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Abstract: Recently Panda et al. obtained some identities for the reciprocal sums of balancing and
Lucas-balancing numbers. In this paper, we derive general identities related to reciprocal sums of
products of two balancing numbers, products of two Lucas-balancing numbers and products of
balancing and Lucas-balancing numbers. The method of this paper can also be applied to even-
indexed and odd-indexed Fibonacci, Lucas, Pell and Pell-Lucas numbers.
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1. Introduction

The classical Fibonacci numbers {F,}$°  are generated from the recurrence relation
F, = F, 1+ F,—» (n > 2) with the initial conditions Fy = 0 and F; = 1. As is well known,
the Fibonacci numbers possess many interesting properties and appear in a variety of
application fields [1].

Recently Ohtsuka and Nakamura [2] reported an interesting property of the Fibonacci
numbers and proved the following identities:

-1
i 1 B F,—F,_1, if n > 2 and n is even; 1)
= F o F,—F,_1—1, ifn>1andnisodd,

-1
i 1 B F,_1F,—1, ifn>2andniseven; o)
= sz o F,_1F,, if n > 1and n is odd,

where |- | is the floor function.

Following the work of Ohtsuka and Nakamura, diverse results in the same direction
have been reported in the literature [3-15].

A positive integer 7 is called the balancing number if [16]

1424+ 4+m-1)=mn+1)+n+2)+---+(n+r),

for some positive integer r. As shown in [16], the balancing numbers {B, }$_, satisfy the
recurrence relation B, = 6B, 1 — B,_» (n > 2) with the initial conditions By = 0 and
B; = 1. The balancing numbers are useful in studying the Diophantine equations [17,18].
The numbers {C,, }° , with C, = /8B2 + 1 are called the Lucas-balancing numbers [19]
and obtained from the recurrence relation C, = 6C,,_1 — C,_» (n > 2) with the initial
conditions Cy = 1 and C; = 3.
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Panda et al. [20] recently studied the reciprocal sums of balancing and Lucas-balancing
numbers, and obtained various identities. For example, they showed that

and

> 1
{ (kg CorCox 12

etc.

Bp—By—1—1 (n21),

Byy — B2 —1 (n>1),
B%n - B%n—2 -1 (1’1 > 1)/
BuByy1 — By 1By — 1 (n > 1);

By — B3 —2 (n21),

Con —Copn (n21),
C%n - C%n—Z (7’1 > 1)/
CiCyy1 — GG +1 (” > 1);

C%n-‘rl - C%n—l +38 (n > 1)/

®)

)

©)

(6)

@)

®)

©)

(10)

(11)

(12)

(13)

(14)

We note that (3), (4) and (9), (10) also can be obtained, respectively from ([12]
[Theorem 2.1]) and ([12] [Theorem 2.2]).

In this paper, we derive general identities related to reciprocal sums of products of two
balancing numbers, products of two Lucas-balancing numbers and products of balancing
and Lucas-balancing numbers. The results obtained here not only include most identities
in [20] as special cases but also can be used to derive similar identities for even-indexed
and odd-indexed Fibonacci, Lucas, Pell and Pell-Lucas numbers.
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2. Results
For the ease of presentation, we use the notation G, = S(Gy, G1,4,b) to denote the
numbers {G,, }*, generated from the recurrence relation

Gy =aGy—1 +bG,_o (n>2),

with the initial conditions Gy and Gj.

To deal with the balancing numbers B, = 5(0, 1,6, —1) and Lucas-balancing numbers
Cn = S(1,3,6,—1) in a unified manner, we consider the numbers G, = S(Gy, Gy, a, —1),
where Gy is a nonnegative integer, G; and a are positive integers. As in [12], we assume that

a > max{3,1+ Gy/G1}.

Firstly we present two lemmas which will be used to prove our main results. For
Gn = S(Go, Gy,a,—1) and H,, = S(Hy, Hy,a, —1), define

®c = aGyG, — G —G3,

&y = aHyH, — H — H?,

A o anlGn+lHn+m71Hn+m+l - G%H%+m
! Gn+1Hn+m+1 - Gn—lHn+m:1 ’

Ay = lim A,.

n—o0

Lemma 1 (See [21]). For G, = S(Gy, G1,4, —1), we have

Gp — Gn+Guir = (G1Gr — GoGyy1)Qr,
where Q, = 5(0,1,a,—1).

Lemma 2. For G, = S(Gy, Gy,a,—1) and H, = S(Hy, Hy,a, —1), we have

(PG +PH?, 1 )at —2(PH GGy +Pc Hi Hyyr )+ (Py Gi+ P HE, ) a?

Ap= ,
" GiHy 4100 — (G Hp+GoHy1) a0 +GoHoat — Gy Hyy 62+ (Gy Hy+ GoHypy 1) — Go Hp
where
f ++va2 -4
o 2

Proof. From Lemma 1, we have

Gn1Gut1Hpym1Hurmi1 — GaHyy = PuGjy + ®cHpyy + PP

Gy, and Hj; can be expressed as [21]

Gi(a" — B") = Go(a" ! — ")

G = 7
n o — ‘B
o _ Hm-i—l(‘xn _ ﬁn) _ Hm(txnfl _ ﬁnfl)
n+m = — x — ‘B ’
where & > 1and 0 < B < 1 are solutions of the equation x> —ax +1 =0, i.e.,
a++Va2—4 a—+a?—4
=— and = —

Since
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(& — B)*(PuGa + PgH2 ., + PcPpy)
W22 [(DyGE + DGHE, L 1)a? — 2(PyGoGy + P HyHyy1)& + (PpG3 + PHZ)| + 7n,

and

(a_ﬁ)z(GnJrlHnJrnH»l _anlHnerfl)
02" 4[Gy Hyy110%~(Gy Hyt Go Hyn 1) 0% +GoHoa* Gy Hyy 1107 Gy Hyt GoHyn 1) 6~Go Hyn |46,

where lim;, 00 ¥ = 0 and lim;, s J; = 0, then the proof is completed. [

Now we state our main results.

Theorem 1. For G, = S(Go, Gy,a,—1) and H, = S(Hy, Hy,a, —1), there exists a positive
integer N such that

-1
(o] 1 .
\‘< Z ) J - G”Hn—l—m - anlHn+m*1 +8&m, lf?l =N, (15)

k=n G Hytm
where
gm = |Dm].
Proof. Consider
1 _ 1 _ 1
GnHp+m — Guo1Hpym—1+8m  GuriHuyme1 — GuHuytm +8&m GuHptm
_ X1

(Gan+m - Gn—lHn+m—1 +gm)(Gn+1Hn+m+1 - Gan+m +gm)Gan+ml
where
Xl - Gn—1Gn+1Hn+m—1Hn+m+1 - G;%Hyzprm - gm(Gn+1Hn+m+1 - Gn—lHn+m—l) - g%

= (Guy1Hurm1 — GuoaHygpm—1)(Bun — gm) — g%r

Since A, converges to A, and Ay, — g > 0, there exists a positive integer g such that
X7 > 0ifn > ngyor

1 1 1
< — , ifn > ng.
GnHﬂ+m GnHyym — Gn—lHn+m—1 + 9m Gn+1Hn+m+1 - Gan+m + 8&m
Repeatedly applying the above inequality, we have
i ! < L ifn>n (16)
, 2 No.
= GkHirm GnHugm — Guo1Hpm—1 + gm
Similarly,
1 B 1 _ 1
Gan+m - Gn—lHn+m—1 +gm +1 Gn+1Hn+m+1 - Gan+m JFgm +1 Gan+m

X2
(Gan+m - anlantmfl + 8m + 1)(Gn+1Hn+m+1 - Gan+m + 8m + 1)Gan+m ’

where
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X, = Gu1Gui1Huim-1Hpsmi1r — GiHy i — GuptHugmr1 + Guo1Hysm—1
—8m(Gui1Hpsms1 — Guo1Hygm—1) — (§m +1)°
= (Gn+1Hn+m+1 - anlHnerfl)(An - gm) - Gn+1Hn+m+l + anlHnerfl - (gm + 1)2-

Since A, converges to Ay, and 0 < Ay, — g < 1, then there exists a positive integer 14
such that X, < 0ifn > nq or

1 1 1
_ < , ifn>mny,
GnHpym — anlHn+mfl + 9m Gn+1Hn+m+1 — GnHyym + 8m GnHptm
from which we obtain
1 ad .
if n > ny. (17)

< T
GnHpsm — Gp-1Hyim—1+8m +1 k;n GrHetm
Then (15) follows from (16) and (17). O

Setting G, = H, = 5(0,1,6, —1) in Theorem 1, we obtain Corollary 1 below.

Corollary 1. For balancing numbers B, = S5(0,1,6,—1), there exists a positive integer N
such that

k=n B Bytm

-1
[e9) 1 .
\\< Z ) J = BuBuym — Bu—1Buym—1+8gm, ifn >N, (18)

where

7

7 — (B2, +1)a® 4+ 2ByBy,1a* — Bou
8 = | T B a5 — Bya® — Bpyi1tt + B

with « = 3+ 2v/2.

For balancing numbers, gg = g1 = —1 and we obtain (4) and (7) from (18). In addition
we have
Y = BuBuj2—By_1By1—2, ifn>1,
= BeBii2
[e0] 1 -1
) = BuByi3 —By-1Bui2—6, ifn>1,
= BkBrys
etc.,

Setting G, = H, = 5(1,3,6, —1) in Theorem 1, we obtain Corollary 2 below.

Corollary 2. For Lucas-balancing numbers C,, = S(0,1,6, —1), there exists a positive integer N
such that

-1
E = CnCutm — Cu1Cpym-1+8m, ifn >N, (19)
= CkCrrm

where
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o = (8C2 1 +72)a* — (16CCpipr + 48)a® + (8C2 + 8)a?
" 3C 4146 — (BCm 4 Chg1)a® + a* — 3Cyp102 4 (3Cy + Chpr)t — Con |

with « = 3+ 2v/2.

For Lucas-balancing numbers, gy = 0 and g; = 1 and we obtain (10) and (13) from
(19). In addition we have

-1

ad 1

Z = CuCyui2—C1Cyq +8, ifn>1,
k=n Ckck+2

1

ad 1

Z = CnCuy3—Cp1Cyiot+46, ifn>1,
k=n Cka+3

etc.
Setting G, = S5(0,1,6,—1) and H, = S5(1,3,6,—1) in Theorem 1, we obtain
Corollary 3 below.

Corollary 3. For balancing numbers B, = S5(0,1,6,—1) and Lucas-balancing numbers
C, =5(0,1,6, —1), there exists a positive integer N such that

k=n BiCrt-m

-1
[e9) 1 .
\;< Z ) J = BuCoym — Byu—1Cpim—1+8m, ifn =N, (20)

where

7

| (8—Ch 1)@ +2CuCrp10® — Cha
§m = T Cpr1a5 — Cpa® — Cproq& + Cm

with a = 3+ 2/2.

From (20), we have
{( 2 qu{) = By, —B,.1C,1—1, ifn>1,

-1
d 1
K ). ) = ByCyu1—By1Cu—1, ifn>1,
k

-1
o0 1 .
\‘< Z B.C ) = BuCui2— By 1Cy1 -3, ifn>1,
k=n Pk“k+2 |

etc.
Setting G, = S5(1,3,6,—1) and H, = S(0,1,6,—1) in Theorem 1, we obtain
Corollary 4 below.

Corollary 4. For balancing numbers B, = S5(0,1,6,—1) and Lucas-balancing numbers
Cn = 5(0,1,6, —1), there exists a positive integer N such that

-1

o0 1 .

Z = Bu+mCn — Byym-1Cu—1+8m, ifn=>N, (21)
= BermCr

where
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7

o (8B% ., —9)a* — (16By By 1 — 6)a® + (8B2, — 1)a?
" | 3B, 41a® — (3By + Byy1)a5 — 3By, 142 + (3By + Bys1)& — By

with « = 3+ 2v/2.

From (21), we have

Kki Bk+11Ck> 1J
(Lwta) |
etc.

We can obtain similar results for the even-indexed and odd-indexed numbers of
Gn = S(Go, Gy,a,—1) and H, = S(Hyp, Hy,a, —1). It is easily seen that

By11Cy — ByCpyq, ifn>1,

By2Cn — Byy1Cy1 +2, ifn>1,

GZn = (
G2n+1 = (

- 2) G2n—2 - G27l74/

72
a* —2)Gp—1 — Gon—3.
Let G = Gy, and G, = Gp;+1. Then

G, = S(G§ GS,a*—2,-1),
GY = S(G§,GS,a%—2,-1),

where G§ = Gy, G} = aGy — Gy, G} = Gy and G = (a*> — 1)Gy — aGy. Similarly

HY = S(HS H:a?—2,-1),
HS = S(HS, HY,a*—-2,-1),

where H§ = Hy, H¢ = aH, — Hy, H} = Hy and H} = (a®> — 1)H; — aHp.
As before, for U, € {G, G5, H;, H}} and V;, € {G¢, G5, H, HS }, let

Oy = (a2 — 2)u0U1 — US" — u%,

Oy = (a*-2)VW — V- VE,

A L un—lun+1vn+m—lvn+m+l - u;%VnZ-t,-m

n K 7
Un+1 Vn+m+1 - Unfl Vn+m:1
Am = 111’1‘1 An.
n—oo
Then
A (PyUZ + Dy V2, )& — 2(PyUgly + Py Vi Vipi1)& + (PyUZ + Oy V7E)a2
m

Uy V180 — (U Vi + UpVis1)&° 4 Ug Vot — Uy Vi1 82 + (Uy Vi + Ug Vi1 )& — U Vi’

where

a2 -2+ /(a2 —-2)2 -4
2 7

and we obtain the following results.

&:
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Theorem 2. For G, = S(Ggy, Gy,a, —1) and H, = S(Hy, Hy,a,—1), let U, € {G%, GS, HS, HY}
and V, € {G5, G, HS, H5}. Then, for each pair (Uy, Vy,), there exists a positive integer N
such that

-1
(e} 1 A '
\‘< Z u.v, ) J = UnVI’hH’I’l - un—an+m_1 +gm, Zf}’l Z N/ (22)
k=n —kVk+m
where
g = [Bn].
For balancing numbers B, = S(0,1,6, —1), setting U, = V;, = B}, in Theorem 2, we

obtain Corollary 5 below.

Corollary 5. For balancing numbers B, = S(0,1,6,—1), there exists a positive integer N
such that

-1
(o] 1 A
\‘< Z BB) J = BonBontom — Bon—2Bontom—2 + §m (23)
k=n P2kb2k12m
2 2 & j
= Bawim — Banym—2t8&m, fn =N,

where

o = | Z(6Pamsz + 2168 + 12BanBan 2 — 6538
" Bou128° — Byt — Boyyo& + Bop

with & = 17 + 12V/2.

For balancing numbers, §y = —1 and ¢; = —2, and (6) and (8) are obtained from (23).
In addition we have

= 1 - 2 2
— = B - B - 37, if n 2 1I
k§:n szsz+4 2n+-2 2n
y —— — B3 .—B3 .. —1223, ifn>1,
\‘<k_n B2kB2k+6> J 2n+3 2n+1

etc.
For Lucas-balancing numbers C, = 5S(1,3,6, —1), setting U, = V;, = C5 in Theorem 2,
we obtain Corollary 6 below.

Corollary 6. For Lucas-balancing numbers C,, = S(1,3,6, —1), there exists a positive integer N
such that

-1
(e ) 1 A
Y e = CaContom — Con—2Con+2m—2 + &m (24)
= CoxCorvom
- C%ner - C%n+m72 +8m, 1f7’l > N,

where

G (288C3,,,.» 4 83232)a* — (576C Com2 + 9792)&° + (288C3,, + 288)42
" 17Com 1280 — (17Com + Comy2)&° + &% — 17Cop 4282 4 (17Co + Comi2)& — Com |



Mathematics 2021, 9, 350 90of 10

with & = 17 4+ 12V/2.

For Lucas-balancing numbers, ¢y = 0 and ¢; = 8, and (12) and (14) are obtained from
(24). In addition we have

-1

©®

Y = C},,—C3,+288, ifn>1,
i CouCopya

-1

[ee) 1 .

Kkz czkcw> J = iz — C3yyq +9783, ifn>1,
=n

etc.

For U, € {Gn®, G}, Hf, H5} and V,, € {G5, Gy, Hy, HS}, we have sixteen pairs of
(Uy, V), and we can obtain more identities from Theorem 2. Other identities are left to the
interested readers.

3. Discussion

In this paper, we derived general identities related to reciprocal sums of products
of two balancing numbers, products of two Lucas-balancing numbers and products of
balancing and Lucas-balancing numbers. Repeatedly applying Theorem 2, we can obtain
similar results for (Byy, Cyy), (Bsy, Csn), etc.

The method of this paper can also be applied to even-indexed and odd-indexed
numbers of G, = S(Gy, G1,4,1). In fact, for the numbers of the form G, = S(Gy, G1,4,1),
we have

Gy = ({12 + 2) Gon—2 — Goy—y,
(a2 + 2)G2n—1 - G2n73-

Gont1

Hence Theorem 2 can be used to obtain various identities for even-indexed and
odd-indexed Fibonacci, Lucas, Pell and Pell-Lucas numbers.

Funding: This research received no external funding.

Conflicts of Interest: The author declares no conflict of interest.
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