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Abstract: In this article, we design a low-loss, high-bandwidth Z-bend photonic silicon crystal
waveguide bending in a triangular lattice through topology optimization. Based on the topological
optimization method, we change the relative position of air holes in the global scope to maximize the
transmittance and bandwidth of the waveguide. The simulation results indicate that the transmission
characteristics can be effectively improved with our method. After the optimization, the loss of the
waveguide can be reduced to −5 dB and the bandwidth can increase to 160 nm. Our research has
great significance for further optimizing the propagation of light in photonic crystals.
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1. Introduction

Photonic crystal (PhC) is an artificial structure composed of a periodic arrangement of
materials with varying refractive indexes. Bragg scattering will occur at the dielectric inter-
face when there is a substantial refractive index difference between the two materials [1,2].
This prevents certain frequencies of light from passing through. This phenomenon is known
as the photonic band gap (PBG) [3–8]. Because of the PBG, photonics have a wide range
of applications in beam splitters [9,10], filters [11–14], resonators [15–17] and integrated
circuits [18]. When a line defect or point defect mode is introduced into a PhC, its periodic
structure is broken, and the propagation of light waves is well limited or enhanced [19].
Based on this feature, photonic crystal waveguides (PCW) can be designed with low
loss and high transmission efficiency which is applied to many kinds of photoelectronic
devices [10,20–23].

In two-dimensional photonic crystal devices, changing the direction of light propaga-
tion is unavoidable. Therefore, the curved PCW are more and more widely studied [24–27].
As a typical structure in two-dimensional photonic crystal, a series of studies were carried
out on Z-curved PCW because their two continuous 120◦ bends can be applied to vari-
ous photonic crystal devices. For curved PhC, the transmission loss originates from the
discontinuous periodic structure at the bend. Hence, the research of curved waveguides
with low loss and a high-bandwidth performance has attracted significant interest [24,25].
Due to the mismatching of the guide modes between the straight waveguide and the
curved waveguide [28], various research was carried out to reduce the loss at the curved
waveguide through resonance matching [29], topology optimization [30,31] or impedance
matching [32,33]. Recently, P.I. Bole et al. designed Z-bending PCW under the TE mode
with a bending loss of 3 dB and a bandwidth of 200 nm [26]. The shape of the air holes was
changed by using ion beam etching at the local bend. Zhao Q et al. studied the effect of the
groove structure on a 120◦ W1 PCW elbow [24]. The simulation results showed that the
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arc-slotted PCW bend has a 3 dB bending loss and a 150 nm bandwidth. In these previous
methods, the independent influence on the position of each hole is difficult to calculate
because it requires a large parameter space which makes the calculation too large.

In this paper, the relative position of each air hole is changed independently on a
global basis by the topology optimization to achieve high transmission structure design
without the need of massive computing resources. Moreover, this method is suitable for any
shape of air holes and any structure of PCW. In this paper, we use the finite element method
to calculate the properties of PhCs based on Maxwell’s equations [34]. A two-dimensional
triangular structure arrangement PhC model with line defects is designed [35,36]. The
light scattering and reflection is simulated by a scattering boundary condition. Then,
the topology optimization adopts the gradient optimization method to find the optimal
solution suitable for this structure through an iterative calculation in the independent hole
position parameter space.

Based on these methods, we studied two kinds of Z-bending waveguides on the
Silicon-On-Insulator (SOI) platform: one is a straight Z waveguide and the other is a curved
Z waveguide which has different structures in its bending part. The simulation results show
that both traditional Z-bending waveguide structures have large transmission losses. The
transmission characteristics of a curved Z waveguide are obviously improved compared
to that of a straight Z waveguide. For the straight Z waveguide, the maximum loss is
about −48 dB. For the curved Z waveguide, the maximum loss is approximately −34 dB.
However, through our topology optimization method, the transmission loss of both kinds
of Z waveguides can be significantly reduced. Both structures have about a −5 dB loss
and 160 nm bandwidth, from 1440 nm to 1600 nm. The moving distance of air holes with
a relative displacement greater than 25 nm near the curved waveguide are described by
the topology optimization. Finally, the universality of the topology optimization method
is verified by studying the different sizes of 90◦ curved waveguides and triangular lattice
curved waveguides. Our method will benefit the highly efficient application of the PCW in
photonic crystal optical equipment.

2. Model of Z Waveguide Bends

In the study, we studied two forms of Z waveguides. They are constructed of ho-
mogeneous medium and triangular lattice air holes, as illustrated in Figure 1. Straight
waveguides are connected to curved waveguides on both sides. The model has periodic me-
dia in the xy-plane, but the bending part presents an aperiodic arrangement. The medium
is uniform on the z axis. The radius of the air hole a = 251 nm, lattice constant l = 2.82 ∗ a.
The PhC is composed of silicon (n = 3.48) background and air holes. Triangular planar
PhCs formed by high refractive index materials such as silicon and gallium arsenide have
large PBG, which can limit and control the propagation of light with specific frequency. The
difference between the two forms of PhCs is that the position of the two dark blue air holes
is modified. In order to simulate in a limited space, we must set the boundary conditions
of the system. Here, we set the scattering boundary condition at the boundary of the
simulation to indicate that the light on the boundary is completely scattered. Then, we can
calculate the scattering (S) parameters of the waveguide to characterize the transmittance,
reflectivity and absorption rate of the system.

We assume that all the materials in the system are all linear materials. At this time,
Maxwell’s equations for a specific frequency can be transformed into the following propa-
gation equations:

5× (µ−1
r 5×E)− ω2

c2
0
(εr −

iσ
ωε0

)E = 0 (1)

where µr represents relative permeability; εr stands for relative permittivity; σ stands for
electrical conductivity; c0 is the speed of light in air; E is the strength of the field; ω is the
angular frequency.
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Figure 1. Z-bending waveguide in a finite PhC on triangle lattice: (a) straight Z waveguide; (b)
curved Z waveguide. The radius of the air hole a = 251 nm, lattice constant l = 2.82 ∗ a. The dark
blue air holes show the difference between the two structures. The red box magnifies the size of the
structure. The structure exhibits aperiodic distribution in the xy-plane. Light enters the PhC from the
incident port and leaves the PhC from the outgoing port.

In order to calculate the reflection coefficient of the input port and the transmission
coefficient of the output port, S parameter is introduced here for calculation. S11 is the
reflection coefficient of the input port when the output port of the tested component is
connected to a matching load. S21 is the transmission coefficient from port 1 to port 2 of the
device when the output port of the tested component is connected to a matching load. The
specific transmission coefficient and reflection coefficient have the forms as follows:

S11 =

∫
(E− E1)× E1dΩ∫

E1 × E1dΩ
(2)

S21 =

∫
E× E2dΩ∫
E2 × E2dΩ

(3)

T(ω) = |S21|2 (4)

R(ω) = |S11|2 (5)

where Ω is the geometry of the entire model; E is the intensity of the electric field during
transmission in the PhC; E1 is the electric field intensity of the incident light; E2 is the
electric field intensity of the outgoing light.

The MMA method approximates the objective function and constraint function as some
convex sequence subproblems by mathematical programming. Solving the optimization
problem based on Lagrange duality method. Then, the gradient method is used to obtain
the optimal design variables of the subproblems. For the general optimization problem, it
can be expressed as

min : f0(X)
fi(X) ≤ 0
xmin

j ≤ xj ≤ xmax
j (j = 1, 2, . . . , n; i = 1, 2, . . . , m)

(6)

where i = 1, 2, . . . , m is the number of constraints; j = 1, 2, . . . , n is the number of design
variables. For large and complex structural optimization problems, MMA algorithm can
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speed up convergence and calculation. In the k iteration, the optimization problems are
approximated by MMA

min : f̃0(x(k))
f̃0(x(k)) ≤ 0
αk

j ≤ x ≤ βk
j (j = 1, 2, . . . , n; i = 1, 2, . . . , m)

(7)

where i = 1, 2, . . . , m is the number of constraints; j = 1, 2, . . . , n is the number of de-
sign variables; αk

j and βk
j are move limits; f̃ (x(k)) is the first approximation of fi to the k

iteration point.
In order to apply the topology optimization method to the transmission characteristics

of light in photonic crystal, we set the objective function at the output port to simulate the
transmission characteristics of light exiting from the photonic crystal. The objective function
is set as an integral function of electric field to approximate the change in transmittance.
In practical device use, high transmittance means low loss during transmission. High
transmission losses make it difficult for light to pass through the entire photonic crystal.
Because we want the transmittance to be as high as possible, we need to maximize the
objective function. Then, we can define an objective function for topology optimization

Φ(λ) =
∫

output
|E(λ)|ds/

∫
output

1ds (8)

This objective function is defined as the average output electric field of a given wave-
length and geometry (λ and Ω). The transmission rate can be improved by maximizing the
objective function.

3. Results and Discussion

In order to study PCW, we first need to determine the energy band structure of the
basic unit in them. We use the Plane Wave Expansion Method (PWEM) to calculate the
E-polarization band structure of a triangular PhC in Figure 2. We can find that four band
gaps appear in the band diagram. In addition, among them, the wider band gap appears
at ωl/2πc = 0.7, and three narrow band gaps appear at ωl/2πc = 0.38, ωl/2πc = 0.62
and ωl/2πc = 0.81. On the basis of the band diagram, the transmission spectrum of the Z
waveguide can be further studied. Then, in the waveguide mode, we use an optimization
method to maximize the transmittance of the objective function at wavelengths from
1440 nm to 1600 nm. The topology optimization method is implemented by calculating the
independent relative moving distance of each air hole. The algorithm is implemented by
using the free shape domain and free boundary technology to achieve gradient optimization.
Consider that the planar photonic crystal structure is dense, which greatly increases the
computational time even with the topological optimization method. The movement limit is
set to 0.2 and the maximum iteration is set to 50.

Figure 3 shows the relationship between the transmission and wavelength of the
conventional (blue line) and optimized (black line) Z-bending waveguide. Before optimiza-
tion, the maximum loss is from −48 dB to −34 dB. This is because the waveguide can be
approximated as a resonator at the bend, and the light wave will be localized at the bend.
The localization can be effectively reduced by changing the arrangement of the air holes at
the bend so that the PCW has better transmission characteristics. For a straight Z-bending
waveguide, there are two inverted peaks at 1490 nm and 1571 nm, and the transmission
bandwidth between the two peaks is 81 nm. For a curved Z-bending waveguide, several
inverted peaks appear, and three of them are selected at wavelengths of 1483 nm, 1513 nm
and 1563 nm. The transmission bandwidth between the inverted peaks at 1483 nm and
1513 nm is 30 nm. The transmission bandwidth between the inverted peaks at 1513 nm and
1563 nm is 50 nm. Although the transmittance of these two structures is already high, there
is still room for improvement. In addition, the existence of the resonant structure will also
cause a great drop in the transmission bandwidth. When we pay attention to the black line,
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i.e., the result after the topology optimization, we can find that the overall transmission
spectrum is improved obviously; both forms of Z waveguides have a low loss of about
−5 dB and a high bandwidth of about 160 nm. This result also shows the great advantage
of topology optimization in the design of PCW.

Figure 2. Defined as the band structure of a PhC for E-polarization with triangular lattice air holes of
radius r = 251 nm arranged in a silicon background. Ten bands are generated at a normalized fre-
quency of zero and are represented by the blue line. The red line shows the PBG in the band diagram.

Figure 3. Diagram of transmission spectrum as a function of light wavelength from 1440 nm to
1600 nm. (a) Straight Z waveguide; (b) curved Z waveguide. The blue dotted line for the un-
optimized waveguide bend and the black solid line for the optimized waveguide bend. The red
dashed line represents the relatively low transmission-loss part between the two inverted peaks
defined. The wavelength of the defined inverted peak position is indicated by red numbers.

Through the method of topology optimization, the electric field diagram in the z
direction of the Z waveguides at 1550 nm is simulated and calculated, as shown in
Figure 4a,b. It can be seen that the electromagnetic field is well limited in the waveg-
uide region. By means of topology optimization, the external reflection and scattering of a
light wave can be well reduced. The topology optimization of the position of the hole at
the bend is shown in Figure 5c,d. The two figures are the topology optimization diagram
of a straight Z waveguide and a curved Z waveguide, respectively. The arrows on the air
holes indicate the direction of movement, and the arrows in different colors indicate the
movement distance of the air holes. In the straight Z waveguide, the maximum relative
displacement of the bending part is 44 nm, and the minimum relative displacement is
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2.17 nm. In the curved Z waveguide, the maximum relative displacement of the curved
part is 49.8 nm, and the minimum relative displacement is 3.86 nm. The displacement
coordinates of the air holes with the relative displacement of the straight Z waveguide
greater than 25 nm is shown in Table 1, while the curved Z waveguide is shown in Table 2.
In order to make the simulation more accurate, the relative displacement data are reserved
to two decimal places. The results provide specific numerical simulation parameters for
the improvement in the transmittance of the Z waveguide.

Figure 4. The electric fields in z direction at 1550 nm in the (a) straight Z waveguide and the
(b) curved Z waveguide. The radius of the air hole a = 251 nm, lattice constant l = 2.82 ∗ a. Topology
optimization diagram of (c) straight Z waveguide and (d) curved Z waveguide in the curved part.
The arrows on the air holes indicate the direction of movement through topology optimization, and
the arrows in different colors indicate the movement distance of the air holes. The numbers on the air
holes indicate the air holes with the relative displacement greater than 25 nm.

Table 1. The displacement coordinates of the air holes with the relative displacement of the straight
Z waveguide greater than 25 nm. Number is the number of the selected air holes. x and y represent
the relative displacement of the selected air holes in different directions.

Number x (nm) y (nm) Number x (nm) y (nm) Number x (nm) y (nm) Number x (nm) y (nm)

1 −25.04 0.07 2 −27.60 5.59 3 −37.89 −22.34 4 −38.26 5.78
5 2.03 37.05 6 −25.12 33.17 7 −12.82 30.10 8 −10.62 −23.84
9 11.12 23.58 10 13.58 −24.75 11 27.30 −31.78 12 1.12 −33.34

13 37.57 −5.38 14 37.35 21.51 15 28.58 −4.06 16 29.10 3.97
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Table 2. The displacement coordinates of the air holes with the relative displacement of the curved Z
waveguide greater than 25 nm. Number is the number of the selected air holes. x and y represent the
relative displacement of the selected air holes in different directions.

Number x (nm) y (nm) Number x (nm) y (nm) Number x (nm) y (nm) Number x (nm) y (nm)

1 34.85 12.38 2 −8.19 −27.32 3 10.71 36.03 4 13.88 −23.44
5 −27.70 −12.72 6 −26.71 24.34 7 −0.27 −38.53 8 −1.83 −26.80
9 −16.77 22.97 10 12.11 −27.01 11 −6.96 25.78 12 21.08 −30.67
13 0.92 49.79 14 32.17 −30.28 15 10.98 −24.21 16 25.27 12.02
17 −12.28 22.03 18 −26.88 −12.05

To further demonstrate the advantages of topology optimization in Z waveguide
design, we optimized Z waveguides with different parameters. A 90◦ curved waveguide
arranged in a rectangular lattice is studied in Figure 5a. The left panel shows the bandwidth
with a transmission loss less than −6 dB at different sizes after the topology optimization.
The right panel shows the transmission loss of the structure at 1550 nm under different air
hole radius and lattice constants, before and after the topology optimization. We can find
that after the topology optimization, the transmission loss of the system can be reduced
to −6 dB and the bandwidth can be increased to 200 nm, which has greatly improved
compared with the original structure. Z waveguide bending with a triangular lattice
arrangement is shown in Figure 5b. Similarly, the transmission loss is reduced to−6 dB and
the bandwidth reaches above 200 nm, just like the square lattice, and the transmission rate
of the optimized system is more stable. This is due to the effects of the lattice arrangement
and sharp bending. The topology optimization result is a black box, and the purpose of
the design here is just to make its performance better. This result shows that our topology
optimization scheme is beneficial to any 2D photonic crystal waveguide design. It also
shows the potential of this approach for the design of other photonic crystal devices.

Figure 5. Transmission spectra of curved PCW with different structures at different sizes.
(a) Rectangular 90◦ bending PCW; (b) triangular lattice structure Z curved PCW. The transmis-
sion spectrum shows the transmission-loss bandwidth of less than −6 dB after topology optimization
of different sizes from 1440 nm to 1600 nm. The blue dashed line shows the transmission loss of
conventional transmission at 1550 nm at different sizes; the solid black line shows the transmission
loss at 1550 nm for optimized transmission at different sizes.
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4. Conclusions

In this paper, we introduced topology optimization to design the low-loss, high-
bandwidth two-dimensional photonic crystal Z waveguide structure. The simulation
results show that the transmission characteristics can be effectively improved by indepen-
dently changing the position of each hole of the bend. We use the Method of Moving
Asymptotes (MMA) gradient optimization method to maximize the objective function.
Through the topology optimization, the transmission loss is reduced to−5 dB and the band-
width is stretched to 160 nm. Finally, we also verified the universality of this method in the
design of photonic crystal waveguides, and the results show that the topology optimization
method can be widely used in photonic crystal waveguides and photonic crystal devices.
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