
Citation: Chen, D.; Sun, Z. A

Semi-Analytical Model for

Gas–Water Two-Phase Productivity

Prediction of Carbonate Gas

Reservoirs. Processes 2023, 11, 591.

https://doi.org/10.3390/pr11020591

Academic Editor: Qingbang Meng

Received: 8 January 2023

Revised: 2 February 2023

Accepted: 14 February 2023

Published: 15 February 2023

Copyright: © 2023 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

processes

Article

A Semi-Analytical Model for Gas–Water Two-Phase
Productivity Prediction of Carbonate Gas Reservoirs
Dayong Chen 1,2 and Zheng Sun 1,2,*

1 State Key Laboratory of Coal Resources and Safe Mining, China University of Mining and Technology,
Xuzhou 221116, China

2 School of Mining, China University of Mining and Technology, Xuzhou 221116, China
* Correspondence: sunzheng@cumt.edu.cn; Tel.: +86-185-0061-0758

Abstract: The productivity prediction of gas wells in carbonate gas reservoirs is greatly affected
by the characteristics of gas–water two-phase flow and fracture seepage parameters. Compared
with numerical simulation, the productivity prediction based on the analytical model is fast and
widely used, but the traditional analytical model is fairly simplified while dealing with the nonlinear
problem of the two-phase seepage equation, leading to a large discrepancy in the results of dynamic
analysis. To solve this problem, this paper considers the characteristics of gas–water two-phase flow
in the reservoir and fracture, uses the dual-medium model to characterize the stress sensitivity of
the fracture and reservoir, and establishes a gas–water two-phase productivity prediction model
for carbonate gas reservoirs. Combining the flowing material balance equation with the Newton
iteration method, the nonlinear parameters of the percolation model are updated step by step with
the use of average formation pressure, and the gas–water two-phase model is linearized through
successive iterations to obtain the semi-analytical solution of the model. The accuracy of the model
was verified using a comparison with the results of commercial numerical simulation software and
field application, the gas–water two-phase productivity prediction curve was obtained, and the
influence of sensitive parameters on productivity was analyzed. The results show that: (1) the
semi-analytical solution method can efficiently deal with the gas–water two-phase nonlinear seepage
problem and obtain the productivity prediction curve of carbonate gas wells rapidly and (2) the water
production of the carbonate gas reservoir seriously affects the productivity of gas wells. During the
development process, the production pressure difference should be reasonably controlled to reduce
the negative impact of stress sensitivity on productivity performance.

Keywords: carbonate gas reservoir; gas–water two-phase; stress sensitivity; semi-analytical model

1. Introduction

A carbonate gas reservoir is rich in natural fractures and shares the feature of strong
stress sensitivity. The reservoirs essentially have high water saturation; therefore, water
production has a prominent role in limiting gas-well production [1–3]. The productivity
prediction is greatly affected by the characteristics of gas–water two-phase flow as well
as the fracture seepage parameters. At present, the gas–water two-phase productivity
prediction methods of carbonate gas wells mainly include analytical methods and numerical
simulation methods [4–6]. The analytical method is usually based on the steady-state
seepage theory. The equation is linearized by introducing the gas–water two-phase pseudo
pressure, and the productivity equation of water-producing gas wells is derived using
the conformal transformation and potential superposition principle to convert the water
production into gas production for evaluation [7–9]. The numerical simulation method can
explicitly characterize the artificial fracture parameters and deal with multiphase fluid flow
problems, but the process of model establishment and solution is complex [10–12]. For
carbonate gas reservoirs, the development process falls in the unsteady flow stage for a long
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time, and the productivity equation established on the basis of steady-state seepage theory
cannot reflect the production process of the gas reservoir [13–15]. In addition, the analytical
method usually only introduces two-phase pseudo pressure to simplify the equation when
dealing with the nonlinear problem of the gas–water two-phase seepage equation [16–18]
and ignores the influence of nonlinear seepage parameters, and, in addition, the calculation
results have large errors. The pre-treatment process of the numerical simulation method is
complex. In order to obtain high simulation accuracy, it is necessary to densify the grid of
cracks, resulting in a large number of grids. When dealing with thousands of case studies,
the computational cost for numerical simulation is unfavorable.

In this paper, a gas–water two-phase productivity prediction model for carbonate gas
reservoirs is established based on the dual medium unsteady crossflow model, and an
efficient solution method is proposed to handle the nonlinear seepage problem caused
by gas–water two-phase flow. First, the seepage equation is normalized by introducing
two-phase pseudo pressure and pseudo time, and the analytical solution is obtained using
Laplace transform and other methods. Then, combined with the flow material balance
and Newton iteration method, the nonlinear seepage parameters of the model are updated
using the average formation pressure and saturation at each timestep, and the linearization
of the seepage model is gradually realized, so as to obtain the semi-analytical solution of
the model. The accuracy of the model is verified using a comparison with commercial
numerical simulation software, and the influence of key seepage parameters of fractures
and reservoirs on productivity prediction is analyzed. Then, the productivity prediction
and analysis of field wells are carried out.

2. Establishment of Model
2.1. Physical Model

The dual-medium unsteady crossflow model [19,20] is used to characterize the frac-
tured porous carbonate reservoir. The fluid flow in the carbonate reservoir is in line with
the dual-porosity and single permeability flow characteristics, as shown in Figure 1. The
model assumes that the natural fractures are directly connected with the wellbore, and the
fluid only flows into the production wellbore through the fractures, and the fluid in the
matrix continuously flows to the fractures to provide an energy supply. Considering that
gas and water are produced at the same time, gas–water two-phase flow takes place at both
the matrix and fractures, where isothermal Darcy flow is applied. The assumptions of other
physical models are: (1) the thickness of the production layer is fully opened, and the fluid
flows into the wellbore radially; (2) considering the permeability loss of natural fractures
caused by stress sensitivity; (3) compared with gas phase, the compressibility of formation
water is small and can be ignored; and (4) the effects of gravity and capillary force are
not considered.
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2.2. Mathematical Model

Based on the assumption of the physical model, seepage mathematical models are
established for natural fractures and matrix systems, respectively. For the convenience of
derivation, pseudo pressure and pseudo time are introduced as:

ψ = 2

p∫
0

p
µgZ

dp (1)

ta =
∫ t

0

µgicti

µg( p̂)ct( p̂)
dt (2)

where p is the formation pressure, MPa; ψ is the formation pseudo pressure, MPa2/(mPa · s);
Ct is the comprehensive compression coefficient, 1/MPa; Z is the gas deviation factor,
m3/m3; µg is the gas viscosity, mPa · s; T is the time, h; ta is the pseudo time; and p̂ is the
average formation pressure.

The gas phase flow equation adopts pseudo pressure and pseudo time treatments, and
the gas phase seepage control equation of the fracture system under the radial cylindrical
coordinates is:

1
r

∂

∂r

(
r

∂ψf
∂r

)
−

3kmkrgm

kfkrgfr1
(

∂ψm

∂rm
)|rm=r1 =

1
ηgf

∂ψf
∂t

(3)

1
ηgf

=
φf

0.0864kfkrgf

1
µg( p̂)Bg( p̂)

(
−

Sg

Bg2
dBg

dψf

)
(4)

where ηgf is the gas transmission factor in the fracture, m2/s.
The initial conditions are:

ψf|t=0 = ψm|t=0 = ψi (5)

The internal boundary conditions are:

lim
r→rw

ψf = ψwf (6)

The outer boundary conditions are:

∂ψf
∂r

∣∣∣∣
r=re

= 0 (7)

The gas phase seepage control equation of the matrix system in radial spherical
coordinates is:

1
rm2

∂

∂rm

[
rm

2 ∂ψm

∂rm

]
=

1
ηgm

∂ψm

∂t
(8)

1
ηgm

=
φm

0.0864kmkrgm

1
µg( p̂)Bg( p̂)

(
−

Sg

Bg2
dBg

dψm

)
(9)

where ηgm is the gas transmission factor in the matrix, m2/s.
The initial conditions are:

ψf|t=0 = ψm|t=0 = ψi (10)

The internal boundary conditions are:

∂ψm

∂rm
|rm=0 = 0 (11)
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The outer boundary connection conditions are:

ψm(rm, t)|rm=r1 = ψf (12)

where, ψf is the pseudo pressure of the natural fracture system, MPa2/(mPa · s); ψm is the
pseudo pressure of the matrix system, MPa2/(mPa · s); ψ is the original formation pseudo
pressure, MPa2/(mPa · s); ψwf is the pseudo bottom hole flow pressure, MPa2/(mPa · s); Kf
is the natural fracture permeability, mD; Km is matrix permeability, mD; Krgf is the relative
permeability of the gas phase in the fracture system; Krgm is the relative permeability of
the gas phase in the matrix system; Bg is the gas volume coefficient, m3/m3; Sg is the
gas saturation; r is the radial distance, m; rm is the distance from the inner diameter of
the matrix block, m; r1 is the width of the matrix block, m; and re is the outer boundary
distance, m.

The water phase flow equation is treated in real-time, and the control equation of
water phase seepage of the fracture system under radial cylindrical coordinates is:

1
r

∂

∂r

(
r

∂pf
∂r

)
− 3kmkrwm

kfkrwfr1
(

∂pm

∂rm
) |rm=r1 =

1
ηwf

∂pf
∂t

(13)

1
ηwf

=
φf

0.0864kfkrwf

1
µw( p̂)Bw( p̂)

(
− Sw

Bw2
dBw

dpf

)
(14)

where ηwf is the water transmission factor in fracture, m2/s.
The initial conditions are:

pf|t=0 = pm|t=0 = pi (15)

The internal boundary conditions are:

lim
r→rw

pf = pwf (16)

The outer boundary conditions are:

∂pf
∂r

∣∣∣∣
r=re

= 0 (17)

The gas phase seepage control equation of the matrix system in radial spherical
coordinates is:

1
rm2

∂

∂rm

[
rm

2 ∂pm

∂rm

]
=

1
ηwm

∂pm

∂t
(18)

1
ηwm

=
φm

0.0864kmkrwm

1
µw( p̂)Bw( p̂)

(
− Sw

Bw2
dBw

dpm

)
(19)

where ηwm is the water transmission factor in the matrix, m2/s.
The initial conditions are:

pf|t=0 = pm|t=0 = pi (20)

The internal boundary conditions are:

∂pm

∂rm
|rm=0 = 0 (21)

The outer boundary connection conditions are:

pm(rm, t)|rm=r1 = pf (22)
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where pf is the natural fracture system pressure, MPa; pm is the matrix system pressure,
MPa; pi is the original formation pressure, MPa; pwf is bottom hole flow pressure, MPa; Krwf
is the relative permeability of the water phase in the fracture system; Krwm is the relative
permeability of the water phase in the matrix system; µw is the viscosity of formation
water, mPa · s; Bw is the volume coefficient of formation water, m3/m3; and Sw is water
the saturation.

Comparing Formulas (3) and (13), it can be found that the relative permeability in the
seepage equation is a function of water saturation, and the gas physical property parameter
is a function of pressure, which leads to the strong nonlinearity of the seepage equation,
so it cannot be directly solved. In order to obtain the solution of the model, the prediction
years are divided into multiple periods in this paper. The parameters related to saturation
are treated explicitly, the saturation is considered as a fixed value at a specific period,
and the parameters related to pressure are treated implicitly with pseudo pressure. The
nonlinear parameters of the model are updated step by step using the average pressure and
average saturation of the gas reservoir, and a gas–water two-phase production solution is
obtained using iterative calculation. In the next section, the specific solution process of the
gas–water two-phase flow model for carbonate gas wells is elaborated.

3. Semi-Analytical Solution of the Gas–Water Two-Phase Productivity Prediction

The entire production time is divided into multiple time steps. In each time step,
parameters related to pressure (µg, Bg) and the saturation-related parameters (krgm, krwm,
krgf, krwf) are updated and replaced with the average pressure and average saturation
within the production range, respectively. Therefore, the nonlinear parameters in the above
formula can be treated as fixed values in each time step. After dealing with the nonlinear
seepage problem, the gas and water phase production in each time step can be obtained by
solving the equation directly.

3.1. Solution of the Gas Phase Flow Equation

Similar to the solution process of the single-phase model, the gas phase seepage
equation of the fracture system is first transformed using the Laplace transform.

The gas phase seepage control equation of the fracture system in radial cylindrical
coordinates is:

∂2∆ψf
∂r2 +

1
r

∂∆ψf
∂r
−

3kmkrgm

kfkrgfr1
(

∂∆ψm
∂rm

)|rm=r1 =
1

ηgf
u∆ψf (23)

where u is the Laplace operator.
The initial conditions are:

∆ ψf
∣∣
t=0 = ∆ ψm

∣∣
t=0 = 0 (24)

The internal boundary conditions are:

lim
r→rw

∆ψf =
1
u

∆ψwf (25)

The outer boundary conditions are:

∂∆ψf
∂r

∣∣∣∣
r=re

= 0 (26)

The gas phase seepage control equation of the matrix system in radial spherical
coordinates is:

∂2∆ψm
∂rm2 +

2
rm

∂∆ψm
∂rm

=
1

ηgm
u∆ψm (27)
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The initial conditions are:

∆ ψf
∣∣
t=0 = ∆ ψm

∣∣
t=0 = 0 (28)

The internal boundary conditions are:

∂∆ψm
∂rm

|rm=0 = 0 (29)

The outer boundary conditions are:

∆ψm(rm, t)|rm=r1 = ∆ψf (30)

Next, solve the partial differential equation of the matrix system under its definite
solution condition. The general solution of Equation (27) is:

∆ψm =
Ameσmrm + Bme−σmrm

rm
(31)

σm =

√
u

ηgm
(32)

Then, substitute the general solution Equation (31) into the definite solution condition
Equations (29) and (30) to obtain:

Am =
1

eσm − e−σm
∆ψf (33)

Bm = − 1
eσm − e−σm

∆ψf (34)

Therefore, the solution of Equation (31) is:

∆ψm =
∆ψf
rm

eσmrm − e−σmrm

eσm − e−σm
(35)

Take the derivative of rm in Equation (35) to obtain:

∂∆ψm
∂rm

|rm=r1 =
∆ψf
r1

2
(σmr1 − 1)eσmr1 + (σmr1 + 1)e−σmr1

eσm − e−σm
(36)

Substituting Equation (36) into the seepage Equation (23) of the fracture system obtains:

∂2∆ψf
∂r2 +

1
r

∂∆ψf
∂r
− f (ξ)∆ψf = 0 (37)

f (ξ) =
3kmkrgm

kfkrgfr1

1
r1

2
(σmr1 − 1)eσmr1 + (σmr1 + 1)e−σmr1

eσm − e−σm
+

1
ηgf

u (38)

Equation (37) is the virtual argument Bessel equation, whose general solution is:

∆ψf = AI0

(
r
√

f (ξ)
)
+ BK0

(
r
√

f (ξ)
)

(39)

d∆ψf
dr

= A
√

f (ξ)I1

(
r
√

f (ξ)
)
− B

√
f (ξ)K1

(
r
√

f (ξ)
)

(40)



Processes 2023, 11, 591 7 of 16

Then, substitute Equations (39) and (40) into Equation (25) for the inner boundary
conditions and Equation (26) for the outer boundary conditions, respectively:

d∆ψf
dr

∣∣∣∣
r=re

= A
√

f (ξ)I1

(
re

√
f (ξ)

)
− B

√
f (ξ)K1

(
re

√
f (ξ)

)
= 0 (41)

lim
r→rw

∆ψf = AI0

(
rw

√
f (ξ)

)
+ BK0

(
rw

√
f (ξ)

)
=

1
u

∆ψwf (42)

Simultaneous type (39) and type (40):

A =
∆ψwf

u
K1(re

√
f (ξ))

I0(rw
√

f (ξ))K1(re
√

f (ξ)) + I1(re
√

f (ξ))K0(rw
√

f (ξ))
(43)

B =
∆ψwf

u
I1(re

√
f (ξ))

I0(rw
√

f (ξ))K1(re
√

f (ξ)) + I1(re
√

f (ξ))K0(rw
√

f (ξ))
(44)

Substituting Equation (41) and Equation (42) into Equation (39), we obtain:

∆ψf =
∆ψwf

u
K1(re

√
f (ξ))

α
I0

(
r
√

f (ξ)
)
+

∆ψwf
u

I1(re
√

f (ξ))
α

K0

(
r
√

f (ξ)
)

(45)

∂∆ψf
∂r

=
∆ψwf

u
K1(re

√
f (ξ))

α

√
f (ξ)I1

(
r
√

f (ξ)
)
− ∆ψwf

u
I1(re

√
f (ξ))

α

√
f (ξ)K1

(
r
√

f (ξ)
)

(46)

The expression of gas production by a single well is:

qgf = −2πkfkrgfhrw
∂∆ψf

∂r

∣∣∣∣
r→rw

(47)

Combined with Formula (44), the solution of the gas phase production is:

qgf =
−2πkfkrgfhrw∆ψwf

u

√
f (ξ)


K1(re
√

f (ξ))I1

(
rw
√

f (ξ)
)

I0(rw
√

f (ξ))I1(re
√

f (ξ))
−

K1

(
rw
√

f (ξ)
)

I0(rw
√

f (ξ))

K1(re
√

f (ξ))
I1(re
√

f (ξ))
+

K0(rw
√

f (ξ))
I0(rw
√

f (ξ))

 (48)

The gas phase production solution in Equation (46) is obtained in Laplace space, and the solution
in real space can be obtained using the numerical inversion of Stehfest [21].

3.2. Solution of the Aqueous Phase Flow Equation
The Laplace transformation about dimensionless time is adopted for the water phase seepage

equation, which is similar to the solution process for the gas phase seepage model.
The control equation of the water phase seepage of the fracture system in radial cylindrical

coordinates is:
∂2∆pf

∂r2 +
1
r

∂∆pf
∂r
− 3kmkrwm

kfkrwfr1
(

∂∆pm
∂rm

)|rm=r1 =
1

ηwf
u∆pf (49)

The initial conditions are:
∆ pf|t=0 = ∆ pm|t=0 = 0 (50)

The internal boundary conditions are:

lim
r→rw

∆pf =
1
u

∆pwf (51)

The outer boundary conditions are:

∂∆pf
∂r

∣∣∣∣
r=re

= 0 (52)
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The seepage control equation of the matrix system in radial spherical coordinates is:

∂2∆pm
∂rm2 +

2
rm

∂∆pm
∂rm

=
1

ηwm
u∆pm (53)

The initial conditions are:
∆ pf|t=0 = ∆ pm|t=0 = 0 (54)

The internal boundary conditions are:

∂∆pm
∂rm

|rm=0 = 0 (55)

The outer boundary conditions are:

∆pm(rm, t)|rm=r1 = ∆pf (56)

Next, solve the partial differential equation of the matrix system under its definite solution
condition. The general solution of Equation (51) is:

∆pm =
Cmeβmrm + Dme−βmrm

rm
(57)

βm =

√
u

ηwm
(58)

Substitute the general solution Equation (55) into the definite solution condition Equations (53) and (54)
to obtain:

Cm =
1

eβm − e−βm
∆pf (59)

Dm = − 1
eβm − e−βm

∆pf (60)

Therefore, the solution of Equation (55) is:

∆pm =
∆pf
rm

eβmrm − e−βmrm

eβm − e−βm
(61)

Take the derivative of rm in Equation (59) to obtain:

∂∆pm
∂rm

|rm=r1 =
∆pf
r1

2
(βmr1 − 1)eβmr1 + (βmr1 + 1)e−βmr1

eβm − e−βm
(62)

Substituting Equation (60) into the seepage Equation (47) of fracture system gives:

∂2∆pf
∂r2 +

1
r

∂∆pf
∂r
− f (ζ)∆pf = 0 (63)

f (ζ) =
3kmkrwm

kfkrwfr1

1
r1

2
(βmr1 − 1)eβmr1 + (βmr1 + 1)e−βmr1

eβm − e−βm
+

1
ηwf

u (64)

Equation (61) is the virtual argument Bessel equation, whose general solution is:

∆pf = CI0

(
r
√

f (ζ)
)
+ DK0

(
r
√

f (ζ)
)

(65)

d∆pf
dr

= C
√

f (ζ)I1

(
r
√

f (ζ)
)
− D

√
f (ζ)K1

(
r
√

f (ζ)
)

(66)

Substituting Equations (63) and (64) into Equation (49) for the inner boundary conditions and
Equation (50) for the outer boundary conditions, respectively, gives:

d∆pf
dr

∣∣∣∣
r=re

= C
√

f (ζ)I1

(
re

√
f (ζ)

)
− D

√
f (ζ)K1

(
re

√
f (ζ)

)
= 0 (67)

lim
r→rw

∆pf = CI0

(
rw

√
f (ζ)

)
+ DK0

(
rw

√
f (ζ)

)
=

1
u

∆pwf (68)
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Simultaneous (63) and (64):

C =
∆pwf

u
K1(re

√
f (ζ))

I0(rw
√

f (ζ))K1(re
√

f (ζ)) + I1(re
√

f (ζ))K0(rw
√

f (ζ))
(69)

D =
∆pwf

u
I1(re

√
f (ζ))

I0(rw
√

f (ζ))K1(re
√

f (ζ)) + I1(re
√

f (ζ))K0(rw
√

f (ζ))
(70)

Equation (65) and Equation (66) are then substituted into Equation (63) to obtain:

∆pf =
∆pwf

u
K1(re

√
f (ζ))

χ
I0

(
r
√

f (ζ)
)
+

∆ψwf
u

I1(re
√

f (ζ))
χ

K0

(
r
√

f (ζ)
)

(71)

∂∆pf
∂r

=
∆pwf

u
K1(re

√
f (ζ))

χ

√
f (ζ)I1

(
r
√

f (ζ)
)
− ∆pwf

u
I1(re

√
f (ζ))

χ

√
f (ζ)K1

(
r
√

f (ζ)
)

(72)

The water yield expression of a single well is:

qwf = −2πkfkrwfhrw
∂∆pf

∂r

∣∣∣∣
r→rw

(73)

Combined with Formula (70), the solution of the aqueous phase yield is:

qwf =
−2πkfkrwfhrw∆pwf

u

√
f (ζ)


K1(re
√

f (ζ))I1

(
rw
√

f (ζ)
)

I0(rw
√

f (ζ))I1(re
√

f (ζ))
−

K1

(
rw
√

f (ζ)
)

I0(rw
√

f (ζ))

K1(re
√

f (ζ))
I1(re
√

f (ζ))
+

K0(rw
√

f (ζ))
I0(rw
√

f (ζ))

 (74)

The gas–water two-phase production solution in Equations (46) and (72) is obtained in Laplace
space, and the solution in real space can be obtained using the numerical inversion of Stehfest [21].

There are still parameters related to pressure and saturation in Equations (46) and (72). In
addition, Equation (73) gives the permeability expression considering stress sensitivity. In this paper,
all stress sensitivity terms are integrated into the transmissivity coefficient as a function of average
formation pressure [22–24]. In the process of solving the model, the average formation pressure and
saturation within the production range are used to update the nonlinear parameters in each time step,
and the solution of the model is obtained with step-by-step iteration, while the average formation
pressure and average saturation are calculated using the flow material balance method.

kf = kfie−γ(pi− p̂) (75)

where kfi is the initial fracture permeability, mD and γ is permeability modulus, MPa−1.

3.3. Establishment of the Fluid Mass Balance Equation
The gas phase mass balance equation is:

Ŝg

B̂g
=

Sgi

Bgi
−

t∫
0

qgdt

πrinv
2hφm

(76)

where, Sgi represents the initial gas saturation; Ŝg is the average gas saturation; Bgi represents the
initial gas volume coefficient; B̂g is the average gas volume coefficient; rinv is the utilization range, m;
φm is the matrix porosity, h is the effective reservoir thickness, m; and Qg is the daily gas production,
104 m3/d.

The formula for calculating the detection radius of a dual-medium reservoir is [25–27]:

rinv = 0.03248

√
km

φmµgicti
t (77)
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The water phase material balance equation is:

Ŝw

B̂w
=

Swi
Bwi
−

t∫
0

qwdt

πrinv
2hφm

(78)

where Swi represents the initial water saturation, decimal; Ŝw represents average water saturation,
decimal; and Qw is the daily water yield, m3/d.

Gas–water two-phase saturation satisfies the following relationship:

Ŝw + Ŝg = 1 (79)

Formulas (74), (76) and (77) are used to construct the average pressure function, including:

f ( p̂) =
1

B̂g
+

(
− B̂w

B̂g

)
E− F (80)

E =
Swi
Bwi
−

t∫
0

qwdt

πrinv
2hφm

(81)

F =
Sgi

Bgi
−

t∫
0

qgdt

πrinv
2hφm

(82)

The derivation of Equation (78) yields:

f ′( p̂) = − 1
B̂2

g

dBg

dp
+ A1

(
− 1

B̂g

dBw

dp
+

Bw

B̂2
g

dBg

dp

)
(83)

The average pressure Newton iteration scheme is constructed from Equation (81), including:

p̂k+1 = p̂k −ω
f ( p̂k)

f ′( p̂k)
(84)

where k represents the last time step; k + 1 represents the current time step; and ω is the
iteration factor.

The average pressure is obtained with Newton iteration, and then the average saturation can be
calculated by substituting Equation (74) or Equation (76). The average pressure and saturation within
the production range are used to update the nonlinear parameters in each time step, and the solution
of the gas–water two-phase seepage model of carbonate gas wells can be obtained using step-by-step
iterative calculation, and then the gas–water two-phase productivity curve can be programmed to
predict the gas water production performance.

4. Dynamic Analysis of Gas–Water Two-Phase Production
4.1. Model Validation

In order to verify the accuracy of the proposed semi-analytical model, this paper compares the
calculation results with the commercial numerical simulation software Eclipse. First, a numerical
model corresponding to the physical model in this paper is established: a straight well in the center
of the carbonate dual-medium reservoir is used to produce at a fixed bottom flowing pressure. In this
example, both the matrix and fracture system consider gas–water two-phase flow, that is, gas–water
two-phase flow occurs at the beginning of production. The relationship curve of gas high-pressure
physical parameters used in the model is shown in Figure 2. Table 1 shows the basic parameters used
by the two methods, and Figure 3 shows the gas–water two-phase relative permeability curve in
natural fractures [14].
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Figure 2. Schematic of the gas PVT properties.

Table 1. Input parameters for model validation.

Parameter Value Parameter Value

Reservoir temperature, K 373 K Original formation pressure, MPa 22

Fracture permeability, mD 50 Reservoir radius, m 500

Bottom hole flow pressure, MPa 6 Initial gas saturation, % 65

Compressibility coefficient of rock,
MPa−1 1 × 10−4 Permeability modulus, MPa−1 0.02

Matrix porosity, % 9 Matrix permeability, mD 0.025

Effective thickness of reservoir, m 29 Wellbore radius, m 0.07
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Figure 3. Relative permeability of the natural fracture system.

The comparison results of the semi-analytical model and Eclipse in this paper are shown in
Figure 4. It can be seen that the output curves obtained using the two methods are somewhat different
in the early production period, and the results are basically the same in the later period. Under
the same reservoir and fracture parameters, the productivity of the gas–water two-phase flow is
significantly lower than that of the single-phase flow. This is mainly because in the early stage of
production, the pressure and saturation near the well vary greatly, and production is very sensitive
to the parameters related to pressure and saturation. In the semi-analytical model, pseudo pressure
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is used to implicitly process some parameters related to pressure, but the parameters related to
saturation are treated explicitly, so the early error of the single-phase seepage model is not obvious,
while the early error of the two-phase flow model is obvious. However, the average relative error
calculated is less than 10%, which is within the allowable error range of the project, indicating that the
semi-analytical model proposed in this paper can be used for production data analysis and prediction.
Compared with the numerical simulation method, the semi-analytical method proposed in this paper
has faster calculation speed and is more conducive to the application of large-scale case analysis
in mines.
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Figure 4. Comparison of production performance from the semi-analytical method and numerical
simulation method.

4.2. Analysis of Factors Affecting Production Dynamics
Based on the semi-analytical model, this paper focuses on the influence of the stress sensitivity

coefficient, fracture porosity, and outer boundary distance on the productivity of carbonate gas wells.
The basic input parameters of the model are collected in Table 2.

Table 2. Range of values for sensitive parameters.

Parameter Value

Permeability modulus, MPa−1 0.01, 0.05, 0.1
Fracture porosity, % 0.1, 1, 5

Outer boundary distance, m 400, 500, 600

Figure 5 shows the influence of fracture porosity on production performance. It can be seen
from Figure 5 that the greater the fracture porosity, the slower the decline rate in the gas–water
two-phase production. In addition, the fracture porosity has a greater impact on the early and middle
production stages, but less impact on the late stage. This is mainly because the fracture porosity
reflects the fluid storage capacity in the fracture system. The larger the fracture porosity, the stronger
the reservoir capacity. When the fracture porosity is large, production can be maintained with a
small production decline under the production condition of constant bottom hole flow pressure. In
addition, in the late production period, the supply capacity of the matrix to fractures plays a leading
role, so the fracture porosity has little impact on the late production period.

Figure 6 shows the influence of the permeability modulus on production performance. The
permeability modulus reflects the strength of stress sensitivity. It can be found that the permeability
stress sensitivity of natural fractures affects the whole production process, especially in the early
and middle production stages, and has little impact on the later production stages. In addition,
with the increase in the permeability modulus, the position of the gas–water production curve
moves downward. This is mainly because the strong stress sensitivity leads to the serious loss of
fracture permeability and the increase in fluid seepage resistance, and more gas cannot be recovered,
which ultimately leads to the reduction in gas production and the slowing down of the production
decline trend.
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Figure 5. Effects of fracture porosity on the gas and water production rates.
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Figure 6. Effects of the stress sensitivity of the fracture on the gas and water production rates.

Figure 7 shows the influence of the outer boundary distance on the production dynamics. It can
be seen that the smaller the distance from the outer boundary, the lower the position of the gas and
water production curve, and the faster the production decline. In addition, the distance from the outer
boundary has a greater impact on the early and middle production stages but less impact on the late
stage. The size of the outer boundary distance reflects the time of the boundary reaction. The greater
the outer boundary distance, the later the boundary reaction time. When the outer boundary distance
is larger, the production can be maintained with a small production decline under the production
condition of constant bottom hole flowing pressure.
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Figure 7. Effects of the radial distance of the external boundary on the gas and water production rates.

4.3. Case Analysis
This paper takes a water-producing carbonate gas well in a basin as an example to illustrate

the application effect of the model. The well was put into production in May 2018, and the initial
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water saturation of the reservoir was about 65%. As of April 2022, the cumulative gas produc-
tion was 3543 × 104 m3, the cumulative water production was 3866 m3, the daily gas production
was 9557 m3/d, and the daily water production was 1.25 m3/d. The basic data of the well are
shown in Table 2. The PVT curve of gas and the gas–water relative permeability curve are shown in
Figures 2 and 3, respectively. The semi-analytical model proposed in this paper is used to fit and
interpret the gas–water two-phase production data of the well, as shown in Figure 8. It can be seen
that the fitting effect of the theoretical curve and the measured curve is good. Although there is
a certain deviation in the fitting result, it is within the allowable range of engineering error. The
fitting interpretation results of this well are summarized in Table 3, where the interpreted fracture
porosity is 0.02, the outer boundary distance is 495 m, and the reservoir stress sensitivity coefficient is
0.035 MPa−1, which are consistent with the actual gas reservoir. The production of the well is pre-
dicted, and the gas production in 30 years is 7870× 104 m3, and the produced water is 8.21 × 104 m3.
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Figure 8. Interpretation and prediction of the production decline in the example wells.

Table 3. Matching Interpretation Results of Example Wells.

Parameter Value

Fracture porosity 0.02
Permeability modulus, MPa−1 0.035

Outer boundary distance, m 495

5. Conclusions
In this paper, a productivity model considering complex fractures, the stress sensitivity effect,

and the gas–water two-phase flow characteristics of the reservoir are established, and a semi-analytical
solution method for the model is established by incorporating the flow material balance method. The
productivity prediction of gas–water two-phase flow in carbonate gas wells can be realized. Main
conclusions are now summarized:

(1) The average pressure and average saturation of the reservoir are calculated using the flow
material balance method, and the nonlinear parameters in the seepage model are updated
step by step, which can deal with the gas–water two-phase nonlinear seepage problem with
higher accuracy.

(2) Validation work using the numerical model and field application showed that the semi-
analytical method proposed in this paper has high prediction accuracy and can be used to
predict the gas–water two-phase production of carbonate gas wells.

(3) Fracture and key percolation parameters of the reservoir play important roles in gas–water
two-phase production performance. Since the water production of carbonate gas reservoirs
dramatically affects the productivity of a gas well, under the same reservoir and fracture
parameters, the productivity with gas–water two-phase flow is significantly lower than that of
single-phase flow.
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(4) The stress sensitivity of fractures affects the productivity of carbonate gas wells. In the produc-
tion process, it is necessary to control the production pressure difference carefully to inhibit the
negative impact of the stress sensitivity effect.
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