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Abstract: Our aim in this paper is to analytically compute the at-the-money second deriva-
tive of the Bachelier implied volatility curve as a function of the strike price for correlated
stochastic volatility models. We also obtain an expression for the short-term limit of this sec-
ond derivative in terms of the first and second Malliavin derivatives of the volatility process
and the correlation parameter. Our analysis does not need the volatility to be Markovian
and can be applied to the case of fractional volatility models, both with H < 1/2 and
H > 1/2. More precisely, we start our analysis with an adequate decomposition formula
of the curvature as the curvature in the uncorrelated case (where the Brownian motions
describing asset price and volatility dynamics are uncorrelated) plus a term due to the
correlation. Then, we compute the curvature in the uncorrelated case via Malliavin calculus.
Finally, we add the corresponding correlation correction and we take limits as the time
to maturity tends to zero. The presented results can be an interesting tool in financial
modeling and in the computation of the corresponding Greeks. Moreover, they allow us to
obtain general formulas that can be applied to a wide class of models. Finally, they provide
us with a precise interpretation of the impact of the Hurst parameter H on this curvature.

Keywords: Malliavin calculus; Bachelier implied volatility; implied volatility curvature;
fractional Brownian motion

1. Introduction

Classical models in option pricing are strongly based on the Black-Scholes model,
where asset prices are described as a geometric Brownian motion (and then market prices
are positive) that depends on interest rates and the volatility of the market. More precisely,
in a Black-Scholes model, asset prices S; are assumed to follow a stochastic differential
equation of the form

dSt = T’Stdi’ + UStth,

where r and ¢ are two constants that denote the interest rate and the volatility of the market,
respectively. Some classical references include Gatheral (2006), Hagan et al. (2002) and
Mendevev and Scaillet (2007).

The risk of negative prices has been historically neglected. Nevertheless, in recent
years (particularly in sectors such as interest rates, commodities, and energy markets),
negative prices represent a new risk that has gained attention. For example, after the crisis
in 2008 when the interest rate turned negative and the log-normal implied volatility market
exploded when the screens of the main market contributors showed that floors with a strike
of zero had a positive value, there was a transition from the Black-Scholes model to the
shifted Black—-Scholes model, and from the shifted Black-Scholes model to the Bachelier
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model. Another scenario in which the Bachelier model played a special role was during the
COVID-19 crisis and the collapse of future oil prices, which reached negative price levels.

In this context, the Bachelier model (see Bachelier (1900)), which assumes a normal
distribution for asset prices, has attracted attention due to its ability to handle negative price
levels. This ability to model negative prices has significant implications for risk managers
and financial institutions. The Bachelier model enables more accurate estimates of tail risk
and potential extreme events that could lead to negative asset values. Nevertheless, the
Bachelier model is not able to reproduce the complexity of real market data. Thus, as in
Black—-Scholes-based models, some extensions have to be considered. Among them, the
most common modification is to allow the volatility process to be a stochastic process.
And in the study of these models, one of the key concepts is the study of the Bachelier
implied volatility and its main differences when compared with the classical Black-Scholes
implied volatility. The computation of prices and implied volatilities under this model has
been presented in, for example, Terakado (2019). In a recent paper (see Alos et al. (2023)),
the at-the-money short-end level and skew were computed using techniques of Malliavin
calculus. The results proved that the short-end behaviour of the Bachelier implied volatility
is highly dependent (as the Black-Scholes implied volatility) on the roughness of the
volatility process.

In this paper, we focus on the study of the at-the-money Bachelier implied curvature,
following similar ideas to those expressed by in Alos and Leon (2017). Knowing the
curvature in the short term is highly important for practitioners. The main reason is that the
curvature provides a way to determine whether the dynamics of the volatility smile in the
short term are correctly captured by the model used for portfolio management. Moreover,
having a closed-form expression for the short-term curvature allows for the calculation of
second-order Greeks, which tend to be quite unstable when the expiration date is close
to the valuation date. Our approach, based on Malliavin calculus, is very general and
becomes a tool to study this curvature for a wide class of models and scenarios.

The paper is organized as follows. A revision of the literature is provided in Section 2.
In Section 3, we present the problem and notations. Section 4 gives an introduction
to the main concepts on Malliavin calculus used in our analysis. Section 5 is devoted
to introducing some previous results on Bachelier prices and implied volatilities. The
uncorrelated case (where the Brownian motions driving asset prices and volatilities are
independent) is studied in Section 6. The correlated case and the main results are discussed
in Section 7. Finally, some examples are presented in Section 8.

2. Revision of the Literature

The Bachelier model was introduced in Bachelier (1900) as a first attempt to describe
random asset prices. In modern finance, it has been addressed in the context of interest
rates and commodities, as for example in Hagan et al. (2002). A comparison between the
Bachelier and the Black-Scholes models is studied in Schachermayer and Teichmann (2008).
In recent years, some literature on practical issues is emerging, as for example in Ter-
akado (2019).

3. Statement of the Problem and Notation

In this paper, we consider the following Bachelier-type model for the price of a stock
under a risk-neutral probability measure P:

t
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Here, W and B are standard Brownian motions defined on a complete probability space
(), G, P), and ¢ is a square-integrable and right-continuous stochastic process adapted to
the filtration generated by W. In the following, 7" and F? denote the filtrations generated
by W and B. Moreover we define F := F" v FB. Notice that we assume the interest rate
r to be zero. This is not a lack of generality, since r is assumed to be zero in interest rate
models, while the underlying asset in commodity derivatives is future prices. In the case
where ¢ is constant and p = 0, the above model is called the Bachelier model.

It is well known that there is no arbitrage opportunity if we price an European call
with strike price K using the formula

Vi = E[(St — K)+],

where E; is the F;-conditional expectation with respect to P (i.e., E{(Z) = E(Z|F})). Fol-
lowing this, we make use of the following notation:

N tT o2du. That is, v represents the future average volatility.

° Mt = Et(fOTUl%du>, te [O,T}
*  Bac(t, x,k, o) denotes the price of an European call option under the classical Bachelier

model with constant volatility o, current stock price x, time to maturity T — ¢, strike
price k, and interest rate r = 0. That is,

Bac(t, x,k,0) = (x — k)N (dpac(k, o)) + N'(dpae(k, 0))ovV/T — ¢,

with
x—k
oVT =t

where N is the cumulative distribution function and the probability density function

ABac (k/ U) =

of the standard normal random variable.
Lpac(0) denotes the Bachelier differential operator with volatility o :
0o 1,0
Lpac(0) = 5, + 50755
It is well known that Lp,.(0)Bac(:,+,-;0) = 0.
e The Bachelier implied volatility 12 (k) of a call option with strike k and market price
V} is the unique volatility parameter one should put in the Bachelier formula to obtain
the price V;. That is, the quantity 127 (k), such that

Vi = Bac(t, S, k, 1P (k)),

where S; denotes the asset price. Note thatif k = S,

1
Vi = Bac(t, S, S1, 1P (S4)) = N'(0) 1P/ T —t = mlf“f(st)\/'r )

At the same time, due to the definition of the Black-Scholes implied volatility,

1B¢(8,) /T — t) - 1)
—— .

Vi = Bac(t,S4,St, 1B (S4)) = S; <2N< 3)

Then, (2) and (3) imply the following conversion formula for ATM implied volatilities:

I7%(St) = \/@St <2N<IBM(St)2T_t> - 1) (4)
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(see Choi (2022)). Further results on the difference between the Black-Scholes and the
Bachelier implied volatilities can be found in Schachermayer and Teichmann (2008).

We will use the following notation for the Bachelier Gamma
GBac(t, x,k,0) := 0xxBac(t, x,k, o)

Notice that the following Gamma-Vega relationship holds
1
GRac = T—UagBac

In order to prove our results on the implied volatility smile, we make use of the
following results on correlated stochastic volatility models (see Alos et al. (2023)).

Lemmal Let0<t<s<T,p€ (-1,1)and G = F; \/.7-'}"’. Then, for every n > 0, there
exists C = C(n, p), such that

T 7%(n+1)
|E(9Gpac(s, X5, k,05)|G1)| < C(/t agds>

4. Basic Concepts of Malliavin Calculus

In this section, we recall the key tools of Malliavin calculus that we use in this paper.
We refer the reader to Alos and Garcia-Lorite (2023) for a deeper introduction to this topic
and its applications in finance.

Basic Definitions

If Z = (Zt)seo,1) is a standard Brownian motion, S denotes the set of random variables
of the form

F=f(Z(h),...,Z(h)), (5)

where hy,...,h, € L?([0,T]), Z(h;) denotes the Wiener integral of h;, fori = 1,..,n, and
f € C°(R") (i.e., f and all its partial derivatives are bounded). If F € S, the Malliavin
derivative of F with respect to Z, D*F, is defined as the stochastic process in L2(Q x [0, T]),
given by
zp_ v 9f
DZF = Zi a—xj(w(hl),. - Wihn)) (s)h;(s).
=
Moreover, for m > 1, we can define the iterated Malliavin derivative operator, pmZ,

as
D% F=DZ...DEF,  s1,...,5m € [0,T].

S1+++/Sm

The operators D" are closable in L?(Q)) and we denote by D%Q the closure of S with
respect to the norm

|IF|

n ) 2
n2 = <E|F|p + Z] ElDZ'ZFH%Z([QT]i)) .
=

Notice that the Malliavin derivative operator satisfies the chain rule. That is, given
f € CY? and F € DY?, the random variable f(F) belongs to D%?, and DZf(F) = f'(F)DWF.
We will also make use of the notation L% = D" (L2([0, T])).
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Example 1. Consider a Black—-Scholes model of the form S; = Sy exp(—%2 + ocW;), where S
denotes asset prices, o is the volatility parameter, and W is a Brownian motion. Then, the Malliavin
derivative of Sy with respect to W is given by

DrWSt :O’St,
forr < t,anleNSt =0forr >t

Example 2. Consider now a process S of the form Sy = Sp exp(— ‘772 + ocWy), where o is a constant
and WH is a Riemann—Liouville fractional Brownian motion of the form

t
WF:/ (t—s)A-1dw,,
0

for a certain Brownian motion W and a certain Hurst parameter H (see, for example, Alos and
Garcia-Lorite (2023) for details). Then, the Malliavin derivative of S¢ with respect to W is given by

DJ,NSt = (T(t - r)Hf%St,
forr < t,anleNSt =0forr >t
The adjoint of the derivative operator DZ is the divergence operator %, which coin-

cides with the Skorohod integral. Its domain, denoted by Dom 4, is the set of processes
u € L2(Q x [0, T]), such that there exists a random variable 6% (1) € L?(Q), such that

E(6%(u)F) = E(/OT(DSZF)usds>, forevery F € S. (6)

We use the notation 6% (1) = fOT usdZs. It is well known that ¢ is an extension of the
Ito integral. That is, 6, applied to adapted and square integrable processes, coincides with
the classical Itd integral. Moreover, the space L' is included in the domain of 4.

From the above relationship between the operators D? and 6%, it is easy to see that,
for an It6 process of the form

t t
Xi=Xo+ [ ads+ [ bz,
0 0
where a and b are adapted processes in ]le’z, its Malliavin derivative is given by
z 'z f oz
DZX, = /0 DZagds + b1 (1) + /0 DZbgd7s. @)
Then, if we consider an equation of the form
t t
Xy =Xo+ / a(s, Xs)ds + / b(s, Xs)dZs,
0 0

where a(s,-) and b(s, -) are differentiable functions with bounded derivatives, a direct
application of (7) allows us to see that

t t
DZX; = / %(s, Xs)DZXsds + b(u, X,,) + / %(5, Xs)DZXdZs. 8)
u dx u ox
Notice that the above equality also holds if a and b are global Lipschitz functions

with polynomial growth (see Theorem 2.2.1 in Nualart (2006)), replacing g—z and % with
adequate processes.
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A key result in Malliavin calculus is the Clark—-Ocone-Haussman representation
formula (see, for example, Proposition 4.1.1 in Alos and Garcia-Lorite (2023)):

Proposition 1. Consider a rancom variable F € ]D)lz’z. Then,

F=E(F)+ /OT E,(D,F)dZ,.

Moreover, we make use of the following anticipating It6 formula (see, for example,
Proposition 4.3.1 in Alos and Garcia-Lorite (2023)), which is an adaptation of the results of
Nualart and Pardoux (1988):

Proposition 2. Consider a process of the form X; = Xo + fot usdWs + fot uldBs + fot vsds, where
Xy is a constant, W and B are Brownian motions, and u,v are adapted and square integrable
processes. Consider also a process Yy = |, tT sds for 6 € ]L%,f adapted to the filtration generated
by W. Let F : [0, T] x R? — R be a function in C'2(]0, T] x R?) such that there exists a positive

constant C, such that, for all t € [0, T|, F and its partial derivatives evaluated in (t, X;, Yy) are
bounded by C. Then, it follows that

t
F(t X Y:) = F(O,XO,Y0)+/ g—f(s,Xs,YS)ds
0
t 9F
+'/0 a(s,Xs,YS)vsds
toF ,
n /O & (s, X, Yo) (s W + uldB,)

t OF t 9°F _
_/ 7(s,xs,ys)95ds+/0 Gy (5 Ko, Yo)D Yot

0 9y
1 [to?F
2o @(S,XS,YS)(L[E—}—(L{;)Z)dS. )

5. Some Previous Results

A direct application of Proposition 2 with F equal to the Bachelier formula, X equal
to the asset price, and 6 = ¢ gives us the following decomposition result for the implied
volatility (see Alos and Garcia-Lorite (2023))

Theorem 1. Assume the model (1) holds with p € (—1,1) and 0 € L%,\’,Z. Then, it follows that

T
Vi = E¢(Bac(t, St k,vt)) + gEt </ Hpac (1, Sy, k, vr)CDrdr), (10)
t

T
where Hp,e := a%ﬁ“f and O, := oy |, Dso2du.

As a direct consequence of this result and from the definition of the implied volatility,
we deduce (see Alos et al. (2023)) the following result on the ATM implied volatility skew:

Theorem 2. Consider the model (1) holds with p € (—1,1) and 0 € L%{,z. Then,

o aiegolfe
T T
P m L / (DSW / a,zdr)ds, (11)
20’t T—t (T _ i’)f+H ¢ s

provided the limit in the right-hand side is finite.



Risks 2025, 13, 27

7 of 19

Remark 1. The above theorem implies that, if p = 0,

BBac

6. The Curvature in the Uncorrelated Case
Let us start with the case p = 0. Let us assume the following hypotheses:
32
(H1) o€ L.
(H2) There exist two positive constants a, b, such thata < o < b.

(H3) There exist two constants H € (0,1) and C > 0, such that, for0 <r <s < T,

Er[DJ,NO'sZ] < C(s— r)H*%,

(H4) The term
(Bt T (ExMr)dr|
(T — 1)2H+2

has a finite limitas T — t.

Theorem 3. Assume that p = 0 in model (1), and that hypotheses (H1) and (H2) are satisfied.
Then, forall t € [0, T],

P 1 B[R (U (12
35 298 (1, 5y, k7, 1P (k7))
where 92Bac
¥(@) = 200 (1,5, k1, Bac (1,5, ,a)), -
Ay = E,(Bac(t, Sy, kf,vt)),
and

U; = Et(DiAr).

Proof. This proof follows the same steps as Theorem 3.6 in Alos and Leon (2017). From the
definition of the Bachelier implied volatility, and taking implied derivatives, we obtain

0%V,  9°Bac 0%Bac Bac o\ 1P
T koo (650 k1P () TR

02Bac Bac 1B N\ 3Bac Bac 2\ 021
+ 5 (t Sk 1! (k))( = (k)) +5- (t Sk 1! (k)) (k). (9

(t, Si,k; Ifﬂf(k)) +2

Bac
Now, as 2 (k}) = 0, it follows that

dBac
90

92 Bac 2V, 9%Bac

(t st,kj,IB”f(k*)) o (k) = SRk - S5 (t St,kt,IB”C(k*)) (15)

Theorem 1 allows us to write

%V 9?Bac N
akzt (kt) = Et( oK2 (i’ St,kt,Ut)> (16)

and then the term in the right-hand side of (15) reads as

9%Bac 9%Bac

* 1B
E; ok (t Strktrvt) oKz (t St/ktrlt ac(kt))} (17)
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We can observe that
vy = Bac '(Bac(t, St,k},v:)) = Bac ' (Ar)

and
ItB”C(kf) = Bacfl(Et(Bac(t, St ki, v))) = Bacfl(At),

where we denote Bac~!(t, S, k}, ) as Bac~!(-) for the sake of simplicity. Notice that the
term in (17) can be seen as the difference between the same function of the same process
(A) evaluated at times T and ¢. That is,

9?Bac N 9?Bac N N
Et|: akz (tlst/ tlvt) - W(trstl t/IiBaC(kt))]
9*Bac . 1 9?Bac . _
= Et |:ak2 (t,St, t,BaC (AT)) — W(t,St, t,BaC (At)):|

(18)

Now, the Clark—-Ocone-Haussman formula, together with Hypotheses (H1) and (H2),
leads to

T
Ar=Ai+ [ UdW,.
t
Then, applying the classical It6’s formula, we obtain

N _ 92Bac . _
(t,St, * Bac 1(AT)> — S (45K, Bac T (A)

9%Bac
Et [ k2

T T
- Et[ / ‘Y’(Au)uudwu+% / ‘I’”(Au)uﬁdu]
t t

1 T " 2
= SE / (A URdu |,
t

which, jointly with (15) and (17), allows us to complete the proof. [

Remark 2. As
¥(a) = — 2T
(T =)} (Bac(a))?
and
0 1,50,k 18me (k1)) = Y,
oo V2

the above result implies that, in the uncorrelated case p = 0, the ATM implied Bachelier curvature
is positive.

A consequence of Theorem 3 is the following result.

Corollary 1. Assume that Hypothesis (H2) holds. Then, under the conditions of Theorem 3,
we have

2 1Bac E [T (E, (DY M) dr
a1 [B (B (DF M)

Hm (T —1) 405 T (T — t)2+2H

T—t ak2

Proof. Theorem 3 implies that

2 1Bac Ee| [T 9" (A URdr
lim (T — £)1-2H 91 ! (|

T—t ok?2 (ke) 2 Tt %(tlst,kfllfac(k;ﬁ))(]“_t)ZHfl (19)
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Now, as
221

) = T B

and
T—t

V2T ’

J0Bac N
? (t, St,k?, ItBaC(kt )) -

we can write

T u?
(ki) = 2m lim Et[ t Bac~'(Au)’ dr}
i T—t (T —t)2H

2 1Bac
lim (T — £)1-2# %

T—t ok?2 1 (20)

Now, a direct computation demonstrates that

u = Er(Dr(BaC(t,St, f,vt)))

3B .
= Er<&'a_c(t/5t/ t,Ut)Dy(Ut))

dBac By 1 T
= Ei’<ao_(tlstr t,vt)zivt\/r DrUﬁdU)

N A — /TD o2du 1)
’ /27T Z’Ut(T*t) r "
Then, as Bac~!(A,) and v; tends to 0y as T, u — t, we obtain

T T 2
e g [Et S (B (S Drodau)) dr}
(ki) = 405 lTlgnt (T — £)2H+2 ’

1‘ 1-2H 82
tim (T — 1) K2

and now the proof is complete. [

7. The Correlated Case

This section is devoted to extending the above results to the correlated case. We will
need the following hypotheses:

(H1") o2 belongs to IL3'4, there exists a positive constant C, and H € (0,1), such that, for
t<tT<O0<r<u<T
1
4) 1

2
(Et‘DgV DV o2

Nj—

(Et‘ngUrz Clr—) 2,

IN

N—

)2 < Clu—nftu—pi,

(H2’) Hypotheses (H1’) and (H2) hold and, for every t € [0, T],

1 T
T (/t D! MTds)

and
1

T /T
w w
T /t (/S D; (arD, MT)dr)asds,
have a finite limitas T — ¢,

Henceforth we use the notation
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I's := 05 /T (Dg’varz)dr =05 (D;NMT)
S

The main result of this section is the following expression for the ATM curvature.

Theorem 4. Assume that the model (1) and Hypotheses (H1'), (H2’), and (H3) are satisfied. Then,

) 172H8213ac .

lim (T — )27 5 (k)

1 B (E(DY M) ]
" 100 T (T — r)2+2H

oy 3 T DWapds)
s B ‘Z(T_t)smf(/t DYvids)

1 T T
+W/t (‘/5 D;N(U;'D;NMT>dV)U'SdS:|

Proof. This proofs follows similar ideas as in the proof of Theorem 4.6 in Alos and Leon (2017).
From the definition of the Bachelier implied volatility I Bac \e have

aZ

5 Vi
_ azzzc (t St,k;ﬁ,IBac(k*))
+2(;2ng6 <t Skt BuC(k*)) E)IP”;#
+BZBZC (t.50 ki, 1P (k7)) (aI*Ba,fkf)>2
+a§ac (t Sk, IBac(k?)) %. (22)

Theorem 1 demonstrates that

aZ
oVt
9 P T BBGBM *
= 2 E¢(Bac(t, S, ki, v¢)) + EEt< A Try: (u,Su,kt,vu)l"udu>
02 T 3%G .
= 2 (V:(0)) + gEt( t Bk2ggxc (u, Su,kt,vu)l"udu>
02 y T 3G .
= ak2 (BﬂC(t St/ tr ItBﬂC,O (kt ))) + gEt ( f 8k2§;c (M/ Su, kt/Uu)rudu),

where V;(0) denotes the option price in the case where p = 0 and ItB “C’O(k;‘) is the corre-
sponding implied volatility.
On the other hand, we can write

92 .

3 (Bac(t St, ,ItB”C’O(kt))>

9%Bac y

= ak2 (t St’ trs ItBaC,O (ki’ ))
8 Bac BucO * aItBﬂC,O %
2

9%Bac N abach

+2 st,kt,IB“O(kt))(g,k(kt))
dBac 92 [Bac0

0k 1P ) o (k).
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Then, as —&— a (k*) = 0, we obtain
82 Bac,0 /1%
= (Bac(t S ki, I (kt)))
0?Bac N
= akz (t St’ ’ItBaC’O<kt))
dBac oo, 02IBach
- (t,S¢, ,Ifac/o(kt))w(kt)/
which demonstrates that
32
el
9?Bac .
= TSk TP ()
dBac NN 2 LECU
o (t,St, /Ifac'o(kt))w(kt)
T 93G
—|—§Et( t oo, Su,kf,vu)l“udu). (23)
This, jointly with (22), allows us to write
aZIBac
1-2H *
(T_t) akz (tlkt)
dBac x. 7Bac,0 /1.
2 Bac,0 t, S,k ,I (k )
= (T_t)l 2 ? 2 ? aBuc( t* Bac (1. )
ok o (t St kp, 1P (k)
CBac (1, Sy, ki; 1P (k7)) <aItB“C(k;*)>
E)Bac (t St,kf,IB”C( ;k)) ok
B aik%zc(t St ki3 187 (k) Q1P (k;)
9Bac (1,9, ky, 1P (ky)) ok
T
EEt(ft aa]gg;” (u,Sy kt,vu)l"udu)
2 aBuc (t S, k;‘,IBaC(k*))
a;ggcu,st,k;, POk ) — S0 (1, Su, Kt 1P (k)
BBac (t St/kfl IBac(k*))
BBuc x. 7Bac,0 /1.
2 Bac,0 e (t, Sy, ki 17 (k)
B (1,5, K, 177 ()
+T1 + T2 + T3 + T4. (24)

. dBac tS ,k* IBucO k*
It is easy to check that ggaf((t ; i, IBM (EC*))))

— las T — t. Now, the proof is decomposed

into several steps.
Step 1. Notice that

9%Bac 9%Bac

o N2 (t St/ % ) aka (t St/ % ):0/

which implies that T} = T, = 0.
Step 2. Let us study the term T;. First of all, we apply the anticipating Itd’s formula to
the process
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2 GBac

ok?0x
and we take conditional expectations. Then, taking into account the Gamma-Vega relation-
ship and the fact that Lp,.(c)Bac(-,-,-;0) = 0, we obtain

T
(it, Su, k) 00) / T,dr
u

T 3G
T3 = Z(T t)

aBac (t th k?, It(k*))

1 RE r
= (T— )12 {%( 2 (1, X ki 01) [ Tud >
( ) aBaC(t St/k?/ It(k*) ak23x< £y Ut) ; naz

2 T a G . .
+ Et(t akziaB“Z(u,Su, t,vu)(/ Frdr)Fl,du>

L~
4
2 T 4
1Y 9°G * w
+ 2Et( S Tery. 2(u Su, ki, o) / DJ'T dr)(fsds)]

=Ti+ T3+ T3 (25)
A direct computation demonstrates that

a GBac

S (8,51, K 0) = 0,

which implies that T = 0. On the other hand, we can see that

aécBaC (t S, k* 0.) _ 15ﬁ
e R N

This allows us to see that

lim T2 = — hm( t)leHi /T(/TF dr)Tydu
Tt ° T—t 8(T —t)*a7 ' "
~150% T pW,
s i g (1 ([ o)) )
1502 1 2
e t)MHEt( /t DSMTds> (26)
Finally,
4
a SBu; (t, St,k;k,a) — i
ok20x 2v/ T35
from which we deduce that
jm 3

_ 3¢ 1 Tt ow / w2
= . 7
207 ?315 <(T— t)2+2H /t (/s D' | oy 1. Dg'oydf | |dr |osds (27)
Then, (25), (26) and (27) show us that
2 T 2
P 15 / "
= ITIEE[ 8(T—t)3+2HEt( , Do Mrds

+2(T—3t)2+2HEf (/tT(/ST ol (a,DlNMT)dr)ﬂ



Risks 2025, 13, 27 13 of 19

Step 3. Let us study the term Ty. As
17%°(ky) = Bac™ 1 (Ey(Bac(t, St, k}, v1))
and
17 (k)

T
= Bacl (Bac(t, St ki, vp) + gEt (/ Ca;i”c (u, Su,kf,vu)l”udu>>,
¢

(28)

we can write

92Bac
=z (t, St kf, IP°P(k;)) —

= W(E/(Bac(t, S, ki, v)))

T
—¥ | E¢( Bac(t, St, f,Ut)+EEt / aGBac(u,Su, £ 0u)Tydu
2 Jt ox
T
= _T/(‘H(T, t)) BEt / aGBaC (u/ Su/k;‘k/ Uu)rudu 7
2 ¢ ox

where ¥ is defined in Theorem 3 and (T, t) is a positive value between

92Bac

S (650K TP ()

Ei(Bac(t, St k}, 1))

and T aC
Et (BllC(t, St, kr, Ut> + gEt (/ aiac (1/[, Su, k;{, Uu)l—'udu> ) .
t

The anticipating Itd’s formula (Theorem 2) allows us to write

¥ (u(T, t) Et(ftT 9GCnuc (y, Su,kt,vu)l"udu)
Bac (1,5, k;, 1(1,k7))

, T
—p)1-2H — Y'(u(T,1) [Et(aGBM (t,St, kf,vt)/ Fudu>
ac(t Xt,k?,ft(k*)) ox t

T
(/ / o GB”C Su,k;‘,vu)l"udu)l"sds>
9%2G T
+ pEt(/ 52 B”C( ,Su, t,vu)(/ D,'f"l”rdr)auduﬂ
t X u

_ T4 (29)

Ty = —

3

_p)l-2H

I
|
I\)\‘O NI NI
—
H

aGBac
ox

it follows that Ti = 0. On the other hand,

(t,5,k*,0),=0

YTy
TV (1 X,k k) TR
and 3G, s
7 (t, S, kf,0) = /50

This implies that
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02
Z m T 3+2H(7 (/ / Iydul ds)
2
02 3 /
s T ( t)3+2H(77 ( ; ds)
0 3 2
1N T s n( [ oo (0

Now, let us study the term T5. As

T—t

9*Gpac 1
t/S 7 */ - T
ox4 (t,51, ki, o) V271T303
we can see that
lim T2
Tt 4
2 T /T
— _lim(T-pVH__ P p / / DT
Tlinn( ) 2(T—t)3at5t t(u s Lrdr)oudu
. p2 T T W
_ lrlintz(:r—t)m%fa(/t (/u DY (¢, D! MT)dr)audu> (31)
Then, (30) and (31) imply that
lim T,
Tt
= pzhm éE /TDMdS2
~ oo Tt | 8(T —t)3+2Ht s
1 W W

This, jointly with (28), allows us to complete the proof. [

Remark 3. Notice that in the above result, we have not assumed the volatility process to be
Markovian. So, the above result can be applied to a wide class of volatility models.

8. Examples

Let us see how the above results apply to some classical examples
Example 3. Let us consider a Bachelier—-SABR model of the form
dSy = o1 (pdWi + /1 — p?)dB;
where o is a geometric Brownian motion. That is,
doy = vordW;
Then, a straightforward computation leads to
D;N o = Vo,

and
Dl"’DZ"Ut = vzat,

forr,s > t. Then, Theorem 4 demonstrates that
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. 0%, 1 1,\v?
fim 5 (tk¢) = (3 ~3f )m- (33)

Notice that this expression can be positive or negative, depending on the correlation parameter.
We can see this behaviour in the following plots, corresponding to a SABR model with Fy = 0.03,
v =04,00 = 0.07, and p = 0 (left) and p = 0.5 (right). Note that if p = 0, the above expression

reduces to
1 a? 0.42

30;  3x0.007

while in the case where p = 0.5 the curvature limit is

2
(1 — 10.52) 04° _ 4.7619,

=7.619,

3 2 0.007

according to the results in Figure 1.

rho=0.0, F= 0.03 rho=0.5, F= 0.03
7.645 4 4772

7.61904 + 0.10159 T 4.7619 + 0.03968 T
- atm curvature ----- atm curvature

7.640 4.770 4
7.635 4.768
7.630 1 4.766 4

porey 4.764 4

16207 47621 o

Figure 1. Implied volatility curvature as a function of time, for a SABR model with p = 0 (left) and
p = 0.5 (right). Notice that the limits coincide with the computations in the text.

Example 4. Let us consider a Black—Scholes model:
dSt = aStth,

for a constant . Notice that we can see this model as a Bachelier-type model with volatility oy = oS;.
As

02
Sy = exp(—2 —i—(th),

a direct computation leads to D;S; = oSt and D,D,S; = 02S; (and then D,o; = oo} and
D,D,S; = o?ay), for r,u < t. This, in particular, implies that the Malliavin derivatives of o}
satisfy the required boundedness hypotheses with H = % Moreover,

T T T
DsM7 = / Dsarzdr = 2/ 0, Dsoydr = 2(7/ 0’,,2111’,
S S S

and then,
T
D.D, My = 40> / o2dr,

S

foru < s < T. Moreover,

Di(0;D,Mr) = 00;D,Mr+ 0,DsD,Mr

T T
202ar/s aszds—l—4c720,/s o2dr

T
= 6020, / aszds (34)
S
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Then, Theorem 4 allows us to write

T (Tt

+01t5 [ (;ajof;4 (/T(T — s)ds>2 60 Ut / / —s dsdr]

which implies that, in the short-end limit, the Bachelier implied volatility of the Black—Scholes model
is concave at the ATM strike.

Example 5. In this example, we compare (33) and derive the normal SABR formula with respect to
strike. Afterward, we take T — 0 under different scenarios of vol-of-vol (v) and correlation (p). The
normal SABR formula used is

f(2) (1+v°T(2 - 3p?))
24 !

where z = (SO ) and f(z) = log(\/1—2pz+22). The results obtained are shown in the
following Table 1

OUHagan (T/ K) =

Table 1. Hagan's curvature vs. Malliavin ATM short-term limit.

plv 0.1 0.25 0.4 0.55 0.7

—-0.5 0.104/0.104 0.651/0.651 1.667/1.667 3.152/3.151 5.105/5.104
—-0.3 0.144/0.144 0.901/0.901 2.307/2.307 4.362/4.361 7.067/7.064
0.0 0.167/0.167 1.042/1.042 2.667/2.667 5.043/5.042  8.17/8.167
0.3 0.144/0.144  0.901/0.901  2.307/2.307 4.362/4.361  7.067/7.064
0.5 0.104/0.104 0.651/0.651 1.667/1.667 3.152/3.151 5.105/5.104

Example 6. Let us consider a CEV model:
dSt = JS?th,

for the constants ¢ > 0 and 0 < v < 1. Notice that we can see this model as a Bachelier-type model
with volatility o = o'S]. Equality (8) allows us to see that

t
D,S; = ST + / ST D, SrdW,, (35)
u

which implies that
lim DrSt = O'S;y = O¢.
r—t

In the same way, we can find that

lim D, oy = matsj”
r—t
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Then, if we use the above equalities, we can show that the terms of Theorem 4 with H = % and

p = lare
) -
1 (B2 JT (B (DI My) ) dr 0 g2
—— lIm = = -
407 Tt (T—1)3 3 7t
T N R
LgimE |- 4< / DSWMTds) = g2
op Tt 2T - 1)\t ] 2
lim E #/T(/TDW(U DM )dr)ads- :0725772(14—77_1)
Tt (T Je s T T TR : 3y

Therefore, we know that

82 IBuc — 2 5
lim ——— (kj) = oy*——=8]".
i e (k) =0T S,
In order to check the above limit, we use the Bachelier implied volatility approximation
suggested by the authors in Hagan et al. (2002), applying the limit as v — 0, i.e.,

1— —2)0?
Icev (t, T, k) :(T(St—K)Tryk7 1“‘@‘”% (36)
St —k 24St,avg
with St avg = Sf; k, Then, if we compute dyy of the above equation and we take k — Sy and T — ¢,

we obtain that

. —2 -2
lim  Iepy(t T, k) = o2 T —25772,
T—>t1,knl>5t cev( ) =ov 6y !

Figure 2 presents the above results in a more visual way. We used ¢ = 0.3 and v = 0.6. For
this pair of parameters, we obtain that

—2,
o251 = 569,

6y
sigma=0.3, gamma=0.6 S= 0.03
—5.670
-5.69221196 + 0.04234591 T
""" atm curvature

—5.675
—5.680
—5.685
—5.690

0.0 0.1 0.2 0.3 0.4 0.5

Figure 2. Curvature in the short term for the CEV model. Notice that the limit coincides with the
computation in the text.
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Example 7. In this example, we assume the same dynamics as in the above example, i.e.,
dSt = aSZth,

In order to check the accuracy of Theorem 4 under different sets of parameters o and vy, we
create Table 2, where the results of computing the curvature using (36) and 4 are presented.

Table 2. CEV’s curvature vs. Malliavin ATM short-term limit.

olv 0.01 0.015 0.02 0.025 0.03
0.1 —0.248/—-0.248 —-0.372/-0.372 —0.496/—0.496 —0.62/-0.619 —0.744/—-0.743
0.2 —0.331/-0.331 —0.496/—0.496 —0.661/—0.661 —0.827/—-0.827 —0.992/—-0.992
0.3 —0.33/-0.33 —0.495/—0.495 —0.66/—0.66 —0.825/—-0.825 —0.99/-0.99
04 —0.291/-0.291 —0.437/—-0.437 —0.583/—0.583 —0.729/-0.729 —0.875/—-0.874
0.5 —0.241/-0.241 —0.361/—-0.361 —0.481/—-0.481 —0.601/—0.601 —0.722/—-0.722
0.6 —-0.19/-0.19 —0.285/—0.285 —0.379/—-0.379 —0.474/—0.474 —0.569/—-0.569
0.7 —0.145/—-0.145 —-0.217/-0.217 —0.29/—-0.29 —0.362/—-0.362 —0.434/—-0.434
0.8 —0.108/—0.108 —0.161/—-0.161 —0.215/-0.215 —0.269/—0.269 —0.323/—-0.323
0.9 —0.078/—-0.078 -0.117/-0.117 —0.156/—0.156 —0.195/—-0.195 —0.234/—-0.234
0.95 —0.066/—0.066 —0.099/—-0.099 —0.132/—-0.132 —0.165/—-0.165 —0.198/—-0.198
9. Conclusions
By means of Malliavin calculus, we have proven an expression for the short-end
curvature of the at-the-money Bachelier implied volatility. In particular, we have proven
that this curvature is of the order O(T?"~1), where H is the Hurst parameter of the model.
Moreover, our results prove that, for the CEV model, this curvature is negative if v < 2,
while for the Bachelier—-SABR model, this curvature can be positive or negative, depending
on the correlation parameter.
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