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Abstract

:

A method recently advanced as the conformable Euler method (CEM) for the finite difference discretization of fractional initial value problem    D t α  y  t    =   f   t ; y  t    ,   y    t 0      =    y 0  ,   a ≤ t ≤ b  , and used to describe hyperchaos in a financial market model, is shown to be valid only for   α = 1  . The property of the conformable fractional derivative (CFD) used to show this limitation of the method is used, together with the integer definition of the derivative, to derive a modified conformable Euler method for the initial value problem considered. A method of constructing generalized derivatives from the solution of the non-integer relaxation equation is used to motivate an alternate definition of the CFD and justify alternative generalizations of the Euler method to the CFD. The conformable relaxation equation is used in numerical experiments to assess the performance of the CEM in comparison to that of the alternative methods.
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1. Introduction


Termed the conformable Euler method (CEM), a finite difference discretization method is adopted in [1] and justified by applying the fractional power series expansion. The method is proposed to solve equations of the form


   T t α  y  t    =   f   t ; y  t    ,   y    t 0      =    y 0  ,     a ≤ t ≤ b  



(1)




where    T t α  y  t    denotes the conformable fractional derivative (CFD) of order  α  introduced in [2], since most differential equations using the CFD do not have exact analytic solutions, so that numerical approximation methods must be developed. The method has the following form:


   α    y  k + 1   −  y k     h α    = f    t k  ,  y k    ,     0 ≤ k ≤ N   ,   where   h =   b − a  N  .   



(2)







In [1], the method is used to solve conformable fractional differential equation systems with time delays and in [3], it is used to calculate numerical solutions for testing the hyperchaos of conformable derivative models for financial systems with market confidence and ethics risk. The purpose of the present article is to show that, while the CEM (2) clearly reduces to the ordinary Euler method, it is not valid as a generalization of the standard forward Euler method to the CFD for   0 < α < 1  , and to propose alternative generalizations.



The CFD was introduced in [2] and is defined as


   T t α  f  t  =   lim   ε → 0     f   t + ε  t  1 − α   ) − f  t     ε  ,     α ∈   0 , 1   .  



(3)







Among its basic properties given in [2] is that if both    T t α  f  t    and    d  d t   f  t    exist, then the following identity holds:


   T t α  f  t  =  t  1 − α    d  d t   f  t  .  



(4)







As stated in [4], “there is a debate among contemporary mathematicians about what it really means by a fractional derivative… as a consequence of introducing” the CFD. While several mathematical reasons drive this debate, the main one is the identity Equation (4), which renders questionable the fractionality of the CFD. The following titles capture the main problem with fractional derivatives and enumerate some of the arguments against the fractionality of the CFD and its generalizations: What is a Fractional Derivative? [5], No violation of the Leibniz rule. No fractional derivative [6], Local Fractional Derivatives of Differentiable Functions are Integer-order Derivatives or Zero [7], No Nonlocality, No Fractional Derivative [8], The flaw in the conformable calculus: It is conformable because it is not fractional [9] (see also [10,11,12]). This has led to the conclusion that “from mathematical point of view the introduced conformable derivatives does not provide any real improvement to the theory of fractional calculus in compare with the classical fractional derivatives. Furthermore, they bring nothing new at least as mathematical advantages in the field of the ordinary differential equations with fractional derivatives” [10].



Such debate on its nature notwithstanding, the CFD appears to have removed a hurdle for the use of fractional derivatives, that of being very complex for applications and not easy to master or use (see [13]) and spurred brisk activity in studies of previously un-explored phenomena, as is evident from the number of references in for example [12,14]. While the debate about the “mathematical fractionality” of the CFD continues, the CFD is being used in applications to arrive at conclusions about, among others, systems with time delays [1], economic models of financial systems [3], classic games [15], electrical circuits [16,17], Newtonian [18] and quantum [19] mechanics, HIV therapeutic interventions [20], general biological modeling [21], and general sub-diffusion processes [14,22]. These continued uses of the CFD, because of its ease of implementation, to describe various phenomena considered important make necessary the development of tools for its use. A method has already been devised as a generalization of the Euler method for the CFD [1] and is being applied to problems of consequence (e.g., [1,3,15]): it is important therefore that, regardless of its classification as fractional or not, all methods being developed with such use of the CFD must be properly examined and benchmarked like any other for all derivative concepts. It is in this spirit that the work presented in this article offers an assessment of the CEM and suggests alternative methods for the generalization of the standard forward Euler method to the CFD.



Motivated in part by dismissals of the CFD as referenced above and the reality that phenomena are being described with methods employing the CFD, the exact spectral derivative discretization finite difference (ESDDFD) method was introduced in [23], wherein fractionality is determined by wave type behavior of processes under study and locality is defined by the relaxation pattern as follows:




	
The Euler (ordinary) exponential function    e z  ≡   ∑   k = 0  ∞     z k    k !     is local, whereas the Mittag-Leffler generalized exponential function    E α   z  ≡  E  α , 1    z  =   ∑   k = 0  ∞     z k    Γ   α k + 1       is non-local (see, e.g., [24]).



	
Debye exponential wave patterns, described by   Φ  t  = Φ    t 0    exp   − c t     and are not fractional, whereas Kohlrausch–Williams–Watts (KWW) stretched exponential wave patterns, described by   Φ  t  = Φ    t 0    exp   −  c α   t α      and   Φ  t  = Φ    t 0     E α    −  c α   t α      are fractional (see, e.g., [25]).








In that viewpoint, the generalized Caputo derivative can be expressed in terms of the generalized CFD, just as the Caputo derivative can be expressed in terms of the CFD (see, e.g., [26]). Further, the generalized RL derivative can be expressed in terms of the generalized Caputo derivative (which is parallel to the case for the classic Caputo and RL derivatives (see, e.g., [27]), as well as their Atangana–Baleanu extensions [28], and a parallel RL extension of the CFD can also be constructed [23]. The ESDDFD method of constructing generalized non-integer derivatives (NIDs) from the solution of the non-integer relaxation equation (NIRE), wherein fractionality is determined by wave type behavior as stated above and the CFD serves as a foundation for NIDs of both Caputo and RL types, is used in this article to motivate and justify the suggested alternatives for the generalization of the Euler method for the CFD.



The rest of this article is organized as follows. In the next section, the derivation of the CEM from [1] is recalled and it is shown that the CEM is valid only for   α = 1  . In Section 3, the relationship (4) is used to describe the ordinary Euler method (OEM) for the IVP (1) and to derive a modified CEM (MCEM). Section 4 recalls the ESDDFD method, and the exact discretization of the conformable relaxation equation (CRE) is used to justify the MCEM as well as to motivate an ESDDFD Euler method (EDM). Numerical experiments are presented in Section 5 assessing the accuracy, against the analytic solution of the CRE, of the CEM, MCEM, EDM, and OEM. A discussion in Section 6 of the theoretical and experimental results presented, as well as of recommendations based on those results, conclude the article.




2. The Conformable Euler’s Method


In this section, the derivation of the CEM is recalled and its validity is discussed.



2.1. Derivation of the Conformable Euler’s Method


The method (2), referred to in [1,3,15] as the conformable Euler’s method for (3), is obtained from truncation of a power series expansion as follows. Since   h =  t  k + 1   −  t k   , it is assumed that there exist    θ k    where   0 <  θ k  < 1   is such that


  y    t  k + 1     − y    t k    =  1 α   h α     D t α  y      t k    +  1  2  α 2     h  2 α      D t  2 α   y      t k  +  θ k  h   .  



(5)







Letting   y    t  k + 1     − y    t k    ⟶  y  k + 1   −  y k    and substituting      D t α  y      t k    = f    t k  ,  y k      into (5) results in


   y  k + 1   −  y k  =  1 α   h α  f    t k  ,  y k    +  1  2  α 2     h  2 α      D t  2 α   y      t k  +  θ k  h   ,  








or, equivalently


  α    y  k + 1   −  y k     h α    = f    t k  ,  y k    +  1  2 α    h α     D t  2 α   y      t k  + θ h   .  



(6)







For small enough  h , ignoring the second term on the right-hand side of (6) yields the conformable Euler’s method (2):


  α    y  k + 1   −  y k     h α    = f    t k  ,  y k    ,  



(7)




which reduces to the usual Euler’s method for   α = 1  .




2.2. Validity of the Conformable Euler’s Method


Since the CFD satisfies property (4), substituting      D t α  y      t k    =      t k      1 − α     d y   d t      t k      into (5) results in


   y  k + 1   −  y k  =  1 α   h α       t k      1 − α     d y   d t      t k    +  1  2  α 2     h  2 α      D t  2 α   y      t k  +  θ k  h   ,  








or, equivalently


  α    y  k + 1   −  y k     h α    =      t k      1 − α     d y   d t      t k    +  1  2 α    h α     D t  2 α   y      t k  + θ h   .  



(8)







For small enough  h , ignoring the second term on the right-hand side of (8) yields


  α    y  k + 1   −  y k     h α    =      t k      1 − α     d y   d t      t k    ,  








and therefore


   α   h  α − 1        y  k + 1   −  y k   h  =      t k      1 − α      y  k + 1   −  y k   h  ,  








from which it follows that


  α  h  1 − α   =      t k      1 − α   .  



(9)







Next, let us consider separately the cases of (9) (a)    t 0  = 0   and (b)    t 0  ≠ 0  



	(a)

	
If    t 0  = 0  , then    t k  = k h  , so that









  α  h  1 − α   =      t k      1 − α   =     k h     1 − α   =  k  1 − α    h  1 − α   ,  








from which we conclude that


  α =  k  1 − α   ,  








whose only constant solution is   α = 1  .



	(b)

	
If    t 0  ≠ 0  , then    t k  =  t 0  + k h  , so that









  α  h  1 − α   =      t k      1 − α   =      t 0  + k h     1 − α   =  h  1 − α          t 0   h  + k     1 − α   ,  








from which we conclude that


  α =        t 0   h  + k     1 − α   ,  



(10)




whose only constant solution is   α = 1  . Note that, if   α < 1   is assumed on the right-hand side of (10), then for fixed    t 0  ,   k  , and writing the left-hand side as   α  h   , results in   α  h  → ∞   as   h → 0  , a contradiction.



Since (9) holds if, and only if, both (2) and (4) hold, we conclude therefore that both (2) and (4) hold if, and only if,   α = 1  .





3. The Ordinary Euler’s and Modified Conformable Euler’s Methods


Next, the ordinary Euler method (OEM), obtained by re-writing the CFD in terms of the integer-order derivative, and a modified Euler method proposed in [29] are described.



3.1. The Ordinary, Integer-Order Euler’s Method


As mentioned in the introduction, one of the main reasons for the dismissal of the CFD as an NID is the property (4), which may be used to re-write Equation (1) in the following form,


   d  d t   y  t  =  t  α − 1   f   t ; y  t    ,     y    t 0    =  y 0  ,     a ≤ t ≤ b .  



(11)







However, because of the singularity at   t = 0  , the re-written problem (11) is ill-posed and its ordinary Euler method (OEM) representation,


      y  k + 1   −  y k   h  =  t k  α − 1   f    t k  ,  y k      ,      t 0  ,  y 0    ,   



(12)




cannot be implemented on any interval of the form     0 ,   b     without input additional to that of the given IVP (1). It can therefore be argued that the problem solved by implementing (12) with such additional information, such as


      y  k + 1   −  y k   h  =  t k  α − 1   f    t k  ,  y k      ,      t 0  ,  y 0      ,      t 1  ,  y 1    ,   



(13)




which is used in Section 4, is not the same as (12).




3.2. The Modified Conformable Euler’s Method


In [29], a method consistent with the definition of the CFD and property (4) is obtained by rewriting    t  1 − α     as a derivative and then using the   α = 1   definition of the derivative as follows:


   T t α  y  t  =  t  1 − α    d  d t   y  t  =    d  d t   y  t    /    1 α   d  d t      t α      =   lim   h → 0       y   t + h   − y  t   h    /     1 α        t + h    α  −  t α   h    = α   lim   h → 0       y   t + h   − y  t        t + h    α  −  t α      .  



(14)







For small enough  h , therefore, and making the identifications


   t ⟶  t k  ,   t + h ⟶  t  k + 1     ,   y   t + h   ⟶  y  k + 1   ,   y  t  ⟶  y k    



(15)




in (14) result in the following discrete representation of    T    0 C    t α  y  t   :


   T t α  y  t  = α   lim   h → 0       y   t + h   − y  t        t + h    α  −  t α      → α    y  k + 1   −  y k         t  k + 1      α  −      t k     α    .  











Based on the above, it is claimed in [29] that the modified conformable Euler’s method for (1) is therefore given by


  α    y  k + 1   −  y k         t  k + 1      α  −      t k     α    = f    t k  ,  y k    ,  



(16)




valid for   0 < α ≤ 1  , which is also a generalization of the Euler method for   α = 1  .





4. Alternative Definition of the CFD and Justification of the MCEM


4.1. An Alternative Definition of the CFD from the ESDDFD Method


The second derivation of a modified CEM is based on the exact discretization of the initial value problem for the conformable relaxation equation, obtained from the following results from [23], in which it is generally assumed that the IVP (1) is being discretized on intervals of the form     0 ,   b    .



Theorem 1.

For a given definition of an NID, let   ℧   t , α ;  y 0      denote the analytic solution of initial value problem for the relaxation equation:


    D t α  y  t  = − y  t  ,   y  0  =  y 0  ,     0 ≤ t ≤ b ;   0 < α ≤ 1 .   



(17)









Thus, a corresponding difference quotient representation (DQR) of Caputo type consistent with that derivative is


   Δ    0  G C     t α  y  t  =   y   t + h   − y  t      1 − ℧   t + h , α ;  y 0    / ℧   t , α ;  y 0        .  



(18)







Assuming    y 0  = 1   and using the solution of (17) for the CFD,


  ℧   t ,   α   = exp   −  1 α   t α    ,  



(19)




which describes behavior consistent with local, fractional, KWW wave patterns, in Equation (18) leads to the following DQR for the CFD:


   Δ    0  C F D     t α  y  t  =   y   t + h   − y  t      1 −  e    − 1  α        t + h    α  −  t α          .  



(20)







Taking the limit as   h → 0   in Equation (20) yields the following alternative definition of the CFD:



Definition 1.

Given a real-valued function on     0 , ∞    , the conformable fractional derivative has the following alternative definition:


   T t α  f  t  =  T    0 C    t α  f  t  ≡   lim   h → 0    Δ    0  C F D     t α  f  t  = α   lim   h → 0     f   t + h   − f  t        t + h    α  −  t α      ,  








where    T    0 C    t α  f  0    is understood to mean    T    0 C    t α  f  0  =   l i m   t →  0 +     T    0 C    t α  f  t   .





The following result regarding the basic properties of    T    0 C    t α    above has elementary proofs that follow directly from Definition 1 and are omitted here; it is the same as Theorem 2.2 of [2] and is a particular case of Theorem 2.1.6 of [23].



Theorem 2.

Let  α ∈   0 ,   1    and the functions   f ,   g  be  α -differentiable at a point   t ∈   0 ,   ∞    . Then, for all real-valued constants   A ,   B ,   K ,   p  , the following properties hold:




	1. 

	
   T    0 C    t α    A f + B g   = A  T    0 C    t α   f  + B  T    0 C    t α   g   




	2. 

	
   T    0 C    t α    f g   = g  T    0 C    t α   f  + f  T    0 C    t α   g   




	3. 

	
   T    0 C    t α     f g    =  1   g 2      g  T    0 C    t α   f  − f  T    0 C    t α   g     




	4. 

	
   T    0 C    t α     t p    = p  t  p − α    




	5. 

	
   T    0 C    t α   K  = 0  




	6. 

	
If  f  t   is first order differentiable, then it also holds that   T    0 C    t α    f  t    =  t  1 − α     d f  t    d t    











Direct application of Definition 1 yields the following values for some common functions, which are identical to those obtained in [2], for   p , k ∈ ℝ  :




	
   T    0 C    t α     t p    = p  t  p − α    



	
   T    0 C    t α   1  = 0  



	
   T    0 C    t α     e  k t     = k  t  1 − α    e  k t    



	
   T    0 C    t α    s i n k t   = k  t  1 − α   c o s k t  



	
   T    0 C    t α    c o s k t   = − k  t  1 − α   s i n k t  



	
   T    0 C    t α     t α    = 1  



	
   T    0 C    t α     e   1 α   t α      =  e   1 α   t α     



	
   T    0 C    t α    s i n  1 α   t α    = c o s  1 α   t α   



	
   T    0 C    t α    c o s  1 α   t α    = − s i n  1 α   t α   








Remark 1.

Since the alternative definition of the conformable fractional derivative, Definition 1, has the same basic properties and derivative values as the conformable fractional derivative, it is the same as the CFD, that is,     T      t 0   C    t α    f  t    =  T α   t 0     f   t    , where the right-hand side uses the notation in [9]. It should therefore be noted that, as recently pointed out in [30], the alternative definition shows that the conformable derivative for differentiable functions results from the integer-order derivative with the fractional change of variable   u =     t −  t 0     α  / α   , which can be easily seen. To see the equivalence of the CFD and this change of variable, assume   f   is differentiable. Then, since     T      t 0   C    t α  f  t  =  T α   t 0    f  t   t  =     t −  t 0      1 − α    d  d t   f  t    and     d u  t    d t   =     t −  t 0      α − 1     , direct substitution in identity (4) and the chain rule yield


     T      t 0   C    t α  f  t  =     t −  t 0      1 − α     d f  t    d t      =     t −  t 0      1 − α     d f  u    d u     d u  t    d t      =     t −  t 0      1 − α     d f  u    d u       t −  t 0      α − 1      =   d f  u    d u      














4.2. Justification of and an Alternative to the Modified Conformable Euler’s Method


The identifications (15) applied in Equation (18) yield the following discretization rule for    D t α  y  t    as a corollary to Theorem 1.



Corollary 1.

Let    ℧   t , α ;  y 0      be as in Theorem 1. Then the following is a consistent discrete representation of     D t α  y  t    :


    D t α  y  t  ⟶  Δ    0  G C       t k   α   y k  ≡    y  k + 1   −  y k      1 − ℧    t  k + 1   , α ;  y 0    / ℧    t k  , α ;  y 0        .   













The denominator is a complex function of both the step size,   h =  t  k + 1   −  t k   , and lattice point,    t k   , and is described in [23] as a generalization of the nonstandard finite difference (NSFD) denominator [31]. Similarly applying the identifications (15) in Definition 1 and using   ℧   t ,   α     as given by Equation (19) in Corollary 1 therefore results in the following discrete representations of the CFD:


  Modified   Conformable   Euler :  T    0 C    t α  y  t  = α   lim   h → 0       y   t + h   − y  t        t + h    α  −  t α      → α    y  k + 1   −  y k         t  k + 1      α  −      t k     α    .  










  NSFD   Conformable   EDM :  T    0 C    t α  y  t  = α   lim   h → 0     y   t + h   − y  t      1 −  e  −  1 α        t + h    α  −  t α          → α    y  k + 1   −  y k      1 −  e  −  1 α         t  k + 1      α  −      t k     α          .  











A clear corollary to the foregoing are the following Euler discretization rules for the IVP (1), which provide justification of, and an alternative to, the MCEM as extensions of the Euler method to the CFD:



Corollary 2.

The following discrete representations are generalizations of the (forward) Euler method for the CFD valid for   α ∈   0 ,   1    :


  Modified   Conformable   Euler :   α    y  k + 1   −  y k         t  k + 1      α  −      t k     α    = f    t k  ,  y k     










  ESDDFD - based   Conformable   Euler :   α    y  k + 1   −  y k      1 −  e  −  1 α         t  k + 1      α  −      t k     α          = f    t k  ,  y k    .  















5. Comparisons of Discrete Models of the Conformable Relaxation Equation


To demonstrate that the CEM is not a viable extension of the Euler method to the CFD for   α ∈   0 , 1     and to validate the suggested alternatives, comparisons against the analytic solution are presented in graphical and tabular form for the following discrete representations of the CRE obtained from the conformable Euler, ordinary Euler, modified conformable Euler, and ESDDFD-based Euler methods (respectively, CEM, OEM, MCEM, and EDM):


   CEM :    y  k + 1   =  y k  −  1 α   h α   y k  ,    OEM :    y  k + 1   =  y k  − h  t k  α − 1    y k  ,    MCEM :    y  k + 1   =  y k  −  1 α         t  k + 1      α  −      t k     α     y k     EDM :    y  k + 1   =  y k  −  1 α    1 −  e  −  1 α         t  k + 1      α  −      t k     α         y k    











5.1. Tabular Comparisons of Actual and Relative Errors


In Table 1 relative error comparisons are given for various values of  α  at    t k  = 1.00  .



It is clear from Table 1 that, for this simplest example, the CEM performs poorly compared to all other methods and yields significantly incorrect approximations for   α < 0.98  , with relative error reaching almost 100% at   α = 0.62  . While the OEM is almost comparable to the MCEM for  α  close to unity, its relative error is almost double that of the MCEM for   α < 0.62  . The EDM, as expected for this example, has the same values as the analytic solution.




5.2. Graphical Comparisons of Actual and Relative Errors


Comparisons are presented in terms of solution profiles as well as actual and relative errors for   α = 0.95   in Figure 1a–c and for   α = 0.5   in Figure 2a–c.





6. Conclusions


A discretization method, termed the conformable Euler’s method, for the fractional initial value problem with the conformable fractional derivative has been considered that extends the integer Euler method to the conformable derivative. Its justification using a fractional series expansion is recalled and it is shown that the assumption    T    0 C    t α   f   t  =  t  1 − α    d  d t   f  t    leads to the conclusion that   α = 1   in the method. The ordinary Euler method, obtained by rewriting the CFD in terms of the integer-ordered derivative, is described and its main implementation disadvantage briefly discussed. A modified conformable Euler’s method is proposed that is derived from rewriting the term of the right-hand side of the equation assumed above as a derivative quotient and then using the integer definition of the derivative.



To justify the proposed modification of the CEM, the ESDDFD method, wherein fractionality is determined by wave type behavior of processes under study, of generalized difference quotient derivative representation is recalled. An alternate definition of the CFD is presented that is derived from the analytic solution of the CRE, which describes fractional KWW wave behavior, and it is shown that it has the same basic properties and returns the same derivative values as the CFD. It is observed that the alternate definition shows that the CFD is a fractional change of variable rather that a fractional operator. The MCEM follows as a limit of, and is therefore consistent with, the exact ESDDFD representation of the CRE, whereas the CEM is not.



Numerical experiments are then presented to assess the accuracy of the CEM in approximating the solution of the CRE. The CEM model of the CRE is compared with three discrete models obtained from the ordinary Euler, modified conformable Euler, and conformable NSFD (or ESDDFD) methods. Results are presented for several values of   α ,   0.62 ≤ α ≤ 0.99  , showing errors for the four models relative to the analytic solution, as well as those of profile and error graphs for   α = 0.95 ,   α = 0.5  . While comparisons are presented only for a few values of  α , the results displayed are typical and conclusively show that the CEM yields incorrect approximations, with respective relative errors of 5.06%, 20.80%, and 99.60% for   α = 0.99  ,   α = 0.95  , and   α = 0.62  . In comparison, the relative errors at the same values of for the OEM and MCEM are, respectively, 1.30%, 1.62%, and 7.31% and 1.29%, 1.40%, and 4.56%; the EDM has no errors for the CRE since it is exact. Based on these numerical results, and with support of the theoretical arguments presented, it is concluded that the CEM is not a valid generalization of the standard forward Euler method to the CFD for   0 < α < 1  , and that the MCEM and EDM offer more accurate alternative generalizations.
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	CFD
	conformable fractional derivative



	CEM
	conformable Euler method



	OEM
	ordinary Euler method



	MCEM
	modified conformable Euler method



	NSFD
	nonstandard finite difference



	ESDDFD
	exact spectral derivative discretization finite difference



	EDM
	ESDDFD-based, NSFD Euler method, difference quotient representation



	CRE
	conformable relaxation equation



	KWW
	Kohlrausch–Williams–Watts



	NID
	non-integer derivatives



	NIRE
	non-integer relaxation equation







References


	



Mohammadnezhad, V.; Eslami, M.; Rezazadeh, H. Stability analysis of linear conformable fractional differential equations system with time delays. Boletim Soc. Paranaense Mat. 2020, 38, 159–171. [Google Scholar] [CrossRef]

	



Khalil, R.; Al Horani, M.; Yousef, A.; Sababheh, M. A new definition of fractional derivative. J. Comput. Appl. Math. 2014, 264, 65–70. [Google Scholar] [CrossRef]

	



Xin, B.; Peng, W.; Kwon, Y.; Liu, Y. Modeling, discretization, and hyperchaos detection of conformable derivative approach to a financial system with market confidence and ethics risk. Adv. Differ. Equ. 2019, 2019, 138. [Google Scholar] [CrossRef]

	



Katugampola, U.N. Correction to “What is a fractional derivative?” by Ortigueira and Machado [Journal of Computational Physics, Volume 293, 15 July 2015, Pages 4–13. Special issue on Fractional PDEs]. J. Comput. Phys. 2016, 2016, 1255–1257. [Google Scholar] [CrossRef]

	



Ortigueira, M.D.; Machado, J.T. What is a fractional derivative? J. Comput. Phys. 2015, 293, 4–13. [Google Scholar] [CrossRef]

	



Tarasov, V. No Violation of the Leibniz Rule. No Fractional Derivative. Commun. Nonlinear Sci. Numer. Simul. 2013, 18, 2945–2948. [Google Scholar] [CrossRef]

	



Tarasov, V. Local Fractional Derivatives of Differentiable Functions are Integer-order Derivatives or Zero. Int. J. Appl. Comput. Math. 2016, 2, 195–201. [Google Scholar] [CrossRef]

	



Tarasov, V.E. No nonlocality. No fractional derivative. Commun. Nonlinear Sci. Numer. Simul. 2018, 62, 157–163. [Google Scholar] [CrossRef]

	



Abdelhakim, A.A. The flaw in the conformable calculus: It is conformable because it is not fractional. Fract. Calc. Appl. Anal. 2019, 22, 242–254. [Google Scholar] [CrossRef]

	



Kiskinov, H.; Petkova, M.; Zahariev, A. Remarks about the existence of conformable derivatives and some consequences. arXiv 2019, arXiv:1907.03486. [Google Scholar]

	



Kiskinov, H.; Petkova, M.; Zahariev, A. About the Cauchy Problem for Nonlinear System with Conformable Derivatives and Variable Delays; AIP Publishing LLC: Melville, NY, USA, 2019; Volume 3, p. 050006. [Google Scholar]

	



Kiskinov, H.; Petkova, M.; Zahariev, A.; Veselinova, M. Some Results about Conformable Derivatives in Banach Spaces and an Application to the Partial Differential Equations; AIP Publishing LLC: Melville, NY, USA, 2021; Volume 2333, p. 120002. [Google Scholar]

	



He, J.-H. A New Fractal Derivation. Therm. Sci. 2011, 15 (Suppl. 1), S145–S147. [Google Scholar] [CrossRef]

	



Tuan, N.H.; Ngoc, T.B.; Baleanu, D.; O’Regan, D. On well-posedness of the sub-diffusion equation with conformable derivative model. Commun. Nonlinear Sci. Numer. Simul. 2020, 89, 105332. [Google Scholar] [CrossRef]

	



Xin, B.; Peng, W.; Guerrini, L. A Continuous Time Bertrand Duopoly Game With Fractional Delay and Conformable Derivative: Modeling, Discretization Process, Hopf Bifurcation, and Chaos. Front. Phys. 2019, 7, 84. [Google Scholar] [CrossRef]

	



Morales-Delgado, V.F.; Gómez-Aguilar, J.F.; Escobar-Jiménez, R.F.; Taneco-Hernández, M.A. Fractional conformable derivatives of Liouville–Caputo type with low-fractionality. Phys. A Stat. Mech. Appl. 2018, 503, 424–438. [Google Scholar] [CrossRef]

	



Martínez, L.; Rosales, J.J.; Carreño, C.A.; Lozano, J.M. Electrical circuits described by fractional conformable derivative. Int. J. Circuit Theory Appl. 2018, 46, 1091–1100. [Google Scholar] [CrossRef]

	



Chung, W.S. Fractional Newton mechanics with conformable fractional derivative. J. Comput. Appl. Math. 2015, 290, 150–158. [Google Scholar] [CrossRef]

	



Anderson, D.R.; Ulness, D.J. Properties of the Katugampola fractional derivative with potential application in quantum mechanics. J. Math. Phys. 2015, 56, 063502. [Google Scholar] [CrossRef]

	



Jajarmi, A.; Baleanu, D. A new fractional analysis on the interaction of HIV with CD4 + T-cells. Chaos Solit. Fractals 2018, 113, 221–229. [Google Scholar] [CrossRef]

	



Açan, Ö.; Al Qurashi, M.M.; Baleanu, D. New exact solution of generalized biological population model. J. Nonlinear Sci. Appl. 2017, 10, 3916–3929. [Google Scholar] [CrossRef]

	



Zhou, H.W.; Yang, S.; Zhang, S.Q. Conformable derivative approach to anomalous diffusion. Phys. A Stat. Mech. Appl. 2018, 491, 1001–1013. [Google Scholar] [CrossRef]

	



Clemence-Mkhope, D. Spectral Non-integer Derivative Representations and the Exact Spectral Derivative Discretization Finite Difference Method for the Fokker-Planck Equation. 2021. Available online: https://ui.adsabs.harvard.edu/link_gateway/2021arXiv210602586C/arxiv:2106.02586 (accessed on 16 July 2021).

	



Gorenflo, R.; Mainardi, F.; Rogosin, S. Mittag-Leffler function: Properties and applications. In Handbook of Fractional Calculus with Applications, Basic Theory; De Gruyter: Berlin, Germany, 2019; Volume 1, pp. 269–296. [Google Scholar]

	



Metzler, R.; Klafter, J. The random walk’s guide to anomalous diffusion: A fractional dynamics approach. Phys. Rep. 2000, 339, 1–77. [Google Scholar] [CrossRef]

	



Mainardi, F. A Note on the Equivalence of Fractional Relaxation Equations to Differential Equations with Varying Coefficients. Mathematics 2018, 6, 8. [Google Scholar] [CrossRef]

	



Abdeljawad, T. On Riemann and Caputo fractional differences. Comput. Math. Appl. 2011, 62, 1602–1611. [Google Scholar] [CrossRef]

	



Atangana, A.; Baleanu, D. New Fractional Derivatives with Nonlocal and Non-Singular Kernel: Theory and Application to Heat Transfer Model. Therm. Sci. 2016, 20, 763–769. [Google Scholar] [CrossRef]

	



Clemence-Mkhope, D. A Comment on the Conformable Euler’s Finite Difference Method. arXiv 2021, arXiv:2105.10385. [Google Scholar]

	



Anderson, D.R.; Camrud, E.; Ulness, D.J. On the nature of the conformable derivative and its applications to physics. J. Fract. Calc. Appl. 2019, 10, 92–135. [Google Scholar]

	



Mickens, R.E. Nonstandard Finite Difference Schemes: Methodology And Applications; World Scientific Publishing Company: Singapore, 2020. [Google Scholar]








[image: Mca 26 00066 g001 550] 





Figure 1. Analytic solution profile of (17) compared on     0 ,   1     to approximations by the EDM, CEM, MCEM, and OEM at   α = 0.95   with   h = 0.025  : (a) solution values (   y k   ), (b) absolute errors (    y    t k    −  y k     ) and (c) relative (percentage) errors (       y k  − y    t k        y    t k        100    ). 
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Figure 2. Analytic solution profile of (17) compared on     0 ,   1     to approximations by the EDM, CEM, MCEM, and OEM at   α = 0.5   with   h = 0.025  : (a) solution values (   y k   ), (b) absolute errors (    y    t k    −  y k     ) and (c) relative (percentage) errors (       y k  − y    t k        y    t k        100    ). 
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Table 1. % error by method compared to actual value at    t k  = 1.00  .
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	   α   
	Exact Value
	EDM
	CEM
	MCEM
	OEM





	0.99
	0.36
	0.00
	5.06
	1.29
	1.30



	0.98
	0.36
	0.00
	8.93
	1.32
	1.38



	0.97
	0.36
	0.00
	12.90
	1.34
	1.46



	0.96
	0.35
	0.00
	16.80
	1.37
	1.54



	0.95
	0.35
	0.00
	20.80
	1.40
	1.62



	0.62
	0.20
	0.00
	99.60
	4.56
	7.31
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