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Abstract: Spatiotemporal optical vortices (STOVs) have attracted numerous attention from re-
searchers in recent years due to their intriguing characteristics with transverse orbital angular
momentum (OAM) in the spatiotemporal domain. In this work, we numerically analyze the tightly
focusing characteristics of higher-order STOVs and present a method to dynamically modulate the
transverse OAM in highly confined STOVs. Richards–Wolf vectorial diffraction theory was employed
to simulate the three-dimensional spatiotemporal distribution of the focused STOV correspond-
ing to the incident wave packet of topological charge of −2. The simulation results show that the
higher-order spatiotemporal vortices in the transversely polarized components of the focused wave
packets split into two first-order vortices with topological charge of −1 when the waist radius of the
incident wave packet was larger than 40% of the pupil radius of the focusing lens, and the spacing
of the two split vortices could be tailored by adjusting the waist radius of the incident wave packet.
Meanwhile, the incident spatial waist radius also affected the tilt angle of the phase singularity
trace in the z-polarized component of the focused field. The presented method provides a flexible
way to dynamically engineer the spatiotemporal vortices in the tightly focused wave packet and
may find potential applications in nanophotonics, light–matter interaction, quantum information
processing, etc.

Keywords: spatiotemporal optical vortex; transverse orbital angular momentum; spiral phase;
tightly focusing

1. Introduction

Photons can carry both linear momentum and angular momentum, where the angular
momentum can be further divided into spin angular momentum (SAM) and orbital an-
gular momentum (OAM). SAM is associated with the circular polarization of light, while
OAM is linked with the spiral phase distribution, forming the so-called optical vortex.
Optical vortex beams with phase singularities and null intensities at their center are well-
established phenomena in modern singular optics, first discovered in 1992 by Allen et al. [1],
which can be applied in optical communication [2–4], quantum information [5,6], super-
resolution microscopic imaging [7,8], micro-/nanoparticle trapping [9,10], and quantum
key distribution [11].

Traditionally, the research on vortices has mainly focused on longitudinal OAM in
the spatial domain, whose axis is parallel to the propagation direction of the beam. A
two-mode fiber-based beam converter is adopted to create optical vector beams with
embedded optical vortices from the incident linearly polarized Gaussian beam [12]. As
for fractional vortex beams with half-integer topological charge values, a vortex chain
of alternating charges can be observed along the radial phase discontinuity line [13,14].
High-order optical vortex lattices with controllable arbitrary modes are experimentally
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generated and the topological charge on each optical vortex in the lattice is up to 51 [15].
Based on the pulse-width approximation of Bessel functions, an improved method with
a notable simplicity in its practical realization is presented to create the perfect optical
vortex [16]. Attosecond extreme ultraviolet vortices can be generated by exploiting the
high-order harmonic generation and propagation of infrared fields carrying OAM [17].

By introducing temporal phase variation, one can generate a spatiotemporal optical
vortex with transverse OAM. For example, the interaction of two non-coplanar phase-
modulated beams will lead to a train of spatiotemporal vortices [18]. Based on the Klein–
Gordon wave equations, generic STOVs are constructed with intrinsic OAM oriented along
an arbitrary direction [19]. Thereafter, STOVs are experimentally observed during extremely
high-powered short pulse collapse and filamentation in air [20]. Recently, a linear method
was presented to experimentally generate STOVs by employing a 4f pulse shaper [21,22].
Subsequently, the local densities and integral values of the SAM and OAM of both the
scalar and vector Bessel-type STOVs were calculated and the spin–orbit interactions in the
transverse spin and orbital angular momentums were predicted [23]. Furthermore, the
experimental generation of the second harmonic of STOV pulses has been conducted to
reveal the conservation of transverse OAM in such a process [24,25]. The generation and
propagation of STOVs has theoretically been analyzed step-by-step on a basis of diffraction
theory [26]. A class of models was developed to analyze the propagation of STOVs in
dispersive media, revealing that the STOV symmetry and the group velocity dispersion
would lead to the quantization of transverse OAM [27]. A space-to-time mapping technique
was demonstrated to directly modulate the spatiotemporal phase to chirped pulses by
utilizing the relationship between frequency and time [28]. Cylindrically polarized STOVs
have been experimentally generated to demonstrate the coexistence of spatiotemporal phase
singularities with spatial polarization singularities [29]. A preconditioning method was
proposed to overcome the spatiotemporal astigmatism effect of the high numerical aperture
(NA) lens to create highly confined STOVs with near diffraction-limited sizes [30]. Dynamic
STOVs have also been demonstrated by embedding two spatiotemporal vortices with
different transverse OAMs in one wave packet [31]. The spin–orbit interaction between the
longitudinal SAM and transverse OAM in tightly focused circularly polarized STOVs could
produce intriguing complex spatiotemporal phase singularity structures [32]. Novel types
of transverse and longitudinal pulse shifts caused by transverse OAM have theoretically
been observed in the reflection and refraction of STOVs at a planar isotropic interface [33].
Spatiotemporal vortices with arbitrarily oriented OAM are generated by employing a
compact photonic crystal slab with transmission nodal lines in 3D wavevector–frequency
space [34]. Based on spatially resolved spectral interferometry, a simple single-frame
method was developed to quantitatively characterize STOVs to identify their topological
charge numbers, OAM helicity, pulse dispersions, and beam divergences [35].

Further understanding of the physical properties of STOVs, for example, the tight
focusing of higher-order STOVs, is important for both theoretical research and practical
applications. In this paper, we studied the dynamic modulation of transverse OAM in the
tight focusing of right-handed circularly polarized (RCP) STOVs with topological charge
of −2. To prevent the collapse of the transverse OAM in the focal plane of the high NA
lens, the incident wave packet was preconditioned based on the approach similar to the
cylindrical lens mode converter. The effect of the spatial waist of the incident wave packet
on the vortices splitting in the tightly focused field was analyzed in detail by employing
the Richards–Wolf vectorial diffraction theory. The second-order vortices in the focused
field will split into two first-order vortices as the spatial waist of the incident wave packet
exceeds a threshold. By adjusting the spatial waist of the incident wave packet, the spacing
of the two split STOVs in a highly confined field could be tailored in a controllable way.
The presented method provides an effective way to achieve fast modulation of transverse
OAM in a highly confined field.
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2. Methods

To recover the spatiotemporal spiral phase in the focal plane of the high NA lens,
we needed to precondition the incident wave packet to overcome the spatiotemporal
astigmatism caused by the tightly focusing system. Inspired by the Hermite–Gaussian
modes can be decomposed into a linear superposition of Laguerre–Gaussian modes, the
RCP STOV with topological charge of −2 could be preconditioned as:
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where ex, ey are the unit vectors along the x- and y-axes, w is the spatial waist radius of the
incident wave packet, and wt is the pulse half-width at 1/e2 of the maximum intensity of
the wave packet in the temporal domain. ELG
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The spatiotemporal distribution of the preconditioned RCP incident wave packet
is shown in Figure 1. From Figure 1a–c, we can see that all the wave packets of the x-,
y-polarized components and the entire incident pulse are split into three detached parts,
similar to the HG20 mode. Meanwhile, the wave packets are rotated by 45 degrees with
regard to the t-axis in the x–t plane. As shown in Figure 1d,e, the phase of the x-polarized
component was binarized into 0 (green areas) and π (yellow areas), while the phase of
the y-polarized component was binarized into π/2 (brown areas) and –π/2 (blue areas).
From Figure 1f, we can see that the incident wave packet was right-handed and circularly
polarized in the spatial domain, since the polarization ellipses are circular and black.

The above preconditioned incident wave packet was tightly focused by a high NA
lens to obtain highly confined STOVs, as shown in Figure 2. Therefore, the Richards–Wolf
vectorial diffraction formula could be utilized to calculate the focused wave packet on the
focal plane of the lens, which can be expressed as [36]:
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where α is the convergence half angle of the focusing lens, r f =
√

x2
f + y2

f , z f = 0,

Φ = tan−1(y f /x f ), P(θ, φ) is the polarization distribution of the refracted field on the
spherical surface Ω, and B(θ) is the apodization function of the objective lens. Here, the
sine condition lens was used and B(θ) =

√
cos θ. k = 2π/λ is the wave number and λ is

the center wavelength of the incident wave packet. EΩ(θ, φ, t) is the complex optical field
on the spherical surface Ω, which can be given by:
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Figure 1. The preconditioned RCP incident wave packet. (a) The intensity distributions of the
x-polarized component on the three orthogonal planes, combined with an isosurface at 10% of its
peak intensity. (b) The intensity distributions of the y-polarized component on the three orthogonal
planes, combined with an isosurface at 10% of its peak intensity. (c) The intensity distributions of the
entire incident wave packet on the three orthogonal planes, combined with an isosurface at 10% of
its peak intensity. (d) The phase distribution of the x-polarized component on the three orthogonal
planes. (e) The phase distribution of the y-polarized component on the three orthogonal planes.
(f) The polarization distribution of the preconditioned incident wave packet in the x–y plane.

Considering the polarization direction change of the radially polarized component in
the incident RCP wave packet caused by the high NA lens, the polarization distribution
P(θ, φ) of the refracted beam can be derived as:

P(θ, φ) =

(cos θ cos φ− i sin φ) · e’
x

(cos θ sin φ + i cos φ) · e’
y

sin θ · e’
z

 (5)

where e’
x, e’

y, and e’
z are the three unit vectors along the Cartesian coordinates in the focal

region of the lens.
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Figure 2. Schematic diagram of tightly focusing the incident wave packet. Q
(

r f , Φ
)

is an arbitrary
observation point on the focal plane of the lens. The inset illustrates the splitting of the second-order
STOV into two first-order STOVs.

3. Results

In the following simulations, the spatial size and temporal size of the incident wave
packets were normalized to the pupil radius of the high NA lens and the pulse half-width,
respectively. Moreover, NA = 0.9 was adopted in all the simulations. Since wt has no effect
on the vortex spacing in the focal field, we thus kept wt as 0.5 in the following simulations.

3.1. Transversely Polarized Components

To reveal the effect of the incident spatial waist radius w on the vortex spacing in
the transversely polarized components of the focused STOVs, we present the intensity
and phase distributions of the x- and y-polarized components of the focused STOVs
corresponding to incident spatial waist radii of 0.3, 0.5, and 0.7, as shown in Figures 3 and 4.
When w was 0.3, from Figure 3a, we can see that there only existed one phase singularity
trace in the wave packet along the y-axis for the x-polarized component of the focused field.
Meanwhile, according to Figure 3d, the spiral phase in the x–t plane changed anti-clockwise
in the range [–π, π] for two times, indicating that the x-polarized component of the focused
wave packet carried transverse OAM of topological charge of −2. In other words, the
transverse vortex in the focused x-polarized component did not split. For the y-polarized
component of the focused field, as shown in Figure 4a,d, the transverse vortex also did not
split and carried transverse OAM of topological charge of−2 in the x–t plane as well. When
w was increased to 0.5, according to Figure 3b, we can see that there occurred two phase
singularity traces in the wave packet of the x-polarized component of the focused field
along the y-axis. Based on the phase distribution in Figure 3e, we can see that there existed
two phase singularities in the x–t plane. The spiral phase around each singularity changed
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anti-clockwise in the range [–π, π] once, indicating that the high-order STOV split into
two STOVs with topological charge of −1. The coordinates of the two phase singularities
in the x–t plane were found to be (−0.04, 0.12) and (0.04, 0.12). Thus, the spacing between
the two transverse vortices was 0.24 a.u. along the t-axis and 0.08 λ along the x-axis.
As for the y-polarized component, from Figure 4b,e, the high-order STOV also split into
two first-order STOVs with topological charge of −1. The coordinates of the two phase
singularities were evaluated to be (−0.12, −0.12) and (0.12, 0.12). Therefore, the spacing
between them was 0.24 a.u. along the t-axis and 0.24 λ along the x-axis. When w was
further increased to 0.7, as shown in Figure 3c,f, the higher-order STOV in the x-polarized
component of the focused field also split into two first-order STOVs with topological
charge of −1. Furthermore, the spacing between them was enlarged to 0.64 a.u. along the
t-axis, while their spacing was 0 along the x-axis, since the coordinates of the two phase
singularities were found to be (0, −0.32) and (0, 0.32). For the y-polarized component of the
focused field, according to Figure 4c,f, the coordinates of the two phase singularities were
determined to be (−0.2, −0.32) and (0.2, 0.32); thus, the spacing between the two first-order
STOVs was enlarged to 0.64 a.u. along the t-axis and 0.4 λ along the x-axis.

Figure 3. The intensity and phase distributions of the x-polarized components of the focused STOVs
under different incident spatial waist radii. (a–c) The intensity distributions of the x-polarized
components of the focused STOVs corresponding to incident spatial waist radii of 0.3, 0.5, and
0.7, respectively. (d–f) The phase distributions corresponding to the three cases, respectively. The
isosurfaces are depicted at 5% of the maximum intensity in each case.

To further analyze the variation rule of the focused STOVs in the transversely polarized
components caused by the incident spatial waist radius, w was changed from 0.2 to 0.9
with ste of 0.1. The spacing between the focused STOVs was calculated in each case and the
results are shown in Figure 5. Figure 5a,b presents the spacing variation between the STOVs
in the x-polarized component of the focused field along the x-axis and t-axis, respectively.
Meanwhile, Figure 5c,d gives the spacing variation in the y-polarized component of the
focused field along the x-axis and t-axis, respectively. We can see that when w was less
than 0.4, the spacing along the x-axis and t-axis was 0 for both the x-polarized component
and y-polarized component, indicating the second-order STOV did not split. When w was
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larger than 0.4, the second-order STOV split into two first-order STOVs for both the x-
and y-polarized components, and the spacing between the two first-order STOVs along
the t-axis almost linearly increased as w increased. The spatial waist of the incident wave
packet had less of an effect on the spacing along the x-axis for the x-polarized component
compared to that of the y-polarized component. It should be pointed out that the incident
spatial waist radius was normalized by the pupil radius of the high NA lens; thus, the
horizontal axes in Figure 5a–d represent the ratio between the spatial waist radius of the
incident wave packet and the pupil radius of the high NA lens.

Figure 4. The intensity and phase distributions of the y-polarized components of the focused STOVs
under different incident spatial waist radii. (a–c) The intensity distributions of the y-polarized
components of the focused STOVs corresponding to incident spatial waist radii of 0.3, 0.5, and
0.7, respectively. (d–f) The phase distributions corresponding to the three cases, respectively. The
isosurfaces are depicted at 5% of the maximum intensity in each case.

3.2. Longitudinally Polarized Components

To investigate the effect of the incident spatial waist radius w on the OAM in the
z-polarized component of the focused wave packet, we also set w to be 0.3, 0.5, and 0.7 and
calculated the three-dimensional spatiotemporal distribution of the z-polarized component
of the focal field in each case. The results are shown in Figure 6, from which we can
see the OAM in the z-polarized component exhibited a more complex spatiotemporal
structure. According to the intensity distribution in the y–t plane shown in Figure 6a–c,
there existed a phase singularity trace in the center of the wave packet in each case, and
the phase singularity trace was tilted as the incident spatial waist radius w increased.
Correspondingly, there exists an abrupt phase variation line in the y–t plane, as shown in
Figure 6d–f. Assuming the central wavelength of the wave packet was 1 µm and the pulse
half-width was 10 fs, the tilt angles of the phase singularity trace in the three cases were
evaluated to be 0◦, 7.43◦, and 40.03◦, indicating that an increase in w significantly affected
the tilt angle of the phase singularity trace in the z-polarized component.
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Figure 5. The relationship between the vortex spacing in the transversely polarized components of
the focused wave packet and the incident spatial waist radius. (a) Vortex spacing of the x-polarized
component along the x-axis in the focal region. (b) Vortex spacing of the x-polarized component
along the t-axis in the focal region. (c) Vortex spacing of the y-polarized component along the x-axis
in the focal region. (d) Vortex spacing of the y-polarized component along the t-axis in the focal
region. The d in the horizontal axis in each subfigure represents the pupil radius of the high NA lens.

To reveal the relationship between the tilt angle of the phase singularity trace in the
z-polarized component and the incident spatial waist radius w, we changed w in the range
[0.2, 0.9] with step of 0.1 and calculated the tilt angle in each case. The results are shown
in Figure 7. Obviously, when the incident spatial waist w was less than 0.4, the tilt angle
was kept as 0◦, indicating that transverse OAM was predominant in that case. When the
incident spatial waist w was larger than 0.4, the tilt angle increased almost linearly as w
increased. Thus, the tilt angle of the phase singularity trace in the z-polarized component of
the focal field could be controlled by just changing the spatial waist radius of the incident
wave packet.
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Figure 6. The intensity and phase distributions of the z-polarized components of the focused STOVs
under different incident spatial waist radii. (a–c) The intensity distributions of the z-polarized
components of the focused STOVs corresponding to incident spatial waist radii of 0.3, 0.5, and
0.7, respectively. (d–f) The phase distributions corresponding to the three cases, respectively. The
isosurfaces are depicted at 3% of the maximum intensity in each case.

Figure 7. The relationship between the tilt angle of the phase singularity trace in the z-polarized
component of the focused field and the incident spatial waist radius. The d in the horizontal axis
represents the pupil radius of the high NA lens.
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4. Discussion

In summary, we studied the effect of the incident spatial waist radius on the OAM in
tightly focusing high-order RCP STOVs carrying transverse OAM with topological charge
of −2. For the transversely polarized components in the focused field, the second-order
STOV split into two first-order STOVs as the incident spatial waist radius increased over
40% of the pupil radius of the focusing lens, and the spacing between the two first-order
STOVs along the t-axis exhibited a linear relationship with the incident spatial waist radius.
Moreover, the incident spatial waist radius had a smaller effect on the spacing between
the two first-order STOVs along the x-axis in the x-polarized component than that in the
y-polarized component. For the longitudinally polarized component of the focused field,
the incident spatial waist radius led to the tilt of the phase singularity trace in the wave
packet as it increased beyond 40% of the pupil radius of the focusing lens. The presented
results provide a feasible method to dynamically tailor STOVs in highly confined wave
packets with controllable vortex spacing and a phase singularity trace tilt angle, which may
find applications in optical tweezers, spin–orbit coupling, light–matter interactions, and
so on. Since there exists transverse OAM in highly confined STOVs, they could provide
an additional degree of freedom for the optical tweezer to manipulate the nanoparticle or
nanostructure. For example, it may make the nanoobject orbit in the meridian plane which
is orthogonal to the propagation direction of the beam. The two split first-order STOVs
may make it possible to simultaneously trap nanoobjects in two different locations. On the
other hand, considering the complicated OAM structure in the z-component of the focused
wave packet, if the sample selectively responds to the state of z-polarization, it could then
be possible to create photon emissions with specific SAM and OAM states by using highly
confined vectorial STOVs.
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