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Abstract: In order to further improve the stability of path tracking control and fuel economy of new
energy vehicles, an optimal control strategy of path tracking and braking energy recovery is proposed.
First, a model predictive controller is designed based on the three-degrees of freedom dynamics
model of the vehicle according to the idea of hierarchical control, and a fuzzy yaw torque controller is
established with the desired yaw velocity and side slip angle of the mass center as constraints. Second,
at high-speed driving conditions, the executive layer of the component distributes the braking torque
according to the braking energy recovery control strategy. Finally, the optimal control strategy of
path tracking and braking energy recovery is verified by Carsim/Advisor/Simulink software under
different driving speeds. The results show that the optimized control strategy can improve the
tracking accuracy and driving stability of a vehicle with large curvature turning and further improve
the fuel economy of new energy vehicles under the premise of meeting the control requirements.

Keywords: new energy vehicles; fuzzy control; path tracking; yaw moment controller; braking
energy recovery

1. Introduction

With the lag of transportation construction development and the rapid increase in the
number of vehicles, the problems of traffic congestion, vehicle travel safety, automobile
energy conservation, and emission reduction have become a concern of the government
and the general public. In addition, unreasonable urban road planning also causes traffic
congestion problems. Therefore, the development of intelligent vehicles and new energy
vehicles has become a top priority, and the optimization control of vehicle motion is a
key technology for driverless vehicles. In addition, the problem of global warming is
becoming more and more serious. However, vehicle exhaust emissions are one of the
important factors causing environmental pollution. Developing new energy vehicles has
become the consensus of all countries. At present, there are many control algorithms, such
as the pure tracking algorithm of a geometric model, but the tracking effect is not good
when the vehicle speed is too high [1,2]. A PID (Proportion Integration Differentiation)
algorithm can control the vehicle lateral error according to the trajectory deviation, but the
adjustment of parameters under different working conditions is the disadvantage of the
algorithm [3–5]. A linear quadratic regulator (LQR) takes into account the influence of the
vehicle dynamics model, but requires higher accuracy of the vehicle model [6–10]. Lghani
Menhour [11] proposed a mathematical driver model based on a two-degrees-of-freedom
PID multi-controller, developed a mathematical driver model, and verified the robustness
and stability of the control, which improved the control accuracy under the uncertainty of
nonlinear and structured parameters. This method effectively evaluated the driving limit of
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vehicles under curve conditions. Toshihiro Hiraoka [12] proposed an automatic 4WS (four-
wheel steer) controller based on the sliding-film theory. The controller is robust to steering
power disturbance, target path radius variation, and lateral force disturbance. Penglei
Dai and Jay Katupitiya [13] proposed a novel control method for four-wheel steering and
four-wheel drive (4WS4WD) vehicles. The sliding mode control (SMC) and particle swarm
optimization (PSO) are integrated to solve the control problem of the nonlinear and highly
coupled four-wheel steering system.

Compared with the above traditional methods, the model predictive control method
has the ability to systematically consider the prediction information. The future output
behavior of the system can be predicted by the rolling time domain control method and
converted into solving the constrained optimal control problem. In 2005, Italy’s Falcone [14]
proposed front-wheel steering control based on the model prediction algorithm, so the
vehicle can track the desired path root under the condition of satisfying the physical
constraints. This method considers the dynamic characteristics and physical constraints of
the vehicle and can continuously optimize the control parameters. Duan [15] improved the
accuracy of intelligent vehicle path tracking by improving the objective function, increasing
the dynamic constraint of tire cornering, and using the vehicle dynamic model as the
prediction model of model predictive control. Zhang [16] analyzed the relationship between
vehicle speed and prediction time domain, fitted the function curve of prediction time
domain and vehicle speed, and designed a variable time domain adaptive path tracking
controller so that the vehicle can update the prediction time domain in real time and ensure
the vehicle has good tracking accuracy and stability. However, the above methods are
designed under the assumption that the vehicle sideslip characteristics are linear, and the
uncontrolled problem caused by the sideslip characteristics entering the nonlinear region
at high speed is not considered.

With an increasing number of vehicles, how to save energy and reduce emissions have
become the research objectives of many scholars. Guangdong Tian analyzed the reuse of
abandoned vehicles in China and put forward a series of methods to improve processing
efficiency [17–19]. In addition, energy vehicles using clean energy are also research hotspots.
With the development of electric vehicles, the shortcomings of electric vehicles have also
been amplified. Because the charging stations of electric vehicles are only present in some
big cities and highway service stations, it causes difficulty in charging pure electric vehicles,
and the owners are anxious about the endurance of electric vehicles. Compared with
traditional internal combustion engines, the exhaust emission of hybrid vehicles is greatly
reduced [20,21]. Braking energy recovery can improve energy reuse and reduce vehicle
cost. Many experts have studied braking force distribution at the energy management level
to improve braking energy recovery potential and reduce fuel consumption [22–24]. There
are many braking modes in the braking process, and the smoothness of braking control is a
major research focus [25–27]. How to maintain the stability of ABS (antilock brake system)
while considering the braking distribution is the key point. Different from the traditional
braking mode, the coordinated control of motor and mechanical braking can ensure the
safety of vehicles to the greatest extent [28–36]. Some studies apply intelligent control and
optimization algorithms to vehicle control strategies [37–40]. Based on the current research
status, braking force collaborative control under emergency conditions still needs to be
solved urgently. The instability problem of vehicle path tracking at high speed and the
coordinated control of braking force under emergency conditions are also research hotspots.
In addition, there are few or no studies considering both. In view of the above problems,
this paper designs an optimal control strategy as follows.

From the perspective of vehicle intelligence and energy saving, the paper proposes a
path tracking and braking energy recovery optimization control strategy for new energy
vehicles. First, a three-degrees-of-freedom vehicle dynamics model is established, and on
this basis, a model predictive controller is established. In view of the tracking instability
problem, a reference model based on the steady-state response of the vehicle is established.
The tire sideslip characteristics are controlled in a linear range by setting the boundary
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value. The fuzzy yaw moment controller is established by taking the error between the
vehicle state and the reference model as the input and the additional yaw moment as
the output. The expected braking torque is calculated according to the vehicle torque
distribution. Finally, the fuzzy controller is established by taking the current vehicle speed,
braking force, and battery state of charge (SOC) as the inputs to calculate the motor braking
ratio. The expected braking torque is divided into hydraulic braking and motor braking to
achieve vehicle stability control and braking energy recovery.

The rest of this paper is as follows. The overall structure of the control strategy is
presented is Section 2. The vehicle dynamics model and the path tracking stability control
strategy is designed in Section 3. The braking energy recovery strategy is designed in
Section 4. The simulation results are provided in Section 5, followed by the concluding
remarks in Section 6.

2. Overall Architecture of the Control System

The overall control structure is shown in Figure 1. The control system is divided
into seven parts: model predictive controller, reference model, yaw moment controller,
braking strength calculation module, fuzzy braking energy recovery controller, braking
force distributor, and hybrid electric vehicle. The model predictive controller calculates the
required front wheel angle according to the current position of the vehicle. The reference
model calculates the expected value of the sideslip angle of the centroid and the expected
value of the yaw rate according to the steady-state response formula of the vehicle with
two degrees of freedom. The value is taken as the control objective, and the yaw moment
controller is built to output the required additional yaw moment. The braking torque is
calculated by the braking strength calculation module, and the regenerative braking ratio is
calculated by fuzzy control. The hydraulic braking torque and regenerative braking torque
are output by the braking force distribution system.
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Figure 1 is the control system structure, where δf is the front wheel expert, X, Y are
the current vehicle lateral and longitudinal positions, V is the current speed,

.
ϕ and

.
ϕnef

are the yaw rate and yaw rate expectations, β and βnef are the sideslip angle and sideslip
angle expectations, ∆M is the additional yaw moment, Z is the braking strength, K is the
regenerative braking ratio, and SOC is the battery state of charge.

The control strategy is divided into two layers as a whole. The upper controller
calculates the vehicle front wheel angle of the path tracking according to the current
vehicle deviation and vehicle speed and calculates the expected yaw rate and sideslip
angle under the current vehicle speed and the front wheel angle. The additional yaw
moment is calculated with the expected value as the control objective. The lower controller
calculates the required braking torque according to the vehicle torque balance relationship
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and calculates the regenerative braking ratio under the current braking strength, vehicle
speed, and SOC by the fuzzy controller. Finally, the hydraulic braking torque and motor
braking ratio are output according to the braking ratio.

3. Design of Stability Control Strategy for Path Tracking
3.1. Vehicle Dynamic Model

According to the model requirements of MPC, two-wheel three-degrees-of-freedom
vehicle model is selected as the research object. It is assumed that the left and right angles
of the front wheel are equal, and the load transfer caused by suspension or accelerated
braking is ignored. Based on the above assumptions, the vehicle longitudinal axis is set
as the X axis, the vehicle transverse axis is the Y axis, the vehicle centroid perpendicular
to the XOY plane is the Z axis, and the vehicle longitudinal, transverse, and yaw motions
on the three axes are analyzed, respectively. The dynamic model of the vehicle with two
wheels and three degrees of freedom is shown in Figure 2.

Processes 2022, 10, x FOR PEER REVIEW 4 of 24 
 

 

the current vehicle speed and the front wheel angle. The additional yaw moment is calcu-
lated with the expected value as the control objective. The lower controller calculates the 
required braking torque according to the vehicle torque balance relationship and calcu-
lates the regenerative braking ratio under the current braking strength, vehicle speed, and 
SOC by the fuzzy controller. Finally, the hydraulic braking torque and motor braking ratio 
are output according to the braking ratio. 

3. Design of Stability Control Strategy for Path Tracking 
3.1. Vehicle Dynamic Model 

According to the model requirements of MPC, two-wheel three-degrees-of-freedom 
vehicle model is selected as the research object. It is assumed that the left and right angles 
of the front wheel are equal, and the load transfer caused by suspension or accelerated 
braking is ignored. Based on the above assumptions, the vehicle longitudinal axis is set as 
the X axis, the vehicle transverse axis is the Y axis, the vehicle centroid perpendicular to 
the XOY plane is the Z axis, and the vehicle longitudinal, transverse, and yaw motions on 
the three axes are analyzed, respectively. The dynamic model of the vehicle with two 
wheels and three degrees of freedom is shown in Figure 2. 

b

a
O

y x

X

Y

O

lrF

crF

yrF

xrF

yfF

lfF
cfF

xfFy
x

cfv

fv

lfv

f

f

r

 
Figure 2. Vehicle dynamics model. 

Longitudinal force of the vehicle in the X-axis direction: 

2 2xf xrmx my F F      (1)

Lateral force of the vehicle in the Y-axis direction: 

2 2yf yrmy mx F F       (2)

Yaw moment of vehicle in Z-axis direction: 

2 2z yf yrI aF bF   (3)

where m is the vehicle’s spare mass, and a and b are the distance between the vehicle’s 
center of mass and the front and rear axles, respectively. 

According to the calculation of mechanical and geometric relations, the transverse 
and longitudinal forces of the tire are as follows: 

xf lf f cf fF F cos F sin    (4)

xr lr r cr rF F cos F sin    (5)

Figure 2. Vehicle dynamics model.

Longitudinal force of the vehicle in the X-axis direction:

m
..
x = m

..
y

.
ϕ + 2Fxf + 2Fxr (1)

Lateral force of the vehicle in the Y-axis direction:

m
..
y = −m

.
x

.
ϕ + 2Fyf + 2Fyr (2)

Yaw moment of vehicle in Z-axis direction:

Iz
..
ϕ = 2aFyf − 2bFyr (3)

where m is the vehicle’s spare mass, and a and b are the distance between the vehicle’s
center of mass and the front and rear axles, respectively.

According to the calculation of mechanical and geometric relations, the transverse and
longitudinal forces of the tire are as follows:

Fxf = Flfcosδf − Fcfsinδf (4)

Fxr = Flrcosδr − Fcrsinδr (5)

Fyf = Flfsinδf + Fcfcosδf (6)

Fyr = Flrsinδr + Fcrcosδr (7)
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According to the coordinate relation, the sideslip angle of the front and rear tires can
be approximately expressed as:

αf =

.
y + a

.
ϕ

.
x
− δf (8)

αr =

.
y− a

.
ϕ

.
x

(9)

The vehicle speed in the inertial coordinate system needs to be obtained according to
the conversion relationship between it and the vehicle coordinate system, and the formula
is as follows: .

Y =
.
xsinϕ +

.
ycosϕ (10)

.
X =

.
xcosϕ− .

ysinϕ (11)

Formulas (4)–(11) are substituted into Formulas (1)–(3) to obtain the three-DOF dy-
namics model of the second wheel of the vehicle:

m
..
y = −m

.
x

.
ϕ + 2

[
Ccf

(
δf −

.
y+a

.
ϕ

.
x

)
+ Ccr

b
.
ϕ− .

y
.
x

]
m

..
x = m

.
y

.
ϕ + 2

[
Clfsf + Ccf

(
δf −

.
y+a

.
ϕ

.
x

)
δf + ClrSr

]
Iz

..
ϕ = 2

[
aCcf

(
δf −

.
y+a

.
ϕ

.
x

)
− bCcr

b
.
ϕ− .

y
.
x

]
.

Y =
.
xsinϕ +

.
ycosϕ

.
X =

.
xcosϕ− .

ysinϕ

(12)

where Ccf, Ccr are, respectively, the lateral stiffness of front and rear tires of the vehicle;
Clf, Clr are the longitudinal stiffness of front and rear tires; Sf, Sr are front and rear wheel
slip rates, respectively; δf is front wheel rotation angle; X and Y are the longitudinal and
transverse positions of the vehicle in the inertial coordinate system, respectively, relative to
the corresponding longitudinal velocity and transverse velocity.

3.2. Design of Model Predictive Tracking Controller

According to Formula (12), the equation of state based on nonlinear dynamics model
is established: .

ξ = f (ξ, u) (13)

The state quantity is ξ =
[ .
y,

.
x, ϕ,

.
ϕ, Y, X

]T , and the control quantity is u = δf. The
nonlinear equation of state is expanded at (ξr, ur) by Taylor’s formula, and the higher-order
terms are ignored and only the first-order terms are retained:

.
ξ = f (ξr, ur) +

∂ f
∂ξ
|

ξ = ξr
u = ur

(ξ − ξr) +
∂ f
∂u
|

ξ = ξr
u = ur

(u− ur) (14)

Equation (14) can be subtracted from Equation (13) to obtain the state equation of error:

∆
.
ξ = A(t)∆ξ + B(t)∆u (15)

In the equation:

∆ξ = ξ − ξr, ∆u = u− ur, A(t) =
∂ f

∂ξ
|

ξ = ξr
u = ur

, B(t) =
∂ f

∂u
|

ξ = ξr
u = ur
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The coefficients A(t), B(t) of the new equation of state are as follows:

A(t) =



−2(Ccf+Ccr)
m

.
xt

∂ f .
y

∂
.
x

0 − .
xt +

2(bCcr−aCcf)
m

.
xt

0 0
.
ϕ− 2Ccfδf,t−1

m
.
x

∂ f .
x

∂
.
x

0
.
y−2aCcfδf,t−1

m
.
xt

0 0
0 0 0 1 0 0

2(bCcr−aCcf)
Iz

.
xt

∂ f .
ϕ

∂
.
x

0
−2(a2Ccf+b2Ccf)

Iz
.
xt

0 0
cos(ϕt) sin(ϕt)

.
xtcos(ϕt)−

.
ytsin(ϕt) 0 0 0

−sin(ϕt) cos(ϕt) −
.
ytcos(ϕt)−

.
xtsin(ϕt) 0 0 0



B(t) =
[

2Ccf
m

2Ccf

(
2δf,t−1−

.
yt+a

.
ϕt.

xt

)
m 0 2aCcf

Iz
0 0

]
∂ fx

∂
.
x

=
2Ccfδf,t−1

( .
yt + a

.
ϕt
)

m
.
x2

t

,
∂ f .

ϕ

∂
.
x

=
2aCcf

( .
yt + a

.
ϕt
)
− 2bCcr

( .
yt − b

.
ϕt
)

Iz
.
x2

t

According to the recursive calculation requirements of MPC, the equation of state is
discretized and the following formula is obtained:{

A(k) = I + TA(t)
B(k) = TB(t)

(16)

Combining Equations (15) and (16), the linearly discretized equation of state can
be obtained:

∆ξ(k + 1) = Ak∆ξ(k) + Bk∆u(k) (17)

3.2.1. Transformation of State Space Equations

In order to take the front wheel rotation angle and its variation as the controlled target,
the linearized state space equation should be transformed and set:

ξ(k) =
[

∆ξ(k)
u(k)

]
, η(k) = Cξ(k),

The transformed equation of state is obtained by combining the new state quantity
and control increment:

ξ(k + 1) = Ãξ(k) + B̃∆u(k)
η(k) = C̃ξ(k)

(18)

In Equation (18),

Ã(k) =
[

Ak Bk
0 I

]
; B̃(k) =

[
Bk
I

]
; C̃ =

[
Ck 0

]
; ∆u(k) = u(k)− u(k− 1)

Starting from K = 1, the formula is respectively deduced to Nc (control time domain)
and Np (prediction time domain), and the P line formula is obtained, which is expressed in
the form of state space equation:

Y(k + 1) = Ψξ(k) + Θ∆U(k) (19)
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Ψ =


C̃k Ãk
C̃k Ã2

k
...

C̃k Ã
Np
k

, Θ =



C̃k B̃k 0 . . . 0
C̃k Ãk B̃k C̃k B̃k . . . 0

...
...

...
C̃k Ãk

Nc−1B̃k C̃k Ãk
Nc−2B̃k . . . C̃k B̃k

C̃k Ãk
Nc B̃k C̃k Ãk

Nc−1B̃k . . . C̃k Ãk B̃
...

...
...

C̃k Ãk
Np−1B̃k C̃k Ã

Np−2
k B̃k · · · C̃k Ãk

Np−Nc−1B̃k


3.2.2. Objective Function

The objective function of the tracking error is expressed as follows:

J(ξ(t), u(t− 1), ∆U(t)) =
Np
∑

i=1
‖ η(t + i

∣∣∣t)− ηref(t + i
∣∣∣t) ‖2

Q

+
Nc−1

∑
i=1

∣∣∣∣∆u(t + i
∣∣t)∣∣|2R + ρε2

(20)

where Q is the weight coefficient of the state quantity; R is the weight coefficient of the
control quantity; ρ is the weight coefficient of the relaxation factor; and ηref is the reference
value of the output.

After the above deduction, the model prediction problem is transformed into a
quadratic programming solution problem:

minJ(ξ(t), u(t− 1), ∆U(t)),
s.t.Umin ≤ A∆Ut + Ut ≤ Umax,

∆Umin ≤ ∆U ≤ ∆Umax,yh.min ≤ yh ≤ yh.max,
ys,min + ε ≤ ys ≤ ys,max + ε.

(21)

In each calculation cycle of the quadratic programming solution, the control input
within the constraint range is:

∆U∗t =
[
∆u∗t , ∆u∗t+1, . . . ∆u∗t+Nc−1, ε

]T (22)

In the above formula, the element in the first row of the matrix is the change value of
the control quantity, which is added with the initial control quantity to obtain the actual
control quantity corresponding to the period:

u(t) = u(t− 1) + ∆u∗t (23)

When the system repeats this process, the control quantity will change with the
change of the path trajectory, and the closed-loop tracking control will be realized for the
desired trajectory.

3.2.3. Constraint Condition

Because the selection of sideslip angle and tire sideslip angle play a crucial role in
vehicle steering stability, according to the research results of Bosch Company, the limit
value of the sideslip angle is set to 12◦, the extreme value of tire sideslip linear angle is set
to 5◦.

3.2.4. Model Predictive Control Principle

The principle of model predictive control is shown in Figure 3. The real-time state of
the vehicle is input into the MPC controller, the difference between the actual position and
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the reference position is calculated, and the optimization is predicted. The calculated value
is input into the vehicle to realize closed-loop control.
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3.3. Reference Model Design

In order to avoid instability and path tracking failure when the vehicle is turning at
high speed, the vehicle will not deviate from the tracking path by limiting the stability
parameters when the vehicle is turning at high speed. According to the two-DOF vehicle
steady-state response model, the steady-state expected value of the vehicle is deduced:

.
ϕnef =

.
x/L

1 + K
.
x2 × δf (24)

βnef =
b + am

.
x2/CrL(

1 + K
.
x2
)

/L
× δf (25)

K = m
L2

(
a

Cr
− b

Cf

)
is the stability coefficient, L is the wheelbase of front and rear axles;

.
ϕnef

is the steady-state value of yaw velocity; and βnef is the steady state value of the sideslip
angle of centroid.

In the two-degrees-of-freedom vehicle steady-state response model, it is assumed that
the tire lateral force characteristic is linearly distributed. Therefore, the paper avoids the
tire exceeding the adhesion limit by setting the boundary value of the yaw rate and the
centroid lateral angle so as to ensure that the tire lateral force characteristic curve is linearly
distributed. The boundary values of yaw rate and sideslip angle of centroid are:∣∣ .

ϕbound
∣∣ = 0.85

µg
.
x

(26)

|βbound| ≤ tan−1(0.02µg) (27)

3.4. Design of Fuzzy Yaw Moment Controller

According to the controller design, the paper adopts the two-input single-output
control method. According to the design requirements of fuzzy rules, the input and output
are described by the language description method of {PB, PM, PS, ZO, NS, NM, NB} on
the basis of practice summary. The fuzzy controller input is described by five linguistic
variables, and the fuzzy subset of linguistic variables is set to {PB, PS, ZO, NS, NB}. The
output language variables are described by seven language variables, and the fuzzy subset
is set to {PB, PM, PS, ZO, NS, NM, NB}. According to expert experience, the fuzzy universe
of input is set to [–3, 3] and the fuzzy universe of output is set to [–1, 1]. According to
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the requirements of fuzzification, the actual cybernetic domain and fuzzy domain are
proportional. Quantization factor ke and scale factor ku are defined as follows:

ke =
n1

e
(28)

ku =
u
n2

(29)

where n1 is the fuzzy theory domain of the input variable, e is the matter theory domain
of the input variable, u is the matter theory domain of the output variable, and n2 is the
fuzzy theory domain of the output variable. The selected quantization factor ke1 = 0.1,
quantization factor ke2 = 1, and scale factor ku = 6000 of ∆M.

According to the requirements of real-time and rapidity of vehicle control, the mem-
bership function of fuzzy language variable is triangular. This kind of membership function
has a sharp curve shape and high resolution and can quickly respond to the changes in the
vehicle state under high-speed conditions, as shown in Figures 4 and 5.

Processes 2022, 10, x FOR PEER REVIEW 9 of 24 
 

 

0 85bound

g
.

x






 

(26)

 1 0 02bound tan . g   (27)

3.4. Design of Fuzzy Yaw Moment Controller 
According to the controller design, the paper adopts the two-input single-output con-

trol method. According to the design requirements of fuzzy rules, the input and output 
are described by the language description method of {PB, PM, PS, ZO, NS, NM, NB} on 
the basis of practice summary. The fuzzy controller input is described by five linguistic 
variables, and the fuzzy subset of linguistic variables is set to {PB, PS, ZO, NS, NB}. The 
output language variables are described by seven language variables, and the fuzzy sub-
set is set to {PB, PM, PS, ZO, NS, NM, NB}. According to expert experience, the fuzzy 
universe of input is set to [–3, 3] and the fuzzy universe of output is set to [–1, 1]. Accord-
ing to the requirements of fuzzification, the actual cybernetic domain and fuzzy domain 
are proportional. Quantization factor ke and scale factor ku are defined as follows: 

1
e

n
k

e


 
(28)

2
u

uk
n


 

(29)

where n1 is the fuzzy theory domain of the input variable, e is the matter theory domain 
of the input variable, u is the matter theory domain of the output variable, and n2 is the 
fuzzy theory domain of the output variable. The selected quantization factor ke1 = 0.1, 
quantization factor ke2 = 1, and scale factor ku = 6000 of ∆M. 

According to the requirements of real-time and rapidity of vehicle control, the mem-
bership function of fuzzy language variable is triangular. This kind of membership func-
tion has a sharp curve shape and high resolution and can quickly respond to the changes 
in the vehicle state under high-speed conditions, as shown in Figures 4 and 5. 

NB NS ZO PS PB

−3 −2 −1 0 1 2 3
0

0.2

0.4

0.6

0.8

1

D
eg

re
e 

of
 m

em
be

rs
h

ip

The fuzzy domain of       and   

Figure 4. The fuzzy domain of   and   . Figure 4. The fuzzy domain of ∆β and ∆
.
ϕ .

Processes 2022, 10, x FOR PEER REVIEW 10 of 24 
 

 

NB NS ZO PS PB

−1 −0.5 0 0.5 1
0

0.2

0.4

0.6

0.8

1

D
eg

re
e 

of
 m

em
be

rs
h

ip

The fuzzy domain of 

NM PM

 

Figure 5. The fuzzy domain of M . 

Based on expert experience and simulation verification, fuzzy rules are shown in Ta-
ble 1. 

Table 1. Fuzzy rules. 

         

  NB NS ZO PS PB 
 NB PB PB NM NB NB 
 NS PB PM NS NM NB 
  ZO PM PS ZO NS NM 

 PS PB PM PS NM NB 
 PB PB PB PM NS NB 

3.5. Braking Force Strength Calculation and Additional Yaw Moment Control 
The additional yawing moment is calculated according to the input value. At the 

same time, the braking strength is calculated according to the yaw moment formula in 
order to prevent the single wheel brake instability. Therefore, the braking force rule 
adopts the same-side braking mode, and the same-side braking wheels and cylinders gen-
erate the same braking pressure to provide the additional yaw moment. The braking force 
distribution of the brake wheel is shown in Table 2. 

Table 2. Rules of braking force distribution of brake wheels. 

Additional Yaw Mo-
ment 

Expected Value of 
Yaw Velocity 

Vehicle State Brake Wheel 

Positive Positive 
Turn left insuffi-

ciently 
Left front wheel, left 

rear wheel 

Negative Positive Turn left overturn 
Right front wheel, 
right rear wheel 

Negative Negative 
Turn right insuffi-

ciently 
Right front wheel, 
right rear wheel 

Positive Negative Turn right overturn 
Left front wheel, left 

rear wheel 

According to the relationship between the brake wheel cylinder pressure and the re-
quired additional yaw moment, the braking pressure can be expressed as follows: 

Figure 5. The fuzzy domain of ∆M.

Based on expert experience and simulation verification, fuzzy rules are shown in Table 1.
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3.5. Braking Force Strength Calculation and Additional Yaw Moment Control

The additional yawing moment is calculated according to the input value. At the
same time, the braking strength is calculated according to the yaw moment formula in
order to prevent the single wheel brake instability. Therefore, the braking force rule adopts
the same-side braking mode, and the same-side braking wheels and cylinders generate
the same braking pressure to provide the additional yaw moment. The braking force
distribution of the brake wheel is shown in Table 2.

Table 2. Rules of braking force distribution of brake wheels.

Additional Yaw
Moment

Expected Value of
Yaw Velocity Vehicle State Brake Wheel

Positive Positive Turn left insufficiently Left front wheel, left
rear wheel

Negative Positive Turn left overturn Right front wheel,
right rear wheel

Negative Negative Turn right
insufficiently

Right front wheel,
right rear wheel

Positive Negative Turn right overturn Left front wheel, left
rear wheel

According to the relationship between the brake wheel cylinder pressure and the
required additional yaw moment, the braking pressure can be expressed as follows:

Pi =
∆Mr
Bci

(30)

where i = 1 represents the front cylinder and rear cylinder on the left side of the vehicle,
i = 2 represents the front cylinder and rear cylinder on the right side of the vehicle, ∆M is
the output of fuzzy control with additional yaw moment, r is the effective rolling radius of
the tire, B is the wheel pitch between the wheels, and c is the braking moment of the unit
wheel cylinder of the front and rear wheels.

4. Braking Energy Recovery Control Strategy for Hybrid Electric Vehicles
4.1. Influence Factors of Braking Energy Recovery

In the braking energy recovery process of hybrid electric vehicles, the energy recovery
efficiency will be interfered with by many factors. Several factors that affect the braking
energy recovery are listed below.

(1) The motor is the core component of the braking energy recovery system. The function
of the motor is to realize the energy conversion between mechanical energy and
electric energy. Its advantages and disadvantages directly determine the energy
recovery efficiency.

(2) The energy storage equipment of a hybrid electric vehicle is the battery. The size of
the battery SOC has a significant impact on the effect of braking energy recovery. If
the battery SOC is too large, the battery capacity is not sufficient to recover excessive
electrical energy. When the battery SOC is small, the battery can store more energy,
which will improve the braking energy recovery efficiency.

(3) Environmental factors and environmental conditions are also important factors af-
fecting energy recovery in the braking process. The energy recovery efficiency of
horizontal pavement is higher in good road conditions. In complex pavement, the
energy recovery efficiency will be greatly reduced under conditions of water or
deep pits.

(4) Control strategy is another core of hybrid electric vehicle braking energy recovery. For
hybrid electric vehicle braking energy recovery systems, a reasonable braking force
distribution control strategy can improve braking energy recovery efficiency. A good
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control strategy can achieve more energy recovery under the premise of ensuring
vehicle safety and stability.

4.2. Fuzzy Controller Design

Road traffic conditions, weather factors, driver’s driving habits, vehicle speed, and
other factors may have some impact on hybrid vehicle braking energy recovery. Because
the vehicle speed V, braking strength Z, and battery SOC have great influence on braking
energy recovery, these three factors are selected as input signals to be applied in the fuzzy
control braking energy recovery system, which is shown in Figure 6.
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Figure 6. Braking energy recovery strategy.

4.2.1. Membership Function Design

Vehicle speed is the most important parameter in the process of driving. The magni-
tude of the vehicle speed directly affects the braking energy recovery effect of the vehicle.
When the vehicle speed is too low, the vehicle braking is mechanical braking, and the
motor does not participate in braking. When the vehicle speed rises to a certain value, the
proportion of motor participation will increase in the braking process. In this case, the
vehicle can recover more braking energy. In Figure 7, the speed range of the vehicle is
set to [0, 100] and to {L, M, H}. L, M, and H are low, medium, and high fuzzy languages,
respectively. The set {L, M, H} in Figures 8 and 9 are the same.
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The battery is an energy storage device for hybrid electric vehicle energy recovery, 
and it plays a great role in the energy conversion process of braking energy recovery. The 
SOC value has a great influence on the charging efficiency of the hybrid electric vehicle 
battery. When the SOC of the battery is low, the charging of the battery is unlimited. When 
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domain of battery SOC to [0, 1] and to {L, M, H}. 
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Braking strength Z is determined by the size of the driver’s pedal force. In order to
consider the safety of the vehicle in the braking process, the braking strength Z also greatly
affects the energy recovery efficiency of the vehicle. When the braking intensity Z is small
or medium, the braking process of the vehicle slows down, the braking force demand is
small, and the electric mechanism force accounts for a large proportion. In this process, the
vehicle can recover more braking energy. When the braking intensity Z is large, it indicates
that the driver wants emergency braking of the vehicle. At this time, the braking force of
the motor is very small, and the vehicle braking energy recovery is also very small. We set
the braking strength Z to [0, 1] and to {L, M, H}.

The battery is an energy storage device for hybrid electric vehicle energy recovery, and
it plays a great role in the energy conversion process of braking energy recovery. The SOC
value has a great influence on the charging efficiency of the hybrid electric vehicle battery.
When the SOC of the battery is low, the charging of the battery is unlimited. When the SOC
value is too large, it is not appropriate to charge too much electricity. We set the domain of
battery SOC to [0, 1] and to {L, M, H}.

Regenerative braking ratio K represents the ratio of motor to total braking force. We
set the fuzzy set of regenerative braking ratio K as [lower, low, middle, high], abbreviated
as [SL, L, M, H]. In Figure 10, SL indicates that the motor does not work in the braking
process of the vehicle, and the hybrid electric vehicle basically does not recover energy; L
means that the braking of the motor is small; M indicates that the proportion of the braking
force of the motor in the total braking force of the vehicle is medium; H indicates that in
the process of automobile braking, the braking force mainly comes from the motor.
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4.2.2. Fuzzy Rule

When the vehicle speed is low, the motor of the hybrid electric vehicle basically does
not work and the vehicle does not recover braking energy during braking. When the vehicle
speed is medium, the proportion of motor participation in vehicle braking increases; when
the vehicle speed is high, the proportion of motor participation in braking is high, and the
braking energy recovery is increased.

When the braking intensity Z is large, the vehicle is in an emergency braking condition.
In order to ensure the safety and stability of driving, the motor is basically not involved in
braking, and the braking force is all provided by the mechanical friction system. When the
braking strength is small or medium, the braking force generated by the motor increases,
and the recovery energy will also increase.

When the SOC value of the battery state of charge of a hybrid electric vehicle is higher,
the battery surplus power is greater. In order to prevent battery overcharge and negatively
affect battery life, the proportion of motor braking participation is low or not involved.
When the SOC value is low, the battery capacity is sufficient to store the energy converted
from braking energy, so the proportion of motor participation in braking is high. Specific
fuzzy rules are designed as shown in Table 3.

Table 3. Fuzzy rules.

Number V Z SOC K

1 L L L SL
2 L L M SL
3 L L H SL
4 L M L SL
5 L M M SL
6 L M H SL
7 L H L SL
8 L H M SL
9 L H H SL
10 M L L M
11 M L M H
12 M L H L
13 M M L M
14 M M M H
15 M M H L
16 M H L L
17 M H M L
18 M H H L
19 H L L M
20 H L M H
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Table 3. Cont.

Number V Z SOC K

21 H L H L
22 H M L M
23 H M M H
24 H M H L
25 H H L SL
26 H H M SL
27 H H H SL

Under the fuzzy control rules shown in the table, the relationship between vehicle
speed V, braking strength Z, battery SOC, and regenerative braking ratio K is shown in
Figures 11–13. It can be seen from Figure 11 that with the increase in braking intensity Z
and vehicle speed V, the regenerative braking ratio K increases first, then decreases, and
finally increases.
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5. Simulation Proof

In order to verify the feasibility of the algorithm, MATLAB\Simulink is used to write
the control program, and the simulation experiment is completed by Carsim and Advisor.
The selection of specific models and parameters is shown below.

5.1. Simulation Platform Parameter Design

Vehicle parameters, motor parameters, and battery parameters are shown in Tables 4–6.

Table 4. Vehicle parameters.

Vehicle Parameter Name Vehicle Parameter Values

Complete vehicle quality/m 1723 kg
Rotational inertia around z axis/Iz 4175 kg·m2

Front axle distance/a 1.232 m
Rear axle distance/b 1.468 m

Wheel track/B 1.6 m
Rolling radius of tire/r 0.353 m

Height of center of mass/h 0.46 m
Face area/A 2 m2

Front wheel lateral stiffness/Cf −66,900
Rear wheel lateral stiffness/Cr −62,700

Front wheel unit wheel cylinder braking force/c1 350 N·m/MPa
Rear wheel unit wheel cylinder braking force/c2 200 N·m/MPa

Table 5. Motor parameters.

Motor Parameter Name Motor Parameter Values

Motor quality/m 61 kg
Nominal power/P 40 kw
Maximum speed/r 8000 r/min

Minimum voltage/U 130 V
Maximum torque/T 125 N m

Table 6. Battery parameters.

Battery Parameter Name Battery Parameters

Battery quality/m 275 kg
Count battery 25

Battery voltage/U 300 V
Unit capacity 25 Ah

SOC 0.7

The double-shift curve is selected as the path tracking route. The double-shift curve
contains intense corner changes, which can meet the requirements of high-speed steering
conditions in this paper. Therefore, based on the Carsim\Simulink co-simulation plat-
form, using the double-shift curve as the tracking path can better detect the stability of
the algorithm.

5.2. Simulation Result

In order to verify the feasibility of the controller design, the optimal control strategy of
path tracking and braking energy recovery was simulated and verified under the driving
conditions of 30 km/h, 50 km/h, and 70 km/h, respectively, by driving on a road surface
of µ = 0.9 and ignoring the influence of wind resistance.
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5.2.1. Cause Analysis of Vehicle Instability

It can be seen from Figure 14 that the MPC can track the path stably at 30 km/h
and 50 km/h. However, with the increase in vehicle speed, the vehicle is out of control
under the condition of 70 km/h. According to the analysis, the model predictive controller
is built on the basis of the three-degrees-of-freedom dynamic model of the vehicle, and
the tire sideslip characteristics are assumed to be a linear distribution, so the front wheel
angle is calculated under the ideal state. In the actual control process, as the vehicle
enters high-speed conditions, the sideslip angle of the tire becomes larger, and the sideslip
characteristics enter the nonlinear region, which cannot provide the required tire corner
force under the ideal state, resulting in the vehicle being out of control. under the ideal
state, resulting in vehicle out of control.
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Figure 14. Comparison of vehicle tracking effect.

As seen in Table 7, compared with MPC, the average error of the stability control
strategy is reduced by 0.071 m and the maximum error is reduced by 0.846 m at high
speed. It can be seen that the control strategy in this paper improves the accuracy of vehicle
high-speed path tracking and avoids instability.

Table 7. Tracking error comparison.

Control Strategy Maximum Lateral Error Average Horizontal Error

Model predictive control 0.922 0.125
Path tracking stability control 0.076 0.054

5.2.2. Control Effect Analysis of Controller

In order to verify the control effect of the controller under high-speed driving con-
ditions, a driving condition of 70 km/h was selected for analysis, as shown in Figure 15.
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By comparing the centroid sideslip angle and yaw rate of the MPC and the path
tracking combined controller at 70 km/h, the sideslip angle of the path tracking combined
controller is stabilized between −5◦and 5◦according to the requirements of the reference
trajectory, which ensures steering stability under high-speed driving conditions. The MPC
only controls the front wheel angle under the ideal sideslip condition. When the vehicle
speed is too high, the tire sideslip characteristics enter the nonlinear region. it can be seen
that the vehicle loses the yaw stability after 4 s, and the vehicle path tracking fails.

In Figure 16, the additional yaw moment image indicates that when the vehicle turns
left, the yaw angular velocity of the vehicle is less than expected, and the vehicle needs
a positive additional yaw moment to increase the yaw angular velocity of the vehicle.
When the vehicle turns right, the yaw rate is greater than expected, and the vehicle needs a
negative additional yaw moment to make the yaw rate smaller.

Processes 2022, 10, x FOR PEER REVIEW 18 of 24 
 

 

  
Figure 15. Performance comparison of controllers. 

By comparing the centroid sideslip angle and yaw rate of the MPC and the path track-
ing combined controller at 70 km/h, the sideslip angle of the path tracking combined con-
troller is stabilized between −5°and 5°according to the requirements of the reference tra-
jectory, which ensures steering stability under high-speed driving conditions. The MPC 
only controls the front wheel angle under the ideal sideslip condition. When the vehicle 
speed is too high, the tire sideslip characteristics enter the nonlinear region. it can be seen 
that the vehicle loses the yaw stability after 4 s, and the vehicle path tracking fails. 

In Figure 16, the additional yaw moment image indicates that when the vehicle turns 
left, the yaw angular velocity of the vehicle is less than expected, and the vehicle needs a 
positive additional yaw moment to increase the yaw angular velocity of the vehicle. When 
the vehicle turns right, the yaw rate is greater than expected, and the vehicle needs a neg-
ative additional yaw moment to make the yaw rate smaller. 

  

  

Figure 16. Simulation effect of controller.

Comparing the expected control quantity with the actual control quantity, it can be
seen that the controller reduces the error, ensures the stability of the vehicle under extreme
conditions, and proves the feasibility of the control method. By comparing the additional
yaw moment image with the reference trajectory image, it can be seen that the additional
torque is related to the size of the steering angle. When the steering angle is large, the
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additional torque at the corresponding time is also large, indicating that the additional yaw
moment can quickly respond to the instability phenomenon in steering.

5.2.3. Simulation Analysis of Braking Energy Recovery

Figure 17 shows the torque change curve of a hybrid electric vehicle engine under
the logic gate control strategy, and Figure 18 shows the engine torque output of a hybrid
electric vehicle under the fuzzy control strategy.
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According to Figures 17 and 18, the output torque of the hybrid electric vehicle is
larger under the fuzzy control strategy.

Figure 19 is the motor output power curve of a hybrid electric vehicle under the logic
gate control strategy. Figure 20 shows the power output of the motor under the fuzzy
control braking force distribution method designed in this paper.
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Figure 20. Fuzzy control motor power.

By comparing the output power diagram of the above two motors, it can be clearly
seen that the output power of the motor under fuzzy control fluctuates steadily within a
certain range. In logic gate control mode, the output of motor power is not sufficiently
stable. When the output power of the motor is negative, the hybrid electric vehicle is
recovering the braking energy at this time. Under the fuzzy control strategy, the motor can
recover more energy.

Figure 21 shows the SOC change curve of the power battery based on the logic
threshold control strategy. Figure 22 shows the variation curve of battery SOC generated
by the designed fuzzy control braking force allocation strategy.
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Compared with the change of battery SOC under the logic gate control method, the
declining trend of battery SOC of the hybrid electric vehicle is slower with fuzzy control,
and the slope is less than the slope of the graph in Figure 21. Careful observation will also
find that the SOC line of Figure 22 is smoother than that of logic gate control. It shows
that the battery consumption of the hybrid electric vehicle is more stable with the fuzzy
control. After completing a driving cycle condition, the remaining battery power under
fuzzy control is more than that under logic threshold control. These comparisons prove
that hybrid electric vehicles can recover more braking energy under fuzzy control. Table 8
is the control effect comparison.

Table 8. Comparison of vehicle energy consumption.

Item Logic Gate Control Strategy Fuzzy Control Strategy

Vehicle fuel consumption
L/100 km 5.0 4.9

Total energy consumption/KJ 8402 8163
Vehicle braking energy/KJ 1859 1857

Energy recovery/KJ 531 920
Braking energy recovery/% 28.56 49.54
Effective energy recovery/% 6.32 11.27

Through the data calculation and comparison, under the fuzzy control strategy, the
braking energy recovery efficiency of a hybrid electric vehicle is 49.54%, and the effective
energy recovery rate is 11.27%. These data are much higher than the energy recovery
efficiency of the logic gate control strategy. The comparison between the above various
data fully proves that the braking energy recovery control strategy based on fuzzy control
is feasible. Under the fuzzy control strategy, the hybrid electric vehicle can recover and
utilize the braking energy of the vehicle more.

6. Conclusions

In order to solve the problem of braking energy recovery under high-speed instability
and limit state of a vehicle, the control strategy can improve the stability and accuracy
of vehicle path tracking. By adjusting the braking pressure at high speed and restricting
the steady-state parameters of the vehicle, the tracking accuracy is guaranteed in extreme
conditions. At the same time, the braking energy recovery module will distribute the
braking force according to the fuzzy rules and input the braking force into the vehicle, so as
to maintain the stable tracking of the vehicle and improve the efficiency of energy recovery.

The simulation results show that the average error of the stability control strategy is
reduced by 0.071 m compared with MPC [14,15]. The braking energy recovery strategy
based on fuzzy control improves the effective energy recovery rate by 4.95% compared
with the logic gate control strategy, and the optimal hydraulic and motor braking ratio can
be calculated according to the braking condition of the vehicle, which has a wider range of
applicable conditions compared with [30,31]. It can be seen that the control strategy can
improve the control accuracy and energy recovery efficiency of hybrid electric vehicles
under the premise of ensuring vehicle safety. However, this study does not consider the
influence of vehicle vertical motion, and the influence of this factor on vehicle tracking
accuracy and braking energy recovery will be considered in future studies.
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