Supplementary S1. Derivation of the solution for the steady-state problem.

The governing equations for the steady-state problem are as follows

D, dzn[(x)_ v, dn(x)
R, dF R, dx

0, (i=1,2,3,4) (1.1)

The steady-state problem's boundary conditions can be obtained using the earlier

presumptions. For the steady-state problem, the inlet boundary condition is as follows:

m0)=¢, (1.2)
For the steady-state problem, the outlet boundary condition is as follows:
on, (L) o
ox (1.3)

Where L [M] represents the thickness of the entire SB/GCL/SB-aquifer system
In this problem, the following normalization can be applied to each interface's

concentration and mass flux continuity conditions:

n; (Li)anl(Li) (1.4)
niDi 6771 (Ll) = ni+1Di+1 aﬂHl (Ll)
Ox Ox (1.5)

The solution satisfying all the relevant conditions of sub-problem 1 is as follows

Ui(x):ji,lei.l. +Jise " (1.6)
ri1 and ri2 can be expressed as follows
ry =0, n,=--
D, (1.7)

The coefficients ji,i and ji2 are determined in a similar manner to the coefficient
determination in the transient-state problem. The boundary conditions (Egs. (1.2) and (1.3))

and the continuity conditions (Egs. (1.4) and (1.5)) for the steady-state problem are substituted
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into Egs. (1.1) and (1.6) to obtain the desired results.
Supplementary S2. Derivation of the solution for the transient problem.
The governing equations for the transient -state problem are as follows

2
Rdié’é'i(x,t) Diﬁg"(f’t)—viﬂé"(x’t), (1=1.2.3.4) 2.1)
ot Ox ox

The following initial conditions apply to the transient-state problem since there was no
initial contamination:
8(x, 0)=0, (i=1,2,3,4) (2.2)
The boundary conditions for the transient-state problem can be derived as follows, based
on the presumptions mentioned earlier.
The transient-state problem's inlet boundary condition is as follows:
5,(0,¢)=0 (2.3)
For the transient-state problem, the outlet boundary condition is as follows:

06, (L,t)

~——=0 (2.4)

For every interface in the transient-state problem, the concentration continuity conditions

and mass flux continuity conditions can be normalized in the following ways:

é;(Li’ t)zé;+1(Lia t) (2.5)
n.D, M: aniM (2.6)
ox Ox

The general solution that satisfies the transient-state problem can be defined as follows

using the variable separation method:
m=1
5(x,0)=20,8,,(x)e” ™, (i=1,2,3,4) 2.7)
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Where Om, aiare coefficients, S is an eigenvalue, and g, is a characteristic function with

respect to x, and can be described as

Am,i Sin (/uigm,i %) + Bm,i Cos [/uigm,i %j (O- 2 O)
(i=1,2,3,4) (2.8

gm,i (x) =

4, sinh (,uigm ; ij + B, . cos (,uigm ; fj (0'<0)
’ "L ’ "L
Where o =, v} /(4DiRd,l.), by substituting Eq. (2.7) and Eq. (2.8) into Eq. (2.1) and
setting t = 0, we obtain @i

a=—— (i=1234 ,
D ( ) (2.9)

Substituting the obtained «; into Egs. (2.1), (2.7), and (2.8), we can solve for &m,

2

v[
ﬂm 4Dl Rd R

gm,i = > (l = 13 293’4) (210)

Substituting Eq (2.9) and Eq (2.10) back into Eq (2.8), obtained

Rd[ .
w=L s (21234 (2.11)

To obtain S, it is necessary to derive the transfer Eqs for the coefficients Amand Bm,i by

substituting Egs. (2.7) and (2.8) into the continuity conditions given by Egs. (2.5) and (2.6).

|:Am,i:| P |:Am,i—l:| ( 2 3 4) (2 12)
= i-1 B 1= L) .
Bm,i Bm,i—l
where
(=i ) A'H* + D'EY  C'H? - D*G?
p=—25 T T T (i=1,2,3) (2.13)
ni+lDi+llui+19m,i+l A'F"—=B'E’ BG +C/F,
where
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e sin(,uigmﬂix) 0,20 2.14)
sinh(,ul.gm‘l.x) o,<0

sim (/ui+1‘gm,i+lx) O-i+1 Z 0

Bl.# = (2.15)
Sinh (#i+18nz,i+1x) Gi+1<0

cos(ue, x) o,20
Ci# = ( ’ ) (2.16)

cosh (,uigm,ix) 0,<0

>
Dl.# _ COS(,UHIEmJH)C) O-i+1 >0 (217)

COSh (ﬂi+18m,i+1x) O-i+1<0
.| mDasE,, cos(,ul.gm ix)—n,.Dial. sin(/ligm l.x) 0,20 (2.18)
El — ’ ’ ’ .
n,D, ¢, . cosh (yl.gm,,.x) —n,D,a; sinh (yigm’,.x) o,<0
#_ ni+lDI+lﬂi+lgm,i+l COS(/JHISM’HIX) - ni+1Di+lai+1 Sil’l (/’lngm,Hlx) O-Hl 2 0 (2 19)
i ni+lDI+lﬂi+lgm,i+l COSh (/uiﬂgm,iﬂx) - ni+1Di+1a1+1 Sinh (/uiﬂgm,Hlx) O-i+1<0
G[# _ nthlulgm,l cos (/ulgm,zx)-‘r nlDlal sin (lulgm,t‘x) Uz >0 (220)
n.D, e, ; cosh (,ul.gm’l.x) +n.D,a; sinh (,u,.gm,ix) 0,<0
Y - i1 D1 i1 €1 COS (lui+lgm,i+lx) +m, D, sin (:Lli+18n1,i+l'x) 0,20 (22 1)
M D 1,40E,, 10 COSH (lui+lgm,i+lx) +n, D2, Sinh(ﬂi+1gm,i+1x) 0,0
Egs. (2.14) into (2.21) fori=1,2, 3
The characteristic values fn are determined by the following equation

BEBRE=0 (2.22)

The value Po is determined by substituting Eqs (2.7) and (2.8) into the inlet boundary

condition of the transient -state problem (Eq (2.3))

Am,l l
5=15 17lo
ol (2.23)
The value P4 is obtained by substituting Eqgs. (2.7) and (2.8) into the outlet boundary

condition of the transient -state problem (Eq. (2.4))
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p = Kz COS(/U4‘9m,4 ) — H4E,, 451N ('u4gm»4) (2.24)

_a4 sinh(ﬂ4‘9m,4)+ﬂ4€’”’4 COSh(ﬂA‘gMA) T L
a, cosh (y48m,4 ) + (€, 4 Sinh (y48m,4 )

_a4 sin(y48m,4)+ﬂ45m,4 COS(#45m,4 )]T >0

The coefficients On are obtained from the following orthogonality relationship

4 : —a;x
ZJ-X. é: (x) niRd,[gm.i (x)e '
_ =

O = T, (2.25)
ZL qiniRd,igjzj (x)
=l
where
q, = 1
— 2(‘12"11 )Xl
q, =¢
q, = eZ(az—al )x+2(az-a,)x, (226)
q, = ez(az-a‘ Jxi+2(ay-a; )%, +2(ag-a3)x;
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