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Abstract: The critical pump power for achieving passively continuous-wave mode-locking in a
solid-state laser is analytically derived from the spatially dependent rate equations and the criterion
for the intracavity pulse energy. A prompt way is proposed to straightforwardly design the cavity
for passively mode-locked solid-state lasers. Complete experiments are performed to demonstrate
the proposed cavity design and, simultaneously, to verify the theoretical model for the critical pump
powers. It is interestingly observed that even though a larger modulation depth causes a higher
critical pump power, it can generate a shorter pulse width in return.
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1. Introduction

Continuous-wave mode-locked (CWML) solid-state lasers have opened up a variety of
applications including high-precision machining [1], nonlinear frequency conversion [2–4],
and advanced laser spectroscopy [5,6]. The approaches used to achieve mode-locked
lasers can be categorized into “active” and “passive” technologies. Actively mode-locking
usually involves the use of an acousto-optical or electro-optical device to modulate the
laser inside the cavity, leading to more components and compromising the flexibility and
robustness of the cavity. In contrast, passively mode-locking does not utilize the active
device but uses the nonlinearity of the saturable absorber to modulate the cavity light
through real optical materials with nonlinear absorption properties, making the design
more flexible and robust [7–10]. Saturable absorbers, such as a semiconductor saturable
absorber mirror (SESAM) can be exploited to generate passive Q-switching or mode-
locking, which should be distinguished from the Q-switched mode-locking (QML), known
as the Q-switching instability, which often leads to unstable lasing operation in solid-state
mode-locked lasers [11–13]. In the QML operation, the laser output obviously displays
the feature of the mode-locked pulse train in a Q-switched envelope. Hönninger et al. [11]
used the rate equations with a linearized stability analysis to obtain a stability criterion
against QML. The criterion reveals that there is a critical intracavity pulse energy, EP,C, for
achieving a stable CWML operation. When the intracavity energy EP of the mode-locked
pulse is smaller than the critical energy EP,C, the laser is stated in the QML. On the contrary,
the CWML operation can be achieved for EP > EP,C. Hönninger et al. [11] derived the
critical intracavity pulse energy EP,C as

EP,C =
(

Fsat,L Ae f f ,LFsat,A Ae f f ,A∆R
)1/2

, (1)

where Fsat,L is the saturation fluence of the gain medium, Ae f f ,L is the effective laser mode
area inside the gain medium, Fsat,A is the saturation fluence of the saturable absorber,
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Ae f f ,A is the effective laser mode area inside the saturable absorber, and ∆R is the mod-
ulation depth of the absorber. The saturation fluence of the gain medium is given by
Fsat,L = hvl/mσ, where hvl is the lasing photon energy, σ is the stimulated emission cross-
section, and the factor m is the number of passes through the gain element per cavity round
trip. For a ring cavity, m = 1, while for a simple standing wave cavity, m = 2. From the
practical requirement, the critical pump power is more straightforward than the critical en-
ergy to evaluate the feasibility of achieving CWML. Furthermore, as seen from Equation (1),
the mode areas Ae f f ,L and Ae f f ,A should be carefully designed to control the critical pump
power. Therefore, it will be greatly desirable to develop a prompt way for designing Ae f f ,L
and Ae f f ,A to fulfill CWML solid-state lasers. The study here is on a real saturable absorber
rather than an artificial saturable absorber [14,15]. Examples of artificial saturable absorbers
include nonlinear polarization rotation, the principle of the Mamyshev regenerator, and
a nonlinear optical loop mirror. As usual, artificial saturable absorbers are vulnerable
and susceptible to environmental conditions such as fiber movement, temperature, and
vibration. In addition, artificial saturable absorbers usually exhibit random birefringence
and polarization, which makes it difficult to design robust laser cavities.

In this work, we derive an analytical equation to express the output power as a function
of the pump power based on the spatially dependent rate equations. We further combine
the derived equation with the critical intracavity pulse energy to obtain an analytical
expression for the critical pump power for achieving CWML. Moreover, we develop a
prompt scheme to straightforwardly design the cavity for passively mode-locked solid-
state lasers. We perform thorough experiments to demonstrate the developed scheme
and, simultaneously, to verify the theoretical analysis for the critical pump powers. In the
experiment, we intriguingly find that a larger modulation depth leads to a higher critical
pump power, but it can bring about a shorter pulse width in return.

2. Theoretical Model

The spatially dependent rate equation for the population density is given by [16,17]

d n(r, t)
dt

= ρp(r, t)− cσ ϕ(r, t) n(r, t)− n(r, t)
τf

, (2)

where n(r, t) is the upper state population density, ϕ(r, t) is the spatial distribution of
the cavity photons, ρp(r, t) is the spatial distribution of the pump rate, s is the stimulated
emission cross-section, and τf is the upper-level lifetime. In terms of the normalized
pump distribution ρo(r), the intensity n(r, t) and distribution ρp(r, t) can be expressed as
n(r, t) = Nρo(r) and ρp(r, t) = Rp ρo(r), where N is the total number of the upper state
population and Rp is the total pump rate. Similarly, the spatial distribution ϕ(r, t) can
be expressed as ϕ(r, t) = Φϕo(r), where ϕo(r) is the normalized distribution of the cavity
mode and F is the total number of the cavity photons. Multiplying ϕo(r) on both sides of
Equation (2) and integrating the space, we can obtain

d N
dt

= Rp −
cσ ΦN
SVe f f

− N
τf

, (3)

where the slope efficiency S and the effective mode volume Ve f f are given by [16,17]

S =

[t
ρo(r) ϕo(r)d3r

] 2

t
ρo(r) ϕo2(r)d3r

, (4)

Ve f f =
[y

ρo(r) ϕo(r)d3r
]−1

. (5)
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The rate equation for the cavity photon number F can be given by

dΦ
dt

= cσ Φ
y

n(r, t) ϕo(r)d3r − Φ
τc

, (6)

where τc = tr/(T + L) is the lifetime of the cavity photon, tr is the round-trip time of
the cavity photon, L is the internal round-trip losses, and T is the output transmittance.
Substituting n(r, t) = Nρo(r) into Equation (6) and in terms of Ve f f , the rate equation for
the photon number F can be expressed as

dΦ
dt

=
cσ ΦN

Ve f f
− Φ

τc
. (7)

The critical population number Nth for the steady-state operation can be derived by setting
dΦ/dt = 0 in Equation (7) to obtain

Nth =
Ve f f

cστc
. (8)

The critical number N = Nth can be applied to Equation (3) with dN/dt = 0 and Φ = 0 to
obtain the threshold pump rate given by Rp,th = Nth/τf , i.e.,

Rp,th =
Ve f f

cστf τc
=

(T + L)
cσ τf tr

Ve f f . (9)

The threshold pump power can be obtained as

Pth = (hvp)Rp,th =
(T + L)

2lcav

(hvp)

(hvl)
Isat Ve f f , (10)

where Isat = (hvl)/(στf ), hvp is the pump photon energy, and hvl is the lasing photon
energy. For the steady-state operation, the population number N is clamped at the pump
threshold. Consequently, using Equation (3) with d N/dt = 0 and N = Nth, we can express
the cavity photon number as

Φ =
SVe f f

cσ Nth

(
Rp − Rp,th

)
. (11)

The pump rate can be expressed as Rp = PIN/hvp, where PIN is the incident pump power.
Using Equations (8)–(11), the intracavity power PCA can be derived as

PCA =
hvl
tr

Φ =
1

(T + L)
(hvl)

(hvp)
S(PIN − Pth). (12)

In terms of PCA, the intracavity pulse energy can be expressed as PCA tr. The critical pump
power for achieving CWML is denoted as PIN,C, which can be analytically deduced by
using Equations (1) and (12) with the condition of PCA tr = Ep,C. Accordingly, the condition
for the critical pump power PIN,C can be given by

tr

(T + L)
(hvl)

(hvp)
S(PIN,C − Pth) = Ep,c. (13)

The critical pump power PIN,C can be consequently expressed as

PIN,C = Pth +
(T + L)

S
vp

vl

EP,C

tr
. (14)
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Since Pth is generally significantly smaller than PIN,C, the critical pump power is mainly
dominated by the second term in Equation (14), which is relevant to EP,C.

Considering the fiber-coupled diode-end-pumped solid-state lasers, the pump beam
can be modeled as cylindrical symmetry. The normalized distributions of the pump beam
and cavity mode can be given by

ρo(r) =
αe−αz

1 − e−αlcry

2
πω2

p(z)
e−2(x2+y2)/ω2

p(z), (15)

ϕo(r) =
1

lcav

2
πω2

c (z)
e−2(x2+y2)/ω2

c (z), (16)

where a is the absorption coefficient of the gain medium for the pump light, lcry is the length
of the gain medium, ωp(z) is the radius of the pump beam, and ωc(z) is the radius of the
cavity mode. The z-dependence of ρo(r) and ϕo(r) can be approximately replaced with
the average values ωp and ωc for the pump and mode radii, respectively. The accuracy
of using average values ωp and ωc for the analysis has been numerically confirmed in
previous work [16]. In terms of ωp and ωc, the threshold pump power Pth and the slope
efficiency S can be analytically expressed as

Pth = (T + L)
hvp

στf

π
(

ω2
p + ω2

c

)
4

, (17)

S =

(
2ω2

p + ω2
c

)
ω2

c(
ω2

p + ω2
c

)2 . (18)

If the pump source is not symmetric in the transverse plane, the normalized distribu-
tions of the pump beam can be modeled as

ρo(r) =
αe−αz

1 − e−αlcry

2

π
√

ωp,x(z)ωp,y(z)
e−2x2/ω2

p,x(z)e−2y2/ω2
p,y(z). (19)

As a consequence, the threshold pump power Pth and the slope efficiency S can be
modified as

Pth = (T + L)
hvp

στf

π

4

√
ω2

p,x + ω2
c

√
ω2

p,y + ω2
c , (20)

S =

√
(2ω2

p,x + ω2
c )
√
(2ω2

p,y + ω2
c )ω2

c

(ω2
p,x + ω2

c )(ω
2
p,y + ω2

c )
, (21)

where ωp,x and ωp,y are the average pump radii in the x and y direction, respectively. In
the following section, the theoretical analysis for the critical pump power PIN,C will be
performed by using Equations (1), (14), (17) and (18).

3. Cavity Design

Currently, the cavity configurations for implementing passive mode-locked solid-state
lasers mainly include V-shaped [18], Z-shaped [19], W-shaped [20], and V–Z-shaped [21]
structures. Although there are different cavity configurations, the basic concerns for
achieving stable CWML are almost the same to consider as the total cavity length, as well as
the mode sizes on the laser crystal and the saturable absorber. Nevertheless, it is practically
useful to construct the mode-locked cavity as simple as possible. In this work, we develop
a practical and prompt way to design passively mode-locked solid-state lasers, as shown in
Figure 1 for the cavity configuration. The laser cavity comprises a gain medium, a saturable
absorber, and a focusing lens to keep the overall components as minimal as possible. Here,
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the gain medium was an a-cut Nd:YVO4 crystal with a dopant concentration of 0.35 at.%
and a size of 3 × 3 × 8 mm3 (CASTECH Inc., Fuzhou, China). The first side of the gain
medium was polished as a plane facet and was coated to be a cavity mirror with high
transmission (HT) for the pump light at 808 nm (transmittance > 95%) and high reflection
(HR) for the laser wavelength at 1064 nm (reflectance > 99.8%). The second facet of the gain
medium was polished with a wedged angle of 0.5◦ to eliminate the internal etalon effect and
was coated to be anti-reflective (AR) at 1064 nm (reflectance < 0.2%). The saturation fluence
of the gain medium was Fsat,L = 3.66 × 107 nJ/cm2. The gain medium was wrapped with
indium foil and was closely packaged in a copper block with water cooling at a temperature
of 20 ◦C. A fiber-coupled laser diode with a wavelength of 808 nm was used as the pump
source. The core radius and numerical aperture of the coupled fiber were 100 µm and 0.16,
respectively. The pump imaging optics consisted of a collimating lens with a focal length of
25 mm and a focusing lens with a focal length of 50 mm to produce an average pump radius
of 250 mm in the crystal. The saturable absorber was a SESAMOC that simultaneously
acted as an SESAM device, an output coupler [22,23]. Two different SESAMOC chips
were prepared for experiments. The SESAM device was homemade and based on an
undoped GaAs substrate with the method of metalorganic chemical vapor deposition. The
SESAMOC included 10 pairs of distributed Bragg reflectors (DBRs) that were formed by
AlAs/GaAs quarter-wavelength layers with an effective reflectivity of approximately 96.5%
at 1064 nm. The absorbing material of the SESAMOC was made of an 8-nm In0.34Ga0.66As
quantum well. Note that the actual cavity was formed by DBRs. The characteristics of
the first SESAMOC chip were T = 4.5 %, Fsat,A = 3 × 104 nJ/cm2, and ∆R = 0.01. The
characteristics of the second SESAMOC chip were T = 5.0 %, Fsat,A = 5 × 104 nJ/cm2,
and, ∆R = 0.02. The back facets of the SESAMOC chips were coated to be AR at 1064 nm
(reflectance < 0.5%). In the experiment, the SESAMOC chip was soldered on a copper
holder with water cooling at a temperature of 20 ◦C. An intracavity plano-convex lens with
a focal length of f = 150 mm was exploited to generate a variety of Ae f f ,L and Ae f f ,A. The
critical pump powers PIN,C for achieving CWML were systematically measured to compare
with the theoretical analysis.
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Figure 1. Cavity scheme for designing passively mode-locked solid-state lasers.

The experimental optical spectra were measured using a Michelson interferometer
with a Fourier spectrometer (Advantest Q8347, Tokyo, Japan), with a resolution as high
as 0.003 nm. A high-speed InGaAs photodetector (Electro-optics Technology Inc. ET-3500,
Edinburgh, UK) with rise time 35 ps was used to measure the temporal properties of the
mode-locked laser, and a digital oscilloscope (Teledyne LeCroy, Wave Master 820Zi-A,
Bucks, UK) was used to record its output signal. In addition, the output signal detected
by the photodetector was used to analyze the output power spectrum based on an RF
spectrum analyzer (Agilent, 8563EC, Santa Clara, CA, USA), with a bandwidth of 26.5 GHz
to measure. A commercial autocorrelator (APE Pulse Check, Angewandte Physik and
Elektrnic GmbH, Göppingen, Germany) was used to measure second-order autocorrelation
traces for analyzing the effective pulse duration.



Photonics 2024, 11, 8 6 of 11

The mode areas Ae f f ,L and Ae f f ,A for the proposed cavity can be obtained from the
ABCD matrix method. Accordingly, the radius of the cavity mode at the pump side of the
gain medium can be derived as

w1 =

√√√√ λ

π

√
(d1 − f )[(d1 + d2) f − d1d2]

(d2 − f )
, (22)

where l is the laser wavelength, d1 is the optical length between the pump side of the gain
medium and the focusing lens, and d2 is the optical length between the focusing lens and
the SESAMOC chip. On the other hand, the radius of the cavity mode at the SESAMOC
chip can be derived as

w2 =

√√√√ λ

π

√
(d2 − f )[(d1 + d2) f − d1d2]

(d1 − f )
. (23)

For convenience, the distance d1 was fixed at 310 mm and the distance d2 was varied
in the experiment. Figure 2 shows the calculated results for the mode radii w1 and w2 as
a function of the distance d2 with d1 = 310 mm. The mode radii w1 and w2 can be seen to
simultaneously decrease with an increasing distance d2 in the range between 230 mm and
290 mm. Accordingly, the dependence of the critical pump power on the mode radii w1
and w2 can be experimentally explored in this range. Since the mode radius w1 in the range
out of d2 =230–290 mm significantly grows upward, the threshold pump power for CWML
will be too high to achieve the mode-locked operation.
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4. Results and Discussion

First of all, the mode-locked operation was optimized with the first SESAMOC chip
at d2 = 280 mm. As seen in Figure 3a, the critical pump power PIN,C for CWML is ap-
proximately 1.0 W. Figure 3b shows the temporal characteristics of the QML and CWML.
Figure 3c–f show the output performance obtained with the pump power of 3.0 W. Note
that the overall output characteristics are almost unchanged for PIN,C < PIN < 7 W. From
Figure 3c for the RF power spectrum in the range of 5 GHz, the overall signal-to-noise
ratio for the first several peaks can be seen to be considerably higher than 50 dB. Figure 3d
shows the RF power spectrum in the range of 5 MHz to reveal the side-mode suppression
ratio (SMSR), which is defined as the difference between the main oscillation mode and
the highest side mode. The SMSR can be seen to be higher than 50 dB. The sideband of
the RF spectrum mainly comes from the relaxation oscillation, which is the characteristic
phenomenon of most solid-state lasers where the recovery time of the population inver-
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sion of the excited state is much longer than the cavity decay time. Figure 3e shows the
lasing optical spectrum. The full width at half-maximum (FWHM) can be found to be
approximately 0.09 nm. The modulation characteristics in the lasing spectrum mainly come
from the residual etalon effect between the internal focus lens and the SESAMOC device.
Figure 3f shows the intensity autocorrelation traces. Based on the Gaussian fitting, the
pulse width is 20.1 ps, leading to a time-bandwidth product of 0.48, which is close to the
transform limit of 0.441. Under the optimal alignment, the critical pump power for CWML
was measured while varying the distance d2 from 230 to 280 mm.
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The same experiment was also performed with the second SESAMOC chip. The
overall output characteristics are shown in Figure 4 with a presentation similar to Figure 3.
From Figure 4a, the critical pump power PIN,C for CWML can be seen to be around
2.1 W, which is obviously higher than the result obtained with the first SESAMOC chip.
Figure 4b shows the temporal characteristics of the QML and CWML. Figure 4c–f show the
experimental results obtained with the pump power of 3.0 W. Once again, the overall output
characteristics are nearly unchanged for PIN,C < PIN < 7 W. Compared with the results
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obtained with the first SESAMOC chip, the main differences consist of the lasing spectral
width and pulse duration. From Figure 4e,f, the FWHM values for the lasing spectrum
and pulse duration can be seen to be approximately 0.16 nm and 10.8 ps, respectively.
Once again, the modulation feature in the lasing spectrum is mainly due to the residual
etalon effect between the internal focus lens and the SESAMOC device. Consequently, the
time-bandwidth product was around 0.46, which is closer to the transform limit of 0.441.
Similarly, the critical pump power for CWML was measured while varying the distance d2
from 230 to 280 mm.
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The resulting mode-locked laser operates stably over 24 h with low timing jitter and
low noise. It was also confirmed that the self-starting operation is reproducible from day
to day. Figure 5 shows the comparison between the experimental and theoretical results
for the critical pump powers varying with the distance d2. The theoretical calculations
were performed with Ae f f ,L = πw2

1/2, Ae f f ,A = πw2
2/2, ωc = w1, ωp = 0.25 mm, and

L = 0.01. Here, the value of ωp was determined from the focusing of the pump beam, and
the value of L was estimated from the lasing threshold. The theoretical calculations can
be found to agree very well with the experimental data. The good agreement between the
numerical calculations and the experimental measurements confirms the validity of the
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theoretical analyses. It is worthwhile to mention that even though a larger modulation
depth leads to a higher critical pump power, it can bring about a shorter pulse width in
return. The thermal stability of the cavity setup is an important issue for practical design.
In the following section, a comprehensive analysis for the thermal stability of the proposed
cavity is provided to help readers obtain excellent performance.
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5. Analysis of Thermal Stability

To analyze the thermal stability of the proposed cavity, the laser crystal can be charac-
terized as a lens-like medium. The effective focal length of the laser crystal is assumed to
be given by fth. As a consequence, the round trip for a resonator formed by the flat mirrors
with an internal lens and a thermal lens-like medium can be written as[

A B
C D

]
=

[
1 0

− 1
fth

1

][
1 d1
0 1

][
1 0
− 1

f 1

][
1 2d2
0 1

][
1 0
− 1

f 1

][
1 d1
0 1

][
1 0

− 1
fth

1

]
. (24)

After some algebra, the matrix elements A and D can be derived as

A = D = 1 − 2
f

(
d1 + d2 −

d1d2

f

)(
1 +

f − d1

fth

)
. (25)

The criterion for a stable resonator is given by

−1 ≤ A + D
2

≤ 1. (26)

Substituting Equation (25) into Equation (26), the criterion for a stable cavity can be ex-
pressed as

0 ≤ 1
f

(
d1 + d2 −

d1d2

f

)(
1 +

f − d1

fth

)
≤ 1. (27)

For clear discussion, we assume to be given a fixed length d1 and a focal length f. The
length d1 is conveniently in terms of the focal length f as d1 = M · f . Namely, the parameter
M is the ratio of d1 to f. The condition for a stable resonator under the thermal lensing
effect can be further analyzed by substituting d1 = M · f into Equation (27). As a result, the
criterion for the thermal stability can be given by

0 ≤
[

M − (M − 1)
d2

f

][
1 − (M − 1)

f
fth

]
≤ 1. (28)
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Without the thermal lensing effect, fth → ∞ , Equation (28) can be deduced as the criterion
of the length d2, which is given by

f ≤ d2 ≤
(

M
M − 1

)
f . (29)

When the thermal lensing effect is less than the strength of (M − 1) f < fth, the stable range
for the length d2 can be derived as

f
[

1 − f
fth − (M − 1) f

]
≤ d2 ≤

(
M

M − 1

)
f . (30)

This result reveals that the length d2 needs to be shorter than the critical value of dc = M ·
f /(M − 1). In particular, if the strength of the thermal lensing effect is within (M − 1) f <
fth < M · f , the stable range for the length d2 can be simplified as

0 ≤ d2 ≤
(

M
M − 1

)
f . (31)

In comparison with Equation (29), the result of Equation (31) indicates that the lower bound
for the length d2 can be extended from f down to zero with the help of the thermal lensing
effect. It is clear that the stable region given by Equation (31) is always wider than the
region without the thermal effect given by Equation (29). As a consequence, the cavity can
be maintained to be stable as long as the effective focal length f of the thermal lensing is
greater than (M − 1) f . To be brief, when the effective focal length fth is longer than the
critical strength (M − 1) f , the cavity can be maintained to be stable. On the other hand,
when the thermal lensing effect is greater than the strength of (M − 1) f > fth, the range of
the length d2 for a stable cavity is changed as(

M
M − 1

)
f ≤ d2 ≤ f

[
1 − f

fth − (M − 1) f

]
. (32)

It is clear that the stable range of the length d2 switches to the region longer than the critical
value of dc = M · f /(M − 1).

6. Conclusions

In summary, we started from the spatially dependent rate equations to derive an
analytical equation for the output power as a function of the pump power. We linked the
derived equation with the critical intracavity pulse energy to obtain an analytical expression
for evaluating the critical pump power for achieving CWML. Furthermore, a prompt way
was proposed to straightforwardly design the cavity for passively mode-locked solid-
state lasers. We not only experimentally demonstrated the proposed cavity design but
also numerically verified the theoretical analysis for the critical pump powers. We also
intriguingly found that although a larger modulation depth leads to a higher critical pump
power, it can generate a shorter pulse width in return. Finally, we made a comprehensive
analysis of the thermal stability of the proposed cavity to obtain excellent performance.
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