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1. Introduction

Let (X, || - ||) be a Banach space and A : Z(A) — X a linear operator with do-
main Z(A) < X. Fix f € 2(A) and consider the abstract Cauchy problem
% =Au, u(0)="f. 1)

It is well known [1-3] that if A is the generator of a Cy-semigroup {T(t) : t > 0}, then

the unique solution of (1) is given by

Moreover, the abstract Cauchy problem (1) is uniformly well posed.

Given an operator A satisfying the conditions of the Hille-Yosida Theorem, one of
the fundamental problems in the theory of linear semigroups is how to construct the Co-
semigroup {T(f) : t > 0} generated by A. There are several such constructions (see [1-5]
for more details). A special case is if A is a bounded operator, so that

0 I
T()—exptA=27 ()
For an arbitrary generator A, there are at least three constructions. One is
T0)f = tim exp (ST - 1)1, 120, feX, ©
0

Mathematics 2021, 9, 589. https:/ /doi.org/10.3390 /math9060589

https://www.mdpi.com/journal /mathematics


https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://doi.org/10.3390/math9060589
https://doi.org/10.3390/math9060589
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/math9060589
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/2227-7390/9/6/589?type=check_update&version=1

Mathematics 2021, 9, 589

20f 15

where [ is the identity operator. The major drawback of (3) is that T(k) has to be known at
least for small values of 1 > 0. Hille’s construction is

-1
. t
T(t)f—nl%KI—nA) f, t=0, feX, 4
while Yosida’s construction is
_ g t -1
T(1)f = lim exp(h [(1 —hA)! - 1] )f, t>0, feX. ®)

Equations (3)—(5) provide three ways of obtaining the semigroup {T(t) : t > 0} generated
by an arbitrary A. However, as pointed out in [1], it is only rarely that a closed-form
expression can be obtained for T'(t).

In this article we propose an alternative approach to constructing a strongly continuous
semigroup based on the classical method of successive approximations together with
generating functions. When A is a differential operator in (1), successive approximations
are also referred to as Picard iterations. Some authors [6-9] refer to the method of successive
approximation as the Adomian decomposition method (ADM) [10] although for linear
differential equations the ADM is basically a Picard iteration technique.

The main application in this article is on finding the strongly continuous semigroup
of a Black-Scholes integro-differential operator. To motivate the problem, let us first
recall some relevant background material on option pricing. Let S = {S; : t > 0} and
W = {W; : t > 0}, respectively, denote the underlying asset price process and a Wiener
process with respect to the risk-neutral measure. A popular model [11] for the asset price
dynamics is given by

ds;
St

Here, the risk-free rate r, the dividend yield D and the volatility o are assumed to be
constants with 7, > 0 and D > 0. Denote the generic European option price at time ¢ by V;
and the corresponding payoff function by f. At the expiry date T there holds V1 = f(ST).
It can be shown [12] that V; = v(S¢, ), where the option pricing function v = v(x, ) satisfies
the Black-Scholes partial differential equation (PDE)

= (r—D)dt+cdW,. (6)

v 1, ,0%

o 27" e
v(x,T) = f(x), x>0.

+(r—D)x2—Z—rv=0, x>0 0<t<T,

@)

It is well known that geometric Brownian motion as assumed in the Black-Scholes
asset price model (6) cannot capture many of the features of asset price returns such
as the skew/smile features of the implied volatility surface. Merton [13] considered
a jump-diffusion process that incorporates the possibility of the asset price to change
at large magnitudes irrespective of the time interval between successive observations.
As pointed out in [14], the jumps in the asset price can be accommodated by including
an additional source of uncertainty into the asset price dynamics. Later empirical studies
have demonstrated that the asset price is best described by a process with a discontinuous
sample path [15-18]. The modified Merton asset price model is therefore

%:[r—D—/\E(Y—l)]dH—(Tth+(Y—1)dNt, 8)
where S;— = lim, ,;— S, Y is a nonnegative continuous random variable with ¥ — 1

denoting the impulse change in the asset price from S;_ to S; = Y'S;_ as a consequence of
the jump, E is the expectation operator and N = {N; : t > 0} is a Poisson process with
constant intensity A > 0 and such that dN; = 1 (respectively, dN; = 0) with probability
A dt (respectively, 1 — A dt). Analogous to the Black-Scholes PDE (7), it can be shown [13]



Mathematics 2021, 9, 589

30f15

that the European option pricing function v satisfies the Black-Scholes partial integro-
differential equation (PIDE)

— + -0°x 7+(r—D)xZ—zfrv+)\ﬂ(v;fy)=0, x>0, 0<t<T,

ot 20 7 ox? ©)
v(x, T) = f(x), x>0,
where .7 (v; fy) is the integral operator defined by
F(v; fyr)(x, 1) = 8 [o(xy, t) = v(x, )] fy(y) dy (10)
0

and fy is the probability density function of Y. When A = 0, the Black-Scholes PIDE (9)
reduces to the Black-Scholes PDE (7).

The outline of this paper is as follows. In Section 2 an outline of the construction
method for Cy-semigroups is provided and illustrated for an initial value problem for the
heat equation on the real line, thus recovering the Gauss—-Weierstrass semigroup. A Black-
Scholes integro-differential operator is considered in Section 3. To be able to find the
associated generating function, an auxiliary problem is first analysed, whose solution is ex-
pressed in terms of time-homogeneous jump and Black-Scholes kernel functions. With the
aid of the generating function, the Cy-semigroup is found and is expressed this time in
terms of time-inhomogeneous jump and Black-Scholes kernel functions. Two further
examples are studied in Section 4, in particular, how to handle initial-boundary value
problems. Brief concluding remarks are given in Section 5.

2. A Method of Constructing Cp-Semigroups via Picard Iterations and
Generating Functions

We can rewrite (1) into the equivalent expression
t
u=Bu, Bu(t)=f+ S Au(t)dr. (11)
0

The method of successive approximations (or Picard iterations) entails the construction
of a Cauchy sequence (u,);, in an appropriate Banach space and defined recursively by
Uy4+1 = Buy, for n > 0. This would imply that the sequence (u,);-, would converge to the
solution u of (11) and therefore of the abstract Cauchy problem (1).

Let us see how we can define, at least formally, such a sequence (u,);~_,. Suppose that
(k) 2y © Z(A) is the sequence given recursively by

vo=f, Upy1=Av, k=0 (12)

Then define the sequence (u,);~_, by
n
un(t) =Y o, n=0. (13)

Note that each summand (13) is in “separable” form. We claim that (13) satisfies u,,11 = Buy
for n > 0. Indeed, (11), the linearity of A and (12) imply that

! i * i 1
Bu,(t) = f+ S —Avpdt = f+ ) ——Avg
f i tk-‘rl 1’%:1 tk ( )
=f+ Ukt1 = ) 7% = Un1(t
k+1)! =0 k!
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for all t > 0 and thus proves the claim. The next step is to determine the sequence (vy);2,
satisfying (12).

Remark 1. In the Introduction the ADM was briefly mentioned. The idea of this method is to
define a sequence (wy)° , through the recursion relation

\%
o

t
wo=f, we(t) = f+ | Aw(ndr,
0
The solution of (1) is sought in the form
0
=Y wi(h). (14)
k=0

We observe that this is essentially the limit of (13) as n — oo if we identify
tk
wi(t) = 70k

Under certain conditions, the Adomian series solution (14) can be shown to converge [19].
One disadvantage of the Adomian approach (see [20] for a critical review) is that it is often difficult
to find a non-recursive formula for wy(t). Indeed, although from (12) we deduce the non-recursive
formula

L
wi(t) = HA f

for a complicated operator A such as in the Black-Scholes PIDE (9), it is not easy to calculate A*f.
To address this problem, here we introduce a generating function with respect to a parameter, say
s, and whose coefficients are the elements of the sequence (vy)” . By determining the generating
function, a non-recursive formula for vy for all k > 0 (and thus of wy(t)) can also be obtained.

Define the generating function

o0
=) o, s=0
k=0

Suppose that we can find a solution g(s) of the nonhomogeneous linear operator equation

Ag(s) ——g(s) = —lf or (I—sA)g(s)=f, s>0. (15)

Then g(s) = (I —sA)~! f and therefore

k

_ (k) 1d -1
o = lim - Lo®s) - lim 2 [(I=sA)7 ], k>0, (16)

Assuming that (u,);”_, is a Cauchy sequence in an appropriate Banach space, then
the semigroup {T(t) : t > 0} generated by A is formally given by

s—0t

T(t)f = u(t) = lim u,(t) = Y —vp = Y o lim k'g(k)( )
- k= (17)

This formula gives an alternative representation of the semigroup (cf. (2)-(5)). Although the
final form in (17) does not involve the generating function g, the latter is useful for perform-
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ing explicit calculations when considering particular examples of the operator A, as will be
shown later.

Rather than prove the above calculations rigorously, let us illustrate the main ideas
with several examples beginning with the classical initial value problem for the heat
equation on the real line:

ot ox?’
u(x,0) = f(x), xekR.

Here, A = d?/dx? and

) =Y ol
k=0
where 2
1 1
B~ gvs) = —f() (18)

from (15). Using the method of variation of parameters (see [21] for instance), we obtain

X

sts) = 5z | § 0 ipwray + § e C0er)ay
* - (19)

0

-5 Ve ay

—00

Suppose first that f is analytic, i.e.

o £(j) ‘
= Z f]]-|(X) (y_x)]/ erER-
=

Then we can write

0

S o—lx—vl/V5

0

1
- ]
g(x,s) 7 x) dy

f““ ) S NN,
o e x—1vy) dy.
2\[ Z jl 3 (x—y) dy
Introducing the substitutions
_xX-y _ 1
z = 7 , dz= \/gdy,
we see that
0 ()
g(x,s %Z( il ].!(x)s]/2 8 e IFldz
]:0 —o0
0]
_1 i(l)%f@k,i(, ) gk S 2%e—l2| 4z
2= (2k)! B
But
0 ee}
g el 4z g 2l dz = 2(2k)
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so that
A (2K) [
g(x,5) = 3 fA(x)s
k=0
This implies that vy (x) = f (2) (x) and thus (17) yields
o0
(TONE = = 1 ,;
Now suppose that f is not analytic. Consider the Fourier transform
Q0
§69) = Figlrsney = | e glxs)d
—00
Taking the Fourier transform of (18), we have
5 f(@) 20 —17
g((;‘,s) = 1+§2S = (1+§ S) f(g)
Differentiating with respect to s, we see that
¢ K 2\~ (k+1) 22k ¢
SR = O+ V), ko
Hence (16) in transform space gives
5(0) - tim 178 (2 ) (1) (e) - 2F@) (20)
k s—0 k! dsk ’
However, (17) in transform space is
Q0 tk Q0 2k 2
£ =3 %@ Zkﬂé f@) = e (D). (21)
k=0 """ k=0

Recalling that

y—l{e_gl/(éla);x} _ \/7e—ux2/
7T

and taking a = 1/(4t), we deduce from (17), (21) and the Fourier convolution property that

00]

TOAE) =l = = § e s ay )

which is the well-known Gauss—Weierstrass semigroup.

Remark 2. We considered the case when f is analytic separately because it is possible to express (19)
as a power series in s, from which it is easy to recover vi(x) for all k = 0. If f is not analytic,
then it is not straightforward to find the derivatives of (19) and take the limit as s — 0. Hence
it is convenient to work in transform space, eventually arriving at (20). However, we should not
invert (20) yet, because we would have to assume that f is infinitely differentiable, but wait until
we have summed over all k in (21) and then invert 1i(G, t) from there. This “trick” will be applied
again in the next section when we look at the Black—Scholes PIDE.
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3. A Cp-Semigroup for a Black-Scholes Integro-Differential Operator

To introduce more flexibility with the results, let us consider a slightly more general
PIDE
P 2
%+ax2%+bx%+cu+)xf(u;fy) =0, x>0, 0<t<T,
u(x,T) = f(x), x>0,

(23)

where 4, b and c are constants (¢ > 0, ¢ < 0) and .# (u; fy) is as defined in (10). For example,
if the underlying asset dynamics is given by (8), thena = ¢2/2,b = r — D and ¢ = —r.
The solution of (23) is the price of a European option on an underlying stock. On the other
hand, if a = 2 /2, b = 0and ¢ = —r, then the solution of (23) is the price of a European
option on an underlying futures contract. See [22] for a more detailed exposition.

To obtain an abstract Cauchy problem, we must convert the final value problem (23)
to an initial value problem. Replacing t by T — t, we obtain the initial value problem

ou 5 %u ou
_ e . <T,
o ax ) + bx e +eu+ AL (u;fy), x>0, 0<t< (24)

u(x,0) = f(x), x>0,

where t here now represents time to maturity rather than physical time. Defining the
operator A by

Af(x) = ax®f"(x) + bxf'(x) + cf (x) + A S [f(xy) = fFOIfr(y)dy, x>0, (25)
0

then the initial value problem (24) can be reformulated as an abstract Cauchy problem

du
i Au, u(0) = f.

3.1. An Auxiliary Problem

Let us consider the auxiliary problem
Av(x) =h(x), x>0, (26)

where 1 = h(x) is given and v = v(x) is to be determined. We will solve (26) using the

Mellin transform. Let "

0(6) = {o(x);¢} = | 5 To(x) dx
0

denote the Mellin transform of v. Taking the transform of (26) and using standard proper-
ties [23,24], we obtain

~

h(@)
a2+ (a—b)E+c+AE(Y=¢)— A’ @7)

(%) =

where ii(¢) = #{h(x);&}. Let # = #(x)and ¢ = #(x) be functions that are to be
determined such that

- 1 . 1
‘%/(g) = 7ﬂ€2+(a—b)(§+cl /(g) = A (28)

respectively. Then we can express (27) as

0(8) = = 7 (€)A (Hh(). (29)
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Our goal here is to invert (29). Recall the Mellin convolution of f and g (with a slight
abuse of notation):
x

91t = § 27 (5)swa.
0

It is not difficult to show that the convolution operator * is commutative and associative.
Moreover, the Mellin convolution property is

(F8)(&) = M{(f + @) (x); &} = A{f(x); E} M {g(x);E} = F)S(E).

We first determine the “time-homogeneous Black-Scholes kernel” J#” and the “time-
homogeneous jump function” #. The choice of terminology will be explained later.

3.1.1. Time-Homogeneous Black-Scholes Kernel

Partial fraction decomposition yields

1 B 1 B 1 ( 11 )

ag2+@-b)g+c a-—m)(l—a2) al@-—am)\i-ar {—ar/’
where
b—a—+/(b—a)?—4ac b—a++/(b—a)?—4ac

, Wy = .

2a 2a
It is easily shown that #; < 0 and ay > 0 since 2 > 0 and ¢ < 0 by hypothesis. By a
straightforward integration, we have that

a1 =

1

M g7 (x); 6} = =y

=T (x); 8} = Fa a1 < Re(%) < ap.

Hence

_ 1 1 u .
‘//’1{a§2+<a—b)g+c”‘}=‘w[x 10,17 (%) + X213 00 (x)]

and from (28) we obtain the time-homogeneous Black-Scholes kernel

_ -1 1 . _ 1 - —ap
H(x) =M {_a§2 T@-bis C,x} = 2 — ) [x™ 1 (0,17(x) + x7 21 (1,00)(x)].  (30)

3.1.2. Time-Homogeneous Jump Function

Define the sequence (h,);, by

M) =0 =1, m) = fy(5), () = (k)@ =1 @D

where fy is the probability density function of the random variable Y (see (8) and (10)) and
¢ is the Dirac delta function. It was shown in [14,25] that

hn(8) = A {hu(x);E} = [E(Y9)]", n>o0. (32)

Using (28), we see that

. o = PR n —&\ _q1n
O = s e~ M e B -1
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provided that A is sufficiently small. The binomial theorem and (32) give
- n L n - j n—i n—i(M\
[EQ=) —1]" =) () [EQ V)" = Y (0" () h@),
j=0 ) j=0 /
implying that
R 0 n i n
A0 =Ly (Do)
n=0j=0 J
Hence from the Mellin convolution property we get
© n n factors
_ A~ _ n —_——N—
@)= F(@);x} = Yo Y (—prian <]>(h] w %k 0)(x).
n=0j=0
Defining the operator
n factors
f”:%*---*%;, n=1,
where 70 is the identity operator, we obtain the time-homogeneous jump function
o0 n ) n
Jx) =) Z(—l)”‘%”( ) (hj* ") (x). (33)
n=0=0 J
3.1.3. Solution of the Auxiliary Problem
We are now ready to invert (29). Define
f1
x
00(x) = —(# =) = = |~ (2 )h(y) dy. (34)
5 Y Yy

~ ~

The Mellin convolution property implies that 0p(¢) = —% ({)h(¢) and (29) can be rewritten
as 0(&) = _# (&)do(¢). Using the Mellin convolution property and (33), we have

0

o(x) = (# xo0)(x) = |

0

7 (5 )oow)dy = ,é,é(_l)nw (7) (hj» 27+ 20)(x)  (35)

1
y7 \y

as the explicit solution of the auxiliary problem (26).
Having obtained the solution to the auxiliary problem, let us return to the problem

of finding the semigroup generated by A in (25). The nonhomogeneous linear operator
equation (15) in this case is

o 0
Mﬁ§m$+W§W®+QF1k@M+A§MW@—§%M&WN%“iﬂH

Note that this has the form of the auxiliary problem (26) but with ¢ replaced by ¢ — 1/s and

h(x) = —f(x)/s.

If we let
p(§) = —ag® + (b—a) ¢, (36)
then (30) and (33) become

H(xs) = ///_1{_{162 + (a—lﬂl)CJrc—l/s;x} - %_1{%”{}
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and
o0
=)
n=0j

respectively. Moreover, (34) and (35) s1mp11fy to

u M:

) w(J)(h « K (5)") (%), (37)

80(05) = L(H(9) ()
and
$1809) = (7:5) 220D = 13 T () Uy 25)" ot

respectively. Equations (28) and (29) imply that

869 = S AEAENEQ) = FO [+ a@s] ™!, @a(@) = pl@) + A[1 - B ).

Differentiating with respect to s yields

3(&s) = (DR + Dr(@)s] TV @20, k=0

Hence (16) in transform space implies that 6 (&) = (—1)%[®,(&)]*f(€), which when substi-
tuted into (17) in transform space gives

Z k,vk k;) - D@ @)/ () 8)

_ ef%@ f(@) = MEOT Ute—r @1 £z,

We recall some preliminary results. Let

P xe(bﬂ)tN’ t N t 0, t>0 39
i(x) = N (z1(x, ))—m (z2(x,t)), x>0, t>0, (39)

where
log(x) + (b +a)t log(x) + (b —a)t

(x t) \/@ ’ ZZ(X/ t) = \/QE

and N is the cumulative distribution function of a standard normal random variable.
Equation (39) is precisely the time-inhomogeneous Black-Scholes kernel defined and
studied in [14,22,24-27]. Note that t here is time to maturity. It was shown in [14,22] that
the Mellin transform of the time-inhomogeneous Black-Scholes kernel is

Hi(E) = M { A (x); 8} = e PO, (40)

where p is as defined in (36). A time-inhomogeneous jump function was also defined
in [14,22,25], namely

Si(x)=e MY —nhn(x), (41)

where (h;);”_, is the same as the sequence given in (31). We observe that _#;(x) = é(x — 1)
when A = 0. It was shown in [25] that

Ti(@) = a{_gir(x); &) = MEOTO)-1IE 42)
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Substituting (40) and (42) into (38), invoking the Mellin convolution property and
recalling (17), we finally obtain the following Cy-semigroup generated by the Black—-Scholes

integro-differential operator A in (25):

(T(Hf)(x) = u(x,t) = (Fr = Hi = f)(x),

(43)

where _#; and %; are defined in (41) and (39), respectively. This is analogous to the

Gauss—Weierstrass semigroup (22).

Remark 3. In the absence of jumps in the underlying asset (i.e., A = 0), the Black-Scholes PIDE (9)

reduces to the Black—Scholes PDE (7). Then (43) simplifies to

(T(OF)(x) = o(x, ) = (Hi 5 f)(x) = (f 5 H0) (x) = § ;f(;)xft(y) dy
Furthermore, suppose that f is analytic, so that
0 g(n)
s =L Py x>0 g0

This implies that

1) ELRE) - B E (e

Substituting into (44), we see that

(1 0 (x) 2 & <n> _
)=\ - oy (M) 1y ) d
wo(x, 1 §yngo ar g () D) dy
0 .1 (1) n x
-y ,(x) Y (17)(—1)” J S y I A (y) dy
n=0 n: j=0 ] 0
However, we deduce from (40) that
F ‘ © k
\ v 1) dy = iy = e D = Y p(-i
0 k=0 :

Thus

n=0 j=0 k=0
B 0 ﬁ 0 xnf(n)(x) n n Tk
-Lp ];)(].)< 1 I—p(=)]

IfF(x) = [~p(—x)]F and A" is the nth-order forward difference operator, then

2r() = 1 (1) i ) - ; (5) 0 tptx = i

j=0

In particular,
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However, [—p(—j)]¥ is a polynomial of degree 2k in j, so A"F(0) = 0 for all n = 2k + 1. Therefore
the solution of (24) when A = 0 is

k 2k ,n n
Z o Py f Z( ) Tep=it (45)

As a special case, if we choose a = o2 /2, b =r—Dand c = —r, then (45) is the solution
of the Black—Scholes PDE (7) obtained by Bohner and Zheng [6] using the ADM,; cf. (2.3) in [6].
Note that f is assumed to be analytic although in financial practice f is a piecewise linear function,
which is non-analytic in general. Several authors [7,28,29] replaced the non-analytic call/put payoff
functions by analytic approximations. Ke et al. [8] adapted the Adomian decomposition method
to handle the non-differentiable call payoff functions by “transferring” the non-singular point to
infinity. However, as the calculations leading to (43) show, all of the above are not necessary because
the non-differentiability of the payoff function f at a finite number of points is not an issue if we
work with the Adomian decomposition method (i.e., Picard iterations with generating functions) in
Mellin transform space and only invert until the penultimate step (38) after setting up the series.
Examples of how to evaluate (43) for specific payoff functions using the so-called Black—Scholes
kernel identities can be found in [14,22,24-27].

Remark 4. In the presence of jumps in the underlying asset (i.e., A # 0) and if f is analytic, then
from (43) and (41) we get that the solution of the Black—Scholes PIDE (24) is

/\tm

u(x, t) = (Fr#up(-t))(x) =e ™M Z (B ug(-, 1)) (x),

where ug is given by (45). This extends the result of [6] for an analytic f to the jump-diffusion case.

4. Discussion

The construction of strongly continuous semigroups through the method of successive
approximations and generating functions proposed in this article can also be used for other
problems. Here we take a look at two more classical problems. Note that the results given
here are well known and are only chosen to illustrate how generating functions can be
useful for explicit calculations.

Example 1. Consider the heat equation defined on a bounded interval with homogeneous Dirichlet
boundary conditions:

ou  *u
ot ox?’
u(x,0) = f(x), 0<x<IL,
u(0,t) =u(L,t) =0, t>0.

O<x<L, t>0,

As before, A = d?/dx?. Equation (15) in this case is the boundary value problem
o%g 1 1
B~ <glos) = —f(x), 8(0,5) = g(Lys) = 0. (46)
Let

g(n,s) = y{i § sin(nLﬂ)g(x,s) dx;n}

0



Mathematics 2021, 9, 589

13 of 15

denote the Fourier sine transform of g with respect to the first argument. Taking the transform of
(46) gives

A Pi) — oy 2 S . (n7x
§009) = Tt S0 = S A} = 7 sin(“7- ) f(x) dx.
Using standard formulas, the inverse Fourier sine transform is
& = £( . (NTTX
; sm( ) ; nn/L sm( L )

Differentiating with respect to s, we get

6kg SR k nmy2 D 2%k nmx
T - Eeutle (E)s| () ("), k=0
Hence (16) gives
ok o 2%
o) = lim g2 s) = (0F 1 fon () sin ()
and we deduce from (17) that
0 1k 0
(TONE = ulx ) = 1 CEDR Y Fon () sin (M)
=0 n=1
- £ fosin() £ R () - £ e an(255),
n= =0 : n=

Remark 5. The same procedure can be performed for other boundary conditions, e.g., homogeneous
Neumann boundary conditions. In general, when reformulating an initial-boundary value problem
for a PDE as an abstract Cauchy problem (1), the boundary conditions are included with the defining
Equation (15) of the generating function. This avoids the complications arising from the use of
‘partial solutions’ in the ADM [9,30]. In the context of the Black—Scholes PIDE (9), pricing of
barrier options with jumps in the underlying asset [22] is an example of an initial-boundary value
problem that is amenable to the proposed method. The details are nontrivial and will be presented in
a forthcoming article by the author.

Example 2. Consider the transport equation problem

ou_ou
ot ox’
u(x,0) = f(x), x>0.

Here, A = d/dx. The defining Equation (15) for the generating function is now

x>0, t>0,

g 1 1
2 (x,5) — <8(x,8) = — (). )
Denote the Laplace transform of g with respect to the first argument by

o 0]

8(p,s) = 2L{g(x,s);p} = S e Pg(x,s)dx.
0
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Taking the Laplace transform of (47), we have
8(ps) = _1;7{(?/5 = (1=p) " f(p), fp)=2{f(x)ip} = § e P f(x)dr.

1t is straightforward to show that

kg

S () = (CURA = ps)”ED () f(p)

and (16) in transform space is o4 (p) = p*f(p). Hence (17) in transform space becomes
Q0 tk k7 N
i(p,t) = ) 57 f(p) = " f(p).
k=0 ""

Letting H denote the usual Heaviside function, we deduce from inverting ii(p, t) and (17) that

(TH)f)(x) =u(x,t) =Hx+t)f(x+1t) = f(x + ).
This recovers the translation semigroup.

5. Concluding Remarks

In this article we proposed an alternative construction method for a strongly continu-
ous group using the classical method of successive approximations (or Picard iterations)
together with the employment of generating functions. The calculations were kept at a
formal level in the sense that the correct function spaces were not carefully considered,
but this can of course be done (e.g., with the aid of the theory of entire vectors; see [31,32]
and the references therein) but is outside the scope of this article. Aside from illustrating the
construction method to classical problems involving the heat equation and the transport
equation, the main contribution of this article is the determination of the Cp-semigroup for
the Black-Scholes integro-differential operator (25), which includes the Black-Scholes dif-
ferential operator as a special case. This Cyp-semigroup is expressed as a Mellin convolution
of the time-inhomogeneous jump function and the time-inhomogeneous Black-Scholes
kernel, and is analogous to the Gauss—Weierstrass and Poisson semigroups.

The results of this article serve as a foundation for constructing other semigroups of
operators arising in option pricing when the underlying asset essentially follows geometric
Brownian motion. Barrier options were already mentioned, but other types of options such
as Asian options, American options and European options with stochastic volatility in
the underlying asset are currently under investigation. Another interesting direction to
explore is the connection of the approach given in this article with singularly perturbed
problems. Indeed, in the semigroup formula given in (17), the crucial step is to calculate
the generating function g in (15) and its derivatives with respect to s, and then take their
limits as s — 0. If ¢(s) turns out to be very difficult to calculate exactly, then one could try
to approximate it using matched asymptotic expansions, adapted for operator equations,
by taking advantage of the smallness of s.
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