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Abstract: The current investigations are carried out to study the influence of the Darcy–Forchheimer
relation on third-grade fluid flow and heat transfer over an angled exponentially stretching sheet
embedded in a porous medium. In the current study, the applied magnetic field, Joule heating,
thermaldiffusion, viscous dissipation, and diffusion-thermo effects are incorporated. The proposed
model in terms of partial differential equations is transformed into ordinary differential equations
using suitable similarity transformation. The reduced model is then solved numerically with the
help of MATLAB built-in function bvp4c.The numerical solutions for velocity profile, temperature
profile, and mass concentration under the effects of pertinent parameters involved in the model are
determined and portrayed in graphical form. The graphical effects of the skin friction coefficient, the
Nusselt number, and the Sherwood number are also shown. From the displayed results, we conclude
that when the Joule heating parameter is enlarged, the velocity and the temperature of the fluid are
increased. We observed that while enhancing the viscous dissipation parameter (Eckert number) the
fluid’s velocity and temperature increase but decreases the mass concentration. By increasing the
values of the thermal-diffusion parameter, the velocity distribution, the temperature field, and the
mass concentration increase. When the diffusion–thermo parameter rises, the velocity field and the
temperature distribution increase, and the reverse scenario is seen in the mass concentration. The
results of the current study are compared with already published results, and a good agreement is
noted to validate the current study.

Keywords: heat transfer; Darcy–Forchheimer relation; viscous dissipation; joule heating; thermal-diffusion;
mhd; third-grade fluid; diffusion-thermo; porous medium

1. Introduction

Non-Newton fluid flow is widely used in many technological and industrial systems.
Non-Newtonian liquids have been widely approved by researchers due to their great
technological and industrial applications, such as paper production, polymers, coal slurries,
cosmetics, oil retrieval, clay mixtures, etc. The work of researchers who paid attention to
third-grade fluid flow with different flow features over the different flow geometries is now
being highlighted. The analytical solutions of magnetohydrodynamic third-grade fluid
flow with changing viscosity were determined by Elahi et al. [1]. Muhammad et al. [2] in-
vestigated the thermal bioconvection third-grade nanofluid flow in a stagnation point over
a stretching cylinder with consideration of motile organisms. Awaiset al. [3] investigated
the effect of varied characteristics on heat and mass transfer in bioconvective nanofluid with
gyro-tactic microorganisms under the influence of a magnetic field. In [4–11], third-grade
fluid flow and heat transfer phenomena with diverse fluid features past different geometries
were encountered. Sahoo [12] investigated the process of transferring heat to a third-degree
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liquid over a simple striped sheet with a slightly smoother texture. Pakdemirli [13] dis-
cussed in detail the flow of the third-grade liquid boundary layer. The work of Javanmard
et al. [14] focused on the fully developed flow of third-degree fluid in a trench under the
influence of the applied magnetic field and the changing boundary conditions. The process
of transferring heat to a third-degree liquid flow in the area of the stretching sheet with the
effect of a slip flow impact was investigated numerically by Sahoo and Do [15].

The preceding paragraph highlighted studies that dealt specifically withthird-grade
fluid flow on diverse flow geometries. Now, the flow mechanisms over the stretching sheet,
especially an exponentially stretching plate, are highlighted. Much work on stretching
sheets has been documented, due to their applications in engineering and technology
fields.Their applications can been seen in extrusion materials, chemical engineering plants,
drawing of plastic films, annealing of copper wires, and glass fiber, etc. In [16–23], the
boundary layer flow of Newtonian and non-Newtonian fluids was studied using different
features across an exponentially stretching sheet. Kumar et al. [24] used Soret, Dufour,
Joule temperature, chemical reactions, magnetic field, and slip effects to test heat and mass
transfer to angled sheets fixed in a porous media. Magyari and Keller [25] investigated
heat and mass transport in boundary layer flow across an exponentially stretching sheet.

The current paragraph is concerned with studies focusing on the Joule heating effects
on flow phenomena. The technique of producing heat by passing an electric current via a
conductor is known as Joule heating, also known as resistive, resistance, or Ohmic heating.
Jouleheating, also known as resistive heating, is employed in a variety of electronics and
industrial processes. A heating element is a component that transforms electricity into heat.
Joule heating may be used frequently in food processing equipment. Heat is released inside
the meal when a current is passed through the food substance (which acts as an electrical re-
sistor). Heat is generated by the alternating electrical current combined with the resistance
of the food. The combined effects of Joule heating, viscous dissipation, thermal radiation,
and heat generation on a magneto-hydrodynamic were analyzed by Ur Rasheed [26]. Swain
et al. [27] discussed the Joule heating and viscous dissipation effects on magnetohydrody-
namic flow and heat transfer over a stretchable surface embedded in a porous medium.
Zeshan et al. [28] investigated the numerical study of magnetohydrodynamic nanofluid
flow over a wavy surface in the presence of thermal radiation, viscous dissipation, and
Joule heating effects using the Keller Box method. The process of heat and mass transfer
in the blood flow in the presence of magnetic field effects, Joule heating effects, and Hall
effects has been explored by Bhatti et al. [29]. Shamshuddin et al. [30] studiedthe combined
effects of viscous dissipation and Joule heating in Fourier MHD squeezing flow over the
raga plate in the presence of thermal radiation. The magnetohydrodynamic micropolar
fluid flow and heat transfer phenomena under the effects of Joule heating and viscous
dissipation effects were studied by Haque et al. [31].

The research community has devoted much studyto the magneto-hydrodynamics flow
with different fluid characteristics. The study of the effects of magnetic fields has important
applications in physics, chemistry, and engineering. Much engineering equipment, such
as the producer of magnetohydrodynamic (MHD), pumps, bearings, and boundary layer
process, is affected by contact between the electrically conducting fluid and the magnetic
field. Due to various applications, in geophysics, magnetohydrodynamic power generation,
and so on, an enormous amount of research on the different fluid features along several
geometries with diverse flow conditions has been published. On the surface of stretchable
cylinder, MHD Casson flow is proposed by Tamoor et al. [32]. Magnetohydrodynamic
chemically reacting fluid flow past an exponentially stretched surface was studied by
Pattnaik et al. [33]. Radiative magenohydrodynamic flow past an exponentially stretched
plate was evaluated numerically by the Homotopy Analysis Method in [34]. Salahuddin
et al. [35] shed light on the topic of MHD Williamson fluid flow under the influence of
generalized heat transfer laws pasta stretchable surface with variable thickness. Kumar
et al. [36] revealed the process of MHD flow by analyzing the heat source and sink impact.
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Studies about magnetohydrodynamic flow past diverse shapes have been encountered
in [37,38].

In the paragraphsabove, studies of the third-grade fluid flow process on stretching
sheets with Joule heating effects, thermaldiffusion and diffusion-thermo effects on bound-
ary layer flow of Newtonian and non-Newtonian fluids and the magneto-hydrodynamics
flow in the different media were highlighted. Much work on porous medium has been
accomplished in the existing literature due to its enormous application in various fields
of sciences. The flow of porous media has been an attraction of the research for the past
decades. The study of fluid flow and heat within permeable media is also very important
in many other fields of science and engineering, such as biomedical and biomedical stud-
ies. Khan et al. [39] gave ananalysis of thin-film flow of second-grade fluid flow over a
stretching sheet fixed in a porous medium. Ali et al. [40] proposed a study on magneto-
hydrodynamic flow of viscoelastic fluid over a stretching sheet surrounded by a porous
medium with the effects of slip flow. A numerical evaluation of unsteady hydromagnetic
fluid flow over a slippery stretching sheet fixed in a porous medium in the presence of
thermal radiation was performed by Makinde et al. [41]. The different fluid flows and
heat transfer phenomena in a porous medium were discussed in [42–46]. Ali et al. [47]
studied the phenomenon of unsteady magnetohydrodynamic Falkner–Skan wedge flow
of non-Newtonian nanofluid under the effect of thermal radiation and activation energy.
Magnetodhyrodyanmic bioconvection nanofluid flow with melting effect on generalized
heat transfer laws along the leading edge has beentackled numerically by using finite
element method in Ref. [48]. The combined effects of magnetic field and thermal radiation,
nanoparticles diameter, and Darcy–Forchheimer flow along the cylinder was considered by
Ali et al. [49].

In the existing literature, many studies have been conducted on non-Newtonian
fluids due to practical applications in industry and engineering, such as food processing,
lubrication processes, and paper-making processes. In the present paper, a numerical
study on heat and mass transfer via third-grade fluid with the Darcy–Forchheimer relation
effects past inclined exponentially stretching sheet embedded in a porous medium has
been performed. Furthermore, thermal-diffusion, applied magnetic field, diffusion-thermo
effect, viscous dissipation, and Joule heating effects have been incorporated. A formulation
of the problem is given in Section 2. The entire solution procedure is presented in Section 3.
The obtained results are portrayed and discussed in Section 4, and at the end, the whole
research work is concluded.

2. Formulation of the Problem

Consider the steady flow and the incompressible, viscous, and two-dimensional flow
of an electrically conducting third-grade fluid over an inclined and exponentially stretching
sheet embedded in the porous medium. A uniform applied magnetic field B(x) = Boex/L is
found in the y-direction to the fluid system. The Darcy–Forchheimer relation is considered
in the model. The Joule heating, viscous dissipation, thermal-diffusion, and diffusion-
thermo effects are taken in the flow model. The sheet is heated and has the temperature Tw
with Tw > T∞ and the concentration at the surface is Cw with the condition Cw > C∞. The
x-axis is taken in the direction of the flow, and the y-axis is taken as normal to the direction
of the flow. The velocity components u, v are in the direction of x, y, respectively. The flow
configuration of the coordinate system is shown in Figure 1. As the flow is driven under
the consideration of the applied magnetic field, the leading term in the Lorentz force (per
unit volume) participating in the equation of motion is defined as

bi = j1 × B (1)

Maxwell equation state.

∇.B = 0, ∇× B = µmj1,∇× E = −∂B
∂t

(2)
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By Ohm’s law
j1 = σ(E + V× B) (3)

where V = (u, v, w) is the velocity vector, ρ is the density, j1 is the current density, B is
the total magnetic field, µm is the magnetic permeability, E is the electric field, and σ is the
electrical conductivity.

The Reynolds number is so small that the flow is laminar. Hence

bi = j1 × B = σ[(V× B(x))× B(x)] = −σB2(x)u (4)

For third-grade fluid, a Cauchy stress is given [12]:

T = −pI + µA1 + α1A2 + α2A2
1 + β1A3 + β2(A1A2 + A2A1) + β3

(
trA2

1

)
A1 (5)

Here, αi and βi are the material moduli. The designation µ is the coefficient of viscosity.
In Equation (5),−pI is the spherical stress because of the incompressibility constraint. The
kinematical tensors A1, A2, and A3 are defined by

A1 = (∇V) + (∇V)T ,

An = dAn−1
dt + An−1(∇V) + (∇V)TAn−1

, n = 2, 3

}
(6)

where the notations ∇, V denote the gradient operator and the velocity vector fields,
respectively. Here, the material time derivative is d

dt . If all the motions of the fluid are
compatible with thermodynamics and if it is assumed that specific Helmholtz free energy
is very small when the fluid is restinglocally, then

µ ≥ 0,

α1 ≥ 0, |α1 + α2| ≤
√

24µβ3
,

β1 = β2 = 0, β3 ≥ 0.

 (7)

The governing relation suitable thermodynamically for third-grade fluid becomes

T = −pI + µA1 + α1A2 + α2A2
1 + β3

(
trA2

1

)
A1 (8)
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Figure 1. Flow configuration and coordinate system.
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By following [12,24], we have the following flow equations:

∂u
∂x

+
∂v
∂y

= 0 (9)

+ 6
β3

ρ

(
∂u
∂y

)
∂2u
∂y2

2

+ gβT(T − T∞)cosα + gβC(C− C∞)cosα− σB2(x)
ρ

u− νu
Ko
− Fu2 (10)

u
∂T
∂x

+ v
∂T
∂y

= αm
∂2T
∂y2 +

DmkT
CsCP

∂2C
∂y2 +

ν

CP

(
∂u
∂y

)2
+

σB2(x)
ρCp

u2 + α1
∂u
∂y

∂

∂y

(
u

∂u
∂x

+ v
∂u
∂y

)
+ 2β3

(
∂u
∂y

)4
(11)

u
∂C
∂x

+ v
∂C
∂y

= Dm
∂2C
∂y2 +

DmkT
Tm

∂2T
∂y2 (12)

The flow conditions are

u = Uw, v = 0 , T = Tw(x), C = Cw(x)aty = 0

u→ 0 T → T∞ , C → C∞ as y→ ∞
(13)

Here, Uw = Uoex/L is the stretching velocity, Tw = T∞ + Coex/L is wall temperature,
and Cw = C∞ + Coex/L is wall concentration. Here, Uo is reference velocity, To is reference
temperature, and Co is concentration. Here, F = Cb√

Ko
is the coefficient of inertia and Cb is

the drag coefficient, Ko is the porous medium permeability, and (α1, α2, β3) are material
moduli. The symbols ν, B(x) = Boe

x
L , ρ, and kT are kinematic viscosity, magnetic field

strength, fluid density, and thermal-diffusion ratio, respectively. The designations Cs, µ,
k, and Tm, are concentration susceptibility, dynamic viscosity, thermal conductivity, and
means fluid temperature, respectively. The symbols CP, α, Dm, and σ represent specific
heat at constant pressure, thermal-diffusivity, mass-diffusivity, and electrical conductivity,
respectively. The symbol βT is thermal expansion coefficient and βC is concentration
expansion coefficient.

3. Method of Solution

The current section focuseson explaining the whole solution procedure for the solution
of Equations (9)–(12) along with boundary conditions (13).

3.1. Similarity Formulation

The non-linear and coupled partial differential equations given in Equations (12)–(14)
along with boundary conditions (15) are difficult to solve. Accordingly, these equations are
first changed to ordinary differential equations with the help of similarity transformation
given in [24].

u = Uoe
x
L , v =

√
νUo
2L ( f (η) + η f ′(η))e

x
L , T = T∞ + Coθe

x
L , C = C∞ + Coφe

x
L ,

η =
√

Uo
2Lν yex/L

(14)

After the substitution of variables given in Equation (16) into Equation (11), then it is
satisfied automatically, and Equations (12)–(15) take the following form.

f ′′′ + f f ′′ − 2 f ′
2
+ 2Ri(θ + Nφ)cosα + K

(
6 f ′ f ′′′ − f f (iv) − 2η f ′′ f ′′′ − 9 f ′′ 2

)
−L
(

3 f ′′ 2 + η f ′′ f ′′′
)
+ 3βRe f ′′ 2 f ′′′ −M f ′ − K∗ f ′ − Fr f ′

2
= 0

(15)

f ′θ − f θ′ =
1

Pr
θ′′ + D f φ′′ + J f ′2 + Ec f ′′ 2 + EcK f ′′

(
3 f ′ f ′′ − f f ′′′

)
+ 1/2βEcRe f ′′ 4 (16)

f ′φ− f φ′ =
1

SC
φ′′ + Srθ′′ (17)
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Boundary conditions

f = 0, f ′ = 1 , θ(0) = 1, φ(0) = 1 asη → 0

f ′ → 1, f ′′ → 0 , θ → 0, φ→ 0 asη → ∞.
(18)

Here, Fr = Cb Le
x
L√

Ko
is called the local inertial coefficient, β = β3Uoe

x
L

ρνL is known as-

the third-grade fluid parameter, N = βCCo
βT To

, is termed as the buoyancy ratio parameter,

L = α2Uoe
x
L

ρνL is called the cross-viscous parameter, Pr= ν
αm

represents the Prandtl number,

Ec = U2
w

CP(Tw−To)
is known as the Eckert number, J = 2σB2

o L
ρCP ∆T is called the Joule heating

parameter, D f =
DmkTCo
νCsCPTo

designates the diffusion-thermo parameter (Dufour number),

Ri = Gr
Re2 is called the Richardson number, Sr = DmkT To

νCoTm
, designates the thermal-diffusion

parameter, K = α1Uoe
x
L

2ρνL is the viscoelastic parameter, Sc = ν
Dm

is the Schmidt number,

K∗ = 2νL
KoUoe

x
L

is the permeability parameter, and M = 2σB2
o L

ρUo
is called the magnetic field

parameter. Here, Re = Uo L
ν and Gr = gβT(Tw−T∞)L3

ν2 are the Reynolds number and Grashof
number, repectively. Here, the prime symbol represents the differentiation w.r.t to similarity
variable η.

The mathematical expressions for the Skin friction coefficient, the Nusselt number,
and Sherwood number are

C f =
τw

ρU2
w

, Nu =
qwx

k(T − T∞)
, Sh =

qmx
Dm(C− C∞)

(19)

where

τw =

(
∂u
∂y + α1

µ

(
2 ∂u

∂x
∂u
∂y + v ∂2u

∂y2 + u ∂2u
∂x∂y

)
+ 2β3

µ

(
∂u
∂y

)2
)

qw = −k
(

∂T
∂y

)
, qm = −Dm

(
∂C
∂y

)
at y = 0.

(20)

are typical stress tensor, heat, and mass flux at surfaces, respectively. Finally, the expressions
for drag force, local Nusslt, and local Sherwood are given below:

C f =
2√
Re

[
f ′′ (0) + K(3 f ′(0) f ′′ (0)− f (0) f ′′ (0)) + 2βRe f ′′ 2(0)

]
,

Re−1/2Nu = −θ′(0),

Re−1/2Sh = −φ′(0),

 (21)

where Re = Uw L
ν is called the local Reynolds number.

3.2. Solution Technique

The analytical solution of Equations (15)–(18) is so difficult that numerical solutions
are determined for various values of the parameters, namely local inertial coefficient
Fr, third-grade fluid parameter β, buoyancy ratio parameter N, cross-viscous parameter
L, Prandtl number Pr, Eckert number Ec, Joule heating parameter J, diffusion-thermo
parameter (Dufour number) D f , Richardson number Ri, thermal-diffusion parameter(Soret
number) Sr, viscoelastic parameter K, Schmidt number Sc, permeability parameter K∗, and
magnetic field parameter M. The numerical results of the considered model are determined
with the use of MALAB built-in Numerical Solver bvp4c. The solverbvp4c is based on
the finite difference code, which uses the three-stage Lobato formula, and it is known
as a collocation formula. There is a C1-continuous solution of collocation polynomial,
which is accurate upto the fourth-order in the interval of integration. There is a strong
dependence of selection of mesh and control of error on continuous solution.An interval of
integration is divided into subintervals by employing the mesh of points in the technique
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of collocation. A solver finds solutions by solving the whole set of algebraic equations,
and on all subintervals, a condition of collocation is applied. For visible and asymptotic
convergence of the solution, η∞ = 10.0 at infinity is taken. There is the estimation of the
solver at each subinterval. Equations (17)–(19) are reduced to a set of first-order ODEs and
then are substituted into algorithm of the bvp4c for solutions. We set

f = y(1), f ′ = y(2), f ′′ = y(3), f ′′′ = y(4), θ = y(5), θ′ = y(6), φ = y(7), φ′ = y(8) (22)

f (iv) = yy1 = (1/K× y(1))× (2× Ri× (N × y(7) + y(5))× cos α + y(4) + y(1)× y(3)

−2× y(2)2 + K× (6× y(2)× y(4)− 2× η × y(3)× y(4)− 9× y(3)2)

−L×(3× y(3)2 + η × y(2)× y(4)) + 3× β× Re× y(3)2 × y(4)
−y(2)× (K∗ + M + y(2) + Fr× y(2))))

(23)

θ′′ = yy2 = 1
1+D×Sr × Pr× ((y(2)× y(5)− y(1) ∗ y(6))

−D f × Sc× (y(2)× y(7)− y(1)× y(8))− J × y(2)− Ec× y(3)2

−Ec× K× y(3)× (3y(2)× y(3)− y(1)× y(4)) + 1
2 × β× Ec× Re× y(3)4)

(24)

φ′′ = Sc× (y(2)×y(7)− y(1)×y(8))− Sr× ((1/(1 + D× Sr)× Pr× (y(2)×y(5)− y(1)× y(6))

−D× Sc× (y(2)× y(7)− y(1)× y(8)))− J × y(2)− Ec× y(3)2Ec× K× y(3)× (3× y(2)× y(3)

−y(1)× y(4)) + 1
2 × β× Ec× Re× y(3)4)

(25)

Boundary Conditions’

y0(1) = 0, y0(2) = 1, y0(5) = 1, y0(7) = 1, yinf(2) = 0, yinf(3) = 0, yinf(5) = 0, yinf(7) = 0 (26)

Theses equations are solved to obtainthe numerical solutions of velocity profile f ′(η),
temperature profile θ(η), and mass concentration φ(η). In addition, theskin friction coef-
ficient Re1/2C f , the Nusselt number Re−1/2Nu, and the Sherwood number Re−1/2Sh are
computed and their graphical effects are demonstrated. In next section, the results are
demonstrated in graphs, and the tabular forms are discussed in detail.

4. Results and Discussion

This section analyzes and discusses in detail the physical attributes of the unknown
properties of interest under the effect of the physical parameters that appeared in flow equa-
tions and the effects of local inertial coefficient Fr,third-grade fluid parameter β, buoyancy
ratio parameter N, cross-viscous parameter L, Prandtl number Pr, Eckert number Ec, Joule
heating parameter J, diffusion-thermo parameter (Dufour number) D f , Richardson number
Ri, thermal-diffusion parameter(Soret number) Sr, viscoelastic parameter K, Schmidt num-
ber Sc, permeability parameter K∗, and magnetic field parameter M on velocity field f ′(η),
temperature field θ(η), mass concentration φ(η). The influences of said parameters on skin
friction coefficient Re1/2C f heat transfer rate coefficient (Nusselt number) Re−1/2Nu, and
mass transfer rate coefficient (Sherwood number) Re−1/2Sh are estimated and plotted in
graphs (see Figures 2–33) and in tabular form. The numerical results of the present study
are compared with available results in the literature and are presented in Table 1.
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Figure 2. Impact of third-grade fluid parameter β on velocity profile f ′(η).
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Figure 3. Impact of third-grade fluid parameter β on temperature profile θ(η).
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Figure 4. Impact of third-grade fluid parameter β on mass concentration φ(η).
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Figure 5. Impact of permeability parameter K∗ on velocity profile f ′(η).
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Figure 6. Impact of permeability parameter K∗ on temperature profile θ(η).
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Figure 7. Impact of permeability parameter K∗ on mass concentration φ(η).
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Figure 8. Impact of local inertial coefficient Fr on velocity profile f ′(η).
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Figure 9. Impact of local inertial coefficient Fr on temperature profile θ(η).
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Figure 10. Impact of local inertial coefficient Fr on temperature profile θ(η).
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Figure 11. Impact of thermal-diffusion parameter Sr on velocity profile f ′(η).
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Figure 12. Impact of thermal-diffusion parameter Sr on temperature profile θ(η).
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Figure 13. Impact of thermal-diffusion parameter Sr on mass concentration φ(η).
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Figure 14. Impact of diffusion-thermo parameter D f on velocity profile f ′(η).
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Figure 15. Impact of diffusion-thermo parameter D f on temperature profile θ(η).
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Figure 16. Impact of diffusion-thermo parameter D f on mass concentration φ(η).
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Figure 17. Impact of Eckert number Ec on velocity profile f ′(η).
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Figure 18. Impact of Eckert number Ec on temperature profile θ(η).
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Figure 19. Impact of Eckert number Ec on mass concentration φ(η).
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Figure 20. Impact of magnetic field parameter M on velocity profile f ′(η).
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Figure 21. Impact of magnetic field parameter M on temperature profile θ(η).
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Figure 22. Impact of magnetic field parameter M on mass concentration φ(η).
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Figure 23. Impact of Joule heating parameter J on velocity profile f ′(η).
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Figure 24. Impact of Joule heating parameter J on temperature profile θ(η).
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Figure 25. Impact of Joule heating parameter J on mass concentration φ(η).
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Figure 31. Impact of Richardson number Ri on skin friction coefficient Re1/2C f .
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Processes 2022, 9, x FOR PEER REVIEW 26 of 29 
 

 

 

Figure 33. Impact of the Richardson number 𝑅𝑖 on the Nusselt number𝑅𝑒−1/2𝑆ℎ. 

Table 1. Comparison of results for −𝜃′(0)  when 𝑅𝑖 = 0,𝑁 = 0, 𝑆𝑐 = 0,𝑀 = 0, 𝐽 = 0, 𝛽 = 0, 𝐿 =
0,𝐾 = 0, 𝐾∗ = 0,𝐹𝑟 = 0, 𝑆𝑟 = 0, 𝐷𝑓 = 0,𝐸𝑐 = 0. 

Pr Magyari and Keller [25]  Present Study  

1.0 0.9547 0.9551 

3 1.8691 1.8121 

5 2.5001 2.5577 

10 3.6604 3.6868 

5. Conclusions 

Here, the entire study is concluded. In the present study,anumerical analysis of the 

effects of the Darcy–Forchheimer relation along with Joule heating, viscous dissipation, 

thermaldiffusion, applied magnetic field, and diffusion-thermoeffect on convective heat 

and mass transfer via third-grade fluid flow over an inclined stretching sheet embedded 

in a porous medium is performed. The proposed process in terms of partial differential 

equations is reduced into ordinary differential equations and then solved using 

MATLAB built-in numerical solver bvp4c. The key findings of the current results are 

outlined below: 

• The velocity profile 𝑓′(𝜂) rises as 𝛽, 𝑆𝑟, 𝐷𝑓 , 𝐸𝑐 and 𝐽 increases and declines for in-

creasing values of 𝐾∗, 𝐹𝑟,𝑀, and 𝑃𝑟 at an angle 𝜋/6. 

• The temperature field𝜃 is enhanced as 𝐾∗, 𝐹𝑟, 𝐷𝑓 , 𝑆𝑟, 𝐸𝑐,𝑀 and 𝐽 are raised, but 

the reverse scenario occurs for augmenting the values of 𝛽 and 𝑃𝑟 at an angle 

𝜋/6. 

• The mass concentration is augmented as 𝐾∗, 𝐹𝑟,𝑀 and 𝑆𝑟 is increased but de-

clines as 𝛽, 𝐸𝑐, 𝐽, and 𝐷𝑓 are enlarged at an angle 𝜋/6. 

• Graphs show that as 𝐾∗is expanded, the porosity of porous medium decreases, 

which causes the viscosity of the fluid to becomestronger, which in turn causes the 

velocity to slow down. Due to more viscous forces, resistance between the layer in-

creases, which enhances the fluid temperature, and consequently more mass con-

centration is seen. 

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1



R
e-1

/2
Sh

 

 

Ri =0.1

Ri  =1.0

Ri  =3.0

Ri  =5.0

Figure 33. Impact of the Richardson number Ri on the Nusselt number Re−1/2Sh.

Table 1. Comparison of results for −θ′(0) when Ri = 0, N = 0, Sc = 0, M = 0, J = 0, β = 0, L = 0,
K = 0, K∗ = 0, Fr = 0, Sr = 0, D f = 0, Ec = 0.

Pr Magyari and Keller [25] Present Study

1.0 0.9547 0.9551
3 1.8691 1.8121
5 2.5001 2.5577
10 3.6604 3.6868
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4.1. Impact of Pertinent Parameters on f ′(η), θ(η), and φ(η)

The physical influence of β on the velocity field f ′(η), the temperature field θ(η), and
the mass concentration φ(η) is illustrated in Figures 2–4, respectively. From the results, we
see that by augmenting the numeric values of β, the velocity of the fluid f ′(η) increases,
but the opposite trend is noted in θ(η) and φ(η). Physically, it is true because by increasing
β, the fluid’s viscosity is reduced and the reference velocity is enhanced, which helps the
fluid to move rapidly: that is why the velocity curves grow very well. Figures 5–7 depict
the physical behavior of f ′(η), θ(η), and φ(η) for the increasing values of permeability
parameter K∗. From the graphs, it is evident that when K∗ is increased, the velocity profile
shown in Figure 5 is reduced and, on the other hand, the temperature profile and mass
concentration shown, respectively, in Figures 6 and 7 rise. The graphs show that, as
K∗ is expanded, the porosity of the porous medium decreases and the fluid’s viscosity
becomesstronger, which compels the velocity to slow down. Due to a more viscous force,
resistance between the layer increases, which enhances the temperature of the fluid and,
consequently, more mass concentration is seen. The impact of local inertial parameter Fr
on the velocity profile, the fluid temperature and the mass concentration is demonstrated
in Figures 8–10, respectively. Graphical results show that as Fr is enhanced, there is a
reduction occurring in f ′(η), shown in Figure 8, and augmentation is noted in θ(η) and
φ(η) in Figures 9 and 10, respectively. From a physics point of view it is true that when Fr
is raised, basically the porosity of porous medium is reduced and the drag coefficient is
enhanced, which causes the fluid velocityto minimize.

The effects of the thermal-diffusion parameter (Soret number) Sr on the velocity, the
temperature, and the mass concentration profiles are shown in Figures 11–13, respectively.
It is noted as Sr increases, f ′(η), θ(η), and φ(η) increase. This is due to the fact that vis-
cous forces are minimized, the reference temperature is enhanced, and the concentration
gradient is increased, as a result of whichthe velocity profile, the temperature profile, and
the mass concentration are intensified. The influence of the thermo-diffusion parameter
(Dufour number) D f on f ′(η), θ(η), and φ(η) is portrayed in Figures 14–16, respectively. It
is inferred from the graphical results that as D f is augmented, the fluid’s velocity andtem-
perature rise, but the reverse behavior is noticed in the mass concentration. In the increasing
values of D f viscosity is decreased and the suspension of concentration is attenuated, due
to which the velocity and the temperature profiles increase. Figures 17–19 describe the
physical impact of Eckert number Ec on the fluid’s velocity, temperature, andmass con-
centration, respectively. It is evident from the pictorial behavior, f ′(η), θ(η) go up, but
curves of mass concentration φ(η) go down. This is due to the fact that by the inclusion
of viscous dissipation effects Ec, the mechanical energy is converted to thermal energy,
which raises the temperature of the fluid. Therefore, the fluid becomes thin and, as a result,
its velocity is enhanced and its mass concentration is reduced. Moreover, by increasing
the values of the stretching sheet, the fluid’s velocity increases. The effect of magnetic
field parameter M on f ′(η), θ(η), and φ(η) is revealed in Figures 20–22, respectively. We
see that owing to an increase in the values of M, f ′(η) is reduced but θ(η) and φ(η) are
improved. From a physical point of view, due to the inclusion of the magnetic field, the
current is generated within the fluid flow domain that creates the resistance, due to which
the fluid’s temperature rises and its velocity declines, due to the Lorentz force. The Joule
heating effects on the velocity field, the temperature field, and the mass concentration are
shown in Figures 23–25, respectively. We concluded from the graphical representation of
the results that as J is increased, f ′(η) and θ(η) are increased and φ(η) is decreased. As J
increases, the magnetic field strength and the electrical conductivity are augmented, as
a result of which more current is generated, which causes the fluid’s temperature to rise
and, along with it, the velocity rises. In Figures 26 and 27, the Prandtl number’s influence
on fluid velocity and the temperature of the fluid are depicted. Figures 26 and 27 show
that when Pr is increased, the velocity and temperature fields are reduced. According
to the physics of the Prandntl number, the observed behavior in the fluid’s velocity and
temperature is correct. When Pr augments, the fluid’s viscosity becomestronger and its
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thermal conductance become weaker, due to which there is a retardation in fluid speed and
a reduction in fluidtemperature.

4.2. Impact of Pertinent Parameters on Re1/2C f , Re−1/2Nu, and Re−1/2Sh

Figures 28–30 portray the graphical behavior of the skin friction coefficient Re1/2C f ,
the Nusselt number Re−1/2Nu, and the Sherwood number Re−1/2Sh, respectively, against
the different values of the Schmidt number Sc. It can be see that as Sc is increased,Re1/2C f

and Re−1/2Sh increase, but a reverse scenario in Re−1/2Nu is noted. Figures 31–33 illustrate
the consequences of the Richardson number Ri on Re1/2C f , the Nusselt number Re−1/2Nu,
and the Sherwood number Re−1/2Sh, respectively. The graphs show that as Ri is enhanced,
Re1/2C f and the Nusselt number Re−1/2Nu decrease but Re−1/2Sh increases. The current
numerical solutions for the rate of heat transfer are compared to previously published
results in Table 1 for the special cases. A good agreement is seen between the previously
documented and the current results based on a detailed examination of the numerical
solutions, indicating that the current study is genuine.

5. Conclusions

Here, the entire study is concluded. In the present study, anumerical analysis of the
effects of the Darcy–Forchheimer relation along with Joule heating, viscous dissipation,
thermaldiffusion, applied magnetic field, and diffusion-thermoeffect on convective heat
and mass transfer via third-grade fluid flow over an inclined stretching sheet embedded
in a porous medium is performed. The proposed process in terms of partial differential
equations is reduced into ordinary differential equations and then solved using MATLAB
built-in numerical solver bvp4c. The key findings of the current results are outlined below:

• The velocity profile f ′(η) rises as β, Sr, D f , Ec and J increases and declines for
increasing values of K∗, Fr, M, and Pr at an angle π/6.

• The temperature field θ is enhanced as K∗, Fr, D f , Sr, Ec, M and J are raised, but the
reverse scenario occurs for augmenting the values of β and Pr at an angle π/6.

• The mass concentration is augmented as K∗, Fr, M and Sr is increased but declines as
β, Ec, J, and D f are enlarged at an angle π/6.

• Graphs show that as K∗ is expanded, the porosity of porous medium decreases, which
causes the viscosity of the fluid to becomestronger, which in turn causes the velocity to
slow down. Due to more viscous forces, resistance between the layer increases, which
enhances the fluid temperature, and consequently more mass concentration is seen.

• From a physical point of view, a reduction in velocity is true because when Fr is raised,
basically the porosity of the porous medium is reduced and the drag coefficient is
enhanced, which causes aminimization of the fluid velocity.

• As J is raised, the magnetic field strength and electrical conductivity are augmented,
because of which more current is generated that causes the temperature of the fluid to
riseand, consequently, the velocity as well.

• The current solutions to the problem for special cases are compared with published
results thatshow good agreement, thus validating the present study.
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