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Abstract: This study presents a comprehensive numerical investigation on the generation of a
microwave frequency comb (MFC) using a semiconductor laser subjected to periodic-modulated
optical injection. To enhance performance, optoelectronic feedback is incorporated through a dual-
drive Mach-Zehnder modulator. The results show that the first optoelectronic feedback loop, with a
delay time inversely proportional to the modulation frequency, can optimize MFC generation through
a mode-locking effect and the second optoelectronic feedback loop with a multiple delay time of the
first one can further enhance the performance of the MFC. The comb linewidth appears to decrease
with the increase in the second-loop delay time in the power function. These results are consistent
with experimental observations reported in the literature. We also explore the impact of the feedback
index on comb contrast, the statistical characteristics of the central 128 lines within the MFC, and side
peak suppression. The simulation results demonstrate the presence of an optimal feedback index.
The study also reveals that linewidth reduction, through increasing the feedback index and delay
time, comes at the cost of declining side peak suppression. These findings collectively contribute to a
deeper understanding of the factors influencing MFC generation and pave the way for the design
and optimization of high-performance MFC systems for various applications.

Keywords: microwave photonics; microwave frequency comb; optical injection; optoelectronic feedback

1. Introduction

The microwave frequency comb (MFC), characterized by uniform comb spacing and
coherent, stable phase relationships, has attracted substantial attention owing to its diverse
applications in fields such as radio over fiber, sensors, radar, and metrology [1-4]. Traditional
electronic approaches, including lumped and distributed methods, can produce a range of
tunable harmonic frequencies. Nevertheless, as the oscillation frequency increases, these
methods suffer from the gradual degradation of phase noise and power, which adversely
affects their practicality.

The rapid development of microwave photonic technology has emerged as a promis-
ing alternative for high-performance MFC generation, prompting extensive research efforts.
Notably, the heterodyne of the optical frequency comb (OFC) from a mode-locked laser has
demonstrated the creation of an MFC with an extremely narrow linewidth [5,6]. However,
limitations in pulse repetition hinder the adjustment of comb spacing. An innovative ap-
proach, as proposed and experimentally demonstrated by Chan [7], employs the harmonic
frequency-locked state output from a semiconductor laser (SL) subject to optoelectronic
feedback. Yet, this method faces constraints with a limited bandwidth of a few GHz due to
electronic bandwidth limitations.
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In exploring applications of nonlinear dynamics, external modulation, optoelectronic
oscillators, and optical injection can also be used for the optical frequency comb and MFC
generation [8-14]. For instance, when an SL subject to optical pulse injection from an
optoelectronic feedback laser, the MFC bandwidth can be improved to 20.0 GHz within
a +5 dB amplitude variation [15]. Further advancements, such as a 57.6 GHz bandwidth
MEC using a current-modulated SL under optical injection [16] and a scheme addressing
power drops with increasing harmonics through regular pulse injection have also been
explored [17]. Utilizing an optoelectronic feedback loop with a Vernier configuration, the
comb spacing tuning from 3.072 to 4.710 GHz is demonstrated [18]. Based on an actively
mode-locked OEQ, a density MFC with a center frequency tuning from 3.5 GHz to 6.5 GHz
is generated [19]. Additionally, MFC generation based on integrated mutually coupled
distributed feedback (DFB) lasers is also reported [20].

Recent attention has turned toward photonics microwave generation based on the
period-one (P1) oscillation in optically injected SLs. This approach offers high tunabil-
ity, cost-efficiency, and single sideband characteristics [21-25]. By implementing period-
modulated optical injection, the microwave frequency generated experiences dynamic
changes with a determined step, eventually transforming into an frequency-modulated
continuous-wave microwave signal, i.e., a density MFC in the frequency domain [26-29].
Though the MEC based on P1 has been experimentally demonstrated, the systematic theo-
retical simulations have not been conducted. Additionally, the effect of the feedback index
on the characteristics of the MFC signal and the power variation in the comb lines have not
been studied in experiments. The feedback index is an important parameter that affects
the performance of feedback systems. Minimal power variation between the comb lines
is a key factor in the design and optimization of microwave frequency comb generators,
impacting their functionality and application in various fields. Meanwhile, in [25], a second
optoelectronic feedback is introduced to eliminate the degradation of comb contrast caused
by introducing long delayed feedback, which reduces the linewidth. However, the external
cavity mode originating from the second feedback, which leads to side peaks, has not been
addressed. These side peaks can reduce the purity of the MFC, making them undesirable.

In this paper, we systematically simulate and analyze a photonics MFC based on
the optically injected SL with optoelectronic feedback by focusing on the evolution of
MEFC bandwidth, linewidth, the power variation in comb lines, and the side-peak sup-
pression coefficient (SPSC). These simulation results could serve as a guide for optimizing
operational conditions.

2. Theoretical Model

Figure 1 outlines the principle of the high-performance MFC in an SL subject to the
modulated optical injection and optoelectronic feedback. A continuous wave (CW)-light
from the master semiconductor laser (M-SL) passes through an attenuator (Att), a dual-
drive Mach-Zehnder modulator (DMZM), a polarization controller (PC), and an optical
circulator (Cir); it then injects into the slave semiconductor laser (5-SL). The master-slave
configuration with SLs can emit P1 oscillation in the slave SL over a wide range of injection
parameters. By periodically modulating the CW-light injection using the DMZM, the P1
oscillation can be remolded to generate the MFC [29]. Additionally, for the enhancement
of MFC performance, we incorporate dual optoelectronic feedbacks. It should be noted
that the shortest feedback loop should hold a delay time equal to the reciprocal of the
modulation frequency, whereas the other loop with a delay time multiple of that is used to
narrow the linewidth and reduce the phase noise.
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Figure 1. Scheme diagram of the MFC based on the modulated optical injection and optoelectronic
feedback. PD: photodetector, Att: attenuator, PC: polarization controller, SG: signal generator,
Cir: optical circulator, Spl: splitter, DMZM: dual-drive Mach-Zehnder modulator, OSA: optical
spectrum analyzer, PSA: power spectrum analyzer.

The dynamics of the slave SL with modulated optical injection and optoelectronic
feedback is fully described using the temporal evolution of the complex optical field and
the charge carrier density. For the sake of simplicity, the complex field amplitude and
charge carrier density are normalized to a and n, respectively. Therefore, the following
rate equations bear similarities to those in [24,30], but we modify the injection term which
incorporates DMZM-modulated optical injection.
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where b is the linewidth enhancement factor, 7. is the cavity decay rate, 7y, is the differential
carrier relaxation rate, s is the spontaneous carrier relaxation rate, -y, is the nonlinear
carrier relaxation rate, ] is the normalized bias current, and ¢; is the injection strength. f; is
the frequency detuning of the optical injection with respect to the free-running slave SL. g;
presents the normalized complex field amplitude of actual injection light after the DMZM,
which follows the equation derived from [31].

v 01(t) —0o(t vpctur (4o (t)
a; = cos(n DC + ;EJ) 2( )>em Zom (3)
7T

where v; and v; are the driving signals for the upper and lower arms of the DMZM,
respectively, v; denotes the half-wave voltage of the DMZM, and vpc refers to the DC bias
voltage, which is set at v,; /2 for non-inverting linear operation through its low-frequency
electrode. Here, v1 and v; originate from the signal generator and optoelectronic feedback,
respectively, and can be written as

U1 = Moz cos(27 fiut) 4)

va(t) = vg {K1|a(t—T1)|2+K2|a(t—Tz)ﬂ o)

where m is the modulation index of the upper arm, f, is the modulation frequency, ;
is the feedback index, and the subscript j (j =1, 2) denotes the feedback loop 1 and loop
2, respectively.
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Moreover, the spontaneous emission noise modeled using a Langevin fluctuating
force I' is also taken into account, where the real and imaginary parts are uncorrelated and
stochastic. The ergodicity can be described as [32],

* 4/ _ 471'Af /
THre)) = 1+b2(5(t—t) (6a)
(T(HIT(¥)) =0 (6b)
(T(t)) = (6¢)

where Af is the full width at half-maximum (FWHM) of the free-running slave SL. The
second order Runge-Kutta integration method with a temporal resolution of 1 ps is used
to numerically solve (1)—(2), and the duration of the time series is 1 ms. The optical
spectrum and power spectrum of the slave SL emission are obtained by applying the
Fourier transform on a(t) and |a(t)|* , respectively. The parameters used in the simulation
are given in Table 1.

Table 1. Summary of Symbols in the model.

Parameters Symbol Value
The cavity decay rate Ye 0.536 ps~!
The nonlinear carrier relaxation rate Tp 19.1ns~!
The differential carrier relaxation rate Tn 7.53ns !
The spontaneous carrier relaxation rate Vs 596 ns !
Linewidth enhancement factor b 3.2
Frequency detuning of the optical injection  f; 7 GHz
Injection strength Ci 0.13
FWHM of the free-running slave SL Af 30 MHz
Half-wave voltage of the DMZM (= 1V
DC bias voltage Upc /2
Normalized bias current ] 1.222
Modulation index of the upper arm m 0.12
Modulation frequency of the upper arm fm 16.25 MHz
3. Results

The P1 oscillation emitted using the optical injected slave SL for the photonic mi-
crowave generation has been extensively studied [22,24,33,34]. It is well known that the
microwave frequency can be adjusted easily by setting the injection parameters (g;, f;).
Figure 2a shows the optical spectrum of the slave SL with the injection parameters (0.13,
7 GHz), where a relatively narrow P1 microwave is observed [24,30]. The x-axes of the
optical spectra are the frequency offset from the free-running frequency of the slave laser;
therefore, the regenerated frequency component corresponding to the injection light is
observed at f; = 7 GHz in the optical spectrum. Moreover, due to the optical injection, the
original frequency component corresponding to the free-running scene witnesses a red shift.
The beating of the regenerated frequency (f;) and the red-shift cavity resonance frequency
(fr) would give rise to a microwave signal with a frequency fo = f; — f, = 15.625 GHz, as
illustrated in Figure 2b. The 3 dB linewidth of the microwave is about 1.5 MHz, calculated
using both smooth and Lorenz fitting to the power spectrum. For the CW injection signal,
its power can be adjusted using an intensity modulator to change the f, in real time, thereby
achieving frequency modulation for fj. Figure 2c,d present the optical and power spectra
of the slave SL when the injection is periodically modulated. The sinusoidal driving signal
vy with m = 0.12 and f;;, = 16.25 MHz is employed. Notably, the frequency component cor-
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responding to f; = 7 GHz remains visible in the optical spectrum. In contrast, the red-shift
cavity resonance exhibits a distinct wide-band characteristic due to the modulated injection,
as seen from a macro perspective. The inset figure in Figure 2c provides a close-up view of
the spectrum within the red-shift cavity resonance range. Here, the frequency components
in the spectrum of the red-shift cavity resonance exhibit a periodic discrete frequency with
a step of fy;. The beating between the regenerated frequency f; and the periodic discrete
frequency components results in a dense MFC centered on f with a frequency space of f,
as depicted in Figure 2d. These results are consistent with the experimental demonstrations
reported in [26,29]. Moreover, as shown in the inset in Figure 2d, the comb contrast is
approximately 16 dB [35].
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Figure 2. Optical spectra (left column) and power spectra (right column) of the case with injection
parameters (0.13, 7 GHz): (a,b) correspond to the case with conventional optical injection, (c,d) are for
the case with modulated optical injection.

To gain an insight into the evolution of the microwave performance versus the modu-
lation index m, we first study the MFC bandwidth. In this context, the MFC bandwidth is
defined as the span of the MFC power spectrum within a +5 dB variation [7]. As shown in
Figure 3, the MFC bandwidth increases linearly with the increase of m. The insets (a) and
(b) in Figure 3 present the MFC spectra, corresponding to m = 0.05 and 0.12, respectively,
resulting in a MFC bandwidth of approximately 1.5 GHz and 3.5 GHz, respectively. It
is noted that the center frequency of the MFC remains nearly unchanged, and adjusting
m allows for the easy modulation of the MFC bandwidth to several GHz. In line with
the report in [28], without optoelectronic feedback, the MFC is poor; therefore, no further
discussion is performed here.
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Figure 3. Bandwidth of the MFC as a function of modulation index. The insets (a,b) show the MFC
spectra with respect to the modulation index m = 0.05 and m = 0.12, respectively.

Next, this work will focus on studying the effects of optoelectronic feedback on
enhancing the quality of the generated MFC, especially for the impact of the feedback index
on the characteristics of the MFC, which was not explored in the experiments reported
in [25]. First, we will numerically investigate the generation of MFC using a single-loop
optoelectronic feedback system, where the delay time is set as 7y = 1/ f;; for Fourier domain
mode locking [29]. The power spectra of the MFC with different feedback indices x; are
displayed in Figure 4. In the case with x1= 0.04, as shown in Figure 4a, the MFC bandwidth
remains at approximately 3.5 GHz, similar to the case without feedback. Figure 4b provides
a zoom-in of the MFC spectrum with a span of 100 MHz. It reveals a comb contrast of
about 33 dB, representing a notable 17 dB improvement compared to the case without
feedback [See Figure 2d]. However, there is an observable power variation in the MFC
lines. Upon increasing x; to 0.08, as shown in Figure 4c,d, the MFC bandwidth remains
almost unchanged, while the power variation in the MFC line is significantly suppressed,
and the comb contrast witnesses a significant improvement to approximately 48 dB. Upon
further increasing x; to 0.10, the powers of the MFC lines become more consistent, but the
comb contrast decreases to approximately 42 dB (as shown in Figure 4e,f). Subsequently,
with «; raised to 0.12, as shown in Figure 4g,h, the powers of the MFC lines can still remain
relatively constant, but the comb contrast experiences a further decline to around 40 dB.
This is primarily due to the reduction in MFC line power resulting from excessive feedback
index utilization. Moreover, the introduction of the feedback loop does not significantly
alter the bandwidth of the MFC (as observed in Figures 2d and 4).

The mode locking effect induced via optoelectronic feedback is further assessed
through the statistical characteristics of the 128 lines located at the center of the MFC.
In Figure 5a, the statistical property of line powers within the MFC are depicted. Without
feedback (x; = 0), the line powers are centered around a significantly low value, approx-
imately —58 dB (median). As xj increases, the median of the line powers within the
MEC initially exhibits a rapid increase until x; = 0.01 is reached. Subsequently, it tends
to stabilize, but the line powers exhibit a relatively wide distribution over a wide range
of power values, continuing until x; = 0.05. This suggests that the MFC with x; < 0.05
in the optoelectronic feedback is not well locked and remains unstable (region I). When
x1 > 0.05, the MFC tends to stabilize, and a relatively concentrated distribution of the line
powers is observed (region II). For example, when x; is set at 0.06 or 0.07, the lines exhibit
a fluctuation of over 11 dB, but for x¥; > 0.08, the fluctuations are further reduced to less
than 6 dB. Moreover, it should be noted that when x; exceeds 0.08, the median power
of the 128 lines drops slightly with the increase of ;. For instance, with x; = 0.08, the
median is approximately —41 dB, while at x; = 0.15, the median decreases to approximately
—51.5 dB. Therefore, there is an optimal feedback index. The quartile deviation [length
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of the rectangle in Figure 5a] follows a similar trend with increasing ;. Figure 5b dis-
plays the evolution of the MEC linewidth versus x;, with the red curve corresponds the
third-order polynomial fitting. In this case, Lorentz fitting is utilized for the linewidth esti-
mation, and the MFC linewidth is defined as the widest 3 db-linewidth among the observed
128 lines. As xj increases, the MFC linewidth initially narrows to approximately 300 kHz (at
1 ~ 0.08), after which it gradually increases. This phenomenon occurs because the power
drop in the MFC lines causes an increase in phase noise as x; approaches and surpasses .
In other words, the excessive feedback index works against the mode-locking of the MFC.
Additionally, it is noteworthy that the narrow MFC linewidth is accompanied by relatively
high and concentrated line powers.
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Figure 4. Power spectra of the generated dense MFC signals when the single-loop feedback
71 = 61.53 ns: (a,b) with x1 = 0.04, (c,d) with x; = 0.08, (e,f) with x; = 0.10, and (g,h) with x; = 0.12.
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Figure 5. (a) Boxplot of line power with extreme values and quartiles and (b) 3-dB linewidth of the
MEFC as a function of feedback index «.
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The experiment results have proved that adding a long second optoelectronic feedback
(whose delay time is a multiple of the first loop) can reduce the linewidth [26]. However, to
obtain an insight into the performance of MFC evolution with the feedback parameters,
in our simulation, we have incorporated a second optoelectronic feedback with a delay
time that is a multiple of that in the first feedback loop. Figure 6 illustrates the performance
of the line powers and MFC linewidth with respect to the feedback index of loop 2, ;.
When « is held constant at 0.08, as shown in Figure 6a, the median of the MFC line powers
initially increases with increasing xo. Within the range of a x, value between 0.01 and 0.03,
it remains relatively stable but exhibits a notable line power variation (>9 dB) within the
central 128 lines of the MFC lines. As k, continues to rise, the median power experiences a
noticeable drop, while the power variation within the central 128 lines decreases. Figure 6d
shows the MFC linewidth as a function of x,. As k, increases, the MFC linewidth reduces to
approximately 30 kHz at x, = 0.03, down from 290 kHz at x; = 0. Further increases in #; re-
sult in an increase in the linewidth. Figure 6b,e show results with x; = 0.10. The line powers
and the MFC linewidth exhibit a similar evolution to the case with x; = 0.08. However, the
power variations in the MFC lines with weak feedback, i.e., ko = 0.01 or 0.02, are significantly
reduced. The case with x; = 0.12 is displayed in Figure 6¢,f. In contrast to the cases with
x1 =0.08 and x; = 0.10, when x1 = 0.12, the MFC line exhibits relatively low power variation
and median power, but the MFC linewidth reduction achieved by loop 2 is relatively small
(from ~300 kHz to ~200 kHz). In summary, by appropriately setting the x; and «;, the
linewidth can be effectively narrowed with small power variation.
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Figure 6. Boxplot of line power and linewidth of the MFC as a function of the second-loop feedback
index x,, T» = 879: (a,d) are for the case with x1 = 0.08, (b,e) are for the case with x; = 0.1, and (c,f) are
for the case with x; = 0.12.

Figure 7 shows the power spectra of the MFC with a span of 50 MHz. Side peaks,
spaced at 1/ 1, intervals around the MFC, are observed. It is evident that the external cavity
mode (ECM) originating from loop 2 leads to these side peaks. These side peaks can reduce
the purity of the MFC, making them undesirable. Therefore, it is crucial to investigate
the impact of feedback parameters on these side peaks. To quantitatively describe the
side peaks, we define the side-peak suppression coefficient (SPSC) as the ratio of the MFC
line power to that of the strongest side-peak power. For instance, when x; = 0.10 and
o = 0.04, as shown in Figure 7a, the SPSC measures 29 dB with the power of the side peaks
around —70 dB. As shown in Figure 7b, when x; = 0.08, the side peak power increases to
approximately —62 dB, and the line power experiences a slight decrease to approximately
—44 dB, resulting in a decrease in SPSC to around 18 dB. Moreover, as it shows, the comb
contrast also witnesses a drop of ~10 dB (from 47 dB at x, = 0.04 to 37 dB at xp = 0.08).
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Figure 8 presents the SPSC as a function of x; with different k1. As x; increases,
the SPSC decreases, particularly when k; > 0.02. This reduction is attributed to the
strengthening of feedback, which enhances the presence of the ECM and consequently
diminishes the SPSC. Furthermore, it is noteworthy that x; = 0.08 holds the highest SPSC,
while x; = 0.12 results in the lowest SPSC. This difference can be attributed to the power
evolution of the MFC influenced by x; [Seeing Figure 6].
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Figure 7. Power spectra of the MFC with (a) x = 0.04 and (b) x, = 0.08, x; = 0.10 and 7, = 87y.
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The time delay ratio T = 1, /7 of the feedback loops also plays a key role in reducing
the MEC linewidth, as experimentally demonstrated in previous research [26]. Figure 9a,b
present the MFC spectra for the cases with T = 32 and 7 = 128, respectively. With T = 32, the
SPSC is about 26 dB, whereas for the case with T = 128, the SPSC decreases to approximately
7 dB. Figure 9c illustrates the evolution of linewidth as a function of the delay time ratio.
Clearly, as T increases, the linewidth decreases, and this reduction follows an approximate
power function (as indicated by the red curve representing the exponential function fitting).
Figure 9d shows the SPSC evolution as a function of the time delay ratio. The squares
and dots are representative cases with x; = 0.02 and 0.04, respectively. As T increases, the
SPSC undergoes a rapid decrease (as indicated by the solid curves representing third-order
polynomial fitting). Additionally, it is worth noting that in the case with xp = 0.02, the
SPSC undergoes a rapid decrease (as indicated by the solid curves representing third-
order polynomial fitting). When x; increases to 0.04, a similar evolution trend can still be
observed, but with a worse SPSC. Furthermore, some data points in the SPSC evolution as
T increases appear to be significantly lower than expected. This discrepancy arises from
the lack of phase matching between the two feedback loops.The above results show that
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there is trade-off between the linewidth performance and the SPSC. Therefore, by carefully
balancing these parameters, optimal conditions for MFC can be achieved based on specific
performance requirements.
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Figure 9. Power spectra of the MFC where (a) T = 32, (b) T = 128, (c), and linewidth and (d) SPSC are
a function of the delay time ratio, x; = 0.10, and x = 0.02.

4. Discussion

In this study, we conducted a detailed numerical analysis of MFC generation based on
P1 dynamics. Our results reveal the critical role of optoelectronic feedback mechanisms
in improving the performance of MFC generation systems. Specifically, by integrating
a specialized delay time setting, we have demonstrated the potential of optoelectronic
feedback to enhance MFC performance through mode-locking, resulting in both narrow
linewidth and sustained long-term stability. Our research finds that the feedback index
plays a pivotal role in high-performance MFC generation. For a single optoelectronic, the
stability of the MFC increases with the increase in the feedback index in the high-feedback
index regime. However, there is an optimal feedback index for achieving the narrowest
linewidth. Our results show that a 300 kHz MFC linewidth is attainable at a feedback
index of 0.08. The introduction of a second optoelectronic feedback mechanism further
enhances the quality of the MFC generated, illustrating the impact of both feedback index
and delay time adjustments in feedback loop 2 (the longer feedback loop). We observed
that increasing the feedback index initially narrows the linewidth, which subsequently
broadens. It is also worth noting that the feedback index in loop 2 should be smaller
than that in loop 1. Moreover, we noted that increasing the delay time ratio leads to an
almost exponential reduction in linewidth. However, employing the second feedback loop
introduces external cavity modes, which can cause undesirable side-peaks around the main
MFC line, especially at larger feedback delay time ratios.
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