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Abstract: For a compact Hausdorff space X, let | be the ordered set associated with the set of all
finite open covers of X such that there exists 1;, where 1 is the dimension of X associated with .
Therefore, we have HP(X ;Z), where 0 < p < n = nj. For a continuous self-map f on X, let & € ] be
an open cover of X and Lg(a) = {Ls(U)|U € a}. Then, there exists an open fiber cover Ly(a) of x/f
induced by L¢(«). In this paper, we define a topological fiber entropy enty (f) as the supremum of
ent(f, Lf(tx)) through all finite open covers of X/ = {Lf(U);U C X}, where L¢(U) is the f-fiber of
U, that is the set of images f"(U) and preimages f~"(U) for n € N. Then, we prove the conjecture
logp < enty (f) for f being a continuous self-map on a given compact Hausdorff space X, where p is
the maximum absolute eigenvalue of f,, which is the linear transformation associated with f on the

Cech homology group H,(X;Z) = ETB Hi(X;Z).
i=0

Keywords: algebra equation; Cech homology group; Cech homology germ; eigenvalue; topological
fiber entropy

MSC: Primary 37B40; 55N05; Secondary 28D20

1. Introduction

Recall that the pair (X, f) is called a topological dynamical system, which is induced
by the iteration:

neN

fr=forof,
N’
n
and f? is denoted the identity self-map on X, where X is a compact Hausdorff space and
f is a continuous self-map on X. The preimage of a subset A C X is denoted by f~1(A).
If the preimage of f~("~1(A) is defined, then by induction, the preimage of f~("~1)(A) is
denoted by f"(A), wheren € Z™.

1.1. Brief History

For a topological dynamical system (X, f), let & and B be the collections of the finite
open cover of X, and let:

aVB={ANB,AcuBcp};

fHa)={f1A)Aca},

f‘ll(fxvﬁ) =) VB )
Vi) =av @) VeV (@), nezt.

i=0
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For a finite open cover « of X, let N () be the infimum number of the subcover of a.
Because X is compact, we get that N(«) is a positive integer. Hence, we define:

H(a) =log N(a) > 0.
Following [1] (p. 81), if &, B are finite open covers of X, then we see:
a < B = H(a) < H(B).

Definition 1 ([1], p. 89). For any given finite open cover « of X, define:

n—1
ent(f,a) = lim 1H(\/f_i(l"))r
i=0

n—+oo n

and define the topological entropy of f such that:
ent(f) = sup{ent(f,a)},
4

where sup is through the all finite open cover of X.
o

For a compact manifold M, let H;(M; Z) be the i-th homology group of integer coeffi-
cients, where 0 < i < dim M. In 1974, M. Shub stated the topological entropy conjecture [2],
which usually has been called the entropy conjecture [3], that is,

Conjecture 1. The inequality:

logp < ent(f)

is valid or not for any C' self-map f on a compact manifold M, where ent(f) is the topological
entropy of f and p is the maximum absolute eigenvalue of f., which is the linear transformation
associated with f on the homology group:

dim M
H.(M;Z) = € Hi(M;Z).
i=0

In the first place, the inequality of Conjecture 1 is connected to the work of S. Smale [4-7],
M. Shub [8,9], and D. P. Sullivan [10-12].

In 1975, Manning [13] proved that Conjecture 1 holds for any homeomorphism of
manifolds X for which dim X < 3, Shub and Williams [14] proved Conjecture 1 on mani-
folds M for no cycle diffeomorphisms, which are Axiom A; also, Ruelle and Sullivan [15]
proved Conjecture 1 on manifolds M, which have an oriented expanding attractor X C M.
In the same year, Pugh [16] proved that there is a homeomorphism f of some smooth M®
such that Conjecture 1 is invalid.

In 1977, Misiurewicz et al. [17,18] proved that Conjecture 1 holds for any smooth maps
on X = §" and for any continuous maps on T" withn € Z™.

In 1980, Katok [19] proved that if a C'** (¢ > 0) diffeomorphism f of a compact
manifold has a Borel probability continuous (non-atomic) invariant ergodic measure
with non-zero Lyapunov exponents, then it has positive topological entropy. In 1986,
Katok [20] proved that if the universal covering space of X is homeomorphic to the Eu-
clidean space, then Conjecture 1 holds for any f € C®(X); also, he gave a counterexample
explaining that the inequality of Conjecture 1 is invalid for a continuous map, that is on
two-dimensional sphere S?, there is f € C°(S?) such that:

0 = ent(f) < logp.
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For a C* mapping, Yomdin [21] in 1987 and Newhouse [22] in 1989 proved Conjecture 1,
respectively.

In 1992, for n-dimensional compact Riemannian manifolds with n € 7t , Paternain
made a relation between the geodesic entropy and topological entropy of the geodesic flow
on the unit tangent bundle [23], which is an improvement of Manning’s inequality [24].

In 1994, Ye [25] showed that homeomorphisms of Suslinian chainable continua and
homeomorphisms of hereditarily decomposable chainable continua induced by square
commuting diagrams on inverse systems of intervals have zero topological entropy.

In 1997, for a closed connected C* manifold M" with n € Z*, Mafé [26] provided an
equality to relate the exponential growth rate of geodesic entropy, as a function of T, which
is parametrized by the arc length, with the topological entropy of the geodesic flow on the
unit tangent bundle.

In 2000, Cogswell gave that p-a.e. x € X is contained in an open disk Dy C W*(x),
which exhibits an exponential volume growth rate greater than or equal to the measure-
theoretic entropy of f with respect to y, where f € C!*1(X) and f is a measure-preserving
transformation [27].

In 2002, Knieper et al. [28] showed that every orientable compact surface has a C*
open and dense set of Riemannian metrics whose geodesic flow has positive topological
entropy.

In 2005, Bobok et al. [29] proved the inequality of Conjecture 1 for a compact man-
ifold X and for any continuously differentiable map f : X — X, which is m-fold at all
regular values.

In 2006, Zhu [30] showed that for CF-smooth random systems, the volume growth is
bounded from above by the topological entropy on compact Riemannian manifolds.

In 2008, Marzantowicz et al. [3] proved the inequality of Conjecture 1 for all continuous
mappings of compact nilmanifolds.

In 2010, Saghin et al. [31] proved the inequality of Conjecture 1 for partially hyperbolic
diffeomorphism with a one-dimensional center bundle.

In 2013, Liao et al. [32] proved the inequality of Conjecture 1 for diffeomorphism away
from ones with homoclinic tangencies.

In 2015, Liu et al. [33] proved the inequality of Conjecture 1 for diffeomorphism that
are partially hyperbolic attractors.

In 2016, Cao et al. [34] proved the inequality of Conjecture 1 for dominated splittings
without mixed behavior.

In 2017, Zang et al. [35] proved the inequality of Conjecture 1 for controllable domi-
nated splitting.

In 2019, Lima et al. [36] developed symbolic dynamics for smooth flows with positive
topological entropy on three-dimensional closed (compact and boundaryless) Riemannian
manifolds.

In 2020, Hayashi [37] proved the inequality of Conjecture 1 for nonsingular C! endo-
morphisms away from homoclinic tangencies, extending the result of [32].

Lately, for results about random entropy expansiveness and dominated splittings,
see [38], and for results about the relations of topological entropy and Lefschetz numbers,
see [39-41]. Furthermore, for a variational principle for subadditive preimage topological
pressure for continuous bundle random dynamical systems, see [42].

1.2. Motivation and Main Results

Conjecture 1 is not proven completely. For a compact Hausdorff space X, let | be the
ordered set associated with the set of all finite open covers of X such that there exists n;,
where 7 is the dimension of X associated with d, which will become clear in Definition 3.
Therefore, we have I:IP(X,' Z), where0 < p <n=n 7. For a continuous self-map f on
X, leta € ] be an open cover of X and L¢(a) = {Lf(U)|U € a}. Then, there exists an
open fiber cover L £(a) of X/ induced by L £(a). In this paper, we define a topological
fiber entropy enty (f) as the supremum of ent(f, L(«)) through all finite open covers of
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Xf = {L{(U);U C X}, where L¢(U) is the f-fiber of U, that is the set of images f"(U) and
f f
preimages f~"(U) for n € N. Then, we prove the inequality

logp < entp(f).

where p is the maximum absolute eigenvalue of f., which is the linear transformation
associated with f on the Cech homology group:

n
Z) = P Hi(X; 7).
i=0
Specifically, in triangulable compact n-dimensional manifold M, we get:

H.(M;Z) = H.(M; 7).

Hence, Conjecture 1 is valid for topological fiber entropy.
In this paper, we always let ¥ € | be good enough and have enough refinement, i.e.,
satisfy all the necessary requirements of this paper. Define:

a“ ={A;, A°€wa, where AUA=X and A°NA=0},

and define:

ag -~ - @;_18;, @it Ap = A0 - Ai1@ip1, " Ap;
uo PO ai*lb(ﬁai P ap = gO o e ai*lbui PO ap,
(i) .
aoalflb(k)al . .ap — Z ao. . .aiilbmai...ap,
me (k)
(i)

go...ai_1b® ..ap: Z@go...ai_lbmai...gp:ao...gi_lai...ap;
me
(k) = {k1/k2/k3/' o /k}’l;n = ||{a0/' ©e /ai—llbmrai/' o /ap}” 2 1,7’1’1 € Z}/

N d
(ag-+blry -~ ap)” = Dby, - by, - by, ki € (k).

2. Algebra Equation for the Boundary Operator

In this paper, let X be a compact Hausdorff space, C°(X) be the set of all continuous
self-maps on X, and id be the identity map on X. Let «, B be finite open covers of X, if for
any B € B, thereis A € a such that B C A, then we define « < 8 and say that j is larger
than a or B is a refinement of a. For A € a, let A be the closure of A and || A|| be the number
of elements of A.

Definition 2 ([43], p. 541). Let X be a Hausdorff space, ¥ be a cover of X, and Uy, Uy, U, .. .,
U, e Ywithp € N IfUgNU1 N --NUp # O, then we define a p-simplex cp,. Hence, we
get the p-th chain group C,, the p-th homology group H,(¥;7Z), and the p-th cohomology group
HP(Y;Z), where:

Cp+1 (‘Y Z) CP(‘P Z) —> Cp 1(1F Z)

P
Ip(UoN---NUp) =Y (- (Uon---NU;---NUp),

i

dp-100p =0, By(Y;Z) =imdyp11, Zy(Y;Z) = kerdy and Hy,(Y;Z) = Z,/Bp.

Let CP(¥;Z) = hom(C,(¥;Z),Z). Then, 9, induces a homomorphism CP~1(¥;Z) LN
CF(Y;Z). We obtain that:

oty z) & oy z) & o l(wz)

T

oPtlo P =0, BP(Y;Z) = im 6P, ZP(¥;Z) = ker 6P*! and HP (¥;Z) = ZP /BP.
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Lemma 1. Let X be a Hausdorff space and ¥ be a finite open cover of X. Then, we get CP (¥;Z) =
Cy(Y; Z) with p € N. Moreover, let U' = U.
If:
cp=UgN---NU, € Cp(Y;7Z),
then:

P =uU...uUP £X
is an isomorphic representation of the p-simplex of CP (¥, Z).
Proof. Because Z can be treated as a finite generated free ring [44], C,(¥;Z) can be treated
as a finite-dimensional Z-module space [45], and CP(¥;Z) can be treated as the dual
Z-module space of C,('¥;Z). With the property of the finite-dimensional Z-module space,
we get CP(Y¥;Z) = Cp(Y; Z).
Because:

p=UpN - NUy #D <= cF =UU---UUP £X,

we get:

cp €Cp(Y;Z) <= " € CP(Y; Z).

Thatis, U U - - - U UP # X is an isomorphic representation of the p-simplex of C? (¥; Z).
O

Definition 3. Let X be a Hausdorff space, ¥ be a finite open cover of X, and ] be the ordered
set associated with the refinement of the finite open cover of X. Then, we define the function
ny = max{n;n € S} on J. Obviously, ifa,p € Jand a < B, then ny < ng. If there exists

ny = lim ny, then we say that nj is the dimension of X associated with d, where:
Ye

S={mo(Up---NUj---Uy) #o(Up---NU;--- Uy NUy41),Up, -, Uyp1 € ¥}
Definition 4. Let X be a Hausdorff space, ¥ be a finite open cover of X, and 0 < p < n = ny.

If for any oF € CP(¥;Z), there exists o™ € C"(¥;Z) such that ¥ = U° U - - - U UP is the p-th
surface of o and:

(UOU...Uqu)...Uup)d:ukOU...Uuknf;wrl.
Then, we say that X is a Poincaré space.

Lemma 2. Let X be a Poincaré space and ¥ be its finite open cover. For 0 < p < n = ny, we get
that HP (Y;Z) = Hy, (Y, Z).

Proof. By Lemma 1, we get the following chains of the mapping:

2

op+l op

Ip+1 Ip
= Cp1(VZ2) — Cp(Y,2) — (YZ) — - -
c = CPHU(Y,Z) &— CP(Y;Z) &
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For a fixed p-simplex in C,(¥;Z), we see the algebraic equation:

< dey, Pl >=< Cp,s Sch—1 >,
P : A
3p(Uo-"ﬁUi---Up) =Y (_1)1(u0...mui...up),

i=0 3)
00 =060 =0,
<a,@>=<Q,b>=0;

and the algebraic equation:

|4 : ~
< lzo(—1)’(u0---mui---u,,),vo---mvi---vp >=< cp,6cP71 >,
= . 4
i . ))~~-VP)=(5P(VO-~~UVEk)~~~VF’).

=, | ©)

. 4 ;
5”(U0---UU(k)~~-U”)— Y (=1) (UO---UU((k

i=0 (6)
oL u uz,() e up)d) =ortluk .. uuke ... ukn—nﬂ),
[4 . .
sreptl(Uk .oy Uk - uknprrl) =Yy (-D(uk ..y ué(’))m ) uknfpﬂ).
i=0 S
Let:
cp =Y zm(Up---NUj---Up), .
Then, we see that:
AP = sz((UO U UEk) e U’”)d)m, where z, € Z.
Therefore, we obtain that:
Uo---ﬂui---up<—>UO---UUZk)-~~U”<—> (UO---UUEk)---Up)d,
cp € kerd, <= ¢"7P € ker§" P11, (7)
Cp € imdy <= c""Feimd"P.
Let:
0 ker (Cp) = Hp(‘I’;Z) =Zy/Bp =kerd,/imd, 1,
37 (CP) = HP(¥;Z) = ZP/BP = ker 6*1 /im 67, ®)
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Then, 9, and 6" 7 *1 are the dual solutions in the algebraic Equation (6). Similarly,
dir and 0j,, are the dual values in the algebraic Equation (8). All the processes of the dual

maps are linear reversible, i.e., the same style as isomorphisms. Therefore, the p-th value of
dk, on the Cp chain group is isomorphic to the (1 — p)-th value of 9}, on the C"~7 chain

- ker
im m

group, that is,

dier (Cp) = 9, (CM7F).

im im

For this reason, we see that:
HP(Y;Z) = H, (Y, Z).
O

Like the linear equation in Euclidean space R3, let:
Si:Aix+Biy+Ciz=0
be a class of lines, or in other words, a class of planes:
S7 : Aix+ Biy+Ciz =0.

wherei € ZT and i > 2.

The line and plane are a pair of duals. For a fixed space R?, the intrinsic relationships
between lines or between planes are never changed. That is, f and g are two good maps
such that they are linear, if:

fi=f(SiSi1), fi = f7(8{,554), gi=g(fi) and g =g(f7).
then g; and g is a pair of duals such that there is a natural relationship between g; and
g, _;- For example, that natural relationship may be:
8 =8&n—ir O 8igni=1 or gi+g ;=0
or:
iAk+8gn-iBx+Cr=0and g, _;Ax+ g/ By +C =0,
and so on. The dual outcomes and the representations of the natural relation between g;

and g7 . only depend on the good maps f and g.

3. Germ and Dual of the Cech Homology

Definition 5 ([43], p. 542). Let X be a Hausdorff space and | be the ordered set associated with the
set of all covers of X, Up, Uy, Uy, ..., Uy, € Ywithp € Nand ¥ € J. IfUgN U N---N U, +Q,
then we define a p-simplex o, Hence, we get the p-th chain group Cy, the p-th homology group
H,(Y;Z), and the p-th cohomology group HF (Y;Z). If Q,Y € Jand Q) < ¥, then we get the
homomorphisms:

fea : Hy(Y;Z) = Hy(G;Z), and  foy : HP (O, Z) — HP (Y, Z).
Hence, we define the p-th Cech cohomology group:

HP (X;Z) = lim HP (O; Z,).
Qe

Following Definition 5, we have the following definition.
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Definition 6. Let X be a Hausdorff space and | be the ordered set associated with the set of all
finite open covers of X such that there exist nj. For 0 < p < n = ny, there exists the p-th Cech
homology group:

Hy(X;Z) = lim H,(Q; Z).
€

Definition 7. Let X be a Poincaré space and | be the ordered set associated with the set of all finite
open covers of X such that there exists nj. For QY € [,1et®@ =¥V Q= {aNpa € ¥,p € Q}.
Then, we get homomorphisms

foa : Hy(©;Z) — Hy(LZ) and  foy : Hy(O;Z) — Hy(Y;Z).

Following this, we can define the Cech homology germ Hy(J; Z). Similarly, we define the Cech
cohomology germ HP (J;Z). If there exists T € ] such that, we get H,(Y;Z) = H""P (Y, Z) for
any ¥ € | whenever I' < ¥, then we define:

HP(J;Z) = Hy—p(]; Z),
where n = nj.
By Lemma 2, Definitions 5-7, we get the following result.

Lemma 3. Let X be a Poincaré space and | be the ordered set associated with the set of all finite
open covers of X such that there exists nj. For 0 < p < n = nj, we get that:

Hy(X;Z) ~ Hy(J;Z) and HP(X;Z)~ HF(J;Z),

where ~ means the different expressions for the same thing.

Definition 8. Let X be a Poincaré space and | be the ordered set associated with the set of all finite
open covers of X such that there exists nj. For n = nj, if:

Hy(J;Z) = H"P(]; Z),

then we define:
H,(X;Z) = H" V(X; Z).

4. f-Cech Homology

Definition 9. Let X be a Hausdorff space, U;, V,W C X and f € C%(X), where 0 < i < k and
k € Z. Then, we define:

Le(U) = (-~ f7(U), -, f71 W), ), fL ), -, 1, ),
folg=Lsof,

Le(U)NLg(V) = Lg(W),where W =UNYV,

Ly(Uo) -~ N Lg(U;) - Ly(Ux) = Ly(Uo) N (Ls(Us) - N Lp(U;) NLs(Uk)),

Logp(U) = (---, g7 (U)Uh™"(U),---, (W) UK(U),--- ,g"(U)Uh™"(U),---),
L(2) =@,
Leon(U) = Loy (U), when g~ (U) Nh~H(U) = @,

where f~1(U) is the preimage of U. We say that Lg(U) is the f-fiber of U and let
X/ ={Lg(u);u c X}.
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+

—00 e}
If X is a compact space, then X™® = [] X x X x I1 X is compact as well by the

i=—1 i=1
Tychonoff theorem. In fact, in Definition 9, L(U) glues the preimage orbit and image orbit
of U.
If X is a discrete Hausdorff space, then we get that X/| .. is the direct limit space
XxJI X
i=1

of (X, f) following [46], but Xf| _« is not the inverse limit space of (X, f).
1T XxX
i=—1

Definition 10. Let X be a Hausdorff space, and let | be the ordered set associated with the set of all
finite open covers of X. Let f € C°(X), ¥ € Jand Uy, ,U, € ¥ with p € N. If

o) = Le(Up)N---NLs(Uy) # O,

then we define an f-Cech p-simplex U£ . Hence, we get the f-Cech p-chain group Cy(Y, f;7Z), and
we get the f-Cech p-th homology group Hy (¥, f; Z), where:
o

p+1

¥,
= Con (Y £,2) 2= C,,(‘I;,f;Z) - Cpa(Y£;2) = -,
a];;(Lf(UO) C LUy - Le(Uy)) = ¥ (=) (Lp(Uo) - - N Lp(Uy) -+ - L(Up)).

It is easy to get that 8;:_1 o 8£ = 0, that is,

= Y~ (Ly(Uo) - N L) - Ly (L)

Therefore, we see that:

By(Y,f;Z) = im 8£+1, Z,(Y, f;Z) = keraj;, and
Hp(Y, f;Z) = Zp(Y, f;G)/Bp(Y, f; Z).

By Lemma 3 and Definition 9, we easily have the following lemma.

Lemma4. A Cech p-chain Cp is associated with an f-Cech p-chain CJ;, thatis UpN Uy N---NUp #
@ if and only if Ly(Uo) N Lg(Uy) N--- N Le(Up) # @. Therefore, the Cech p-chain group is

isomorphic to the f-Cech p-chain group.

Definition 11. Let X be a Hausdorff space, f € C°(X), and ¥ be a finite open cover of X. Let |
be the ordered set associated with the refinement of the finite open cover of X. Then, we define the
function ny f = max{n;n € S} on J. Obviously, ifa, € Jand a < B, then n, ¢ < ng r. If there
exists:

n],f = lim n\y,f,

==
YeJ

then we say that nj s is the dimension of (X, f) associated with of, where:

S = {n,af(Lf(Uo) e N Lf(un)) =+ a(Lf(UQ) e N Lf(un) n Lf(un+1)), Up, -, Uyy1 € “I’r}
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Similarly, with Definitions 5-7 and the following Definition 11, we obtain the following
definition.

Definition 12. Let X be a Hausdorff space, f € C°(X), and | be the ordered set associated with
the refinement of the finite open cover of X such that there exists nyr. Let @ =¥ VQ = {a N p;
v€Y,peQ}withQ,¥ €] For0<p <n=njs weget homomorphisms:

foa : Hp(O, f;Z) — Hy(Q, f;Z) and  feoy : Hy(®, f;Z) — Hp(¥, f; Z).
Therefore, we get the pth f-Cech homology germ Hy (], f; Z) and the pth f-Cech homology group:

Hy(X, f;Z) = liﬁn}H,,(Q,f;Z).
S

Lemma 5. Let X be a Hausdorff space, f € C°(X), and | be the ordered set associated with the set
of all finite open covers of X such that there exist ny and nj ¢. Then, we have ny = nj ¢, and we get

HP(X,f;Z) and ﬁp(X; Z.), where 0 < p < n = nj. Moreover, for ¥ € ], we get that:
im 1 = By(¥;2) = By(¥, f;2) = im 9,

kerd, = Zy(¥;Z) = Zp(¥, f;7) = kerd, and
Z,(Y;G)/By(Y;Z) = Hy(Y;Z) = Hy(Y, f, Z) = Z,(Y, f; G)/Bp(Y, f; Z).

Using Lemmas 3, 5 and Definition 12, we see the following result.

Lemma 6. Let X be a Hausdorff space, f € C°(X), and ] be the ordered set associated with the set
of all finite open covers of X such that there exist nj ¢. For 0 < p < n = nj ¢, we obtain:

Hy(], f;Z) ~ Hy(X, f; Z),

where ~ means the different expressions for the same thing.

Furthermore, we can define the f-Cech cohomology germ H”(J, f;Z), the f-Cech co-
homology group H” (X, f;Z), and the f-Poincaré space. Obviously, we get that C(X; Z) =
Cp(X, id;Z). For convenience, let:

H.(X7) = @ Hi(X7Z), CuXZ) =@ Ci(X2Z), BXZ) =@ Bi(X;Z),
i=0 i=0 i=0
H (X, f;Z) =

1

o=

Hi(X, £;7), C*(X,f;Z):ZOCi(X,f;Z) and

B.(X,f;7Z) = éBi(X,f;Z).

1

By Lemmas 4 and 6, we have the following lemma.

Lemma 7. Let X be a Hausdorff space, f € C°(X), and | be the ordered set associated with
the set of all finite open covers of X such that there exist ny and ny¢. Then, ny = nj ; and for

n=mny=njr We have I:IP(X;Z) and I:IP(X, f;Z), where 0 < p < n. Moreover, there are linear
transformations f. associated with f on Hy(X;Z), on C4(X;Z), and on H.(X, f;Z), respectively.
If Ey, is the set of all eigenvalues of f. and:

IEf. || = sup{lal;a € E, },

then we obtain the inequalities:
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Ef i, x ) | < NEfzox p2) Il < IER e x £zl
1Ef v x| < NEfzoxm | < NEf e, xzy Il and ©)
1Ef, |, x:z)ll < NIEflc,x,f£2)ll-

What is more, we can define the L category that its objects are X/ and its morphisms
are continuous maps, where X is a Hausdorff space and f is a continuous self-map on
X. Similarly, we can define the Lo category for which its objects are H. (X, f;Z) and
its morphisms are F., where X,Y are Hausdorff spaces, f € C’(X),g € C°(Y), and F.
is associated with the continuous map F : X/ — Y& Furthermore, we can define the
homotopy and homeomorphism from X/ to X8 and research the relations between the
elements of Lo and L.

Definition 13. Let X,Y be compact Hausdorff spaces, f € C°(X) and g € C(Y).

(a) If there exist continuous maps F : X/ — Y8 and D : Y8 — X/ such that F o D = idyg and
D o F = idyy, then we say that X/ and Y8 are Ly-homotopy equivalent.

(b) If there exists a continuous map F : X/ x [0,1] — Y8 such that F(Xf,0) = h(X/) and
F(Xf,1) = r(XY), then we say that h,r : X/ — Y8 are the Ly-homotopy. Hence, h induces
a homomorphism:

By : H*(X,f,'Z) — H*(Y,g;Z),
and r, induced by r.
Let L be the class of objects:
{Xf; X is a compact Hausdorff space, f € C°(X)}.

For each pair Xf, Y8 € L, let morS(Xf, Y$) = Ll(Xf, Y?). By the definition of the
L1-homotopy and the composition function o, we get the category (L, mors, o).
Let L be the class of objects {H.(X, f;Z); X/ € L}. Let:

mory(Hy (X, ;Z), Hi (Y, $;Z))
be the group homomorphism from H.(X,f;Z) to H.(Y,gZ), where H.(X, f;Z),
H.(Y,$;7Z) € L.
By the induced * homomorphism of the L;-homotopy and the composition function o,

we get the category (L, mory, o). Easily, we get a functor from (L, mors, o) to (L, mory, o).
Then, by diagram chasing, we see the following;:

Theorem 2. Let f € C°(X),g € CO(Y), and let X and Y be compact Hausdorff spaces.
(@)If X/ and Y2 are Li-homotopy equivalent, then:

Co(X, f;Z) = Cp(X,§Z) and Hy(X,f;Z) = Hy(X, 8 Z).
BW)Ifh,r: X/ — Y& are the Ly-homotopy, then h, = rs.

Example 1. Let f € C%(X), g € CU(Y), and let X and Y be compact Hausdorff spaces. If there
exists a homeomorphism F from X to'Y such that Ff = gF, then:

Hy(X, f;Z) = Hy(X, & Z).
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Example 2. Let f € C°(X),g € CY(Y), and let X and Y be compact Hausdorff spaces. If there
exists a homeomorphism F from X to Y, then:

Hy(X, f;2) = Hy(X, g 7).

Example 3. Let f € C%(X), g € CU(Y), and let X and Y be compact Hausdorff spaces. If there
exists a continuous map F : X x [0,1] — Y such that:

F(X,0) = h(X)
{ F(X,1) =r(X)

that is h and r are homotopies. Then, h,. = r., where:
he : Ho(X, f;2) — Ho(Y,$;7Z) and vy Ho(X, f;2) — Ho(Y,$ 7).

5. Topological Fiber Entropy

In this section, X is a compact Hausdorff space and | is the set of all finite open covers
of X such that there exists nj. For n = nj, we have FIP(X; Z),where0 < p < n.
Let a be an open cover of X and L¢(a) = {Ls(U)|U € a}. Then, there exists an open

fiber cover Lg() of Xf induced by L £la).
Definition 14. For a fixed open fiber cover L¢(«) of X/, define:

fLp@) _ 1) ; .
U =gl L L)l
fzx _ . . .

) = max [{fLy(W) N Ly (W)}

) fLw)
La = max{ 05— Ty )

ent(f,Lg(a)) = ent(f,a) +log Ly.

7

and define the topological fiber entropy of f by:
enty (f) = sup {ent(f, Ls(a))},

Ls(a)

where sup is through all finite open covers of X/.
Ly ()

Lemma 8 ([1], p. 102). If f is the shift operator on a k-symbolic space, then ent(f) = log k.
Corollary 1. If f is the shift operator on a k-symbolic space, then:
enty (f) = ent(f) +logk = 2logk.

(1} > (1,2, &},
@z,

Example 4. Let {1,2,--- ,k} = Xand f :
{k} = {1,2,--- ,k}
ent(f) =0, entr(f) =0.

Example 5. Let {1,2,--- ,k} = Xand f: {1,2,--- ,k} — {1} . Then:

ent(f) =0, entr(f) =0.
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Example 6. Let [0,1] = X and f(x) = kx,0 < k < 1. Then:
ent(f) =0, entr(f) =0.

Lemma 9. For m € Z and m > 2, there are p,q € 7Z such that p # q and m = p + q, where
1<pl<yg

Let f € CO(X) and f. be the linear transformation on H, (X, f;Z) associated with f.
We say that a Cech eigenvalue chain is the chain belonging to an eigenvalue of f.. Then,
any Cech eigenchain can be associated with an open cover of X/.

Lemma 10. Let X be a compact Hausdorff space and | be the ordered set associated with the set of
all finite open covers of X such that there exist ny and ny r. Then, ny = nj ¢, and forn = n; = nj,

we have Hy(X; Z) and Hy(X, f; Z), where 0 < p < n. Let a € | be an open cover of X. IfL¢(a)
is a Cech eigenchain belonging to the eigenvalue m, then L f(a) has a factor conjugating with a shift
operator on m-symbolic space or Ly = m, where m € N.

k
Proof. By Lemma 6, for an eigenchain Ly = }_ 4,0; belonging to the eigenvalue m, there
i=0

exists the f -Cech homology germ Hp(], f;7Z) such that:
Hp(]/f;Z)NHp(X/f;Z)/ OSPSTII

where &; € H,(X, f;Z) and m, a; € Z.
Hence, there exists @ € ] such that L € H.(®, f;G) and:

fe(Lg) = m(Ly).
That can be extended to an equation on C.(®, f; G), and we get the equation:
fi(0:) = m(0:),i € {0,--- ,k},

where 7; € C(®, f;G) and m € Z.
Just thinking of f; on Ci(®, f;G), let Uy, - - -, U; be open subsets of X and:

& = Lg(Up) N---NLg(U;).
Then, we see:
Le(Uy) = (-, f"(Uy), - ,f71<u,7)’f0(uq),fl(u;7) Uy, ),
where 7 € {0,---,j}.

Therefore,
fi(0)) = fi(Ly(Uo)N---NLg(Uj)) = Le(f(Uo)) N - - N Le(f(U))
= m(Lg(Uo) N---NLe(Uj)).
That is,

M G Uy, 7 WUy, Uy, ), )

=0 L AT
= O ) ), ) ) )
= é (oo D), -, FUFW), (W), F2(Uy), - fHUy), ).

=
(=}
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Therefore, we see that:

Without loss of generality, let j = 0. Then:

Ls(f(Up)) = m(L¢(Up)).

If L¢(Up) is torsion, then the conclusion is trivial. Next, we only prove the conclusion
for L¢(Up), which is torsion free. Now, let L¢(Ujp) be a torsion free element.

(i) m =0,1; the conclusion is trivial.

(i) If m = 2, then there exists U C f~!(f(Uy)) such that U € Uy and Uy ¢ U, where
Uy, U are non-empty open subsets of X.
If f~1(f(Up)) = Uy, then:

Le(f(Uo)) = (Lf(Uo)) = 2(Ls(Uo));

this is a contradiction for the property that Z is a free group.

Because of U ¢ Up and Uy ¢ U, with the property of the Hausdorff space, there exist
points x,y such that x € Up, butx € U, and y € U, but y & Up. Then, there exist open
neighborhoods O(x) of x and O(y) of y, respectively, such that:

x€O0(x) CUybutO(x) U and y e O(y) C UbutO(y) € Up.

Thatis, O(x),0(y) C f~1(f(Up)) and O(x) N O(y) = @.
Hence, L; = 2, and for m = 2, the conclusion is true.

(iii) m > 3; from the mathematical induction, let the conclusion be right for m = n — 1.
Then, we see the conclusion for m = n.

Using Lemma 9, we getm = p +q,p # q and:

Lg(f(Uo)) = p(Ls(Uo)) +q(Ls(Uo))-

Therefore, there exists f|u, = h + g such that:
Ly(f(Uo)) = p(Lg(Up)) and  Lg(f(Uo)) = q(Ls(Uo))-
(1) If Ly # Lyeyg, then using (ii) with the same computing, we get:
L; =m.
(2) IfLf = Lpgg, then we get:

Ls(f(Uo)) = Lu(f(Uo)) & Lg(f(Uo));
else, we get:
hH(f(Uo)) (g™ (f(Uo)) = W # @.

That is, we get p(Lf(W)) = q(Ls(W)), and it is a contradiction of the property that Z
is a free group.
For m = p 4+ q, we get that p,q < n — 1, and by mathematical induction, we obtain:

{ h=(f(Up)) 2 Ugi, Upj, Ui NUoj = 2,1 <4, j<p
¢ Hf(Up)) D Uy, Uy UyeNUy =2,1<k1<q

where Up;, Uyj, Uy, and Uy, are non-empty open subsets.
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With the decomposition:

Ls(f(Uo)) = Ly(f(Uo)) & Lg(f(Uo)),

we get that U;, U; € f~1(f(Up)), U; N U; = @, and U;, U; are non-empty open subsets of
X, wherel <i,j <m.
Therefore, L; = m or there exists an m-symbolic space S;; conjugating with a shift
operator on Sy, that is L(Up) has a factor conjugating with a shift operator on Sy,.
Therefore, for m = n, the conclusion is right, and by mathematical induction, the
conclusion is right for any eigenvalue m, where m € N. [0

Now, we give the following definition.

Definition 15. For two topological dynamic systems (X1, f) and (Xa, §), if there exists a homeo-
morphism H from Xq to Xy such that H o f = g o H, then we say that H is a topological conjugacy
from (X, f) to (Xp,g) or just say that (X, f) is topologically conjugate to (X, g); moreover, if
X = X1 = Xy, then we say that f is topologically conjugate to g on X.

From the proof of Lemma 10, it is easy to see that L,(+) is invariant for topological
conjugacy. Furthermore, we know that the topological entropy ent(-) is invariant for
topological conjugacy. Hence, we obtain that:

Proposition 1. The topological fiber entropy is invariant for topological conjugacy.
Theorem 3. Let X be a compact Hausdorff space and | be the ordered set associated with the set
of all finite open covers of X such that there exists nj. For n = nj, we have HP(X;Z), where
0<p<mn Forfe CO(X), we get:
log [ Ey 1, (x| < entr(f),
Moreover, for 0 < p < n, we get:

0g [|Ey . (x, gz | < entr(f).

Proof. It is easy to obtain that

enty (f) > ent(f,L;(w)) > log |Ef|c,x s | = 108 IEy. |y x|

and:
ent (f) > ent(f, L¢(a)) = 1og||Ef, |c,(x,fz)ll = 108 1Ef, |17, x £.2) Il
O

By simple computing, we get the following results.
Proposition 2. enty (f) > ent(f); the inequality can be strict.
Proposition 3. entp (id) = ent(id) = 0, where id is the identical map.

Corollary 2. Let X be a compact Poincaré space and | be the ordered set associated with the set
of all finite open covers of X such that there exists nj. For n = nj, we have Hy(X;Z), where
0 < p < n. The topological entropy conjecture is valid for the topological fiber entropy and Cech
cohomology. Moreover, the topological entropy conjecture is valid for the topological fiber entropy
and the f-Cech homology.
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Corollary 3. In triangulable compact n-dimensional manifold M, the topological entropy conjec-
ture is valid for the topological fiber entropy and homology group:

H.(M;Z) = é H;(M;Z),
i=0

where H;(M; Z) is the i-th integer coefficients’ homology group of M.

6. Conclusions

If we replace Z with any free abelian group G that is finite generated, then the conclu-
sion is also valid. Because the counterexample of A. B. Katok [20] is on a two-dimension
sphere S? and f € C%(S?), with Corollary 3, we get that the inequality of the topological
entropy conjecture is valid again with our definition, that is,

logp < entp(f).

Others may be more interested in what the topological fiber entropy ent ( f) measures.
From the definition:

enty (f) = sup {ent(f,a)+1logLy},
Ly(a)

we get that the topological fiber entropy ent(f1) is sup on the sum:
Lg(a)

ent(f,a) +log L.

The first part ent(f, a) is the usually one. The second part log L, is likely some fiber
ratio or fiber degree of the dynamics (X, f); it is likely the “reference system” or “initial
value” of the first part ent(f, o).
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