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Abstract: Our aim in this paper is to analytically compute the at-the-money second deriva-
tive of the Bachelier implied volatility curve as a function of the strike price for correlated
stochastic volatility models. We also obtain an expression for the short-term limit of this sec-
ond derivative in terms of the first and second Malliavin derivatives of the volatility process
and the correlation parameter. Our analysis does not need the volatility to be Markovian
and can be applied to the case of fractional volatility models, both with H < 1/2 and
H > 1/2. More precisely, we start our analysis with an adequate decomposition formula
of the curvature as the curvature in the uncorrelated case (where the Brownian motions
describing asset price and volatility dynamics are uncorrelated) plus a term due to the
correlation. Then, we compute the curvature in the uncorrelated case via Malliavin calculus.
Finally, we add the corresponding correlation correction and we take limits as the time
to maturity tends to zero. The presented results can be an interesting tool in financial
modeling and in the computation of the corresponding Greeks. Moreover, they allow us to
obtain general formulas that can be applied to a wide class of models. Finally, they provide
us with a precise interpretation of the impact of the Hurst parameter H on this curvature.

Keywords: Malliavin calculus; Bachelier implied volatility; implied volatility curvature;
fractional Brownian motion

1. Introduction
Classical models in option pricing are strongly based on the Black–Scholes model,

where asset prices are described as a geometric Brownian motion (and then market prices
are positive) that depends on interest rates and the volatility of the market. More precisely,
in a Black–Scholes model, asset prices St are assumed to follow a stochastic differential
equation of the form

dSt = rStdt + σStdWt,

where r and σ are two constants that denote the interest rate and the volatility of the market,
respectively. Some classical references include Gatheral (2006), Hagan et al. (2002) and
Mendevev and Scaillet (2007).

The risk of negative prices has been historically neglected. Nevertheless, in recent
years (particularly in sectors such as interest rates, commodities, and energy markets),
negative prices represent a new risk that has gained attention. For example, after the crisis
in 2008 when the interest rate turned negative and the log-normal implied volatility market
exploded when the screens of the main market contributors showed that floors with a strike
of zero had a positive value, there was a transition from the Black–Scholes model to the
shifted Black–Scholes model, and from the shifted Black–Scholes model to the Bachelier
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model. Another scenario in which the Bachelier model played a special role was during the
COVID-19 crisis and the collapse of future oil prices, which reached negative price levels.

In this context, the Bachelier model (see Bachelier (1900)), which assumes a normal
distribution for asset prices, has attracted attention due to its ability to handle negative price
levels. This ability to model negative prices has significant implications for risk managers
and financial institutions. The Bachelier model enables more accurate estimates of tail risk
and potential extreme events that could lead to negative asset values. Nevertheless, the
Bachelier model is not able to reproduce the complexity of real market data. Thus, as in
Black–Scholes-based models, some extensions have to be considered. Among them, the
most common modification is to allow the volatility process to be a stochastic process.
And in the study of these models, one of the key concepts is the study of the Bachelier
implied volatility and its main differences when compared with the classical Black-Scholes
implied volatility. The computation of prices and implied volatilities under this model has
been presented in, for example, Terakado (2019). In a recent paper (see Alòs et al. (2023)),
the at-the-money short-end level and skew were computed using techniques of Malliavin
calculus. The results proved that the short-end behaviour of the Bachelier implied volatility
is highly dependent (as the Black–Scholes implied volatility) on the roughness of the
volatility process.

In this paper, we focus on the study of the at-the-money Bachelier implied curvature,
following similar ideas to those expressed by in Alòs and Leòn (2017). Knowing the
curvature in the short term is highly important for practitioners. The main reason is that the
curvature provides a way to determine whether the dynamics of the volatility smile in the
short term are correctly captured by the model used for portfolio management. Moreover,
having a closed-form expression for the short-term curvature allows for the calculation of
second-order Greeks, which tend to be quite unstable when the expiration date is close
to the valuation date. Our approach, based on Malliavin calculus, is very general and
becomes a tool to study this curvature for a wide class of models and scenarios.

The paper is organized as follows. A revision of the literature is provided in Section 2.
In Section 3, we present the problem and notations. Section 4 gives an introduction
to the main concepts on Malliavin calculus used in our analysis. Section 5 is devoted
to introducing some previous results on Bachelier prices and implied volatilities. The
uncorrelated case (where the Brownian motions driving asset prices and volatilities are
independent) is studied in Section 6. The correlated case and the main results are discussed
in Section 7. Finally, some examples are presented in Section 8.

2. Revision of the Literature
The Bachelier model was introduced in Bachelier (1900) as a first attempt to describe

random asset prices. In modern finance, it has been addressed in the context of interest
rates and commodities, as for example in Hagan et al. (2002). A comparison between the
Bachelier and the Black–Scholes models is studied in Schachermayer and Teichmann (2008).
In recent years, some literature on practical issues is emerging, as for example in Ter-
akado (2019).

3. Statement of the Problem and Notation
In this paper, we consider the following Bachelier-type model for the price of a stock

under a risk-neutral probability measure P:

St = S0 +
∫ t

0
σs

(
ρdWs +

√
1 − ρ2dBs

)
, t ∈ [0, T]. (1)
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Here, W and B are standard Brownian motions defined on a complete probability space
(Ω,G, P), and σ is a square-integrable and right-continuous stochastic process adapted to
the filtration generated by W. In the following, FW and F B denote the filtrations generated
by W and B. Moreover we define F := FW ∨ F B. Notice that we assume the interest rate
r to be zero. This is not a lack of generality, since r is assumed to be zero in interest rate
models, while the underlying asset in commodity derivatives is future prices. In the case
where σ is constant and ρ = 0, the above model is called the Bachelier model.

It is well known that there is no arbitrage opportunity if we price an European call
with strike price K using the formula

Vt = Et[(ST − K)+],

where Et is the Ft-conditional expectation with respect to P (i.e., Et(Z) = E(Z|Ft)). Fol-
lowing this, we make use of the following notation:

• v2
t = 1

T−t
∫ T

t σ2
udu. That is, v represents the future average volatility.

• Mt = Et

(∫ T
0 σ2

udu
)

, t ∈ [0, T].

• Bac(t, x, k, σ) denotes the price of an European call option under the classical Bachelier
model with constant volatility σ, current stock price x, time to maturity T − t, strike
price k, and interest rate r = 0. That is,

Bac(t, x, k, σ) = (x − k)N(dBac(k, σ)) + N′(dBac(k, σ))σ
√

T − t,

with
dBac(k, σ) =

x − k
σ
√

T − t
,

where N is the cumulative distribution function and the probability density function
of the standard normal random variable.
LBac(σ) denotes the Bachelier differential operator with volatility σ :

LBac(σ) =
∂

∂t
+

1
2

σ2 ∂2

∂x2

It is well known that LBac(σ)Bac(·, ·, ·; σ) = 0.
• The Bachelier implied volatility IBac

t (k) of a call option with strike k and market price
Vt is the unique volatility parameter one should put in the Bachelier formula to obtain
the price Vt. That is, the quantity IBac

t (k), such that

Vt = Bac(t, St, k, IBac
t (k)),

where St denotes the asset price. Note that if k = St,

Vt = Bac(t, St, St, IBac
t (St)) = N′(0)IBac

t
√

T − t =
1√
2π

IBac
t (St)

√
T − t. (2)

At the same time, due to the definition of the Black–Scholes implied volatility,

Vt = Bac(t, St, St, IBac(St)) = St

(
2N

(
IBac(St)

√
T − t

2

)
− 1

)
. (3)

Then, (2) and (3) imply the following conversion formula for ATM implied volatilities:

IBac
t (St) =

√
2π√

T − t
St

(
2N

(
IBac(St)

√
T − t

2

)
− 1

)
(4)
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(see Choi (2022)). Further results on the difference between the Black–Scholes and the
Bachelier implied volatilities can be found in Schachermayer and Teichmann (2008).

We will use the following notation for the Bachelier Gamma

GBac(t, x, k, σ) := ∂xxBac(t, x, k, σ)

Notice that the following Gamma–Vega relationship holds

GBac =
1

Tσ
∂σBac

In order to prove our results on the implied volatility smile, we make use of the
following results on correlated stochastic volatility models (see Alòs et al. (2023)).

Lemma 1. Let 0 ≤ t ≤ s < T, ρ ∈ (−1, 1) and Gt := Ft ∨ FW
T . Then, for every n ≥ 0, there

exists C = C(n, ρ), such that

|E(∂n
x GBac(s, Xs, k, vs)|Gt)| ≤ C

(∫ T

t
σ2

s ds
)− 1

2 (n+1)

.

4. Basic Concepts of Malliavin Calculus
In this section, we recall the key tools of Malliavin calculus that we use in this paper.

We refer the reader to Alòs and García-Lorite (2023) for a deeper introduction to this topic
and its applications in finance.

Basic Definitions

If Z = (Zt)t∈[0,T] is a standard Brownian motion, S denotes the set of random variables
of the form

F = f (Z(h1), . . . , Z(hn)), (5)

where h1, . . . , hn ∈ L2([0, T]), Z(hi) denotes the Wiener integral of hi, for i = 1, .., n, and
f ∈ C∞

b (Rn) (i.e., f and all its partial derivatives are bounded). If F ∈ S , the Malliavin
derivative of F with respect to Z, DZF, is defined as the stochastic process in L2(Ω × [0, T]),
given by

DZ
s F =

n

∑
j=1

∂ f
∂xj

(W(h1), . . . , W(hn))(s)hj(s).

Moreover, for m ≥ 1, we can define the iterated Malliavin derivative operator, Dm,Z,
as

Dm,Z
s1,...,sm F = DZ

s1
. . . DZ

sm F, s1, . . . , sm ∈ [0, T].

The operators Dm,Z are closable in L2(Ω) and we denote by Dn,2
Z the closure of S with

respect to the norm

||F||n,2 =

(
E|F|p +

n

∑
i=1

E||Di,ZF||2L2([0,T]i)

) 1
2

.

Notice that the Malliavin derivative operator satisfies the chain rule. That is, given
f ∈ C1,2

Z , and F ∈ D1,2
Z , the random variable f (F) belongs to D1,2

Z , and DZ f (F) = f ′(F)DW F.
We will also make use of the notation Ln,2 = Dn,p

Z (L2([0, T])).
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Example 1. Consider a Black–Scholes model of the form St = S0 exp(− σ2

2 + σWt), where S
denotes asset prices, σ is the volatility parameter, and W is a Brownian motion. Then, the Malliavin
derivative of St with respect to W is given by

DW
r St = σSt,

for r < t, and DW
r St = 0 for r > t.

Example 2. Consider now a process S of the form St = S0 exp(− σ2

2 + σWt), where σ is a constant
and WH is a Riemann–Liouville fractional Brownian motion of the form

WH
t =

∫ t

0
(t − s)H− 1

2 dWs,

for a certain Brownian motion W and a certain Hurst parameter H (see, for example, Alòs and
García-Lorite (2023) for details). Then, the Malliavin derivative of St with respect to W is given by

DW
r St = σ(t − r)H− 1

2 St,

for r < t, and DW
r St = 0 for r > t.

The adjoint of the derivative operator DZ is the divergence operator δZ, which coin-
cides with the Skorohod integral. Its domain, denoted by Dom δ, is the set of processes
u ∈ L2(Ω × [0, T]), such that there exists a random variable δZ(u) ∈ L2(Ω), such that

E(δZ(u)F) = E
(∫ T

0
(DZ

s F)usds
)

, for every F ∈ S . (6)

We use the notation δZ(u) =
∫ T

0 usdZs. It is well known that δ is an extension of the
Itô integral. That is, δ, applied to adapted and square integrable processes, coincides with
the classical Itô integral. Moreover, the space L1,2 is included in the domain of δ.

From the above relationship between the operators DZ and δZ, it is easy to see that,
for an Itô process of the form

Xt = X0 +
∫ t

0
asds +

∫ t

0
bsdZs,

where a and b are adapted processes in L1,2
Z , its Malliavin derivative is given by

DZ
u Xt =

∫ t

0
DZ

u asds + bu1[0,t](u) +
∫ t

0
DZ

u bsdZs. (7)

Then, if we consider an equation of the form

Xt = X0 +
∫ t

0
a(s, Xs)ds +

∫ t

0
b(s, Xs)dZs,

where a(s, ·) and b(s, ·) are differentiable functions with bounded derivatives, a direct
application of (7) allows us to see that

DZ
u Xt =

∫ t

u

∂a
∂x

(s, Xs)DZ
u Xsds + b(u, Xu) +

∫ t

u

∂b
∂x

(s, Xs)DZ
u XsdZs. (8)

Notice that the above equality also holds if a and b are global Lipschitz functions
with polynomial growth (see Theorem 2.2.1 in Nualart (2006)), replacing ∂a

∂x and ∂b
∂x with

adequate processes.
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A key result in Malliavin calculus is the Clark–Ocone–Haussman representation
formula (see, for example, Proposition 4.1.1 in Alòs and García-Lorite (2023)):

Proposition 1. Consider a rancom variable F ∈ D1,2
Z . Then,

F = E(F) +
∫ T

0
Er(DrF)dZr.

Moreover, we make use of the following anticipating Itô formula (see, for example,
Proposition 4.3.1 in Alòs and García-Lorite (2023)), which is an adaptation of the results of
Nualart and Pardoux (1988):

Proposition 2. Consider a process of the form Xt = X0 +
∫ t

0 usdWs +
∫ t

0 u′
sdBs +

∫ t
0 vsds, where

X0 is a constant, W and B are Brownian motions, and u, v are adapted and square integrable
processes. Consider also a process Yt =

∫ T
t θsds for θ ∈ L1,2

W adapted to the filtration generated
by W. Let F : [0, T]×R2 → R be a function in C1,2([0, T]×R2) such that there exists a positive
constant C, such that, for all t ∈ [0, T], F and its partial derivatives evaluated in (t, Xt, Yt) are
bounded by C. Then, it follows that

F(t, Xt, Yt) = F(0, X0, Y0) +
∫ t

0

∂F
∂s

(s, Xs, Ys)ds

+
∫ t

0

∂F
∂x

(s, Xs, Ys)vsds

+
∫ t

0

∂F
∂x

(s, Xs, Ys)(usdWs + u′
sdBs)

−
∫ t

0

∂F
∂y

(s, Xs, Ys)θsds +
∫ t

0

∂2F
∂x∂y

(s, Xs, Ys)D−Ysusds

+
1
2

∫ t

0

∂2F
∂x2 (s, Xs, Ys)(u2

s + (u′
s)

2)ds. (9)

5. Some Previous Results
A direct application of Proposition 2 with F equal to the Bachelier formula, X equal

to the asset price, and θ = σ gives us the following decomposition result for the implied
volatility (see Alòs and García-Lorite (2023))

Theorem 1. Assume the model (1) holds with ρ ∈ (−1, 1) and σ ∈ L1,2
W . Then, it follows that

Vt = Et(Bac(t, St, k, vt)) +
ρ

2
Et

(∫ T

t
HBac(r, Sr, k, vr)Φrdr

)
, (10)

where HBac := ∂GBac
∂x and Φr := σr

∫ T
r Dsσ2

udu.

As a direct consequence of this result and from the definition of the implied volatility,
we deduce (see Alòs et al. (2023)) the following result on the ATM implied volatility skew:

Theorem 2. Consider the model (1) holds with ρ ∈ (−1, 1) and σ ∈ L1,2
W . Then,

lim
T→t

(T − t)
1
2−H ∂IBac

t
∂k

(k∗t )

=
ρ

2σ2
t

lim
T→t

1

(T − t)
3
2+H

Et

∫ T

t

(
DW

s

∫ T

s
σ2

r dr
)

ds, (11)

provided the limit in the right-hand side is finite.
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Remark 1. The above theorem implies that, if ρ = 0,

∂Bac
∂k

(t, St, k∗t , a) = −N(0).

6. The Curvature in the Uncorrelated Case
Let us start with the case ρ = 0. Let us assume the following hypotheses:

(H1) σ ∈ L3,2
W .

(H2) There exist two positive constants a, b, such that a < σ < b.

(H3) There exist two constants H ∈ (0, 1) and C > 0, such that, for 0 < r < s < T,

Er[DW
r σ2

s ] ≤ C(s − r)H− 1
2 ,

(H4) The term [
Et
∫ T

t (Er MT)
2dr
]

(T − t)2H+2

has a finite limit as T → t.

Theorem 3. Assume that ρ = 0 in model (1), and that hypotheses (H1) and (H2) are satisfied.
Then, for all t ∈ [0, T],

∂2 IBac
t

∂k2 (k∗t ) =
1
2

Et

[∫ T
t Ψ′′(Λu)U2

udu
]

∂Bac
∂σ

(
t, St, k∗t , IBac

t (k∗t )
) , (12)

where

Ψ(a) :=
∂2Bac

∂k2

(
t, St, k∗t , Bac−1(t, St, k∗t , a)

)
, (13)

Λt = Eu(Bac(t, St, k∗t , vt)),

and
Ut = Et(DtΛT).

Proof. This proof follows the same steps as Theorem 3.6 in Alòs and Leòn (2017). From the
definition of the Bachelier implied volatility, and taking implied derivatives, we obtain

∂2Vt

∂k2 =
∂2Bac

∂k2

(
t, St, k; IBac

t (k)
)
+ 2

∂2Bac
∂k∂σ

(
t, St, k; IBac

t (k)
)∂IBac

t
∂k

(k)

+
∂2Bac
∂σ2

(
t, St, k; IBac

t (k)
)(∂IBac

t
∂k

(k)
)2

+
∂Bac
∂σ

(
t, St, k; IBac

t (k)
)∂2 IBac

t
∂k2 (k). (14)

Now, as ∂IBac
t

∂k (k∗t ) = 0, it follows that

∂Bac
∂σ

(
t, St, k∗t , IBac

t (k∗t )
)∂2 IBac

∂k2 (t, k∗t ) =
∂2Vt

∂k2 (k∗t )−
∂2Bac

∂k2

(
t, St, k∗t , IBac

t (k∗t )
)

. (15)

Theorem 1 allows us to write

∂2Vt

∂k2 (k∗t ) = Et

(
∂2Bac

∂k2 (t, St, k∗t , vt)

)
(16)

and then the term in the right-hand side of (15) reads as

Et

[
∂2Bac

∂k2 (t, St, k∗t , vt)−
∂2Bac

∂k2

(
t, St, k∗t , IBac

t (k∗t )
)]

. (17)
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We can observe that

vt = Bac−1(Bac(t, St, k∗t , vt)) = Bac−1(ΛT)

and
IBac
t (k∗t ) = Bac−1(Et(Bac(t, St, k∗t , vt))) = Bac−1(Λt),

where we denote Bac−1(t, St, k∗t , ·) as Bac−1(·) for the sake of simplicity. Notice that the
term in (17) can be seen as the difference between the same function of the same process
(Λ) evaluated at times T and t. That is,

Et

[
∂2Bac

∂k2 (t, St, k∗t , vt)−
∂2Bac

∂k2

(
t, St, k∗t , IBac

t (k∗t )
)]

= Et

[
∂2Bac

∂k2

(
t, St, k∗t , Bac−1(ΛT)

)
− ∂2Bac

∂k2 (t, St, k∗t , Bac−1(Λt))

]
.

(18)

Now, the Clark–Ocone–Haussman formula, together with Hypotheses (H1) and (H2),
leads to

ΛT = Λt +
∫ T

t
UrdWr.

Then, applying the classical Itô’s formula, we obtain

= Et

[
∂2Bac

∂k2

(
t, St, k∗t , Bac−1(ΛT)

)
− ∂2Bac

∂k2 (t, St, k∗t , Bac−1(Λt))

]
= Et

[∫ T

t
Ψ′(Λu)UudWu +

1
2

∫ T

t
Ψ′′(Λu)U2

udu
]

=
1
2

Et

[∫ T

t
Ψ′′(Λu)U2

udu
]

,

which, jointly with (15) and (17), allows us to complete the proof.

Remark 2. As

Ψ′′(a) =
2
√

2π

(T − t)
3
2 (Bac−1(a))3

and
∂Bac
∂σ

(
t, St, k∗t , IBac

t (k∗t )
)
=

√
T − t√
2π

,

the above result implies that, in the uncorrelated case ρ = 0, the ATM implied Bachelier curvature
is positive.

A consequence of Theorem 3 is the following result.

Corollary 1. Assume that Hypothesis (H2) holds. Then, under the conditions of Theorem 3,
we have

lim
T→t

(T − t)1−2H ∂2 IBac

∂k2 (k∗t ) =
1

4σ5
t

lim
T→t

[
Et
∫ T

t
(
Er
(

DW
r MT

))2dr
]

(T − t)2+2H .

Proof. Theorem 3 implies that

lim
T→t

(T − t)1−2H ∂2 IBac

∂k2 (k∗t ) =
1
2

lim
T→t

Et

[∫ T
t Ψ′′(Λr)U2

r dr
]

∂Bac
∂σ

(
t, St, k∗t , IBac

t (k∗t )
)
(T − t)2H−1

. (19)
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Now, as

Ψ′′(a) =
2
√

2π

(T − t)
3
2 Bac−1(a))3

and
∂Bac
∂σ

(
t, St, k∗t , IBac

t (k∗t )
)
=

√
T − t√
2π

,

we can write

lim
T→t

(T − t)1−2H ∂2 IBac

∂k2 (k∗t ) = 2π lim
T→t

Et

[∫ T
t

U2
r

Bac−1(Λu)3 dr
]

(T − t)2H . + 1 (20)

Now, a direct computation demonstrates that

Ur = Er(Dr(Bac(t, St, k∗t , vt)))

= Er

(
∂Bac
∂σ

(t, St, k∗t , vt)Dr(vt)

)
= Er

(
∂Bac
∂σ

(t, St, k∗t , vt)
1

2vt

∫ T

r
Drσ2

udu
)

= Er

(√
T − t√
2π

1
2vt(T − t)

∫ T

r
Drσ2

udu

)
(21)

Then, as Bac−1(Λu) and vt tends to σt as T, u → t, we obtain

lim
T→t

(T − t)1−2H ∂2 IBac

∂k2 (k∗t ) =
1

4σ5
t

lim
T→t

[
Et
∫ T

t

(
Er

(∫ T
r Drσ2

udu
))2

dr
]

(T − t)2H+2 ,

and now the proof is complete.

7. The Correlated Case
This section is devoted to extending the above results to the correlated case. We will

need the following hypotheses:

(H1’) σ2 belongs to L3,4
W , there exists a positive constant C, and H ∈ (0, 1), such that, for

t < τ < θ < r < u < T(
Et

∣∣∣DW
θ σ2

r

∣∣∣4) 1
4

≤ C(r − θ)H− 1
2 ,(

Et

∣∣∣DW
θ DW

r σ2
u

∣∣∣2) 1
2

≤ C(u − r)H− 1
2 (u − θ)H− 1

2 .

(H2’) Hypotheses (H1’) and (H2) hold and, for every t ∈ [0, T],

1

(T − t)3+2H

(∫ T

t
DW

s MTds
)

and
1

(T − t)2+2H

∫ T

t
(
∫ T

s
DW

s

(
σrDW

r MT

)
dr)σsds,

have a finite limit as T → t,

Henceforth we use the notation
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Γs := σs

∫ T

s

(
DW

s σ2
r

)
dr = σs

(
DW

s MT

)
The main result of this section is the following expression for the ATM curvature.

Theorem 4. Assume that the model (1) and Hypotheses (H1’), (H2’), and (H3) are satisfied. Then,

lim
T→t

(T − t)1−2H ∂2 IBac

∂k2 (k∗t )

=
1

4σ5
t

lim
T→t

[
Et
∫ T

t
(
Er
(

DW
r MT

))2dr
]

(T − t)2+2H

+
ρ2

σ5
t

lim
T→t

Et

[
− 3

2(T − t)3+2H

(∫ T

t
DW

s MTds
)2

+
1

(T − t)2+2H

∫ T

t
(
∫ T

s
DW

s

(
σrDW

r MT

)
dr)σsds

]
.

Proof. This proofs follows similar ideas as in the proof of Theorem 4.6 in Alòs and Leòn (2017).
From the definition of the Bachelier implied volatility IBac, we have

∂2

∂k2 Vt

=
∂2Bac

∂k2

(
t, St, k∗t , IBac

t (k∗t )
)

+2
∂2Bac
∂k∂σ

(
t, St, k∗t , IBac

t (k∗t )
) ∂IBac

t (k∗t )
∂k

+
∂2Bac
∂σ2

(
t, St, k∗t , IBac

t (k∗t )
)( ∂IBac

t (k∗t )
∂k

)2

+
∂Bac
∂σ

(
t, St, k∗t , IBac

t (k∗t )
) ∂2 IBac

t (k∗t )
∂k2 . (22)

Theorem 1 demonstrates that

∂2

∂k2 Vt

=
∂2

∂k2 Et(Bac(t, St, k∗t , vt)) +
ρ

2
Et

(∫ T

t

∂3GBac
∂k2∂x

(u, Su, k∗t , vu)Γudu
)

=
∂2

∂k2 (Vt(0)) +
ρ

2
Et

(∫ T

t

∂3GBac
∂k2∂x

(u, Su, k∗t , vu)Γudu
)

=
∂2

∂k2

(
Bac(t, St, k∗t , IBac,0

t (k∗t ))
)
+

ρ

2
Et

(∫ T

t

∂3GBac
∂k2∂x

(u, Su, k∗t , vu)Γudu
)

,

where Vt(0) denotes the option price in the case where ρ = 0 and IBac,0
t (k∗t ) is the corre-

sponding implied volatility.
On the other hand, we can write

∂2

∂k2

(
Bac(t, St, k∗t , IBac,0

t (k∗t ))
)

=
∂2Bac

∂k2 (t, St, k∗t , IBac,0
t (k∗t ))

+2
∂2Bac
∂k∂σ

(t, St, k∗t , IBac,0
t (k∗t ))

∂IBac,0
t
∂k

(k∗t )

+
∂2Bac
∂σ2 (t, St, k∗t , IBac,0

t (k∗t ))

(
∂IBac,0

t
∂k

(k∗t )

)2

+
∂Bac
∂σ

(t, St, k∗t , IBac,0
t (k∗t ))

∂2 IBac,0

∂k2 (k∗t ).
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Then, as ∂IBac,0
t
∂k (k∗t ) = 0 , we obtain

∂2

∂k2

(
Bac(t, St, k∗t , IBac,0

t (k∗t ))
)

=
∂2Bac

∂k2 (t, St, k∗t , IBac,0
t (k∗t ))

+
∂Bac
∂σ

(t, St, k∗t , IBac,0
t (k∗t ))

∂2 IBac,0

∂k2 (k∗t ),

which demonstrates that

∂2

∂k2 Vt

=
∂2Bac

∂k2 (t, St, k∗t , IBac,0
t (k∗t ))

+
∂Bac
∂σ

(t, St, k∗t , IBac,0
t (k∗t ))

∂2 IBac,0

∂k2 (k∗t )

+
ρ

2
Et

(∫ T

t

∂3GBac

∂k2∂x
(u, Su, k∗t , vu)Γudu

)
. (23)

This, jointly with (22), allows us to write

(T − t)1−2H ∂2 IBac

∂k2 (t, k∗t )

= (T − t)1−2H

∂2 IBac,0

∂k2 (k∗t )
∂Bac
∂σ

(
t, St, k∗t ; IBac,0

t (k∗t )
)

∂Bac
∂σ

(
t, St, k∗t , IBac

t (k∗t )
)

−
∂2Bac
∂σ2

(
t, St, k∗t ; IBac

t (k∗t )
)

∂Bac
∂σ

(
t, St, k∗t , IBac

t (k∗t )
) (∂IBac

t (k∗t )
∂k

)2

−2
∂2Bac
∂k∂σ

(
t, St, k∗t ; IBac

t (k∗t )
)

∂Bac
∂σ

(
t, St, k∗t , IBac

t (k∗t )
) ∂IBac

t (k∗t )
∂k

+
ρ

2

Et

(∫ T
t

∂3GBac
∂k2∂x (u, Su, k∗t , vu)Γudu

)
∂Bac
∂σ

(
t, St, k∗t , IBac

t (k∗t )
)

+
∂2Bac

∂k2 (t, St, k∗t , IBac,0
t (k∗t ))− ∂2Bac

∂k2

(
t, St, k∗t ; IBac

t (k∗t )
)

∂Bac
∂σ

(
t, St, k∗t , IBac

t (k∗t )
)


:= (T − t)1−2H ∂2 IBac,0

∂k2 (t, k∗t )
∂Bac
∂σ

(
t, St, k∗t ; IBac,0

t (k∗t )
)

∂Bac
∂σ

(
t, St, k∗t , IBac

t (k∗t )
)

+T1 + T2 + T3 + T4. (24)

It is easy to check that
∂Bac
∂σ (t,St ,k∗t ;IBac,0

t (k∗t ))
∂Bac
∂σ (t,St ,k∗t ,IBac

t (k∗t ))
→ 1 as T → t. Now, the proof is decomposed

into several steps.
Step 1. Notice that

∂2Bac
∂σ2 (t, St, k∗t ; σ) =

∂2Bac
∂k∂σ

(t, St, k∗t ; σ) = 0,

which implies that T1 = T2 = 0.
Step 2. Let us study the term T3. First of all, we apply the anticipating Itô’s formula to

the process
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∂3GBac

∂k2∂x
(u, Su, k∗t , vu)

∫ T

u
Γrdr

and we take conditional expectations. Then, taking into account the Gamma–Vega relation-
ship and the fact that LBac(σ)Bac(·, ·, ·; σ) = 0, we obtain

T3 =
ρ

2
(T − t)1−2H

Et

(∫ T
t

∂3G
∂k2∂x (u, Su, k∗t , vu)Γudu

)
∂Bac
∂σ (t, Xt, k∗t , It(k∗t ))

= (T − t)1−2H 1
∂Bac
∂σ (t, St, k∗t , It(k∗t )

[
ρ

2
Et

(
∂3GBac

∂k2∂x
(t, Xt, k∗t , vt)

∫ T

t
Γudu

)
+

ρ2

4
Et

(∫ T

t

∂6GBac

∂k2∂x4 (u, Su, k∗t , vu)(
∫ T

u
Γrdr)Γudu

)
+

ρ2

2
Et

(∫ T

t

∂4G
∂k2∂x2 (u, Su, k∗t , vu)(

∫ T

u
DW

s Γrdr)σsds
)]

= T1
3 + T2

3 + T3
3 (25)

A direct computation demonstrates that

∂3GBac

∂k2∂x
(t, St, k∗t , σ) = 0,

which implies that T1
3 = 0. On the other hand, we can see that

∂6GBac

∂k2∂x4 (t, St, k∗t , σ) =
15
√

2
2
√

π(T − t)7σ7
.

This allows us to see that

lim
T→t

T2
3 = − lim

T→t
(T − t)1−2H 15ρ2

8(T − t)4σ7

(∫ T

t
(
∫ T

u
Γrdr)Γudu

)
=

−15ρ2

8σ5
t

lim
T→t

Et

(
1

(T − t)3+2H

(∫ T

t

(∫ T

s
DW

s σ2
θ dθ

)
ds
)2
)

=
−15ρ2

8σ5
t

lim
T→t

1

(T − t)3+2H Et

(∫ T

t
Ds MTds

)2

(26)

Finally,
∂4GBac

∂k2∂x2 (t, St, k∗t , σ) =
3
√

2

2
√

πT5σ5
.

from which we deduce that

lim
T→t

T3
2

=
3ρ2

2σ5
t

lim
T→t

Et

(
1

(T − t)2+2H

∫ T

t

(∫ T

s
DW

s

(
σr

(∫ T

s
DW

s σ2
θ dθ

))
dr
)

σsds

)
. (27)

Then, (25), (26) and (27) show us that

lim
T→t

T3 =
ρ2

σ5
lim
T→t

[
− 15

8(T − t)3+2H Et

(∫ T

t
DW

s MTds
)2

+
3

2(T − t)2+2H Et

(∫ T

t
(
∫ T

s
DW

s

(
σrDW

r MT

)
dr)
)]
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Step 3. Let us study the term T4. As

IBac,0
t (k∗t ) = Bac−1(Et(Bac(t, St, k∗t , vt))

and

IBac
t (k∗t )

= Bac−1
(

Bac(t, St, k∗t , vt) +
ρ

2
Et

(∫ T

t

∂GBac
∂x

(u, Su, k∗t , vu)Γudu
))

,

(28)

we can write

∂2Bac
∂k2 (t, St, k∗t , IBac,0

t (k∗t ))−
∂2Bac

∂k2 (t, St, k∗t , IBac
t (k∗t ))

= Ψ(Et(Bac(t, St, k∗t , vt)))

−Ψ
(

Et

(
Bac(t, St, k∗t , vt) +

ρ

2
Et

(∫ T

t

∂GBac
∂x

(u, Su, k∗t , vu)Γudu
)))

= −Ψ′(µ(T, t))
(

ρ

2
Et

(∫ T

t

∂GBac
∂x

(u, Su, k∗t , vu)Γudu
))

,

where Ψ is defined in Theorem 3 and µ(T, t) is a positive value between

Et(Bac(t, St, k∗t , vt))

and

Et

(
Bac(t, St, k∗t , vt) +

ρ

2
Et

(∫ T

t

∂GBac
∂x

(u, Su, k∗t , vu)Γudu
))

.

The anticipating Itô’s formula (Theorem 2) allows us to write

T4 = −ρ

2
(T − t)1−2H

Ψ′(µ(T, t))Et

(∫ T
t

∂GBac
∂x (u, Su, k∗t , vu)Γudu

)
∂Bac
∂σ (t, St, k∗t , I(t, k∗t ))

= −ρ

2
(T − t)1−2H Ψ′(µ(T, t))

∂Bac
∂σ (t, Xt, k∗t , It(k∗t ))

[
Et

(
∂GBac

∂x
(t, St, k∗t , vt)

∫ T

t
Γudu

)
+

ρ

2
Et

(∫ T

t

∫ T

s

∂4GBac

∂x4 (u, Su, k∗t , vu)Γudu)Γsds
)

+ ρEt

(∫ T

t

∂2GBac

∂x2 (u, Su, k∗t , vu)(
∫ T

u
DW

u Γrdr)σudu
)]

= T1
4 + T2

4 + T3
4 . (29)

As
∂GBac

∂x
(t, St, k∗, σ),= 0

it follows that T1
4 = 0. On the other hand,

lim
T→t

Ψ′(µ(T, t))
∂Bac
∂σ (t, Xt, k∗t , It(k∗t ))

= −
√

2π

T
3
2 σ2

t

,

and
∂4GBac

∂x4 (t, St, k∗t , σ) =
3
√

2

2
√

πT5σ5
.

This implies that



Risks 2025, 13, 27 14 of 19

lim
T→t

T2
4 =

ρ2

4
lim
T→t

3
(T − t)3+2Hσ7

t
Et

(∫ T

t

∫ T

s
ΓuduΓsds

)
=

ρ2

8
lim
T→t

3
(T − t)3+2Hσ7

t
Et

(∫ T

t
Γsds

)2

=
ρ2

8
lim
T→t

3
(T − t)3+2Hσ5

t
Et

(∫ T

t
Ds MTds

)2

(30)

Now, let us study the term T3
4 . As

∂4GBac

∂x4 (t, St, k∗t , σ) =
1√

2πT3σ3
,

we can see that

lim
T→t

T3
4

= − lim
T→t

(T − t)1−2H ρ2

2(T − t)3σ5
t

Et

(∫ T

t
(
∫ T

u
DW

s Γrdr)σudu
)

= − lim
T→t

ρ2

2(T − t)2+2Hσ5
t

Et

(∫ T

t
(
∫ T

u
DW

s (σrDW
r MT)dr)σudu

)
(31)

Then, (30) and (31) imply that

lim
T→t

T4

=
ρ2

σ5
t

lim
T→t

[
3

8(T − t)3+2H Et

(∫ T

t
Ds MTds

)2

− 1
2(T − t)2+2H Et

(∫ T

t
(
∫ T

u
DW

s (σrDW
r MT)dr)σudu

)]
(32)

This, jointly with (28), allows us to complete the proof.

Remark 3. Notice that in the above result, we have not assumed the volatility process to be
Markovian. So, the above result can be applied to a wide class of volatility models.

8. Examples
Let us see how the above results apply to some classical examples

Example 3. Let us consider a Bachelier–SABR model of the form

dSt = σt(ρdWt +
√

1 − ρ2)dBt

where σ is a geometric Brownian motion. That is,

dσt = νσtdWt

Then, a straightforward computation leads to

DW
s σt = νσt,

and
DW

r DW
s σt = ν2σt,

for r, s > t. Then, Theorem 4 demonstrates that
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lim
T→t

∂2 I
∂k2 (t, k∗t ) =

(
1
3
− 1

2
ρ2
)

ν2

σt
. (33)

Notice that this expression can be positive or negative, depending on the correlation parameter.
We can see this behaviour in the following plots, corresponding to a SABR model with F0 = 0.03,
ν = 0.4, σ0 = 0.07, and ρ = 0 (left) and ρ = 0.5 (right). Note that if ρ = 0, the above expression
reduces to

1
3

α2

σt
=

0.42

3 × 0.007
= 7.619,

while in the case where ρ = 0.5 the curvature limit is(
1
3
− 1

2
0.52

)
0.42

0.007
= 4.7619,

according to the results in Figure 1.

Figure 1. Implied volatility curvature as a function of time, for a SABR model with ρ = 0 (left) and
ρ = 0.5 (right). Notice that the limits coincide with the computations in the text.

Example 4. Let us consider a Black–Scholes model:

dSt = σStdWt,

for a constant σ. Notice that we can see this model as a Bachelier-type model with volatility σt = σSt.
As

St = exp
(
−σ2

2
+ σWt

)
,

a direct computation leads to DrSt = σSt and DrDuSt = σ2St (and then Drσt = σσt and
DrDuSt = σ2σt), for r, u < t. This, in particular, implies that the Malliavin derivatives of σt

satisfy the required boundedness hypotheses with H = 1
2 . Moreover,

Ds MT =
∫ T

s
Dsσ2

r dr = 2
∫ T

s
σrDsσrdr = 2σ

∫ T

s
σ2

r dr,

and then,

DsDu MT = 4σ2
∫ T

s
σ2

r dr,

for u < s < T. Moreover,

Ds(σrDu MT) = σσrDu MT + σrDsDu MT

= 2σ2σr

∫ T

s
σ2

s ds + 4σ2σr

∫ T

s
σ2

r dr

= 6σ2σr

∫ T

s
σ2

s ds (34)



Risks 2025, 13, 27 16 of 19

Then, Theorem 4 allows us to write

lim
T→t

∂2 IBac

∂k2 (k∗t )

=
1σ2

σt

[∫ T
t (T − r)2dr

]
(T − t)3

+
1
σ5

t

[
− 6σ2σ4

t

(T − t)4

(∫ T

t
(T − s)ds

)2

+
6σ2σ4

t

(T − t)3

∫ T

t

∫ T

r
(T − s)dsdr

]

=
σ2

3σt
− 3

2
σ2

σt
+

σ2

σt

=
σ2

σt

(
1
3
− 3

2
+ 1
)

= − σ

6St
,

which implies that, in the short-end limit, the Bachelier implied volatility of the Black–Scholes model
is concave at the ATM strike.

Example 5. In this example, we compare (33) and derive the normal SABR formula with respect to
strike. Afterward, we take T → 0 under different scenarios of vol-of-vol (ν) and correlation (ρ). The
normal SABR formula used is

σHagan(T, K) = α
f (z)

z
(1 + ν2T(2 − 3ρ2))

24
,

where z = ν(S0−K)
α and f (z) = log(

√
1 − 2ρz + z2). The results obtained are shown in the

following Table 1

Table 1. Hagan’s curvature vs. Malliavin ATM short-term limit.

ρ/ν 0.1 0.25 0.4 0.55 0.7

−0.5 0.104/0.104 0.651/0.651 1.667/1.667 3.152/3.151 5.105/5.104
−0.3 0.144/0.144 0.901/0.901 2.307/2.307 4.362/4.361 7.067/7.064
0.0 0.167/0.167 1.042/1.042 2.667/2.667 5.043/5.042 8.17/8.167
0.3 0.144/0.144 0.901/0.901 2.307/2.307 4.362/4.361 7.067/7.064
0.5 0.104/0.104 0.651/0.651 1.667/1.667 3.152/3.151 5.105/5.104

Example 6. Let us consider a CEV model:

dSt = σSγ
t dWt,

for the constants σ > 0 and 0 < γ < 1. Notice that we can see this model as a Bachelier-type model
with volatility σt = σSγ

t . Equality (8) allows us to see that

DuSt = σSγ
u +

∫ t

u
γσSγ−1

t DuSrdWr, (35)

which implies that
lim
r→t

DrSt = σSγ
t = σt.

In the same way, we can find that

lim
r→t

Drσt = σγσtS
γ−1
t .
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Then, if we use the above equalities, we can show that the terms of Theorem 4 with H = 1
2 and

ρ = 1 are

1
4σ5

t
lim
T→t

[
Et
∫ T

t
(
Er
(

DW
r MT

))2dr
]

(T − t)3 =
σγ2

3
Sγ−2

t

1
σ5

t
lim
T→t

Et

[
− 3

2(T − t)4

(∫ T

t
DW

s MTds
)2
]
=

−3σγ2

2
Sγ−2

t

lim
T→t

Et

[
1

(T − t)3

∫ T

t
(
∫ T

s
DW

s

(
σrDW

r MT

)
dr)σsds

]
= σγ2Sγ−2

t (1 +
γ − 1

3γ
).

Therefore, we know that

lim
T→t

∂2 IBac

∂k2 (k∗t ) = σγ2 γ − 2
6γ

Sγ−2
t .

In order to check the above limit, we use the Bachelier implied volatility approximation
suggested by the authors in Hagan et al. (2002), applying the limit as ν → 0, i.e.,

ICEV(t, T, k) = σ(St − K)
1 − γ

S1−γ
t − k1−γ

1 + (T − t)
γ(γ − 2)σ2

24S2(1−γ)
t,avg

 (36)

with St,avg = St+k
2 . Then, if we compute ∂kk of the above equation and we take k → St and T → t,

we obtain that
lim

T→t,k→St
ICEV(t, T, k) = σγ2 γ − 2

6γ
Sγ−2

t .

Figure 2 presents the above results in a more visual way. We used σ = 0.3 and γ = 0.6. For
this pair of parameters, we obtain that

σγ2 γ − 2
6γ

Sγ−2
0 = −5.69.

Figure 2. Curvature in the short term for the CEV model. Notice that the limit coincides with the
computation in the text.
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Example 7. In this example, we assume the same dynamics as in the above example, i.e.,

dSt = σSγ
t dWt,

In order to check the accuracy of Theorem 4 under different sets of parameters σ and γ, we
create Table 2, where the results of computing the curvature using (36) and 4 are presented.

Table 2. CEV’s curvature vs. Malliavin ATM short-term limit.

σ/ ν 0.01 0.015 0.02 0.025 0.03

0.1 −0.248/−0.248 −0.372/−0.372 −0.496/−0.496 −0.62/−0.619 −0.744/−0.743

0.2 −0.331/−0.331 −0.496/−0.496 −0.661/−0.661 −0.827/−0.827 −0.992/−0.992

0.3 −0.33/−0.33 −0.495/−0.495 −0.66/−0.66 −0.825/−0.825 −0.99/−0.99

0.4 −0.291/−0.291 −0.437/−0.437 −0.583/−0.583 −0.729/−0.729 −0.875/−0.874

0.5 −0.241/−0.241 −0.361/−0.361 −0.481/−0.481 −0.601/−0.601 −0.722/−0.722

0.6 −0.19/−0.19 −0.285/−0.285 −0.379/−0.379 −0.474/−0.474 −0.569/−0.569

0.7 −0.145/−0.145 −0.217/−0.217 −0.29/−0.29 −0.362/−0.362 −0.434/−0.434

0.8 −0.108/−0.108 −0.161/−0.161 −0.215/−0.215 −0.269/−0.269 −0.323/−0.323

0.9 −0.078/−0.078 −0.117/−0.117 −0.156/−0.156 −0.195/−0.195 −0.234/−0.234

0.95 −0.066/−0.066 −0.099/−0.099 −0.132/−0.132 −0.165/−0.165 −0.198/−0.198

9. Conclusions
By means of Malliavin calculus, we have proven an expression for the short-end

curvature of the at-the-money Bachelier implied volatility. In particular, we have proven
that this curvature is of the order O(T2H−1), where H is the Hurst parameter of the model.
Moreover, our results prove that, for the CEV model, this curvature is negative if γ < 2,
while for the Bachelier–SABR model, this curvature can be positive or negative, depending
on the correlation parameter.
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