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Abstract: The present paper aims to introduce the concept of weak-fuzzy contraction mappings
in the graph structure within the context of fuzzy cone metric spaces. We prove some fixed point
results endowed with a graph using weak-fuzzy contractions. By relaxing the continuity condition of
mappings involved, our results enrich and generalize some well-known results in fixed point theory.
With the help of new lemmas, our proofs are straight forward. We furnish the validity of our findings
with appropriate examples. This approach is completely new and will be beneficial for the future
aspects of the related study. We provide an application of integral equations to illustrate the usability
of our theory.
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1. Introduction

The theory of fixed points centers on the process of solving the equation of the form
T(u) = u. We discuss a new concept that overlaps between metric fixed point theory and
graph theory. This new area yields interesting generalizations of the Banach contraction
principle [1] in metric spaces endowed with a graph. The fixed point techniques have
received considerable attention due to their broad applications in many applied sciences
to solve diverse problems in engineering, game theory, physics, computer science, image
recovery and signal processing, control theory, communications, and geophysics.

In 1965, Zadeh [2] introduced the fuzzy sets. Kramosil and Michalek [3] introduced
the notion of fuzzy metric space. George and Veeramani [4] modified the description of
fuzzy metric spaces due to Kramosil and Michélek. Gregori and Sapena [5] introduced
the concept of fuzzy contractive mappings. On the other hand, the results were applied to
metric spaces provided with a partial order by Ran and Reuring [6]. To find a solution to
some special matrix equations was also one of the great charms of the fixed point theorists.
To this end, the work of EL-Sayed and Andre’ [7] was a pioneer one. Later on, Nieto and
Rodriguez Lopez [8] extended the work of [6] and applied their results to solve some
differential equations.

One natural question is whether contractive conditions may be found that indicate
the presence of a fixed point in an entire metric space, but do not imply continuity?

A mapping T : U — U, where (U, d) is a metric space is said to be a contraction
map [1], if there exists 0 < a < 1, such that for all u,v € U;

d(Tp, Tv) < ad(p,v) @

Mathematics 2021, 9, 541. https:/ /doi.org/10.3390 /math9050541

https://www.mdpi.com/journal /mathematics


https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-4367-5708
https://doi.org/10.3390/math9050541
https://doi.org/10.3390/math9050541
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/math9050541
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/2227-7390/9/5/541?type=check_update&version=2

Mathematics 2021, 9, 541

20f 14

The following result was defined by Kannan [9], in which the above question was
answered affirmatively. If T : U — U is a complete metric space where (U, d) satisfies
inequality:

d(Tw, Tv) < ald(p, Tu) +d(v, Tv)], wvel, )

where 0 < o < %, then a unique fixed point will be in T. The mapping T need not to be
continuous, the references therein (see [9,10]).

In 2008, Jachymiski [11] initiated a novel idea in fixed point theory, where the author
evoked graph structure on metric spaces instead of order structure. According to this
concept, Banach’s contraction condition will be satisfied only for the edges of the graph. If
G is a directed graph and E(G) is the set of its edges then the contraction condition is:

d(Tp, Tv) < Bd(p,v), B € (0,1),¥(n,v) € E(G)

Some noteworthy efforts done on this concept can be seen in [12-17]. Starting from
these results, we aim to make a methodical study of fixed point theorem in fuzzy metric
spaces endowed with a graph.

In 2016, Usman [18] generalized a new class of F-contractions in b-metric spaces and to
obtain existence theorems for Volterra-type integral inclusion. In 2017, Kamran et al. [19]
introduced a new class of comparison functions to present some fixed point theorems
with an extended b-metric space. For various applications of fixed points in metric spaces
(see [20-23]).

In this paper, we introduce the weak-fuzzy contractions conditions from fuzzy cone
metric spaces and prove some fixed point results for such mappings in the sense of
Grabiec [24]. Without taking the continuity of the mapping T into consideration, our
results unify and enrich the results of Jachymski [11], Gregori and Sapena [5] in the frame-
work of fuzzy metric spaces. Our proofs modify the findings in existing literature. We call
this contraction weak-fuzzy graphical contraction (wfgc) and discuss some slip-ups in this
context. Throughout our discussion, we shall write fuzzy cone metric space as FCM-space
in short.

The article is organized into five sections. In Section 2, we define the preliminaries and
some basic definitions which help readers to understand our results easily. In Section 3, we
establish some novel results of complete FC M-space with a weak-contraction has a unique
fixed point endowed with a graph. We define the related definitions before the main result.
In Section 4, we validate the obtained results via the existence of solution of an integral
equation in graphical mapping. Few interesting examples are provided to explain our
results. Finally, in Section 5, we discuss the conclusion and future directions of our work.

2. Preliminaries

We start by recalling some definitions and properties of fuzzy metric spaces and
contractive mappings.

Definition 1 ([25]). An operation * : [0,1]? — [0,1] is called continuous t-norm, if it satisfying
the following conditions:
(i)  * is commutative, associative and continuous.
(ii) 1xa=aandaxb < cxd, whenevera < candb < d,Va,b,c,d € [0,1].
The classical examples of continuous T-norm are Ty, Tp and Ty defined as;
(a)  The Minimum operator Tyg(a,b) = min{a,b};
(b)  The product operator Tp(a,b) = ab;
(c) The Lukasiewicz’s norm Ty (a,b) = max{a+b —1,0}.
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Lemma 1 ([26]). If * is a continuous t-norm, and { ¢, }, {¢n} and {ip, } are sequences such that
On = @, Ppn — P and P, — P. Then
im (@ # pu * Pn) =@ * lim ¢ x1p

n—oo

Lm (@ * ¢ * Pn) =@« Im ¢+ ¢
n—o00 n—o0

where limy, 00 and lim, ., stands for limits supremum and limit infimum for left continuous and
right continuous, respectively.

Definition 2 ([25]). Let E be a real Banach space, a subset P of E is called cone if;
(i) P # @, closed and P # {0}, where 0 is the zero element of E;
(ii) Ifa,b>0and y,v € P, then ay+bv € P;
(iii) If both u, —p € P, then yu = 6.
The cone P is called normal if there is a number k > 0 such that for all y,v € E

0<p<v—|ul <k

Throughout in our discussion we suppose E is a Banach space, P is a cone in E with int(P) # ¢
and < is a partial ordering with respect to P.

The following definition of fuzzy metric space was introduced by George and Veera-
mani [4]. We are concerned with this concept of fuzzy metric space.

Definition 3 ([4]). A 3-tuple (U, M, *) is called fuzzy cone metric space, if P is a cone of E, U is
an arbitrary set,  is a continuous t-norm and M, is a fuzzy set defined on U? x int(P), satisfying
the following conditions;

(fem)-1  My(u,v,¢) > 0and M,(u,v,¢) =1 u=v;

(fem)-2 - My (p,v,6) = My (v, 1, 6);

(fem)-3  My(u,v,6) * M,(v,w,s) < My(y,w, ¢ +5);

(fem)-4 M, (u,v,.) : int(P) — [0,1] is continuous.

Vu,v,we Uandg,s € int(P). It is worth to note that 0 < M,(u,v,¢) < 1 (forall ¢ > 0,)
provided y # v. If we take E = R,P = [0,00), and a xb = ab, then every fuzzy metric space
becomes fuzzy cone metric space.

Definition 4 ([27]). (i)  Let (U, M,,*) be a FCM-space, u € U and a sequence (p;) in U
converges to pif c € (0,1) and ¢ > 6 3 j1 € N such that M, (uj, p,¢) >1—c¢,Vj=>ji.
We may write this im p; = por pj — pasj — oo.
]—0

(i) A sequence {p,} in U is Cauchy sequence if c € (0,1) and ¢ > 6 3 j; € N such that
M (pj s 6) > 1—¢,Vj k> jr.

(iif) Fuzzy cone metric space is complete if Cauchy sequences in U are convergent.

(iv) A sequence {y,} in U is a G-Cauchy sequence iff imy  yco My (Hntp, tin, G) = 1, for any
p>0and¢>0.

(v)  The fuzzy metric space is called G-complete if every G-Cauchy sequence is convergent.

Lemma 2 ([27]). Let (U, M, ) be a FCM-space and let a sequence (y;) in U converges to a
point u € U if and only if M, (pj, pu,¢) — 1as j — oo, for each g > 0.

Example 1. A function M, be defined as;

g1(g) .
M, (u,v,¢) = > , m>0,
(kv:0) = T Fritd(a )
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Then (M., -) is a fuzzy metric on U. As a particular case if we take g1(¢) = ¢", n € N, and

m=1,
n

G
Mr /U/ = ——
(wrv6) ¢"+d(u,v)

A well-known standard fuzzy metric is obtained for n = 1. If we are using g1 as a constant
function, g1(¢) =k > 0, and m =1, we get

k
Mr(H,VIQ) = W

and so (M, -) is a standard fuzzy metric on U.

Definition 5 ([28]). Let (U, M,, ) be a FCM-space. The fuzzy cone metric M, is triangular, if

1 1 1
- 1<l —-1)+ -1, Vuv,weld, ¢c>0.
Mo (1, @,¢) (Mrw,v,g) ) (Mrw,w,g) ) . ¢

Definition 6 ([27]). Let (U, M,, *) be fuzzy cone metric space. A mapping T : U — U is said to
be fuzzy cone contractive if 3a € (0,1), such that;

1 1
1 <a[————" 1), wvel c>. 3
M (T, Tv,g) <Mr(#/v,€) ) . ¢ ©)

Definition 7 ([29]). A function ¢ : [0,00) — [0, 00) is an altering distance function if (t) is
monotone non-decreasing and continuous and (t) = 0 if and only if t = 0.

The following “Fuzzy cone Banach contraction theorem” is obtained in [27].

Theorem 1. Let (U, M,, x) be a complete FC M-space with Cauchy fuzzy cone contractive sequences
and a fuzzy cone contractive mapping with T : U — U. Then T has a unique fixed point.

Recently Choudhry [26] have introduced the following weak-contractive condition in
metric spaces.

Definition 8 ([26]). Let (U, d) be a complete metric space. A mapping T : U — U is said to be
weakly-contractive, if

d(Tu, Tv) < d(p,v) — p(d(p,v)) €

where y,v € U, mapping i : [0,00) — [0,00) is continuous and non-decreasing, ¢ () = 0 if and
only if y = 0 and limy, 0 P (1) = 0. If we take Y(u) = ky, where 0 < k < 1, then (4) reduces
to (1).

Under this new scenario, we modify the definition of weak-contraction by Choudhry [26]
from metric space to fuzzy cone metric space as follows:

Definition 9. A mapping T : U — U in a FCM-space is said to be weakly contractive, if;
1 1 1
— 1< |——F——— -1 ¢ ———— -1, 5
M (Tp, Tv, )~ (Mr(ﬂ,v,e) ) lp(Mr(W,g) ) ®

Vu,v € U, ¢ > 0, is an altering distance function, i : [0,00) — [0, 00) is continuous and
non-decreasing, if p(u) = 0,4 p = 0, and limy, o () =kpu, 0<k<1l,pu e U.
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Theorem 2 ([30]). Let (U, M,, x) be FCM-space. A sequence {, } in U is called convergent if for
any ¢ > 0 and any r € [0,1], 3 a natural number ng such that My (pn, u, t) >1—r, ¥n > ny.
We denote this by limy,—eo Py = p OF Yy — 4, a5 1 — 0.

It is clear g-uniformly continuous and if mapping T is a fuzzy contractive mapping
similar to those in [11,17], following the principles of the graphs.

Let A denote the diagonal of the Cartesian product U x U. Consider the graph G
so that the collection of its vertices V(G) coincides with U, and the set of its edges E(G)
contains all its loops, i.e., E (G ) D A. We assume that G has no parallel edges. Therefore,

we have
E(G7") = {(wv) e UxU: (v,p) € E(G))

The 5 character refers to the undirected graph obtained from G ignoring the edge path.

In fact, it would be more convenient for us to consider G as a graph that is symmetrical to
the set of its edges. According to this convention,

E() = E(G)UE(¢™")

If  and v are vertices in a graph G, then a path in § from i to v of length [ is a sequence

(yl) _o of [ + 1 vertices such that pig = p, p; = vand (p;_1, 1) € E(g) fori=1,...,1.
If there is a path between any two vertices of G, the graph § is called connected A

graph G is weakly connected if Q is connected. The subgraph consists of all edges and
vertices which are contained in some path of . In this case V (G,) = [u] g Where [p] g is

the equivalence class of a relation R defined on V(G) by the rule:
vRw if there is a path in G from v to w.
Clearly, QAH is connected.

3. Fixed Point Results of Weak-Fuzzy Graphic Contractions

We now determine that a weak-contraction has a unique fixed point endowed with a
graph in a complete FC M-space. Before the main outcome, we define the related definitions.
We assume that U is a non-empty set in this section, § is a graph directed to V(G) = U,
and E(G) D A. First, in the setting of fuzzy metric spaces, we define the Cauchy equivalent
sequence and Weak-fuzzy contraction.

Definition 10 ([31]). A mapping T : U — U is called Banach G-contraction or simply G-
contraction if T preserves edges of G, i.e.,

(u,v) € E(G) = (T(n), T(v)) € E(G), Vuvel, (6)
and mapping T reduces the edge weights of@ as follows, a € (0,1), Vu,v e U
(wv) €E =d(T(u), T(v)) < ad(p,v) 7)

Definition 11 ([32]). A mapping T : U — U is said to be G-continuous, if for given y € U and
sequence {pin}, n — pasn — coand (fy, piys1) € E(G), ¥V € N = Ty — Ty

Remark 1 ([31]). For any sequence (yn),cy in U, if pn — p and (pn, pins1) € E(G 7), for
n € N, then (un, 1) € E(G).

Definition 12. Let (U, M,, %) be a fuzzy metric space and G be a graph. Two sequences
(Hn)pen and (vy),en in U are said to be Cauchy equivalent if each sequence is Cauchy and
limn%oo Mr(]/ln,vn, g) = 1, Vg > 0.
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Definition 13. Let (U, M,, *) be a fuzzy metric space and G be a graph. The mapping T : U — U
is said to be a weak-fuzzy graphical contraction (wfgc), if the following conditions are hold:

(wfge)-1  Yu,v e U, (Tu,Tv) € E(G),, i.e., T is edge-preserving;
@2 (srmirg —1) < (g — 1) — ¥ (sdeg — 1) 6> 0 () € ED),

Y is an altering distance function. i : [0,00) — [0, 00) is monotone non-decreasing, continuous
and P(t) =0t =0,lim, o () =kp, 0<k<lpuel.

Remark 2. If T is weak-fuzzy graphical contraction mapping, then it is a fuzzy contraction of both
G -fuzzy and G-fuzzy.

Definition 14. Let (U, M,, x) be a fuzzy metric space and T : U — U be a mapping. We denote
the n'" iterate of Ton y € U by T"ywand Ty = TT" ',V n € Nwith TOu = . T is called a
Picard Operator (PO), if T has a unique fixed point u and

nli_I}I;oMr(T”y,u,g) =1, Vuwel, ¢>0.

T is called Weakly Picard Operator (WPO) if there exists a fixed point u;, € U such
that lim,eo M, (T"p, u,,6) =1, for all ¢ > 0. Note that every Picard Operator is Weakly
Picard Operator. Furthermore, the fixed point of (WPO) need not be unique. We will
denote the set of all fixed points of T by Fix-T. A subset A C U is said to be T-invariant if
T(A) C A. The following lemma will be useful in this sequel.

Lemma 3. Let T : U — U be a weak-fuzzy contraction, then given y € U and v € [y]é, we have
limy 00 M, (T"u, T"v,¢) =1, Vg > 0.

Proof. Lety € Uand v € [V]é Then by definition there exists a path (;)7" in 5 from y to
v, ie., yo =, pm = v. We define M, (T"u, T"v, t) = M, (T"uo, T"um, t) and (y;, pi—1) €
E(é), fori =1,2,...,m. From Definition 13, we assume that ;1 # p;,i € N. Since the
mapping T is weakly-contractive, (T"p;, T" ;1) € E(é) fori =1,2,...,m, wehave

(i) = s ) G s 1)
M, (pi, piga,t) = \M(Tui, Thiy1,t) M (Tui, Tiza,t)

< (1 - 1)
M (i1, Hir t)

considering that the ¢ function is non-decreasing, implies that M, (y;, #iy1,t) > M, (i1, pi, £),
Vi € N and hence {M,(y;_1,t;,t)} is an increasing sequence of positive real numbers
in (0, 1]. We can now choose a series that strictly decreases (S; ), Of positive numbers,
such that

Let S(t) = lim; o0 M, (pi_1, pi, t), we show that S(t) = 1, for all t > 6. If not, there
exists t > 6 such that S(f) < 1, then from the above inequality on taking i — oo, we obtain

(st )= (s ) (s )

which is a contradiction. Therefore M, (p;, 4i+1,t) — 1 as i — oo. Now, for each positive
integer p, we have

t t t
M (pi pigp t) > Mr<yi, Hit1, p) * Mr(]/li+1zl/li+2/ p) koo ok Mr(Vierl/Vier/p)
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It follows that
im M, (pi, pisp,t) > Tx1x---x1=1

n—o0
thus we conclude that for ¢ > 6.

lim MV(V"/ Kn+1, Q) =1,

n—oo

O

Theorem 3. Equivalent to the following statements:

1. The graph G is weakly connected;

2. For any weakly-fuzzy graphical contraction mapping T : U — U, given u,v € U the
sequences (T"u), oy and (T"v),, o are Cauchy equivalent;

3. For any weak-fuzzy graphical contraction mapping T : U — U, card(Fix —T) < 1.

Proof. (1) = (2):
Let T be a weak-fuzzy graphical contraction and y, v € U then by hypothesis graph G
is weakly connected, therefore [y] g=u and so TPy € [u] & forall p € N. Now by Lemma 3,

we have (T"y),,cy is a Cauchy sequence. Similarly, (T"v), .y is a Cauchy sequence. Since
[V]é = U. Therefore, lim, 0o M, (T" 1, T"v,g) = 1, for all ¢ > 0, follows from Lemma 3.
Hence the sequences (T"u), .y and (T"v),, . are Cauchy equivalent.

(2= (3):

Let 1, v € Fix-T, where T is a weak-fuzzy contraction. Since y, v € Fix-T" and we have
M (u,v,6) = M, (T"u, T"v,¢). So by assumption u = v, card(Fix —T) < 1.

3)=(1):

Suppose (3) holds, but graph G does not have a weak connection, i.e., it disconnects

G.Letu € U, be non-empty of both [”]é and U\[u]é sets. Letv € U\[u]é, and define a

u, if ye[u]é
TV:{ v, if yeU\[u]é

mapping T : U — U

Now clearly Fix-T = {u,v}. We show that T is a weak-fuzzy contraction. If (y,v) €
E(G) then by the definition, we have [y] ;= Mé Thus, either u,v € [u]é or u,vs. €
U\[u]é In both the cases, we have Ty = Tv, and so (Tu, Tv) € E(G) since E(G) D A).
Also, M, (Tu, Tv,¢) = 1,V ¢ > 0, so Definition 13 is satisfied. Thus, T is a weakly-fuzzy
graphical contraction and card (Fix — T) = 2 > 1. This contradiction proves the result. []

Corollary 1. Let (U, M,, x) be a complete fuzzy metric space. Then following assertions hold:

1. The graph G is weakly connected;
2. For any weak-fuzzy graph contraction mapping T : U — U, there is y* € U such that
limy oo T"p = p*, VY € U.

Definition 15 ([33]). A fuzzy metric (U, M,, x) on an abstract (i.e., not necessarily topological)
group G is said to be left invariant (respectively, right invariant), if M, (u,v,¢) = M, (au,av,g)
(respectively, M, (yu,v,¢) = M,(ua,va,g)), whenever a,y,v € G and ¢ > 0.

Proposition 1. Assume that T : U — U is a weak-fuzzy graphical contraction such that for
some pg € U we have Tug € [Ho]a Let G, be the component of G containing po. Then []/to]é is

T-invariant and T|[ isa g 1o fuzzy contraction. Moreover, if y,v € [yo]é, then the sequences

Holg
(T"u) e and (T"v),, o are Cauchy equivalent.
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Proof. Let u € [Ho]é- Then there is a path (u;)Y, in G from Mo to p,, ie., uyy = p and
(Mi—1, i) € E(é), fori =1,...,N. Since T is a G-contraction which yields (Tu;_1, Tu;) €
E(é) fori =1,...,N, ie, (Ty)~, is a path in G from Tuo to Tu. Thus, Tu € [T‘uo]é.
Since, by hypothesis, T € [yo]é,, ie., [Tyo]é = [Ho]é/ we infer Ty € [‘uo]fz. Thus, [yo]: is
T-invariant. N

Now, let (u,v) € E (QAVO) This means there is a path (],tl) —pin Q from p to v such
that yny_1 = p. Let (Vi)fi o be a pathin Q from pg to Typ. Repeating the argument from the
first part of the proof, we infer (vo,vy,...,vn, TH1,..., Tiy) is a path in é from pg to Tv;
in particular, (Tun_1, Tin) € E(gyo),, ie., (Tu,Tv) € E (éyo)

Moreover, E (g VO) (g) and T is a G-contraction. Thus, T| ol isa Q jip-contraction.

Finally, in view of Theorem 3, the second statement follows 1mmed1ately from the first
one since é 1o 18 connected.  [J

Definition 16. Let (U, M,, *) be a fuzzy metric space and G be a directed graph, T : U — U be
a mapping and u, u* € U. Then we say that the quadruple (U, M, x, G) have the property (Pr)
if for any sequence (T" ), o, which converges to p* with (T"u, T"*1u) € E(G), Vn € N there

exists is a sequence (Tk”y) N with (Tk“y,‘u*> € E(G), forn € N.
ne

Theorem 4. Let (U, M,, ) be complete fuzzy cone metric space and G be a directed graph.
Assume that quadruple (U, M,, *,G) have the property (Pr). Let T : U — U be a weak-fuzzy
graph contraction and Ur = {u € U : (u, Tu) € E(G)?}, then the following assertions hold:

(A) Ifu € Ur, then T|[%]é is a Picard Operator;

(B) If Ur # @ and G is weakly connected, then T is a Picard Operator. Furthure, for any
weakly-fuzzy graph contraction T : U — U, there is p* € U such that limy oo T"yu = p*
Yu e U.

(C) Fix-T # @, if and only if U # Q.

(D) IfT C E(G), then T is a Weakly Picard Operator (WPO).

Proof. To prove (A) : Let u € Ur. By definition of Ur, (1, Tu) € E(G) and so we have
Tu € [y]é Now by Proposition 1 we have T : [y]é — [y]é and T is a G ,-fuzzy contraction

and if v € éﬂ then (T"u), . and (T"v), . are Cauchy equivalent and so (T"u),,.y is a
Cauchy sequence. By completeness of U, 3u* € U such that

lim M, (T"u, u*,¢) =1, V¢ >0,

n—o0
since (u*, Tu) € E(G) we have (u*, Tu) € E(G) and so by Definition 13

(T”y Ty ) €E(C), VYneN

Now by property (Pr) 3 a subsequence (Tk"y) N such that (Tk" U, y) €E(G),Vn €
ne N
N. Hence, (]4, Tu, T?y,..., Thy, y*) is a path in G and so in G. Therefore, u* € [V](j Using
Definition 13 ((wfgc)-2), we have

1 1
“1<|— 1
M (Thnt 1y, Ty, ¢) - [M,(Tkny,y*,g) ]

for all ¢ > 0. In order to show that {1, } is a Cauchy sequence, if otherwise, there exist
0 < ¢ < 1, and increasing sub-sequence of integers {m;}, {n;}, such that for all integers
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m,n <1i,n(i) > m(i) > i. For each ¢ > 0, and each ¢ > 0, we can choose iy € N such that
M, (Vm(i)/ yn(i),g) >1—¢,V m > n. Then we have,

M (i), Haiy,6) < (1—c)

and

M (Han(iyr Bn(i)—1,6) > (1 —¢).

Now from the triangular property of FCM-space foralli > 1,0 < ¢ < %, we obtain

(T—=c) = M(ba(iy n(i), €) ®)
> My (Hom(iyr Bm(iy—1,6) * My (Bn(iy =10 Pn(iy =1, € — 26) * My (b (i1, Hn(i)- 6)

We simplify the above terms in terms of ¢, and using the fact that,
Jim M (pn, Bmy1,6) = 1,

applying llggo , from inequality Definition 14, we have the following

(L—c) = 1 Me(p(i)—1, Pn(iy—1,€ — 26) * 1.

Let L
Ti(g) = lim My (Hm(iy=1 Pn(i)-1,6), 6 >0
(I1—c)>1% @Mf’(ym(i)—lryn(i)—lré —26) 1 =Ty (é—2).

We know that M, is bounded with range [0, 1], continuous and monotonically in-
creasing in the third variable ¢. Applying the limit supremum, and letting ¢ — 0 in above,
we get

@Mr(ym(i)fllyn(i)fllé) <(1-c) 9
Again, let
Ta(g) = Lim M, (4(iy—1, Ha(i)-1.6), 6 >0

i—00

foralli > 1, >0
Mo (Hn(iy—1 Pn(iy—1,€ +6) = Me(pu(iy—1 PGy 6) * Mo (Han(iys P (iy -1, €)-

Taking limit infimum in the above inequality, and by virtue of inequality Definition 14,
we have

To(€+¢) = Hm My (py(iy—1, i), 6) * (1 —¢)
1—00

=1x(1—-c)=(1-0).

Since, again we know that M, is bounded with range [0, 1], continuous and monoton-
ically increasing in third variable ¢, taking ¢ — 0 in above inequality

im M (b (1)1, (i) -1,€) = (1 =¢) (10)

i—00
Combining (9) and (10), we get

lim My (Bon(iy=17 Pn(i)—1,.€) = (1 —c).
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Now again from (9)
EOMr(Vm(i)flr n(i)-1,€) < (1—c) (11)
and for all i > 1,¢ > 0, we obtain
My (B (iys Py, € +26)
> My (Hmiy Bm(iy-1,6) * Mr(m(iy -1, Bn(iy—1,€) * Mr(p(iy -1 Pngiy, 6)-

Taking limit in above inequality and using the fact nlgn M (s fingr,6) =1,

Lm My (p(iy, tai), € +26) 2 1 Hm My (s iy -1, Ha(i)—1,€) ¥ 1 = (1 — ).

i—00 i—00

Since M, is bounded with range [0, 1], continuous and monotonically increasing in
third variable ¢, taking ¢ — 0 in above inequality

Lm M (p i), taiy, €) = (1 —c). (12)

i—00
Combining (11) and (12) we get
Lim M (poniys pnGiy €) = (1 = ).
Set p = My(i)-1,V = Mn(i)—1 and ¢ = € in weak-contraction mapping, we deduce
lim p, = p* € U.
1—00
Since we have {1, } is Cauchy, 3 u € U such that 1131 Un — W, e,
n—oo
Jim M (pn, p7,6) =1, ¢ >0

So we conclude that Ty, = 1,V n > 1, obviously p* is fixed point of T, i.e, p* € [p]z.
Let p1 and pp are two fixed points of mapping T, we find a unique fixed point of T.

1 1

M (1, 2, 6) M (Tur, Tpa, 6)

1 1
S(w%m”)“”(ﬂmm”)'

That is by property of ¢ it is contradiction unless

1
1] = 0/ or M s 7 = 1/
(Mr(m,yz,g) ) b )
thatis 1y = p2. Hence T has a unique fixed point. This completes the proof of uniqueness
of the fixed point.
Letting n — oo in the above inequality we obtain M, (u*, Tu*,¢) = 1,V¢ > 0. Thus,
Tyu* = u*, ie, yu* € [‘u]fgv is a fixed point of T and so by Theorem 3 T| Mg is a Picard Operator.

To prove (B) : Let Ut # @ and graph G is weak connected then Mé =U,VuelUr
and so by (A), mapping T is a Picard Operator (PO).

To prove (C) : Note that if Fix — T # @ then 3 some y € Fix — T, ie, Ty = py and
E(G) D Awehave (i, Tu) € E(G).So pu € Ur and Fix —T C Uy # @. If Uy # @, then by
(A) forany pu € Ur, T| 5 is a Picard Operator and so Fix T # @.
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To prove (D) : If T C E(G), then (u, Tu) € E(G) V 1 € U, so U = Ur. The result
follows from (A). O

Example 2. Let (U, M,, ) be a complete fuzzy cone metric space and let U = R, * be a minimum
norm. Let M, be defined by

_s .
oFlu—vl’ ife>0;

Mr(y,v,€)={ § ife =0

A=

V u,v € U. Furthermore, define  : [0,00) — [0,00) by 1(s) = §, forall s > 6, T(u)
Obwiousely, T () and  are continuous functions. Then we have

< 1 B > N

M (Tu, Tv,¢) 4¢

| —v|
8

:<W‘1>“”<W‘l>

From the above inequality we conclude that (5) is satisfied. Thus, mapping T is a weak-fuzzy
contraction.

Let G be a directed graph with V(G) = U and E(G) = (U, x U,) U (U, x U,), where U,
and U, be two subsets of even numbers and odd numbers from the set of R. Then it is easy to see
that mapping T is weak-fuzzy graphical contraction (wfgc).

By definition of T, Fix — T = (u,v) € E(G). Furthermore, T C E(G) and T is a Weakly
Picard Operator. Let yq, up be two fixed points of T, then

. 1 | — p2|
lim —-1) < lim |————=
”_’“(Mr(Tﬂlf Tuz,¢) ) N ”‘”"’ G

>

N

, Yy, ppeR

T(p1, u2) = 0, implies that yy = py = 0,V R. All the conditions of Theorem 4 are satisfied,
then T have a unique common fixed point.

4. An Application to Existence of Solution of Integral Equations

We will now establish a new result of the existence and uniqueness of solution nonlin-
ear integral equation via weak-contraction mapping:
Let

b -,
ne) = [ Kig,9)n(s)ds +f(c) (13)

where a,b € R,a < b,K € C([a,b] x [a,b] x R?), f € C[a,b] are given functions, and
i € Cla,b] is an unknown function. Let U = Cla, b], and metric M, : U x U — [0,1]
given by;

M, (1, v,6) = £ forall u,v € Cla,b]
6+ (Supe o) [1(6)] + supc o V()] )

is a complete FCM-space, and

1 SUP c(q,b] ln(o) + SUP ¢ [q,0] lv(c)l
— —1:= , Yu,veClab.
M(1,,6) : v & Clar
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Furthermore, assume this FCM-space endowed with a graph G and It is easy to see
that T on C[a, b] is a weak-contraction. Next, we attach to this integral equation with the
operator T : C[a, b] — Cla, b] defined by;

T(u(e)) = [ Kig,huls) ds + f(e) i € Clab] ¢ € lat)

We show that operator T satisfies the contraction condition Definition 13.

Furthermore, we define a continuous and non-decreasing function; ¢ : [0, +o0) —
[0, +00) such that (¢) < ¢, Vg > 0,and ¢(g) =0 < ¢ = 0, such that Vs,¢ € [a,b],
Vv € E(G) = (T(n), T(v)) € E(¢), and taking (c) = §.

Since K is continuous, such that |K(g,s)| < P, Vg,s € [a,b]. We have the following
approximation to illustrate that ¥ u1, uo € U operator T satisfies the contraction condi-

tion Definition 13:
(6 = T4(0)] = | [ (Ka(e,9) ~ Kale,9) | (11 (5) — pa(o)s
= \(K1(69) ~ Kale )| ()~ pa(s)) [ s
< NP6 )b~ a)d(, ), Ve € [a )
Since T?(p1) — T?(u2) = T(T (1) — T(p2)), we have

T2(11(6)) ~ T2006))| = A [ K(g,3) 1Tl () ~ T(pa(e))| s

< MEPEb=0) 4, )

Continuing this iterative process, we obtain

A" P (g,5)(b—a)

P d(p, m2), V¢ € [a,b]

IT"(n1(¢)) — T"(p2(g))| <

As, % — 0as n — oo for any r is real number. Hence we conclude that 3n such that
T" is a contraction mapping. By taking n sufficiently large we have

ARG, s) (b = a)ll]* _

where 0 < A < 1is contraction constant.

Therefore, for all u,v € Cla,b] € E(G ), i.e., the operator T satisfies the contraction
condition of weak-fuzzy graphical contraction Definition 13. In addition, for each o € U,
the successive approximation sequence {, }, defined by u, = T"(uo), Vn € N converges
to a unique fixed point of nonlinear integral Equation (13) with the operator T.

(1) There exist yg € U such that (p, T(1o)) € E(G).
(2) If {uy} is a sequence in U such that (pn, piyi1) € E(G), Vn € Nand p, — u as

n — oo, then (yy, 1) € E(G), Vn € N.

(3) For any weakly-fuzzy graphical contraction T : U — U, card(Fix —T) < 1.

Thus, all the conditions of Theorem 3 are fulfilled, and therefore the mapping T has a

fixed point, that is the solution in U = C([a, b], R) of the integral Equation (13).

Example 3. Let U = [0, 1] and the following integral equation be of the form

1
#(©6) = Jo serrrmmyds + §
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where f = § and ¢ € [0,1], and

1 .
(G/S ui(s)) = m, wherei =1,2

Then we have

[ s me) - [ Katesae)| = [

;’@+1+Zﬁzxgil+m H/

1 1
3(c+1+mls)  3(g+1+pua »H

=P(p1, 12),
where, A = % < 1.

5. Conclusions

We have introduced the concept of weak-fuzzy graphical contractions in the frame-
work of fuzzy cone metric spaces, which is a new expansion to the current writing in the
context of fuzzy cone metric spaces. The obtained results revamp and extend some well-
known results in the existing state-of-art, by relaxing continuity of the mapping involved.
With the help of some novel lemmas, we provide that our proofs are straight forward.
Non-trivial examples are presented to show the novelty of the established results. We
conclude that research in fixed point theory with the graphical structure of contraction
mappings is a field of active research in seeking the presence and uniqueness of fixed point
for mappings that fulfill various contractive conditions. Any interested researchers may
use this opportunity to carry out their future research in this field.
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