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Abstract: In this paper, we consider boundary stabilization problem of heat equation with multi-point
heat source. Firstly, a state feedback controller is designed mainly by backstepping approach. Under
the designed state controller, the exponential stability of closed-loop system is guaranteed. Then,
an observer-based output feedback controller is proposed. We prove the exponential stability of
resulting closed-loop system using operator semigroup theory. Finally, the designed state and output

feedback controllers are effective via some numerical simulations.

Keywords: boundary stabilization; heat equation; multi-point heat source; backstepping transforma-
tion; parabolic equations

1. Introduction

The parabolic partial differential equations (PDEs) have played a crucial role in the real-
world practice over the past several decades. At early stages, Masi et al. [1] investigated
the microscopic fluctuations of interacting particle systems on a lattice by the nonlinear
parabolic PDE. In [2], Price et al. showed the analysis and enhancement on special types of
images based on parabolic PDEs. Afterwards, under measuring the temperature changes
of ovens’ processing area on different points, the heating capability of forced convection
reflow ovens and the effect of the ovens’ construction on it, were considered in [3]. By the
experimental data, the parabolic PDE was used to describe the specific characteristics.
Besides, Pardo et al. [4] applied the three-dimensional parabolic PDE to the non-destructive
evaluation of minefields. Recently, Gao et al. [5] proposed a method of parabolic equation
modeling to address the problem of predicting electromagnetic wave propagation caused
by atmospheric dust and rough sea surfaces in the maritime environment. Regarding the
study of the parabolic PDEs, there are some other results and references [6-10] therein.

In the control engineering filed, many scholars have been keen on boundary stabiliza-
tion problems of parabolic PDEs during the past decades. For boundary control problem of
a class of unstable scalar parabolic PDEs, ref. [11] employed a gradient-based optimization
method to parameterize the feedback kernel as a second-order polynomial, and made the
optimized kernel generate closed-loop stability with restricting on the kernel coefficients.
Liu [12] proposed the successive approximation to address the boundary stabilization prob-
lem of unstable parabolic PDE. Wu et al. [13] made use of fuzzy control approach to solve
the stabilization problem of nonlinear parabolic PDEs. Vazquez and Krstic [14] adopted
finite-dimension feedback linearization method to transform parabolic PDEs with Volterra
nonlinearities into a stable system by the Volterra series nonlinear operators. Actually,
the proposed finite-dimension feedback linearization method was infinite dimensional
extension of the backstepping approach. It is well known that backstepping transformation
is mainstream method to deal with boundary stabilization problems of parabolic PDEs,
such as, linear parabolic PDEs [15-19], nonlinear parabolic PDEs [20-22], quasi-linear
parabolic PDEs [23], coupled parabolic PDEs and ODE [24-27].
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To the best of our knowledge, heat equation is an extremely classic class of parabolic
PDEs. The boundary control results of heat equation with unstable term or source term
have been proposed and references [19,28-34] therein. Krstic first proposed a separation
principle result based on the passive and swapping identifiers and combined backstepping
method to solve adaptive boundary control problem for heat equation with term Au(x, t)
in [33], where A is unknown parameter. Afterward, based on expressly parametrized
control formula, adaptive controllers for parabolic PDEs with the term Au(x, ) were de-
signed in [31], where A is an unknown constant parameter. Additionally, Baccoli et al. [28]
employed backstepping method to represent boundary stabilization result of the coupled
reaction-diffusion processes with term AQ(x, t), where A € R"*" is a real-valued square
matrix. In [19], heat equation system is considered by

[1(G,t) =Tez (S, t) + I (Got), 0 < ¢ <1t € (0,+0),

Iz(0,t) = 0, t>0 1)
T(1,t) =U(t), t >0,

I(£,0)=To(0),0< <1,

where ﬁ(t) is boundary control, T is initial value, 1y is a constant, {p € (0,1). Zhou and
Guo designed a state feedback controller based on backstepping approach for problem (1).
Motivated by [19], we consider extension of heat system (1)

+ Z TI(&, 1), 0 <& <1,t e (0,+00),

Te(0,6) =0, ¢ o
T(1,4) = (I(t), ¢ >0,

% ={T(¢1,t),T(¢2,t), ., T(z, 1)},

I(¢,0)=To(£),0<¢ <1,

where 0 < & < 1,i = 1,2,..,Z, Z € [2,+00) is a positive integer, T; (i = 1,2,...,Z) is a
constant parameter, U (t) is control, Ty is initial value, Y% ; T;T (¢, t) is non-local term. As a
matter of convenience, let T = Y2 ; 7;. In our paper, owing to the existence of our multi-
term T, normal backstepping transformation is no longer applicable. A new backstepping
transformation is constructed in our paper. Unlike the unstable terms mentioned above,
term ZiZ:1 7,I'(§;, t) in system (1) is intermediate points related. In addition, ZiZ:1 5I(&; 1)
can be seen as fol T;0(s — &;)I'(s, t)ds (a nice explanation in [19]). When i = 1, system (2)
becomes system (1). Actually, [35] adopted backstepping method to solve the output
feedback problem of transport equation with non-local term pu(xp). Besides that there
are other results about hyperbolic PDEs with integral term by backstepping approach
in [36,37].

The rest of paper is organized as follows. In Section 2, we design a state feedback
controller by backstepping approach to stabilize system (2). In Section 3, an output feedback
controller is constructed. The resulting closed-loop system is proved to be exponentially
stable. Section 4 illustrates the effectiveness of the proposed controller on the basis of some
simulations. Finally, the concluding remarks are introduced in Section 5.

2. The State Feedback Controller Design by Backstepping
In this section, we introduce the backstepping transformation as below
Z Gi g
2(E8) =T 0~ £ ai(@) [ 0o s = [ (@90 Hds, ©

i=1

where a;,b;(i = 1,2, ..., Z) and c are kernels and to be determined later.
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Under transformation (3), we convert system (2) into the following target system

(8 t) = Pee(Ct) +02(8,t),0< ¢ <1t e (0,+00),
{ (0 t)—O £>0, 4)
( ) =0,t>0,

where 0 € (—c0,0] is any given number.
Now, we prove the kernels are unique. Firstly, define the triangular domain A

~ {9 e REs) € 0.1 x [0.8]}.

For transformation (3), we take derivative of it with regard to ¢, there is

Z Ci ¢
Ze(6t) =Te(e.t) ~ L al(@) /0 bi(s)T (s, t)ds — (&, E)T (s, ) — /O ¢ (&, )T (s, £)ds.
®)

Take derivative of Equation (5) with regard to ¢

P = Ta@n- Lo [Taerens-CE0ren

@I () & ATE N — [ ¢"(6,9)T(s s,
Next, we calculate the derivation of (3) with regard to ¢
LGOI ES a1<¢>/0 “n(s)Ti(s s — [ e(@ 9Tl )
£ (@) [B(E)Te(E1) ~ BOT0,0)
stds+/ dsZT] (& t) @)

—TaE )+ ¥ Tr(En) -
()T (& 1) + B OT(0,1) + /0 “prs)r(
(GO ) + (6 OTE N ~ (G0N0, — [ e(@s)T(s, s
- [ etesyis £ e,

According to Z(¢,t) = Pg(C,t) +0P(E,t) in (4), one has

£ | [ @ @) @) + oa @) (s, s
= Og i i i i i i ’

+ [ (cce @) = (@) +00(8,9)T(s, s + (2 dgc«: &)~ o))
#2106 [+ @)~ 5, [T ey (s [l )

£ a(@b@rs@) - | £ @0+ e, o>} 0, =0

®)

In addition, by #%(0,t) = 0 and T'¢(0,t) = 0,we get

4 Gi
£ a}(0) /0 bi(s)T (s, t)ds — c(0,0)T(0, ). )

ﬂg(o, t) = rg(o,t) - .

1
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By the (8) and (9), there is

al (&)bi(s) — a;(&)b! (s) + a;(&)bi(s) =0,

Zédéa—aza

cge(G,8) —css(8,s) +oc(g,s) =0,

Z

¥ a;(8)b(0) + ¢5(8,0) =0, (10)
- b LY b (s)d ¢ ds =0

e a(@E) — % [ a@bods -5 [7e(@ods =
bi(&;) = }(0) = 0.

For our main result, the following assumption is given by

Z
S =24 Y, 1é? #0, ift=0;
i=1
Z
S = Y 1icosh(y/T&) #0, ifT>0; (11)
i=1

Z
=Y T COS(\/ —T(;'i) #0, if T <0.
i=1

Lemma 1. Under assumption (11), for (10), there exist classical solutions a;(-) € C?([0,1]),
bi(-) € C*([0,&]), and c(-,-) € C*(A).

Proof of Lemma 1. For convenience, we split (10) into

al (§)bi(s) — a; ()b} (s) + oa;($)bi(s) = 0,

Z G
T a@UE) —T L [ (@)e)ds
j=170 (12)

¢

_Ti/o c(g,s)ds =0,
bi(x;) = aj(0) =0,
and

ZEC(C §)—o=0

e >’ -
cgg(é,s) —¢ss(E,8) +0c(E,s) =0, (13)

£ a/(2)bi(0) +c:(2,0) = 0.

Firstly, we prove that for (12), there exist classical solutions a;(-) € C2([0,1]),
bi(-) € C%([0,&]). According to the first equation of (12), one has

(@) +om(@) _a @) —Fu@) e _ 1
= The v (14)
a(¢) a(¢) !
where ¢ = —p?. For computing (12) conveniently, we make |t| = A%. The proof is split the
following three steps.
Step 1: T = 0.

There are the following solutions for Equation (14)

a;(¢) = nichBg,
{ bi(s) = Ci(s — &i)- (15)
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From the second of (12), one gives

a;i(§)bi(8i) _ a1(5)b (51)/ (16)

T T

wherei = 2,3, ..., Z. Combining (15) and (16), we have

1iGi = 771@]171 (17)
From (13), one has
d> /s d
T‘?/() c(¢,s)ds dﬁ[fo cg(8,s)ds 4 c(¢, (j)}
g
- /g %(és)dsﬂ:;(éj) +2e(@.d) 18)
= ¥ a(&)bi(0) - / ¢(&,5)ds + 0.
i=1 0

By (15) and (17), there is

Z
£ ai(@)0/(0) = 151 o o (19)
Then, )
4 4
;(32/0 c(g,s)ds = —uc/o c(g,s)ds+ 0. (20)
For Equation (20), we obtain
/Ogc(g,s)ds —1= —coshB¢. (21)
Now, let
Z g ¢
Fi@) =T+ w@VE) T & [ (@bi(s)ds 7 [ e(,s)ds. 22)
j=1 0 0

By simple calculation, we can get
a! — 4 / N Z g]/ . T c _g g
FE) =@~ & [Tafeneis - w (@i - gue, @)
and
Z (g ¢
f{'(@)Zaﬁl(‘?)bf(éi)—fijgl Ojﬂ}'(ér)bj(s)ds—ﬂ/o Cgc(CIS)dS—Ticg(C,S)—%Ti- (24)

According to (14), (15), (17) and (24), one has f”( ) = 0. That means .7/ ({) is
constant. Since a(0) = 0, there is .#/(0) = 0, which means .%;({) is constant. Suppose that
Fi(8) =0, when ¢ =0, weget

Zi(0) = 7+ a;(0)b}(&;) — T Zl ( )bj(s)ds = 0. (25)
]
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From (15), (17) ,(25), and the first equation of assumption (11), one has
—21’1 —2T1
i = > =
=
Hence,
271(s — §;) cosh 271(g; — s) cosh
a;(¢)bi(s) = — i gzl) pe _ 2ulé <72 ke, )
2+ L 5é?
j=1
Step 2: T > 0.
By (14), one has
Ll,‘(g) =i COSh( Vv A%+ .BZC)/ (28)
bi(s) = {;(sinh(As) — tanh(A¢;) cosh(As)).
Similar calculation to step 1, we get
. _ mfiTcosh(AZ;)
771@1 - T] COSh()\(jl) 7 (29)
and
Z /0
¢ ] - i§1 ai(g)bi( ) (30)
/0 c(g,s)ds—1= —

Substituting (14), (28), (29), (30) into (24), similarly, there is .#/'({) = 0. By the same
some steps as step 1, we can also deduce .%;({) is constant. Supposed that .%;(¢) = 0, when
¢ =0, it gives

F0) =+ aOE) 7 & [ a0
i i i i (Gi lj:l o Y i\y)ay

_ o Ambmd o ZoméiTcosh(Ag) - 4 1)

B tcosh(Agy) 5 mcosh(Agy) cosh(Ag)) 31)
z -cosh(AG;

. méiTicosh(Ag;)

j=1 T COSh()\gl)
=0.

From (31) and the second equation of assumption (11), one has

My = Aticosh(Agy)  —AT1ycosh(Agy)
161 = — = .
3 7; cosh(Ag)) 72 (32)

j=1
By (29) and (32), it can be obtained that

» _  Azicosh(Ag;)
1iGi = s (33)

Hence,
(@(s) =~ - Atcosh(Ag) cosh(y/ A7+ %) o
(sinh(As) — tanh(Ag;) cosh(As)).
Step 3: T < 0.
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Therels ©) +oa(@) Q) - FPad)  BE)

a;' + oa; _ a;' — pra; _ ;l —_ 2 35

@) e he )

By (35), one has

a;(¢) = n;cos(y/ A2 — B2¢), if A2—-p%2>0,

(F) — . 2 a2

611(5) = Wi, if A B =0, (36)

a;(§) = icosh B(\/B2 = A%G), if A*—p* <0,

bi(s) = isin(A(g; —s)).

Similar to step 1, we can get

maiT

i = (37)

and

NS

e l a;()b;(0) (38)
./0 c(gs)ds—1=— ¥ .

Substituting (14), (36), (37), (38) into (24), we can still ensure .7/’ (¢) = 0 and .%;({) is
constant. Supposed that .%;(¢) = 0, when ¢ = 0, it gives

Z G
Fi0) =t aOH(E) -7 £ [ o 0n)ds
]_

=T+ mertiA + 7 Z may ](1 — cos(Agj)) (39)
! p=t!
=0.
From (39) and the last equation of assumption (11), there is
)\Tl /\Tl
mh=—-————=
ES 40
¥ 7cos(Ag)) 40)
j=1
which means A
Ti
i0i=—— 41
wi=-7 (41)

Hence , we have

0:(E)bi(s) = _ Aticos(y/A% — ‘3;@) sin(A(&; —s)), i A2- g0,
3
ai(E)bi(s) = — ATSAE = 5) A p=0, (42

73
a;(E)bi(s) = _ Atjcosh(y/p? —;\jg) sin(A(Zi —s)) it A2—p2 <.

7

Now, we show that for (13), there exists classical solution c(-,-) € C?(A). Let

H(g) = ¥, ai()bj(0), and

G(%,9) =c(¢,s), governby £ =C+s, 1= —s. (43)
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After a simple calculation, G(%, ) can be written as

G(%,9) = U(JET—H?) /g d——// txsdsdoc—f// (a,s)dads. (44)

Next, we only need to show that there exists a unique solution G(+,-) € C([0,2] x [0,1])
for (44) under assumption (11). Define norm

Gl = ﬂi;?nyAGA/A’
Gl o)X e IG(%,9)] (45)

where -7~ < 1. It is easy to see that norm ||G|| is completed normed space. Let
2ab
47 ?
TG:W / ds——// Tsdsdzx——// G(t,s)dads. (46)
Thus,

. . oy
TGi(%,9) ~TGa(%,9)] = | = | /0 G (#,5) — Ga(a, ) |dsda

7 2
_ / |G1 (&, s) — Go(a, s)|dads
4o Js

<5 J 101~ Gate e
- 2/ / |G1(7,5) — Ga(a, ) |dsdu (47)

y b4 N
:g/ /E“Sebre e7V7|Gy (1,5) — Gala, 5)|dsdax
JO

IN

g / / et5ele =500 g5 dn || G (2, 9) — Gy (£, 9)]

o N . n
< —Aeaseb“llG1(x,y) - G1(£, 7).

24ab
Hence, we have e~ e |TG(%,7) — TGy(%,9)| < 2‘;EHG1( %,7) — G1(%,79)], then
N A 4% PN PN
ITG1(%,9) — TG (2 9)]l < =[G1(%9) - G (%9l

By contraction mapping principle, unique solution G(-,-) € C([0,2] x [0,1]) for (44)
holds. O

Remark 1. From the above proof, we cannot explain that there are unique solutions a;(-) €
C%([0,1]), b;(-) € C?([0,&;]) for Equation (12). However, a;(&)b;(s) is unique, which indicates

transformation (3) is unique.

Next, we show that transformation (3) is reversible. Assume that inverse backstepping
transformation is governed by

T(& 1) = @(g,t)+§1di(g) /Og" hi(s)@(s,t)ds+/()§k(g,s)@(s,t)ds. 48)

Analogously, from (6) to (7), we get

v “ ()T (s, t)ds — —
Ta(Eh) = P+ L a/@) [ hTe nds - L EOTED -

+k(§/§>r§(é/ t) _k@‘(gré)ré(@, t) —/0 kgg C,S)F(S, t)dS
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and

P () +o2(Gt) + ié d;(¢) Oéihi(S)(e@ss(S, t) +0P(s, t))ds

T+ (¢, t)

Y

- k(&,8)(Pss(s, t) +0P(s,t))ds

P + o2 @) + L @) @) 726~ HE) 7G5
Gi - Gi

—h(0)Z(0,t) + /0 W (s) 2 (s, t)ds + (7/0 hi(s)t@(s,t)ds}

+k(g/ §)Ze(G,t) — ks(G, C)%@/ t) +ks(¢,0)2(0,t)

+/0 kss(g,s),@(s,t)ds+a/0 k(E,5) P (s, 1)ds.

Owing to T(¢, t) = Tz (8, t) + Y7 (&, t), one has

Z G V4
E [ @) + d@m(s) + o @h(s) ~ L i (Eh(o
i=11/0 : j=1
_Tik(Ci,s))@(s,t)ds} —0—/0 (kss(E,8) —kez(8,5) +0k(,5)) P (s, t)ds
d Z z (51)
—(2dfgk(€/ §) —o)2(Et) + El P(Gi) (i +di(5R(E:)) + (El d;(&)h}(0)
HEO)ZO1) + T (EE) P5(Et) =0
Additionally,
Te(0,6) = 2:(0,1) — é 20) | “i(s) (s, £)ds — k(0,0)2(0, ). (52)
By (51) and (52) , we get
kssd(ﬁls) — ke (8,5) +0k(g,s) =0,
szé—k(gr 6) — 0= 0/
£ a(@H(0) + k(5,0 =0,
T+ di(E)H)(E) =0, (53)
—d} (§)hi(s) +di(&)hi (s) thdi(é)hi(S)
—7ik(Gi,s) — '21 Tdj(Gi)hj(s) =0,
=
hi(&) = d'(0) = 0.

Lemma 2. Under assumption (11), for (53), there exist classical solutions d;(-) € C2(]0,1]),
hi(-) € C2([0,&]), and k(-,-) € C3(A).

Proof of Lemma 2. Similarly, let (53) split into the following

T+ di(OH(E) =0,
—d! (©)hi(s) + di (&) (s) + o (&) s)

—Tik(8i,s) — fl 7dj(8i)hj(s) =0,
j=
hi(¢i) = d'(0) =0,

(54)
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and
kssd(€IS) - kg@(‘:'s) + ak(é,s) =0,
Zd—gk(é‘, &) —o=0, (55)

£ 400 +£(E0) =0

Firstly, we prove that for (54), there exist classical solutions d;(-) € C2([0,1]),
hi(-) € C%([0,&]). By T + d;i()h!(Z;) = 0in (54), one has

Ti

di(¢) = ——F—~. 56
© =~y (56)
Combining the first equation of (54) and (56), we have
{19+ )+ HEHGs) =0 -
hi(&i) = 0.
We discuss (57) by the following three cases.
Casel: T >0
By (57), we have
1
h: —W(E T—0S—/T—08C; _ ,—\/T—05+/T—0¢;
(5) (&) | 5 eV T T
\/WS S
_ ¢ —VT0s(F.
2= / e VT 5)ds (58)
eV %%k d}
2\/?/ (gl/ ) s
Then, it gives
1
h . — T—05S—/T—0C; _ ,—\/T—05+/T—0¢;
(H(E) = = 1| 5 (VT T
e\/T*U’S S
_ —VT-0s) (&
: F / e VT, 5)ds (59)
eV %%k d}
= / (& 5)ds
Case2:T=0
According to (57), we obtain
sy
hi(s) = Ri(&) (s — &) — Hi(E; k(&;, x)dxdy.
{9) = Wi(E) (s — &) ~ (@) [ k(& x)axdy (60)
So we have
hi($)di(@) = —ti(s — &) + / / (i, x)dxdy. (61)

Case3: 7 <0
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Similarly, by (57), one has

—_

() =) S | (= sin(V7 =) cos(vo =73
+sin(v/o — 15) cos(v/o — T&;))
(\/07)/ sin(v/o — Tx)k(&;, x)dx

—sin(vVo —Ts)/ cos(vo — tx)k(&;, x)dx

l

(-]

~+ cos (62)

Then,

hi(s)di(8) = — T[( sin(v/o = 78;) cos(v/a —T5)
—|—51( o — 1s) cos(vo — TE&;))
—7s) [ sin(vo—Tx)k(g; ¥)dx

i

—sin(v/o — Ts)/xscos(\/jx) (i, x)dx

i

3

(63)

?T

+ cos(

i

Now, we prove that there exists classical solution (-, -) € C2(A) for (55). We firstly
show that kernel k(¢ s) is independent of h;i(s). In fact, we obtain h}(x;) = h’(0) from Case
h;(0)

1-Case 3. For convenience, let A = ’( . By (58), we get
() = (@)[ (VT TR

/ e VTR (64)

- VT=0x) (&
—0—2/0 e k(&;, x)dx|.

Define

/ YK X, (65)
5= [T

Then, combining (55), we obtain

{ f”(x) - Tf(é) = ae*\/ﬁx - ks(C,O) —VT— O'k((:,()), (66)
f(0)=0,f(0) =0,

and
{ 8" (x) — 18(§) = we VT 7€ —ks(,0) + /T — 0k(£,0), 67)
§(0) =0,8'(0) =0.
Let F(¢) = f(¢) +&(¢), one has
F(g) = LS(E'O)k(@,S) — VT VT (68)
Then,
4= K& (69)
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Hence, A is any constant in this case, moreover, ks(&,0) = At. By (60), we have
Gi
hx0>::14<c»-+lé(éojg (G, x)dx. (70)

By (66) with T = o, we can get fo (§i,x)dx = 0. So A = 1 holds by (66). By
Equation (63), there is

hi(0) = hi(¢:) {COS(\/fTCz) 1,[/0& cos(v/o — Tx)k(¢;, x)dx | . (71)
Let :
(&) = /0 cos(v/T —TR)k(E, x)dx. 72)

From (72), one has

{710~ d) = ocos(VF T k(20 -
7(0) = 0,7/(0) =0

There is a unique solution in (73), which is written by
0
7(0) = —cos(vo=r0) + 2e0. &

Combining (72) and (74) at ¢ = ¢;, i =1,2,..., Z, we obtain
Gi .
v(&) = /0 cos(v/o —tx)k(&;, x)dx = — cos(v/o — T&;) + @ (75)

Then, substituting (75) into (71), we have

4= k&0 76)
T

We can see A is also any constant in this case.
Next, we prove that A = 1. Substituting (48) into (3), we make the kernels satisfying

o)+ [

, (77)
= { Za] /g s)dj(s)ds — /gc(é’,x)dj(s)dx},
and :
K(E,s) = c(&,s) + / ¢(&,x)k(x,s)dx. (78)
From (77), we have
o) 1 ., ‘:i‘x v 0\
ey = ey O+ [ bk 00, (79)

For simplifying calculation, we only give the result under case T > 0. In fact, case
T > 01is the same as T < 0. Substituting b;(s) = {;(sinh(As) — tanh(Ag;) cosh(As)) of (28)
into (79), one has A = 1.

Finally, we can see that (55) is the same as (13) except for the last equations. However,
it can be transformed into form “H(¢)” for the last of Equation (55). So the remaining steps
are similar from (43) to (47). O
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Remark 2. Similar to Lemma 1, from the above proof, we cannot explain that there are unique
solutions d;(-) € C%([0,1]), h;(-) € C2([0,&]) for Equation (54). However, d;(&)h;(s) is unique,
which indicates transformation (48) is unique.

We design the state feedback controller

U(t) = fl a;(1) /Oéi bi(s)I'(s, t)ds + /01 c(1,5)I(s,t)ds. (80)

1=

The closed-loop system (2) corresponding with controller (80) is described by

Te(C,t) = Tee(8,t) + % T (Git), 0 <& <1t € (0,+00),
i=1
T#(0,£) =0, t >0,
Z Gi 1
ran=x a,-(1)/0 bi(s)T (s, )ds +/0 c(1,5)T(s, t)ds, t >0,
r((;",O) = rO(é)rO < C <1

(81)

The system (81) is considered in the state space ¢ = L2(0,1). We define system
operator &/ : D(«/) — J for closed-loop system (81)

dp=¢"+ }i Tp(Cit), VP € o,
o = {6 € H201) | b A p(1) = ¥ a(1) /f" bi(s)T(s,)ds  (82)
i=1 .
1
+ /O ¢(1,5)T(s, £)ds}.

Theorem 1. Under assumption (11), for each initial value To(-) € S, the closed-loop system (81)
admits a unique solution T'(-,t) € C([0,4+00); 7). Moreover, the closed-loop system generates an
exponentially stable Cy-semigroup such that

le?!|| < Lye*,t >0, (83)
where L, and p two positive constants.

Proof. Define linear operator <%: D(<) — S for the target system (4)

{ g = ¢" +0¢; Vo € D(4), (84)

D(#) = {9 € #7%(0,1) | ¢'(0) =0, 9(1) = 0}.
For any w € D(%),
Re( @, ¢) = Re(¢” + 09, 9) < —|¢'|* +cllo]* <0,

which means .« is dissipative on #. On the other hand, for any ¢ € 2, % (¢) = ¢, by
¢ = ¢" + 0, we have

@)= — [coth(ﬁ)/ol cosh(y/=0s)@(s)ds — /01 sinh(y/—0s)(s)ds

cosh(y/—0¢) + %{7 sinh(\/—im‘f)/og cosh(y/—0s)@(s)ds

Vo 4
cosh(v/=a¢) /0 sinh(v/—os)$(s)ds,

1
N
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which shows that ,5270_1 € Z(A) is compact on 7. By the Lumer Phillips theorem [38],
o/ generates a compressed Cp-semigroup e? on 7. That is to say,

e[| < Loge™,

where L are 6 two positive constants. Define Lyapunov function

1
B0 =5 [ #A@nde (85)

Find the derivative of (85), and the calculus of the derivatives gives as the following
quantity

1
E(t) = —/ P2t +20E(t) < 20E(1),
0
which means
E(t) < e*'E(0).

Thus, the target system (4) is exponentially stable. Based on the transformation (3)
and reversible transformation (48), we define the following bounded invertible operator
H o H— H

e gD,Z Gi 1
p=¢— L ai(l) [ BT 0ds — [ el TG s

i—1 0 0 86)
A=, (
p=9¢+ % d;(1) /éih'(s)@(s t)ds + /1 k(1,5) P (s, t)ds

= 1 0 1 7 0 7 7 .

So there exists a bounded reversible operator % satisfying ./ = .# ~l.of.#". Hence,
the operator ./ yields an exponentially stable Cyp-semigroup on 7, that is,

et = et
The Theorem 1 holds by the exponential stability of e**. [

3. Output Feedback Controller Design

In this section, an observer-based output feedback control for system (2) is designed
as follows

ft(g,t) = fgg(g,t + ‘fll TiF(Ci,t), 0< C <1,te (0,+OO),

)
>0, (87)

Y

I[(1,t)=0,t>0,

[(0,t)=0,t>0, ®8)
['(¢,0) = Ty.

It is well known that system (88) yields a unique exponentially stable solution in state
space 5. We propose the following output feedback controller

Z

() = £ ai(1) /0 i(5)E (s, £)ds + /0 (1, 5)0(s, s, (89)

1=
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where a;, b; and ¢ are determined by (10).

The closed-loop system composed of system (2) and system (87) under observer (89),
is governed by

(60 = P@ ) + & TT(Et), 0<E < L€ (0,4), 0
. z :

F(l,t):iglai(l)/o bi(s)I'(s, t) ds+/ I'(s,t)ds, t >0,
fe(0,)=0,t>0,

I'(,0) =Tp(¢),[(g,0) =To(§),0<¢ < 1.

Theorem 2. Under assumption (11), for any initial datum (T'(-,0),T(-,0))T € A x A, the
closed-loop system (90) admits a unique solution (T(-,t),T(-,t))T € C([0, +o0); # x ).
Moreover, the closed-loop system (90) is exponentially stable, that is, for any t > 0, there exist
L, > 0,6 > 0 such that

(8, TC0) e < Loe (T (,0),8(-,0)) e (O1)

Proof. To prove our result, we aim to transform system (90) into an equivalent one. Then,
we divide the equivalent system into two sub-systems which are proved to be well-posed

and exponentially stable.
r 0 1][r
RN &

Owing to
the closed-loop system (90) is equivalent to PDEs as follows

Ti(Et) =Ta(Et) + % 7T (&;,t), x € (0,1),t € (0, +0),
f(l,t):iéa,-(l)/ogib,-() (stds+/ (1,5)0(s, )ds, t >0,

fz(0,t) =0, t>0, (93)
Ti(¢,t) =Tee(6,t),¢ € (0,1),t € (0,+00),

[(1,t)=0,t>0,

[:(0,t) =0, t >0,

[(g,0) =10(¢),T(¢,0) =To,0 < ¢ < 1.

Next, we prove that system(93) is exponentially stable. Notice that “T-part” of
system (93) is special case at ¢ = 0 for system (4), so “I'-part” has a unique solution
which is exponentially stable. Now, we only need to prove that “I-part” of system (93) has
a unique solution and is exponentially stable. Similar to transformation (3), we give the
following transformation

R Z Gi . ¢ .
pe) =1En — £ a@) [ Befens - [fceofcns o

i=1
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under which “I-part” of system (93) is mapped to

Z _
P& ) = pee(0) +op(6,0) + L T(E 0] -
z & 1
+ £ a(0) [ y(o)s + [ el@o)ds] € (0,1) 1€ (0,+0), 95

j=1
p(l,t) =0,t>0,
pg(O, t) =0,t>0.

Now, we are in a position to prove that system (95) admits a unique solution and is
exponentially stable. Based on (84), the solution of system (95) can be obtained as

Z
p(-,t) = e%tp +/ eI, (&) ¥ T(&,5)ds, (96)

=1

where F,(¢) = -1+ Z]'Z:1 a;(¢) fogj bj(s)ds + fol c(¢,s)ds. Define the following energy
function E;(t) of system (88)

=3 / (&, ))2de. 97)

A simple computation of derivative of (97) with respect to t shows that

. 1 1
Ei(t) =~ [ (Te@0)de < - [ (T 0)e = —2E(0), 98)

which means
Ei(t) < e 2Eq(0).

For any t; > t; > 0, one has
ty _ 2 tr 1_ 5
[T 1-Te@s)Pds = [ 7] [ Te(g)dePds
t t ¢

ty 1_
< [V et s)dglas

< / ’ / ' ITe(c5) s )
= ( ) Eqi(t2)
<E ( )( —261t _I_e—251t2)

Owing to the proof process of Theorem 1, there is
e p (-, 0)[1 < [l [[p(-, 0)| < Lage™ Il (-, 0)]]- (100)

Simultaneously,

Z t Z _
|| / eIy () £ T(@ s)as] < [ e IIE @ £ @ s)dsl. (aon
0 i=1

i=1
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Additionally, from (99), for any i = 1, 2, ..., Z, we obtain(see [39])

t 5
81 (t—s) |7/ =. _ 7(511‘ s S (t—s) |7 ( .
[t = [*e mgww/ P(&s)lds
—fzﬂmfm—am+/ A0 (g, ) ds

t

s%‘%%ﬁéﬁ@ﬁm%ﬁ (10
+[/t e~2(t- Sds%/ IT(z;,5) 2]

2

< e ][I, e + o [Er(0e

—251t

Then, it can be obtained that

2872611‘

7 e} ot
Aﬁfﬂg@mms LN Pde + s VED. (109

Therefore, system (95) is exponentially stable, which means Theorem 2 holds. [

4. Simulation Results

In this section, some simulation results are presented to explain the effectiveness of
proposed controller by the finite element method. For the open-loop system of (2) and the
closed-loop system (90), we choose parameters

T = 1,T2 = —1,T3 =3;
{ G1=03,8,=04,03 =05
oc=0,
and initial values T'y = 6sin(7t¢), [ = 4 cos(7¢).

Figure 1 displays the solution of open-loop system (2). We can see that the solution of
open-loop system (2) is growing fast and is unstable. Figure 2a,b display the solutions of “I*-
part” and “T-part” of closed-loop system (90), respectively. Trajectory of the controller (89)
is displayed in Figure 3. So it is clearly seen that the solution of closed-loop system (90)
decays to zero and is stable under controller (89).

%107

3 o0 t

Figure 1. Solution of open-loop system (2).
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(a) (b)

Figure 2. Solution of closed-loop system (90): (a) “I'-part” of system (90); (b) ”f-part” of system (90).

Figure 3. Trajectory of the controller (89).

5. Concluding Remarks

The paper is presented the boundary output feedback stabilization of a heat equa-
tion with multi-point heat source mainly by backstepping approach. We first design the
state feedback controller based on backstepping transformation. The exponential stabil-
ity of closed-loop system is guaranteed. Secondly, the observer-based output feedback
controller is constructed for infinite-dimensional systems. Furthermore, we prove that
closed-loop system is exponentially stable. In the future, we will consider the result without
assumption (11) and the case that 7; is a variable function or a more general continuous
function hold.
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