. mathematics

Article

Laplace Transform and Semi-Hyers—Ulam-Rassias Stability of
Some Delay Differential Equations

Daniela Marian

check for

updates
Citation: Marian, D. Laplace
Transform and Semi-Hyers—Ulam-
Rassias Stability of Some Delay
Differential Equations. Mathematics
2021, 9, 3260. https://doi.org/
10.3390/math9243260

Academic Editors: Stepan Tersian and
Christopher Goodrich

Received: 11 November 2021
Accepted: 14 December 2021
Published: 15 December 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Mathematics, Technical University of Cluj-Napoca, 28 Memorandumului Street,
400114 Cluj-Napoca, Romania; daniela.marian@math.utcluj.ro

Abstract: In this paper, we study semi-Hyers—Ulam-Rassias stability and generalized semi-Hyers—
Ulam-Rassias stability of differential equations x'(t) + x(t — 1) = f(t) and x”(t) + x'(t — 1) = f(¢),
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1. Introduction

The study of Ulam stability began in 1940, when Ulam posed a problem concerning
the stability of homomorphisms (see [1]). In 1941, Hyers [2] gave an answer, in the case of
the additive Cauchy equation in Banach spaces, to the problem posed by Ulam [1].

In 1993, Obloza [3] started the study of Hyers-Ulam stability of differential equations.
Later, in 1998, Alsina and Ger [4] studied the equation y’(x) — y(x) = 0. Many mathemati-
cians have further studied the stability of various equations. For a collection of results
regarding this problematic, see [5] or [6].

There are many methods for studying Hyers-Ulam stability of differential equations,
such as the direct method, the Gronwall inequality method, the fixed point method,
the integral transform method, etc.

We mention that the Laplace transform method was used by H. Rezaei, S. M. Jung and
Th. M. Rassias [7] and by Q. H. Algifiary and S. M. Jung [8] to study the differential equation

n—1
y" () + kzl"ky(k)(t) = f().
=0

This method was also used in [9], where Laguerre differential equation
xy” + (1 —x)y +ny =0, npositive integer
and Bessel differential equation
xy"+y +xy =0,

was studied. In [10], Mittag-Leffler-Hyers—-Ulam stability of the following linear differential
equation of first order was studied with this method:

u'(t) +1u(t) =r(t), t € Lu,r € C(I),I = [a,b].
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In [11], the semi-Hyers-Ulam—Rassias stability of a Volterra integro-differential equa-
tion of order I with a convolution type kernel was studied via Laplace transform:

Y+ [ vt - udu— f(1) =0, 1€ (0,0,

f, 8 y:(0,00) = F functions of exponential order and continuous and F the real field R
or the complex field C.

In [12], the semi-Hyers-Ulam—Rassias stability of the convection partial differential
equation was also studied using Laplace transform:

gy oy _ _ _
g—kaa =0,a>0,x>0,t>0,y(0,t) =¢ y(x,0) =0.

In [13], the delay equation
v(t) =Ay(t—1),A #0,7 >0,

was studied, using direct method.

In the following, we will study semi-Hyers-Ulam—Rassias stability and generalized
semi-Hyers—Ulam—Rassias stability of some equations, with delay of order one and two,
with Laplace transform. We complete the results obtained in [13]. Delay differential
equations have many applications in various areas of engineering science, biology, physics,
etc. The monograph [14] contains some modeling examples from mechanics, chemistry,
ecology, biology, psychology, etc. For other applications, see also [15].

We first recall some notions and results regarding the Laplace transform.

Definition 1. A function x : R — R is called an original function if the following conditions
are satisfied:

1. x(t)=0,t<0;

2. X is piecewise continuous;

3. dM > 0and oy > 0 such that

lx(t)| < M-e™, VteR.

We denote by O the set of original functions. We denote by M(x) the set of all numbers
that satisfy the condition 3.

The number oy = inf{oy | 0y € M(x)} is called abscissa of convergence of x.

The functions that appear below are considered original functions. Hence, since in
definition of Laplace transform are involved only the values of x on [0, c0), we may suppose
that x(t) = 0 for t < 0. So by x(t) we understand x(t)u(t), where

0, if t<0
“(t)_{l, if t>0

is the unit step function of Heaviside. We write x(")(0) instead the lateral limit x(") (0*) for
n > 0.
We denote by £(x) the Laplace transform of the function x, defined by

L(x)(s) = X(s) = /0 " x(t)e st

on {s € R|s > o,}. Itis well known that the Laplace transform is linear and one-to-one if
the functions involved are continuous. The inverse Laplace transform will be denoted by

L7YX) orby L71(L(x)).
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The following properties are used in the paper:
L(xM)(s) = s"L(x)(s) — " 1x(0) — " 22 (0) — ... — x"=1(0),

L(x(t—a))(s) =e ®X(s), a >0,
4 l B tn—l
[’ (Sn>(t) - ( )!M(t),
L(f%8)(s) = L(f)(s) - L(g)(s),
where (f *g)(t) = fotf(t — 7)g(7)dt is the convolution product of f and g.

In the following, we consider the original functions x, f : R — R.
The following Gronwall Lemma is also used in the paper ([16], p. 6):

Lemma 1 ([16]). Let x,v,h € C[R4,Ry], h nondecreasing. If

t
x(£) <h(t)+ | v(s)x(s)ds, t > i,
to
then ,
x(t) < h(t)elo?O% ¢t > g,

2. Semi-Hyers-Ulam-Rassias Stability of a Delay Differential Equation of Order One

Let f € O. In what follows, we consider the equation
() +x(t—1)=f(t), x(t)=0 if t<0, (1)

x continuous, piecewise differentiable.
Let e > 0. We also consider the inequality

X' () +x(t—1) = f(t)| <& te(0,00). (2)
According to [17], we give the following definition:

Definition 2. The Equation (1) is called semi-Hyers—Ulam—Rassias stable if there exists a function
k:(0,00) — (0, c0) such that for each solution x of the inequality (2), there exists a solution xg of
the Equation (1) with

|x(t) — xo(t)] < k(t),Vt € (0,00). (©)]

Remark 1. A function x : (0,00) — R is a solution of (2) if and only if there exists a function
p: (0,00) — R such that

(1) |p(t)] <e Vte (0,00),

(2) x'(t) +x(t —1) — f(t) = p(t), ¥t € (0,00).

Lemma 2. Fors > 1 we have

E_l(s+1e5>(t) B %<_1)n(t;!n>n'

n=0

Proof. Asin[18] (p. 15), for s > 1 we have % < 1, hence
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where [t] denotes the integer part of the real number ¢t. [

Applying a method used in [19], we prove now that the Laplace transform exist for
the functions satisfying (1) and (2).

Theorem 1. Let f € O. Let oy be abscissa of convergence of f and My > 0 such that |f(t)| <
Mg - e !, Yt > 0. Then the Laplace transform of x, which is the exact solution of (1) and of x' exist

forall s > o, where o = max{af + 1,2}.

Proof. Integrating the relation (1) from O to ¢, we obtain

x(t)—x(O)—l—/Otx(u—l)du - /Otf(u)du,

hence
x(t) + /Otx(u —1)du = /Otf(u)du.

Changing the variable v = u — 1 in the first integral, we have

x(t) + /j;l x(v)dv = /Otf(u)du,

hence
x(t) + ./Oti1 x(v)dv = /Otf(u)du.

If of > 0, we obtain
t t
< [ x(@)ldo+ [ 1f ()] du

M t M
—f(e”ft -1) < / |x(v)|dv + 2oyt
(Tf 0 Uf

x(t)] < \ [+

+ ‘ /O ()

IA

t d ! d ! d
v)ldo + f = —+
/ ‘x( )‘ / Mfe u / |X('U)| %
Applylng now Gronwall Lemma 1, we obtain

|x(£)] < &e”ftefotdv = &eaﬂet — &e(af+l)t,
U'f g'f Uf

that is the function x is of exponential order.
If or =0, we obtain

t t t
x(1)] < / |x(v)|dv—|—/ Mjdu = / |x(0)|do + M.
0 0 0
Applying now Gronwall Lemma, we obtain

lx(t)] < Mfteféd” = Mftet < Mfetet = MfEZt,t >0

that is the function x is of exponential order.
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From (1), we have

[X'(5)] < |x(t = 1)+ [f(t)] < Mye™" + Mper* < 2Me™,
where M = max{Mx, M f} and o = max{(rx, af}. Hence, x’ is of exponential order. [

Theorem 2. Let f € O. Let oy be abscissa of convergence of f and My > 0 such that | f(t)| <
Mg -7 !, ¥t > 0. Then the Laplace transform of x (which is a solution of (2) and of x' exist for all

s > o, where 0 = max{ZUf,Z}.
Proof. From (2), we have
—e<x(t)+x(t—-1)—f(t) <e.

Integrating from 0 to ¢, we obtain

—et < x(t) + /Otx(u —1)du — /Otf(u)du <et,

hence

—st—/otx(u—l)du—i—/otf(u)dugx(t) gst—/otx(u—l)du+/0tf(u)du,

Changing the variable v = u — 1 in the first integral, we have

t—1

—et — /Ot_l x(v)do + /Otf(u)du <x(t) <et —/0 x(v)do + /Otf(u)du,

hence
()] < et + /Ot|x(v)|dv+ /Ot\f(u)|du

If of > 0, we obtain

ot t t M t M
1x(1)| §st+/ \x(v)|dv+/ Mye®"du = et + / x(0) o+ —L (7 1) < / x(0)|do + et + .
JO JO JO U'f JO U'f

Applying now Gronwall Lemma, we obtain

M M M M
[x()] < <st+ fe‘rft>ef0fd” = (st—i— feaft) et < <se‘7t + fe‘”) et = (s—i— f>62‘7t,
i i i i

where o = max{ 1, af}, that is the function x is of exponential order.
If oy = 0, we obtain

()] < et+./0t|x(v)|dv+/; Mydu = et+/(;t|x(v)|dv+Mft,
or ,
x(1)] < (e+Mf)t+/O 1x(0)|do,
Applying now Gronwall Lemma, we obtain

[x(t)] < (€+Mf)f€f°tdv = <€+Mf)tet < (e+Mf)etet = (€+Mf)82t,t >0

that is the function x is of exponential order.
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From (2), we have
X' (8)] < e+ |x(t=1)| + |f(£)] < e+ Mye™ + Mpes' < (e+2M)e™,
where M = max{Mx, M f} and o = max{(rx, af}. Hence, x’ is of exponential order. [

Theorem 3. If a function x : (0,00) — R satisfies the inequality (2), where f € O, then there
exists a solution xg : (0,00) — R of (1) such that

_ 1)\2 _ [t]-i—l
[x(t) — xo()] < e<f+ e **%) vt € (0,00),

that is the Equation (1) is semi-Hyers—Ulam—Rassias stable.

Proof. Letp: (0,00) = R,

p(t) = x'(t) +x(t—1) — f(t), te€ (0,00). 4)
We have
L(p) =sL(x) —x(0) +e°L(x) — L(f),
hence
()= L), LU
s+e 5 s+4e s
Let

We remark that xo(0) = 0.
Hence, we obtain

Lxp(t) +xo(t = 1) = f(£)] = sL(x0) — x0(0) + e "L (x0) — L(f)

=

Since L is one-to-one, it follows that

xo(t) +xo(t—1) — f(t) =0,

that is xq is a solution of (1).
We have ()
. _ P
£(x) = L(x0) = =2,
hence

() ot = [ (EBL)| = |eieipn - £ (5 )|
N ’p*£l<5 Jrle_s)‘ B /Otp(r).£1<s +1e—5>(t_7)d77
' E1<s+1e5)(t_7) 4T < g/ot £1<s+1g5)(t_7)

From Lemma 2, we obtain

dr.




Mathematics 2021, 9, 3260 7 of 15

t71<1)7 N tmT )"
8/0[, i (t T)dr—s/o 71;:0( 1) p dr
el a(t=T—n)" i —r—n)
<e A n;)(—) p dTZS/ n;) p dt

For t > 1, we have

7 € [0, [£]
-] = [t.}il,re(t—[t},t—[t]+1]
0,Te(t—1,1
hence
T ) =10 U (- =) RS R O (t—t—n)"
/0 ,;)7”! dr:/o 7;)7”! dT+/t—[t] V;]in. dt + - +/t 1’;]7. dt
= (t—1—0)° t—t—1)! t—T—t
-/ (o=0P e, oD TM![]) )dT
=+ (r— 7 —0)° (t—7—1) (t—t—[] -1l
+./Ht] ( o ATt T ot -1 dt
b (t—1-0)
oo
We obtain
f[t_ﬂ(t—r—n)” (t— =1 (p—7—1)! =11 (¢t — 7 — [f]) 1
I e B A
:t_(t_T‘l) S Gt o ) LA
2! 0 ([ +1)! 0
o, =17 (e~
S TR Y (R by

Fort € [0,1), we have [t — 7] = 0, hence
tl=t
/ Z(t T—n) /dr_t
0 »n=0
O

3. Semi-Hyers-Ulam-Rassias Stability of a Delay Differential Equation of Order Two
Let f € O. Next, we consider the equation

)+ (t—1)=f(t), x(t)=0 if t<0, x(0)=0, (5)

x continuous, piecewise twice differentiable.
Let e > 0. We also consider the inequality

xX"(H)+x'(t—=1) = f(t)| <e te(0,00). (6)
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Definition 3. The Equation (5) is called semi-Hyers—Ulam—Rassias stable if there exists a function
k:(0,00) — (0, c0) such that for each solution x of the inequality (6), there exists a solution xg of
the Equation (5) with
|x(t) — xo(t)] < k(t),Vt e (0,00). (7)

Remark 2. A function x : (0,00) — R is a solution of (6) if and only if there exists a function
p:(0,00) — R such that

(D |p(t)| <e Vte (0,00),

(2) x"(t)+x'(t—1) — f(t) = p(t), Vt € (0, 00).

Lemma 3. Fors > 1, we have
VA W VU P (el
£ <52+se—5 <t)_;( ) (n+1)! "

Proof. For s > 1, we have "S: < 1, hence

1) —ns 1) . n+1

= Leore () o = B e
[t] n+1

_ n(t_n)

a nzo(_l) (n+1)!

O

Theorem 4. Let f € O. Let oy be abscissa of convergence of f and My > 0 such that |f(t)] <

My - ¢!, t > 0. Then the Laplace transform of x, which is the exact solution of (5) and of ', x"
exist for all s > oy.

Proof. We can apply Theorem 3.1 from [19]. O

Theorem 5. Let f € O. Let oy be abscissa of convergence of f and My > 0 such that |f(t)] <

Mg - ¢%f !, ¥t > 0. Then the Laplace transform of x, which is a solution of (6) and of x', x" exist for
a certain o > oy, forall s > 0.

Proof. The proof is similar to that of Theorem 2. [J

!
Theorem 6. Let f : R — R such that f € O and (£_1< L) )) (0) = 0. If a function

s24se=s
x : (0,00) — R satisfies the inequality (6), then there exists a solution xy : (0,00) — R of (5)
such that

2 _1\3
|x(t)—x0(t)|§g<(t 2!1) +(t 3!1) +,,.+([t]+2)!>, Vt € (0,00),

that is the Equation (5) is semi-Hyers—Ulam—Rassias stable.

Proof. Letp: (0,00) = R,

p(t) =x"(t) +x'(t—1)— f(t), te€(0,00). 8)
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We have

L(p) = s*L(x) —sx(0) — x'(0) +e~*[sL(x) — x(0)] — L(f),
hence

Ly L)L)

2456 s24ses’
Let

1 _£(f)

_ -1

ni) = (55 ) 0, ve o),
We remark that x((0) = 0 and x{(0) =0

Hence, we obtain

L0+ x(t = 1) = £(1)] = £(x0) — sx0(0) — %(0) + e *[sL(x0) — %0(0)] — £(/)
2 L) e L)

s2 4 se—s 2 +ses Lif)=o.

Since L is one-to-one, it follows that

X (1) + 2t —1) = f(1) =0,

that is xg is a solution of (5).

We have £(p)
_ P
C(X) E(XQ) 52+S€_s’
hence

() = xo(t)] = ’£1<£(P)

~ e (G| = [ eon e (s )|

s2 +se~*
L1 t (1
’p*ﬁ 1(sz+se_s) /op(T).E 1<sz+se—5><tT)dT
t
< .
< [p(o)

(1 N 1
c <52+535 (t—r)dTge/O T = (k)
=

From Lemma 3, we obtain
y (T

1 t
-1 — =
£ (52 +se*5>(t 7)|d* 8./0

dr.

t
/
0

= (n+1)! dt

i) (t—t—n)""! L
< 1" = RS
—8/0 n; Sy Py G 8/o ,EO CES
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For t > 1, we have
t [t—1] (t - n)n+1
Y e
= 1] (t—r—n”“ f+1 (=1 (t—7— )n+1 P (t—r—n)”“
:/0 ngb CESH] +/ ; CES) dt + +/f—1ng6 EEE) dt
B t—[t] (l’ -7 O)l (t T— 1) (t —r— [t])[t]+1
“ ( A T (ORI
t—[t]+1 (t—7 0)1 (t—1—1) (t—T—[t]—l)[t]
+/f—[f] ( 1 art 2! 1! dt
t (thfO)ld
+/t71TT‘
We obtain
t=7] n+1 _ T o
/Otz(fT f/fTO) +/f trldT+ +/ tl(t[rtfl -
n=0
B Sl N SV O ok ) il
I R @+2r |,
G VN Gk VN (t — 1)+
B A I ]

For t € [0,1), we have [t — 7] = 0, hence

gy f(t—T1—0)! (t—1)
/on_o (n+1)! dT:/o T T

O
4. Generalized Semi-Hyers-Ulam-Rassias Stability of a Delay Differential Equation

of Order One

We continue to study generalized semi-Hyers-Ulam-Rassias stability of the Equation (1).
Let ¢ € O. We consider the inequality

X' () +x(t—=1) = f(t)| < @(t), te€(0,00). 9)

Definition 4. The Equation (1) is called generalized semi-Hyers—Ulam—Rassias stable if there
exists a function k : (0,00) — (0, 00) such that for each solution x of the inequality (9), there exists
a solution xq of the Equation (1) with

|x(t) — xo(t)| < k(t),Vt € (0,00). (10)

Remark 3. A function x : (0,00) — R is a solution of (9) if, and only if, there exists a function
p: (0,00) — R such that

(D) [p(t)] < ¢(t), ¥t & (0,00),

(2) x'(t) + x(t —1) — f(t) = p(t), YVt € (0,00).

Theorem 7. If a function x : (0,00) — R satisfies the inequality (9), where f, ¢ € O, then there
exists a solution xg : (0,00) — R of (1) such that
1
-1 _
<s +e s ) (t=7)

()~ ()] < [ p(0)

dr, (11)




Mathematics 2021, 9, 3260

110f15
that is the Equation (1) is generalized semi-Hyers—Ulam—Rassias stable.
Proof. Letp: (0,00) — R,
p(t) =x'(t)+x(t—1) = f(t), te(0,0). (12)

As in Theorem 3, for x that is a solution of (9) and Laplace transform of x, x’ exists,

we have £ip) £(f)
_ P
L) = stes stes

xo(t) = El(sf—(icL)(t), vt € (0,00),

and

is a solution of (1).

We have
L(x) - L(xo) = Si@s,
hence
x(t) — xo(t)| = ‘£1<Si(z)s>‘ = ‘ﬁl(ﬁ(r’)) *£1(3+1es>’

px L7} (S +1es) ‘ = /Otp(r) L1 (s +1es> (t—T)dt

: L‘l(s+1es>(t—r) dTS/thD(T)

Theorem 8. Let ¢ : (0,00) — (0,00), ¢(t) = t". If a function x : (0,00) — R satisfies the
inequality (9), where f € O, then there exists a solution xq : (0,00) — R of (1) such that

i+l (tfl)"*'z (t—2)"+3 (t— M)n+[f]+1

NI T (I Y i) Bl Crare Y iy vy AR prova PR oy e

Proof. From Theorem 7, we have that if x : (0,00) — R satisfies the inequality (9), then
there exists a solution xg : (0,00) — R of (1) such that

! (S +1e_s) (t—1)|dT

()~ ()] < [ 7

is satisfied. We have

tT]__i’l
dr—/ (trn)

n!
[ e Vet

t tn+1

o n+1

t _+~_0\0 n+1
/ o (t—1t—0) g T
0 0! n+1
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Integrating by parts, we have

/
-1 (t—r—l)l t=1 [ pn+l o+
ny, - -/ = —_ —_ = —_ —_
/0 ’ 1! at /0 n+1 (=7 —1)dr n—I—l(t 1

0

t—1
t—1 Tn+1

+/ dt
0 0 n+1

o2 =1 (til)n-&-Z

o (m+1)(n+2)

C (n+1)(n+2)

t—2

/t_zrn(thfZ)zdri /t‘z(r"“),(thfZ)zd 1 (f—1—2)?
Jo 0

e +/f—2 T+ 2(t— 7 - 2) it
2! n+1 2! Tn+1 21 0

n+1 2!

0

0
i T2 "t-t-2), T2 (t—-1-2)
_/0 ((n+l)(n+2)> TR (n+1)(n+2) 1
B (t_2)n+3
T (n+1)(m+2)(n+3)’

=2 t-2 2
Y L
0 o (m+1)(n+2)

L (t—r— D e N ()l
A (S
(-1 — [t])[ﬂ t=t] /t[t] [ (- T — m)[ﬂ*l -
0

Con+1 ]! 0 n+1 ]!
0
I S W (o e ) K (= [
*/o <(n+1)(n+2)) ([t] —1)! dt = S (m+1)(n+2)--(n+ ]+ 1)
O

5. Generalized Semi-Hyers—Ulam-Rassias Stability of a Delay Differential Equation
of Order Two

We are now studying the generalized semi-Hyers—Ulam-Rassias stability of the Equation (5).
Let ¢ € O. We consider the inequality

X" () +x'(t—=1) = f(t)| < @(t), t€(0,00). (13)

Definition 5. The Equation (5) is called generalized semi-Hyers—Ulam—Rassias stable if there
exists a function k : (0,00) — (0,00) such that for each solution x of the inequality (13), there
exists a solution xq of the Equation (5) with

x(t) — x0(£)] < k(t), Vt € (0, 00). (14)

Remark 4. A function x : (0,00) — R is a solution of (13) if, and only if, there exists a function
p: (0,00) — R such that

(1) [p(t)] < g(t), ¥t € (0,00),

(2) x"(t) +x'(t—1) — f(t) = p(t), Vt € (0, 00).

s24se—s

satisfies the inequality (13), where f, ¢ € O, then there exists a solution xg : (0,00) — R of (5)

such that .
-1
e N
£ (52 +se5> (t=7)

Theorem 9. Let f : R — R such that (E‘l( L) ))/(0) = 0. If a function x : (0,00) — R

()~ x(t)| < [ o(0) i, as)
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that is the Equation (5) is generalized semi-Hyers—Ulam—Rassias stable.
Proof. Letp: (0,00) — R,
p(t) =x"(t) +x'(t—1)— f(t), te (0,00). (16)
As in Theorem 6, for x that is a solution of (13) and Laplace transform of x, x’, x”’ exists,
we have c(p) ()
_ P
Lx) = s2 4 se~s T2 +se—s’
and

xo(t) = £ (‘(f)) (B, Ve (0,0),

52 4 se~s

is a solution of (5).

We have
)~ £o0) = 570
hence
w0 -0l = e (22| = [e e £ ()|

= ‘P* £t <S2+15€_s) /OtP(T) ! (%) (t - T)dr
/Ip (Sz+1se s)(f—T) dTS/tho(r)L

O

: ~1(_£6 Vo) - .
Theorem 10. Let f : R — Rsuch that f € O and ( L (0) =0.Let ¢ : (0,00) —

s24se=s
(0,00), (t) = t". If a function x : (0,00) — R satisfies the inequality (13), then there exists a
solution xq : (0,00) — R of (5) such that

n+2 (tfl)n+3 (i’f [t])n+[t]+2
AT Dn+2) i )mr2mtd) T a2 (2

[x(t) = x0(H)] < (

Proof. From Theorem 9, we have that if x : (0,00) — R satisfies the inequality (13), then
there exists a solution xg : (0,00) — R of (5) such that

(8 = xolt |</ (sz—l-se S>(t_T)
is satisfied. We have
[t— 1
/tT” £ _ (t—1) dT—/ T](t_T—”)H
0 52+Se s

(n+1)!
t—T— tl T—l f[f] zf—lr—[t‘])[t]+1

dt
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References

Integrating by parts, we have

to(t—1—0)" t/ntl ”*1
T gt = t—T)dT /
/oT n /0<n+1)( AT =1 -+ nr 1t
_,_/
0
h+2 t 1+2
T+ D)(n+2) |, n+D(n+2)
0

=1 rt—1 +n+1 2t —1—1
+/ T er
0

/"*1T t—T—l T_/fl Tl T—l)zalT_T”+1 (t—7—1)>2
0 n+1 2! T n+1 2! 0 n+1 2!

0
i n+2 /(t -T7-2), Tht2 (t-1-1)
_./0 ((n+1)(n+2)) TR (n+1)(n+2) 1!

B (t )n+3
T (n+1)(n+2)(n+3)’

t=1 -1 n+2
7‘1
 th wrers

[H+1

(= — [f
/o (ST

_ e e )t
= () e

t=[t] /Ht] ([ D= )Y dt
0

)

)
o+l (t—T1— [t])[tHl

)

Tl (D, n+1 ([ +1)!
0
. t=[t] n+2 /(l’—T_ [t])[t]—l B B (i’— [t])n+[t]+2
*/0 ((n+1)(n+z)) ]! dT*"'*(n+1)(n+z)---(n+[t]+z)'

O

6. Conclusions

The use of the Laplace transform in the study of Hyers—Ulam stability of differential
equations is relatively recent (2013, see [7]). This method was not used to study the stability
of equations with delay. In this paper, we have studied semi-Hyers—Ulam—Rassias stability
and generalized semi-Hyers—-Ulam—Rassias stability of Equations (1) and (5) using the
Laplace transform. Some examples were given. The results obtained complete those of S.
M. Jung and J. Brzdek from [13]. This method can be used successfully in the case of other
equations with delay, integro-differential equations, partial differential equations or for
fractional calculus. In [11], we have already studied a Volterra integro-differential equation
of order I with a convolution type kernel and, in [12], the convection partial differential
equation. In [20], the Poisson partial differential equation was studied via the double
Laplace transform method. We intend to further study other equations.
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