti-locally countable and Cl,, (M) € 15, then by Lemma
1, Inty, (Cly,(M)) = Int(Cly,(M)). So, by Theorems 27 and 29, we have

Sw-Intr(Sw-Cly(M)) = Sw-Cle(M)NCl:(Int, (Sw-Cl(M)))
CSw-Cl(M)ACly(Int, (Cly, (M)))
= Sw-Cle(M)ACL (Int(Cly, (M))).

On the other hand, by Theorems 26 and 29, we have
= Sw-Cl:(M)N T(Intrw (MDIntT(ClTw(M))))
2Sw-Cl (M)ACle (Intr, (M)UInt(Cly, (M)))
DSw-Cle(M)NCle (Int(M)UlInt. (Cly, (M)))
= Sw-Cle(M)NClr(Int;(Cly, (M))).

Sw-Intr(Sw-Cly(M)) = Sw-Cly(M)NCly(Intr, (Sw-Cl:(M)))
Cl

M)ACI
M)ACI

As we show in the next example, it is necessary for (X, T, A) to be soft anti-locally
countable in Theorem 32. [

Example 11. Let (X, T, A) be as in Example 3. Take M = Cyy 5y. Then by Theorems 26 and 29,

Sw-Cle(M) = MUInt(Cly,(M))
MOInt (M)
= M,
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Sw-Int(Sw-Cly(M)) = Sw-Int:(M)
= MNCl(Inty,(M))
= MNCl;(M)
= M,
and
= MACl (Cpyy )

Theorem 33. Let (X, T, A) be a soft anti-locally countable STS and M € SS(X, A). Then
Sw-Cle(Sw-Intr(M)) = Sw-Inte(M)UInt(Cl(Int, (M))).

Proof. Since (X,t,A) is soft anti-locally countable and Int;,(M) € 1, then by
Theorem 14 of [2], Cl, (Intr,(M)) = Cl(Int,(M)). So, by Theorem 26, we have

Sw-Clr(Sw-Intz(M)) = Sw-Intz(M)Ulnt(Cly, (Sw-Int:(M)))
DSw-Intr(M)UInt,(Cly, (Inty, (M))
= Sw-Int-(M)UInt;(Clr(Inty, (M))).

On the other hand, by Theorems 26 and 29, we have

Sw-Cl(Sw-Int:(M)) = Sw-Int(M)UIntc(Cly, (Sw-Intz(M)))
= Sw-Int:(M)UInt(Cly, (MNCly(Int, (M)))
QSW'I”tT(M) O(Intr((Cly, (M))NClr (Intr, (M))))
= Sw-Intz(M)U(Int(Cly,(M))NIntc(Cle(Inty, (M))))
CSw-Intz(M)OIntr(Cly(Inty, (M))).

O

4. Conclusions

As a weaker form of soft w-open sets and soft semi-open sets, the concept of soft
semi w-open sets is introduced and studied. It is proved that the class of soft semi w-open
sets is closed under an arbitrary soft union but not closed under finite soft intersections.
The correspondence between the soft topology of soft semi w-open sets of a soft topological
space and their generated topological spaces and vice versa is studied. In addition to these,
soft semi w-interior and soft semi w-closure as two new soft operators are introduced.
Several characterizations, relationships, and examples regarding our new concepts are
given. The following topics could be considered in future studies: (1) to define soft semi
w-continuous functions; (2) to define soft semi w-open functions; and (3) to define new
separation axioms via soft semi w-open sets.
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