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Abstract: According to the Frenet equations of the null curves in semi-Euclidean 4-space, the existence
conditions and the geometrical characterizations of the Bertrand curves of the null curves are given
in this paper. The examples and the graphs of the Bertrand pairs with two different conditions are
also given in order to supplement the conclusion of this paper more intuitively.
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1. Introduction

The study on the local and global geometric properties of curves has attracted the
attention of many researchers. In case of semi-Euclidean space, there are three categories of
curves: spacelike curves, timelike curves, and null (lightlike) curves. The spacelike curves
and timelike curves are called non-degenerated curves, which have many similar properties
with the curves in Euclidean space [1,2]. However, for the null curves (degenerate curves),
with the reason of no length, compared with non-degenerate curves, there are many
different geometrical properties. Seeing that, from the differential geometry point of view,
the null curves have their own research value. Many researchers had focused their attention
on the null curves [3-10]. The first author and Pei, D.H., obtained the singularities and
other characterizations of null curves on the 3-null cone in [4,6]. The authors focused their
attention on the characterizations of the pseudo-spherical null curves and Bertrand null
curves in [8].

On the other hand, Bertrand stated the fact that the principal normal vector of a curve
can also be the principal normal vector of another curve in Euclidean 3-space [11], and
he gave a necessary and sufficient condition for the existence of the Bertrand mate. From
then on, many researchers began to study the Bertrand curves and got many interesting
properties [12-14]. The authors gave the relationship between the curvatures and the
torsions of the Bertrand curve pairs in [12]. However, due to the increase of dimension, the
authors gave the new definitions of the Bertrand curves in 4-space [15-17]. The definitions
of the new Bertrand curves ((1,3)-type) and some characterizations were obtained in [15].
The characterizations of the general surfaces and generalized Bertrand curves in Galilean
space were studied in [17,18].

Synthesizing the above views, in this paper, we study the existence conditions of the
Bertrand curves of the null curves in semi-Euclidean 4-space. Firstly, we provide some
fundamental concepts on the null curves and the semi-Euclidean 4-space. Then, we present
some geometrical properties of the Bertrand curves of the null curves in Section 3, and we
provide the existence conditions of the Bertrand curves for two different cases. In the last
section, two examples are given to demonstrate the correctness of the conclusions in view
of the geometric intuition.

2. Preliminaries

Let R* = {(xq,x2,x3,x4)|x; € R (i = 1,2,3,4)} be a 4-dimensional vector space. For
any vectors x = (x1, X2, X3, x4) and y = (y1,Y2,y3,y4) in R, the pseudo scalar product of x
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and y is defined by (x,y) = —x1y1 — x2y2 + x3y3 + x4y4. (R%, (,)) is called semi-Euclidean
4-space and denoted by R3.

A vector x in R} \ {0} is called a spacelike vector, a lightlike vector or a timelike vector if
(x,x) is positive, zero or negative, respectively. The norm of a vector x € ]R‘ZL is defined by
| x|l = v/|{x, x)|. For any two vectors x and y in R}, we say that x is pseudo-perpendicular to
y if (x,y) = 0. The pseudo vector product of vectors x, y, and z is defined by

—€] —e e3 ¢e4

X X X3 X
XAYAz= 1 2 3 X4 )

A Y2 Ys Ya

21 Zp 23 Z4

where {e, ey, e3,e,} is the canonical basis of R‘zl. One can easily show that (a,x Ay A
z) = det(a, x,y, z). For a real number c, we define the hyperplane with pseudo normal
vector n by HP(n,c) = {x € R} | (x,n) = c}. We call HP(n, c) a spacelike hyperplane, a
timelike hyperplane or a lightlike hyperplane if n is a spacelike, timelike or null (lightlike)
vector, respectively.

Definition 1. Let y : [ — R} be a curve in R3. Then «(s) is called a null (lightlike) curve, a
spacelike curve or a timelike curve if its tangent vector «y'(s) = &(s) is null vector, spacelike vector
or timelike vector for s € 1, respectively.

In this paper, we consider the null curve 7(s) with pseudo parameter s satisfying

(&(s),&(s)) =0and W e, =1.

For a non-null curve C(t) in R3, we have a non-null bundle subspace of TR} satisfying
TR; = TCLTC, TC(\TC* =@.

However, for a null curve ¢ € Rj, the tangent bundle TR} can be split into three
non-intersecting complementary vector bundles. For this purpose, we consider a comple-
mentary vector bundle (screen vector bundle) S(Ty") to Ty in Ty, which means

Tyt =Ty @ S(Tyh).

We know S(Tv1) is non-degenerate. Since R4 is para compact, there exists a screen
bundle, such that

TR; |y=S(Ty*) P S(Ty+)™-. )

Notice that since S(Ty")" is of rank 2 and contains T+, there exists a unique null
vector bundle of rank 1, which plays a similar roll like the unique normal vector bundle of
the non-null curve. Hence, the unique transversal vector N is obtained by the following
lemma [3]:

Lemma 1. Let vy : [ — R4 be a null curve in RS, 7t : ntr(vy) — R} be a sub bundle of a screen

vector bundle S(Ty*)*, such that S(Ty* )t = Ty @ ntr(v), where ntr(vy) stands for the null

transverse of vector Tvy. Let V € T (R3, ntr(7)) be a locally defined nowhere zero section.

1. Then (g, V) # 0 everywhere in R3.

2. Ifwe consider N € T®(R3, S(Tv+)1) given by
1

N=wunl’-

v.v)
2(2,V)

% @
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then ntr(vy) is a unique vector bundle over 7y of rank 1, and, there is a unique vector field
N e T'(ntr(Ty) ‘Ré) satisfying

(N,N)=0,(ZN) =1.

3. The tangent bundle TR splits into the following three bundle spaces:
TR3|y = Ty P ntr(v) P S(Ty+)

For a null curve y in R}, and N(s) the unique null transversal vector field to &(s),
the screen vector bundle S(Ty) is Lorentz. Hence, the two null vectors &(s) and N(s)

are two Frenet frames of 7. Then, k1(s) = ||¢’(s)||, and we construct a non null frame
N(s)AB

B(s) = Kll(s) (s) € span{&(s),N(s)}*, and W(s) = Hgg g/\ E %QBEZ%H'

Anull curve y: [ — R} w1th the Frenet frame {¢(s), N(s), B(s), W(s)}, satisfies

(§(s),8(s)) = (N(s),N(s)) =0,

(B(s),B(s)) = ¢e1, (W(s),W(s)) = sz,e% = e% =1,e180 = —1,
(N(s),B(s)) = (N(s), W(s)) = (&(s), B(s)) = (§(s), W(s)) = (B(s), W(s)) =0,

where &(s) = 7/(
vector, and W(s) i

follows [3],

s) is the tangent vector, N (s) is the normal vector, B(s) is the first binormal
is the second binormal vector. The Frenet Equations of -y(s) are given as

&'(s) = x1(s)B(s)

N'(s) = x2(s)B(s) + x3(s)W(s) 3)
B'(s) = —Ka(s)e1&(s) —x1(s)e1N(s) ’

W'(s) = —x3(s)e28(s)

where x1(s) = €1(§'(s), B(s)), k2(s) = €1(B(s), N'(s)) and x3(s) = e2(W(s),N'(s)) are
called the first curvature function, the second curvature function and the third curvature
function of 7(s), respectively.

As in [15,17], we give the definition of the Bertrand curve as following,

Definition 2. Let vy and 7 be two curves in semi-Euclidean 4-space and ¢ : 1 — I a regular
C®-map, such that each point «y(s) of y corresponds to the point 7 (5) = 4(¢(s)) of  forall s € I.
If the Frenet-Serret normal plane spanned by {N(s), W (s) } at each point of -y coincides with the
Frenet-Serret normal plane spanned by {N(5), W (3)} at each corresponding point of 7, then 7(3)
is called the Bertrand curve (mate) of 7(s).

3. The Bertrand Curves of Null Curves

In this section, we present some geometrical characterizations and provide the exis-
tence conditions of the Bertrand curves of the null curves in semi-Euclidean 4-space. We
also give the existence of the Bertrand curves for two cases (kp # 0, k; = 0) respectively.

For (s) be a null curve in semi-Euclidean 4-space, the Bertrand curve 7(s) of y(s)
can be written as following,

Y6) = 7(9(s)) = v(s) + A(s)N(s) + p(s)W(s),s € I, )

where A(s) and y(s) are C*—functions on I, A%(s) + p?(s) # 0,and § = ¢(s) is the pseudo
parameter of %(5).
Differentiating the Equation (4) with respect to s, we can obtain
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¢'(s)¢(5) = '(s) + A (s)N(s) + A(s)N'(s) + u'(s)W(s) + p(s)W'(s) 5)
= (1 —earap(s))E(s) +A'(s)N(s) + A(s)kaB(s) + (A(s)rs + ' (s) ) W(s).
Since the plane spanned by N(s) and W (s) is parallel with the plane spanned by N(3)
and W(3), we have

N(8) = f(s)N(s), f(s) #0, (6)
W(5) = g(s)N(s) + W(s), )
where f(s),g(s) are two C®—functions. By the fact
(£(3),6(3) =0,(§(),N() =1, ®)
we get
¢'(s) = (¢/(s)8(3),N())
= ((1—e2x3p(5))E(s) + A'(s)N(s) + A(s)k2B(s) + (A(s)xs + ' (s))W(s), f(s)N(s)) ©)
= (1 —exxap(s))f(s).
Since o
(€(5),W(s)) =0,
we obtain
(¢/(s)5(5), N(3))

(1 — eanczpu(s))E(
g(s

= )+ A (s)N(s) + A(s)xaB(s) + (A(s)k3 + 1/ (s))W(s),&(s)N(s) + W(s)) (10)
i (1 — e2k3p(s))

s s
) +ea(A(s)rs +1'(s))
Together with the Equations (9) and (10), when 1 — e>x3p(s) # 0, we obtain

A(s)s + 1/ (s) = ezq’}(s))g( ). (11)

From ~ _
@ 5)F6), o/ (IEE) )
= 20'(s) (1 — eanap(s)) + e163A%(5) + €2(A(8) K31 (s) ),

together with the Equations (3) and (7), we can obtain

¢'(s)W(3) = —eai39/ (5)&(3) = &' (5)N(s) + g(s)N'(s) + W'(s), (13)
and
—e2i3[(1 — eakapi(s)) + A (s)N(s) + A(s)xaB(s) + (A(s)xs + ' (s)) W (s)] (14)
= —esK36(s) + &' (5)N(s) + x2g(s)B(s) + x3g(s)W(s).
Hence,
—82733(1(—)827(3}4(5)) :—Ezi)%,
—eoriiaA! (s = ¢o/(s),
—sifi/\(s)Kz = izg(s), (15)
e (A(S)Ks + 1(5)) = Kag ()

Theorem 1. Let y(s) be a null curve in semi-Euclidean 4-space with the frames {(s), N(s), B(s),
W(s), k1, K, k3 }, and the Bertrand curve % (3) of y (s) with the frames {&(3), N (3), B(3), W(3), 1,
K, K3}, wheres = @(s). When xy # 0, there exist three functions f(s),g(s), A(s) as in the formu-
las (4), (6) and (7) such that:

Case 1: when k3" = 0, the following conclusions are established:

1. g(s) = CieqA(s), and f(s) = %, where C1, Cs are constants;



Mathematics 2021, 9, 3294

50f13

mz"‘

O =

2. C3(x3—2C2)2 C%K§+c§ — k3%3;

_ 2(s)(5-C3) 2[C1C3+€( )Jreas — Jc2 222 _ 2.2
3 A6) = i C2)+(€1K2+€2C2)(Clés+€( g where §(s) = \/CIid + G35 —

M= (1- 82(32(33)“31(3 +€2G3C1.

Case 2: when 3" # 0, the following conclusions are established:
1. A(s) =0,u(s) = K, where K is a constant;
2. %3 = Kl (1 - €2K3K)K3,'
3. %5 = (K33 —x3)(1 — e2Kx3)?K5 + 2x3Kq (1 — e2Kx3) — 13

Proof. When x; # 0, by the Equations (10) and (15), we can obtain
3'A(s) = 0.

Case 1: when ©3' = 0,A(s) # 0, K3 = C;, where C; is a constant, from the third
equation of (15), we have

g(s) = Cre1A(s). (16)
By differentiating the Equation (16), we obtain

Cie1(A(s)x3 + ¢/ (s)) = CrexsA(s),
and we get 3/ (s) = 0 and u(s) = C,. Substituting y(s) to the first equation of (15) gives us

G

S S
1+82C1C2 3

K3 =

where Cq, C; are two constants.
By the Equations (5)—(7), (11) and (16), we can obtain

/
L (S) =1- 82C3C2.

B = gl (s) ™
Y _eEB ? L REWE) = BEBE) + OWE) (7)
— 5(3)B(E) + Cig(s)N(s) + CW(s).
Meanwhile,
) _ F6INGs) + FSN'(5) = FSIN(S) + F()raB(s) + ()W (s),
hence,
BE) = 21(7(5) ~ CigOING) + f&rBE) + (o)~ COWEL (1)
By (B(5),&(3)) = 0, we find
(5)E®)
'(s) = C18(5)) (1 — £2CoC3) + £1f (s)kaA(s) + €2A(5)Ca(f (s)x3 — C1)W(s)] (19)
Similarily,

(B(5), W(5)) =0 =ex(f(s)C3 — Cn),
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and we get

From, (B(3), B(3)) = 1, we have

(B(5),B(s)) = K%[&fz(S)K% +ea(f(s)rs — C1)’] = e,

and we obtain

CaC1 + /3 + G383 — 23
— Cg ’
By substituting (21) in (19) and (20), we have

fls) =

C2(x3 —2C3)? = C2i3 + C3%5 — 1353,

¢'(s) = f(s)%’ =1, ¢(s) = s+ C. Hence,

— g(S)(K% _Cg) _2[C1C3+€(S)]K2Ké
(13 — C3)[Mo (13 —

2
2 MOC3 - £2C3
Ky = —— "

e1Cy ’
2
7c,z _ MOC1 — €2C3C1
2 €1C3 ’

where {(s) = \/C33 + (38 — R3id, Mo = (1 — £2C2C3)e1C} + e2CCr.

C2) + (113 +£2C3) (C1C3 + 4(5))]

(20)

(21)

(22)

Case 2: When 13’ # 0,A(s) = 0, and A/(s) = 0, we can obtain g(s) = 0, #/(s) = 0, and

1(s) = K, where K is a constant.
By substituting the above to Equation (9),

%3 — 81%31(31( — K3 = 0,

we find
¢'(5)§(5) = (1 - e2x3K)E (s),
N() = f(s)N(s), f(s) #0,
W(5) = W(s),
f(s)g'(s) =1—exxsK.
By differentiating N (3), we get

ds = go’(s) ds
= ¢/(s)(2(3)B(3) + ()W ()
= ¢/(s)(R2(3)B(3) + (W ()
= f'(s)N(s) + f(s)(x2B(s) + k3 W(s)),
hence, we obtain
B() = (P,(i)@[f'(s)zv(s) + F($)KaB(s) + (x5 — ' (5)&) W (s)]:

(23)

(24)

By the fact (B(3),&(3)) = 0, (B(3),N(3)) = 0, and (B(5), W(3)) = 0, we can obtain

f(s)(1 — exx3K)x3 = K3.

(25)
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(1). When 1 — ex3K = 0, from (23), we know ¢’ (s) = 0, which contradicts with ¢(s) =
s + C. Hence, we omit this case.

(2). When 1 — &yx3K # 0, we know f'(s) = 0 and f(s) = Ky, where Kj is a constant. By
substituting this in the Equation (23), we have

K3 = K1(1 — exx3K) k3.
By the fact that (B(3), B(3)) = €1, we can obtain
%5 = (K33 — 13) (1 — e2Kn3) 213 + 213Ky (1 — £2Kie3) — 165 (26)
O

Theorem 2. Let y(s) be a null curve in semi-Euclidean 4-space with the frames {¢(s), N(s), B(s),
W(s), k1, k2, k3 }, and the Bertrand curve 4 (3) of 7y (s) with the frames {&(3), N (), B(5), W(5), k1,
K, K3}, where s = @(s). When x = 0, there exist three functions f(s), A(s), u(s) as in the formu-

las (4), (6) and (7) such that:

1. f(s) = Ky, Ky is a constant, and ¢(s) = [ 7(1_&12,(3)1(1;

2 W(s) 4+ raA(s) = e ) Al (),

K~lef R AER ) ™

3. W'(s)(A+p(s)) + pu2(s) = (u(s)A(s)) = A'(s) — p(s) = 1.

Proof. By the Equation (15) , we can obtain

(k3A(s) + 13" (5) + " (5)) (1 — eakapu(s)) + e2(A(s)s + ' (5)) (K31 (s) + w3’ (5)) = Rad'(5) (1 — earap(s))?)?
By differentiating N (3), we get

ROk
= ¢'(s)K3(5)W(5) (27)
= ¢'(s)k3(5) (g(s)N(s) + W(s))
= f'(s)N(s) + f(s)xsW(s)
Hence,
K3 (3)¢'(s)g(s) = f'(s),
©3(3)¢9'(s)g(s) = f(s)xs,
e 7
$) _ ks
)~ 3" )
f(s) = ef %ds. (29)
Since £6)
(s) = Mo 7% — o) L) (o) '(s
o) = 2o = e Do + 1), 30)
we obtain N
8(s) = Z(Als)xs + 1 (5)). (31)
3
Meanwhile,
&) =r/BE) (32)
=a(s)5(s) + b(s)N(s) +c(s)B(s) +d(s)W(s),
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where
0(6) = = LoH (1 = camap(s) + s (1= eamapl)' — eaa(Asha + '),
__9"(6) 1
=t It gt
cls) = 5 (1~ eamap(s)m,

(5) = = Lo Mo + 1))+ (V5 + 2SI ()

By the fact (B(3),&(3)) = 0, (B(3), N(3)) = 0,and (B(3), W(3)) = 0, we can obtain

Since (B(3), B(3)) = €1, we have

72 = ((1 - 82’/‘3#(5))"1 2.
¢'(s)
By substituting Equations (30), (31) and (33) into Equation (11), we obtain that there
exist two functions A(s) and p(s) satisfying

(33)

2 (5) + 1o (s) = L= 228 (M) +1(5))

: B
flej f1“1(A(S>K3+V’(5))d5

(34)

By substituting the Equations (29), (31) and (33) into Equation (34), we can obtain

() (1 + () + 2 (s) = (($)A(s)) = A'(s) — p(s) = 1.

S

When we choose i(s) = s, then A(s) = 4 (se* —e* 4+ C). O

4. Some Examples

In this section, we give two examples of the Bertrand curves of the null curves in
semi-Euclidean 4-space to certificate our main conclusions. The graphics of the null curves
and the Bertrand curves are described in the followings. Moreover, for the reason that it
cannot draw the high dimension graph, and here, we give the projection graph of the null
curve and the Bertrand curves for two cases (xp # 0,y = 0), respectively.

Example 1. Let y(s) be a null curve in semi-Euclidean 4-space with xy # 0, and %(S) be the
Bertrand curve of «y(s). The equation is as following [3],

1

v(s) = {5(25— 1)%, 52 —s,ssins+coss,sins—scoss},

1
2
and we can choose the frame of the null curve y(s):

i(s) = {(25 - 1)%,5— 1,Scoss,ssins};

1
N(s) = 5 {(25 — 1)%,5 —1,—scoss, —s sins};

Vv2s—1 { 1
V23 —s2—1 /25 =1’

B(s) = 1,coss—ssins,sins+scoss};
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1 .
W(s) = m{(l —5)V2s—1,2s—1,— sms,coss}.
The curvatures are the following
o 283 —s2—1
YT Vs
28% —s? +1

Ky = ,
2T 0228 2 125 1
6st —5s% + 52 —3s+1
(263 —s2 —1)2¢/2s — 1

By the analysis in Section 3, we can obtain u(s) = constant. We might as well choose
u(s) = 1. We can get

K3 —

(25% —s2+1)? 8s4(253 —52—1)(25—1)— (253 —s2+1)?2 2535241
A(s) B (4s4(2537s271)(2571) —1) =201+ \/ 45%(253—s2—1)(25—1) 252\/252—52:5\/257—1)
SV e SN L A \/ 8252 2 1) (25— 1)- (28~ +1 2
454(2s3—s2—1)(2s—1) L\ 4s%(263 —s2 1) (25—1) 454(2s3—s2—1)(2s—1)

Hence, we have

'7(’5) = 'Y(S) + A(S)N(S) + ‘H(S)W(S)
3 = —1)V25—1
= {3l ae) S
_21?_)\(5)%_\/%’ . (35)
ssins +coss + A5 5E + ey

ssins + Ccos s
252 V2s3—s2—-1 )"

sins —scoss + A(s)

We draw four graphics from four different projection angles in the following (Figures 1—4).

60 —
40 |
20
0+
-20 |

-40 —

-60 —

-80 TW
100
0

500 400 300 200 100 0-100

Figure 1. The blue curve is (s) and the red curve is the %(3) in the projection space spanned by
{N,B,W}.
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-20 4

40 -

-60 -
1000

50

500

0 -50
Figure 2. The blue curve is 7(s) and the red curve is the 4(5) in the projection space spanned by
{¢,B,W}.

100 —
80 — ﬂ n

680 — i n
40 —

20 —

AR
- [V

-100 | — I \ T I =il

1000 800 600 400 200 04 2 0 &
x10

Figure 3. The blue curve is ¢(s) and the red curve is the () in the projection space spanned by
{&,N,W}.
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60 —

40 —

20

-20 -

-40

-60 — u
80 7*_k‘"_r‘"‘“7*—*=—7~‘ﬁ—-T_____T____.4_——T————-——f’T""“"‘j
0 15

100 200 3qg 5 10
400 5000 104

Figure 4. The blue curve is (s) and the red curve is the %(3) in the projection space spanned by
{¢,N,B}.

Example 2. Let y(s) be a null curve in the semi-Euclidean 4-space with k, = 0, and 7(3) be the
Bertrand curve of y(s). The equation is as follows

¥(s) = {%53 — 25,82, %53,25},

and we can choose the frame of the null curve y(s):

&(s) = {52 — 2,25,52,2};

N(s) = %1{ 22,258, -2);

B(s) = {5,1,5,0};

W(s) = 1{52,25,52 + 2,0}.

2
The curvatures are k1 = 2,k = 0,x3 = —1. By the analysis in Section 3, when choos-
ing g(s) = s, we draw two graphics from two different projection angles in the following

(Figures 5 and 6).
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Figure 5. The blue curve is (s) and the red curve is the %(S) in the projection space spanned by
{&, N, W} when we choose ji(s) = s.
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Figure 6. The blue curve is (s) and the red curve is the %(S) in the projection space spanned by
{& N, B} when we choose ji(s) = s.



Mathematics 2021, 9, 3294 13 of 13

Author Contributions: Writing—original draft preparation, J.S.; writing—review and editing,
J.S., Y.Z.; funding acquisition, J.S. All authors have read and agreed to the published version of
the manuscript.

Funding: The authors were supported by the Shandong Provincial Natural Science Foundation (no.
ZR2021MAO052) and the National Natural Science Foundation of China (no. 11601520).

Institutional Review Board Statement: No applications.
Informed Consent Statement: No applications.
Data Availability Statement: No applications.

Acknowledgments: The authors thank the reviewers for their suggestions in improving our paper.
The first author is supported by the Shandong Provincial Natural Science Foundation (no. ZR2021MA052).

Conflicts of Interest: The authors declare no conflict of interest.

References

O'neill, B. Semi-Riemannian Geometry with Application to Relativity; Academic Press: New York, NY, USA, 1983.

Jie, H.; Pei, D.H. Singular Special Curves in 3-Space Forms. Mathematics 2020, 8, 846. [CrossRef]

Duggal, K,; Jin, D.H. Null Curves and Hypersurfaces of Semi-Riemannian Manifolds; World Scientific: London, UK, 2007.

Sun, J.G.; Pei, D.H. Null surfaces of null curves on 3-null cone. Phys. Lett. A 2014, 378, 1010-1016. [CrossRef]

Sun, J.G.; Pei, D.H. Null Cartan Bertrand curves of AW(k)-type in Minkowski 4-space. Phys. Lett. A 2012, 376, 2230-2233.

[CrossRef]

6. Sun,].G,; Jiang, X.Y,; Ji, EH. Geometrical Properties of the Pseudo null Hypersurfaces in Semi-Euclidean 4-Space. Mathematics
2021, 9, 1274. [CrossRef]

7. Kiilahc, M.,; Bektas, M.; Ergiit, M. On Harmonic Curvatures of Null Curves of the AW(k)-Type in Lorentzian Space. Z. Naturforsch.
A 2008, 63, 23-32.

8.  Coken, A.C.; UCiftci, A.C. On the Cartan curvatures of a null curve in Minkowski spacetime. Geom. Dedicata 2005, 114, 71-78.
[CrossRef]

9.  Sakaki, M. Notes on null curves in Minkowski spaces. Turk. J. Math 2010, 34, 417-424.

10. Li, Y.L.; Zhu, Y.S,; Sun, Q.Y. Singularities and dualities of pedal curves in pseudo-hyperbolic and de Sitter space. Int. |. Geom.
Meth. Mod. Phys. 2021, 18, 1-31. [CrossRef]

11. Bertrand, ].M. Mémoire sur la theéorie des courbes 4 double courbure. C. R. 1850, 15, 332-350.

12.  Choi, J.H.; Kim, J.H. Associated curves of a Frenet curve and their applications. Appl. Math. Comput 2012, 218, 9116-9124.
[CrossRef]

13. Izumiya, S.; Takeuchi, N. New special curves and developable surfaces. Turk. J. Math. 2004, 28, 153-163.

14. Camci, C.; Ugum, A; Ilarslan, K. A new approach to Bertrand curves in Euclidean 3-space. J. Geom. 2020, 111, 49. [CrossRef]

15. Kegilioglu, O.; Tlarslan, K. Quaternionic Bertrand curves in Euclidean 4-space. Bull. Math. Anal. Appl. 2013, 5, 27-38.

16. Tanridver, N. Some properties of Bertrand curves in Lorentzian n-space. Int. J. Geom. Methods Mod. Phys. 2016, 13, 1650064.
[CrossRef]

17.  Oztekin, H. Special Bertrand Curves in 4D Galilean Space. Math. Probl. Eng. 2014, 2014, 318458. [CrossRef]

18.  Artikbaev, A.; Safarov, T.N.; Sobirov, ].A. Features of the Galilean Space Geometry. ]. Adv. Res. Dyn. Control. Syst. 2020, 12, 33-39.

[CrossRef]

G R


http://doi.org/10.3390/math8050846
http://dx.doi.org/10.1016/j.physleta.2014.02.002
http://dx.doi.org/10.1016/j.physleta.2012.05.044
http://dx.doi.org/10.3390/math9111274
http://dx.doi.org/10.1007/s10711-005-4804-1
http://dx.doi.org/10.1142/S0219887821500080
http://dx.doi.org/10.1016/j.amc.2012.02.064
http://dx.doi.org/10.1007/s00022-020-00560-5
http://dx.doi.org/10.1142/S021988781650064X
http://dx.doi.org/10.1155/2014/318458
http://dx.doi.org/10.5373/JARDCS/V12I5/20201686

	Introduction
	Preliminaries
	 The Bertrand Curves of Null Curves
	Some Examples
	References

