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Abstract: In this work, we present a novel approach to resolve the refractive indices of transparent
and translucent liquids from straight interference fringes. The optical path difference between the
two arms of the Mach—Zehnder interferometer is first derived by assuming a reference plane wave
interfering with a plane wave passing through a rectangular cuvette. The analytic expressions for the
liquid refractive indices are then deduced, describing how the refractive index is related to the fringe
spacings, spatial frequencies, and directions. The structure coefficients in the above formulas are
determined from the fringe spacings and directions of the interference patterns of the empty cuvette
and the cuvette filled with a liquid of a known refractive index. The NaCl solution and Coca Cola are
adopted as the test examples to show experimentally the validity of the proposed method. There
is good agreement between the refractive indices obtained from the fringe spacings and direction
of a single interference pattern. The sensitivity and resolution of this method are dependent on
the structure of the experimental systems and thus can be adjusted in a controlled manner. The
proposed method is simple to implement and can be easily extended to other high precision optical
interferometer systems.

Keywords: Mach-Zehnder interferometer; refractive index measurement; fringe spacing; fringe
direction

1. Introduction

The refractive index is a key optical parameter for transparent and translucent ma-
terials. For liquids, it is closely related to parameters such as the wavelength of the light,
the composition, the concentration, and the atmosphere temperature. The empirical expres-
sions of the refractive index in terms of the concentration and temperature were derived for
different liquids [1]. To measure the refractive indices of liquids, a variety of non-destructive,
sensitive refractometers [2—4], reflectors [5,6], and other highly precise optical systems [7-9]
have been proposed and designed.

There have been many reviews and research studies on utilizing optical interferometers
to measure the indices of the refraction of liquids with high accuracy [10-14]. The Fabry—Perot
interferometer is a good candidate due to its simplicity and versatility [15-17]. In addition,
a single-element interferometer to measure the refractive index was designated by rotating
a rectangular optical glass cell containing the sample liquid and air simultaneously and by
calculating the interference fringe shift number from an interferogram. The measurement
accuracy for the refractive index was up to 1074 [14]. A dual scanning interferometric
technique was applied to measure the temperature and concentration dependence of the
refractive indices of liquids at concentrations smaller than 0.03% and at a high precision
of the order of 1 x 1077 for a 20 mm optical path [18]. High-precision refractive index
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measurements of liquids were also carried out for wavelengths from 0.5 to 2 pm using
Rayleigh interferometry [19].

Interferometers such as the Mach—Zehnder interferometer and the Michelson interfer-
ometer also play a prominent role in the field of precise measurement [20]. The fiber-based
Mach-Zehnder interferometric sensors were applied to measure the refractive index and
temperature of transparent liquids from the wavelength shift of the interference spec-
trum [21-24]. A very common strategy to obtain the refractive index of a sample is to
apply fringe count techniques to measure the fringe shift due to the introduction of the
sample in one arm of an interferometer. For example, a hybrid optical fiber interferometer,
which consists of a Mach—-Zehnder interferometer and a Michelson interferometer, was
fabricated to achieve accurate measurement of the refractive indices of different liquids [25].
The standard deviation of the refractive index was about 10~> RIU. The refractive index
of water was 1.33157 at 25 °C when the wavelength was 632 nm, very close to 1.33158 in
ref. [26]. The refractive index for NaCl solutions with concentrations smaller than 0.2%
was measured. Using orbital angular momentum beams in a twisted Michelson inter-
ferometer opens the possibility for measurements of refractive index changes down to
10~ RIU. The refractive index was measured from the rotation of interference patterns at
very small concentrations [27]. The Michelson interferometer was applied to measure the
refractive indices of liquids from measuring the fringe shifts, and the relationships among
the solution concentration, temperature, and refractive index were established for different
solutions [28]. In addition, high-resolution refractive index measurement was achieved by
using differential interferometry, based on a white light Mach-Zehnder configuration [29]
and by employing ultra-compact double-slot hybrid plasmonic waveguide as an active
sensing arm in the interferometer [30].

A few inspired research works have reported interpreting the indices of the refraction
of samples from the interference patterns of the free-space Mach—Zehnder interferome-
ter. An early experiment was conducted to measure the local indices of the refraction of
solutions from the relationship between the relative optical path length difference and
the interference fringe bending [31]. The refractive index measurement error was about
£0.001 RIU. Recently, some researchers have reported employing a white light Mach-
Zehnder interferometer to generate a series of interferograms to determine the refractive
indices of materials [32]. A research work published in the same year has reported measur-
ing the indices of the refraction of scintillation crystals from the width shift of interference
patterns based on the Mach—Zehnder interferometer [33]. Their method is also suitable for
measuring the indices of the refraction of liquids in a rectangular cuvette. A change in the
direction of the interference stripes was witnessed in the interference patterns for different
crystals. In this work, to understand the underlying physics in fringe spacing and direction
changes, we propose a novel method to resolve the indices of the refraction of transparent
and translucent liquids from the interference patterns of the Mach—Zehnder interferometer.

To verify the proposed method, the NaCl solution is adopted as one of the test exam-
ples to measure the refractive indices of NaCl solutions with various concentrations. For
the NaCl solutions, large-scale experiments have been carried out to measure the refractive
index at different wavelengths and temperatures. A brief review of the relevant works is
given in the following sentences. The refractive indices of NaCl solutions was measured
using the Abbe refractometer [34]. The fit curve for the refractive indices of NaCl solu-
tions was n = 0.0015¢ + 1.3327 (R? = 0.9984) at 588 nm and at 28 ° C, with ¢ representing
the concentration of NaCl solutions. The Abbe refractometer was also used to measure
the refractive indices of NaCl solutions of different concentrations and temperatures at
the wavelength of 589.3 nm [1]. The empirical expression for the refractive index was
n = 1.3373 + 1.7682 x 1073¢c — 5.8 x 107°c¢? — 1.3531 x 10~*(T — 273.15) — 5.1 x 1078(T —
273.15)% with c representing the concentration and T representing the absolute temperature.
Refs. [35,36] reported the refractive indices of NaCl solutions with concentrations ranging
from 0 to 16.6667% in the spectral range of 0.3-1.0 um at 20 °C and with concentrations from
0 to 4% at 22 °C and at the He-Ne laser wavelength, i.e., 632.8 nm, respectively. In ref. [28],



Photonics 2024, 11, 782

30f15

the relationships between the solution concentration, temperature, and refractive indices
for NaCl solutions were established at 632.8 nm, with n = 0.00012T + 0.00191¢ + 1.33095,
where T represents the temperature in Celsius. The refractive indices of NaCl solutions was
measured for concentrations from 0 to 20% at 632.8 nm [37]. The fit curve for the refractive
index was n = 0.0018¢ + 1.3336 (R? = 0.9993). The refractive indices of NaCl solutions
was measured by using the image correlation coefficient under the He-Ne laser wave-
length. The data obtained agreed well with that measured using the Abbe refractors [38].
In addition, the refractive indices of NaCl solutions was measured for concentrations from
0 to 1.8% at the wavelength of 850 nm [39], for concentrations from 5.5 to 33.2% at 543 nm
and at 20 °C [40], for concentrations smaller than 0.03% [18], for concentrations up to 30%
at 1550 nm [6], for concentrations from 0 to 25% at 1550 nm [41], for various concentrations
at the wavelengths of 589 and 636.94 nm at 25 °C [14], and for very small concentrations at
532 nm [27].

This article is organized as follows. In Section 2, we illustrate in detail the derivation
process of building up the analytic relations between the index of refraction and the fringe
spacings, spatial frequencies, and directions of the interference patterns. In Section 3, the ex-
perimental results are presented and analyzed to verify the proposed method. Section 4
presents the conclusions of this study.

2. Theory and Methods

The schematic of the Mach—Zehnder interferometer measurement system is presented
in Figure 1. A light beam from a He-Ne laser passing through a linear polarizer P is
expanded and collimated using two lens L1 and L2. In this case, the light beam can be
approximated by a monochromatic plane wave. Then, it is split into two paths by the
beam splitter BS1. One light beam path first goes to mirror M2 and passes through the
cuvette and then propagates to the beam splitter BS2. The other light beam path first goes
to mirror M1 and is then reflected to the beam splitter BS2 to meet the first light beam.
The photodetector CCD is placed after BS2 to capture the interference patterns generated
due to the optical path difference between the two paths in the interferometer.

BS1

P
M1
g

L1 L2 Stage

\ CCD
M2

BS2

Cuvette

Figure 1. Schematic of the experimental system. P: linear polarizer; L1 and L2: two lens forming
a beam expansion collimation system; BS1 and BS2: beam-splitting prisms; M1 and M2: reflective
mirrors; cuvette placed on the stage: a setup to fill in liquids; CCD: the detector to record the
interference patterns.

When the sensor surface of the CCD is placed perpendicular to the optical axis, i.e., the

z axis in Figure 1, the optical path difference between the two paths is a linear function of

position coordinates (x, y). When the cuvette is removed from the stage, the interference

pattern on the CCD is simply from interference between two plane waves in the two paths.
This optical path difference is

Ay =a1x + by +cy. (@)

This optical path difference also contains values from the beam splitters and the
mirrors. Since they are highly uniform planar optical elements, the quadratic and higher-
order polynomials in the optical path can be safely neglected. When the empty rectangular
cuvette is placed on the stage, the interference pattern on the CCD will change due to an
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additional optical path length introduced in this setup. Considering the good uniformity
of the front and back quartz glass plates, the extra optical path difference induced by the
empty cuvette is approximated by

Ay = apx + byy + co. 2)

Thus, the total optical path length difference between the two paths in the Mach-
Zehnder interferometer becomes

A=A +N0y = (a3 +a)x+ (b1 + b))y + (c1 +c2) = ax + by +c. 3)

a and b are the structure coefficients that are responsible for the fringe spacings and
directions of the interference pattern for the empty cuvette. When the cuvette is filled with
liquids, as the front and back plates of the glass cuvette are not perfectly parallel to each
other, there is always a very small angle between them due to machining errors, forming a
liquid wedge. In fact, we take advantage of this property of the commercial rectangular
quartz cuvette. The optical path difference from the liquid wedge is approximately by

0 =ca(n—ng)x+cp(n—ng)y+c. (4)

Here, ¢, and c;, are independent of the liquids and are the structure coefficients for
the liquid wedge in the cuvette. 1 is the index of refraction of the liquid to be measured,
and n, = 1is the refractive index of air since the system is placed in free space. Therefore,
when the cuvette contains liquids, the total optical path difference between the two paths is

IT=A+0=(a+ca(n—na)x+ (b+cpln —na))y+ (c +cp). ©)

By applying the constructive or destructive interference conditions (II = kA or I =
(k+1/2)A with k = 0, +1, 0, £2,...the number of wavelength between the two paths),
we can obtain the fringe spacings between adjacent bright or dark fringes and the fringe
directions of the interference pattern. For the empty cuvette, the fringe spacings in the x
and y directions are

A 1
dxg= = = —,
0 |a| fxo
A 1
dyp = - = —. 6)
/0 |b| fyO

in which fyo and f,o are the spatial frequencies of the interference fringes along the two
directions. Thus, when the wavelength of the laser is known, after measuring the fringing
spacings or spatial frequencies along the two perpendicular directions, the absolute value
of structure coefficients a and b in Equation (3) for the optical path difference of the empty
cuvette can be obtained. To determine the sign of these two coefficients, the direction of the
interference fringes is required. If the angle of the fringes to the positive direction of the
horizontal x axis is Uy, the fringe direction is described by the tangent of this angle
a
tan(Up) = 5 (7)
Note that the sign of the tangent in Equation (7) indicates the direction of the interfer-
ence fringes. When either a or b is initially set positive or negative, once the direction of the
fringes is known, the sign of the other coefficient is definite. The fringe spacings dx and
dy, the spatial frequencies f, and f,, and the tangent of the fringe direction tan(U) for the
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interference fringes when the cuvette is filled with liquids can be similarly obtained from
Equation (5), i.e.,

dx——)\ —l
la+ca(n—nq)|  fi
PO
I e ti—nal R
tan(U) = a+ca(nn—na) ®)

Cb+cy(n—mny)

To obtain the two unknown structure coefficients ¢, and c;,, we can fill in the cuvette
with a liquid of a known refractive index ny,. For example, the index of refraction of water
is ngy = 1.3325 at the room temperature. After measuring the fringe spacings dx; and dy;
(or the fringe spatial frequencies of f,1 and fy1) of the interference fringes for the cuvette
with water, ¢, and ¢, are obtained

_ EA/dxy—a  tAfy—a

Cqg = ’
Ny — Ng Ny — Ng
- *Af1 —0b
cp = £A/dy1 —b _ fyl ' )
Ny — Ny Ny — Ny
The fringe direction satisfies
tan(Uy) = — 2 Callto = 1a) (10)

_b +Cb(n'w - ng)/

and is used to determine the sign in Equation (9). After determining all of the four structure
coefficients a, b, ¢;, and cp, we can use this setup to measure the refractive index for a liquid
from its fringe spacings dx, and dy (or from fringe spatial frequencies fy» and f;>) and
fringe direction tan(U,). The analytic expressions for the liquid refractive indices are

+A/dxy —a n TAfro—a

n=n,+— =mny,
Cu Ca
+A/dy, — b +Afp—b
_nu_i_/i:na*_fyiz
Ch Cp
S a+btan(Uy) 1)

“ 7y +cp tan(U)

with tan(Uy) = £dy,/dx;. It is clear that the refractive index of a liquid is proportional to
the spatial frequencies of the interference patterns. In principle, the above three equations
will give us identical results for the index of refraction for a single liquid. However, due to
the external noise, the simplification of the plane wave model and the limited resolution of
the detectors, there is slight difference between these three values.

To show the influence of the liquid index of refraction on the fringe spacings
(or spatial frequencies) and direction of the interference fringes, the simulation results for
an illustrating example are presented in Figure 2 with a = 0.0002, b = —0.0002, ¢, = 0.0005,
cp =0.0005, n, =1, ny, = 1.3325, and n = 1.34, 1.36, and 1.38, respectively. The height and
width of the each figure is 3600 x 3600 pixels. The pixel size is 2.4 x 2.4 um.

In this example, the interference fringes of the empty cuvette in Figure 2a and the
fringes of the water wedge in Figure 2b are perpendicular to each other. The combination of
them for the cuvette filled with water and with the liquids of refractive indices of 1.34, 1.36,
and 1.38 are shown in Figure 2c—f, respectively. The fringe spacings and the corresponding
spatial frequencies in both the x and y directions and the fringe direction are changing
when the cuvette is filled with liquids of different refractive indices. When the direction
of the empty cuvette interference fringes are not parallel to that of the liquid wedge, both
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the change in the fringe spacings and fringe direction can be observed when the index
of refraction of the liquid varies. Sometimes, the naked eyes fail to detect this variation,
but the highly precise photodetectors with a much larger resolving power can detect it.

‘l""

) L

Figure 2. Simulated interference fringes for the empty cuvette (a) , the liquid wedge (b), the cuvette

with water of refractive index of ny = 1.3325 (c), and the cuvette with liquids of refractive indices
of n =1.34 (d), 1.36 (e), and 1.38 (f). The size of each figure is 3600 x 3600 pixels with a pixel size of
2.4 x 2.4 um.

It is worth mentioning that the above derivation process is also valid for other in-
terferometers. For example, when we consider the Michelson interferometer, the only
difference is that the optical path difference between the two paths is twice of that for the
Mach-Zehnder interferometer since the light beam passes through the cuvette twice in the
sensing path. When the number of fringes of the empty cuvette and of the liquid wedge
are comparable, the changes in the fringe direction are the most obvious. In the case of the
two sets fringes for the empty cuvette and the liquid wedge are parallel, only the fringe
spacings can be used to determine the indices of refraction for the liquids since the direction
of the fringes are fixed. In the future, we will consider a more general case where the plane
wave approximation of the optical path fails. In that case, we cannot expect very straight
fringes with identical fringe widths and directions in the view field. By introducing a more
complex optical path difference model, the possibility to simultaneously measure the local
refractive indices of liquids is open.

3. Experimental Results and Discussion

To verify our proposed method of measuring the refractive indices of liquids, we
conduct the relevant experiments to measure the indices of refraction of NaCl solutions by
using the system in Figure 1. The atmosphere temperature is 23 &£ 3 °C. The wavelength of
the He-Ne laser is A = 632.8 nm. The experimental system is shown in Figure 3. For the
beam expansion and collimation system, the focal length of the concave lens is —9.8 mm
and that of the convex lens is 100 mm. Thus, the magnification of this beam expander is
about 100/9.8 ~ 10 when the distance between the two lenses is around 99.2 mm. The
dimension of the CCD is 5488 x 3672 pixels. Each pixel size is 2.4 x 2.4 uym. The quartz
glass cuvette is rectangular in shape, and its optical path is around 10 mm. The distance
between the front and back plates of the cuvette is also around 10 mm. To make the liquid
in the cuvette stable in the small cuvette and to reduce the measurement error, the waiting
time for each measurement after changing the liquid is at least 2 h.

To obtain the indices of refraction of the liquids from Equation (11), the four structure
coefficients should be determined in advance. Among them, a and b are determined by the
fringe spacings, spatial frequencies and direction of the interference pattern for the empty
cuvette in Figure 4a from Equations (6) and (7). The interference pattern is closely related to
the cuvette position on the stage and the two mirrors. To extract the fringe spacing from the
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interference pattern, make sure a sufficient number of fringes appearing in the interference
area. This is realized by adjusting the two mirrors. In addition, the number of the fringes
should be controlled in a certain range; otherwise, the CCD cannot detect the variation
in the fringe spacings from the interference patterns of liquids with very close concentra-
tions. In this case, the sensitivity and accuracy of measuring the refractive index with this
experimental system is very limited. The spatial frequencies of the interference fringes
are obtained from the spectrum by taking the 2D Fourier transform of the corresponding
interference patterns. Compared with the fast Fourier transform algorithm, the former
Fourier transform method is applied to increase the precision of spatial frequency with
the price of an increase in the computation time. After taking the reciprocal of the spatial
frequencies, one can obtain the fringe spacings along the x and y directions. The advantage
of this technique is noise insensitivity. In Figure 4a, the fringe spacings in x (horizontal) and
y (vertical) direction are dxy = 1.421 mm and dyy = 0.358 mm, and the tangent of the fringe
direction is tan(Uy) = 0.2517. Substituting them into Equations (6) and (7), the structure
coefficients for the empty cuvette are a = 4.454 x 10~* and b = —1.770 x 1073.

Figure 3. Experimental system constructed according to Figure 1. P: linear polarizer; L1 and
L2: two lens forming a beam expansion collimation system; BS1 and BS2: beam-splitting prisms; M1
and M2: reflective mirrors; cuvette placed on the stage: a setup to fill in liquids; CCD: the detector to
record the interference patterns.

Figure 4. Experimental interference patterns for (a) the empty cuvette (b) and the cuvette with water
nw = 1.3315. The size of each figure is 2064 x 2060 pixels.

To obtain the structure coefficients of the liquid wedge, the interference pattern for the
cuvette with a liquid of a known refractive index is required. In Figure 4b, the interference
pattern for the cuvette filled with water is presented. The index of refraction of water
was accurately measured at different wavelengths and temperatures [4,42,43]. We take
nyw =1.3315 at the considered wavelength and at room temperature in this work. The fringe
spacings are dx; = 0.794 mm and dy; = 1.010 mm, receptively. The tangent of the fringe
direction is tan(U) = 1.2689. Inputting them into Equation (8), we have the two structure
coefficients for the liquid wedge c, = 1.061 x 1073 and ¢;, = 3.441 x 1073. Since a and ¢,
are both positive, the fringe spacing in the x direction decreases as the index of refraction of
the liquid increases. b and c;, have different signs, and the value of b + ¢, (1, — 1,) becomes
smaller than that of b. Thus, the fringe spacing in the y direction increases as the refractive
index of the liquid increases. Meanwhile, the tangent of the fringe direction is increasing
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with an increase in the refractive index, i.e., the fringes become more vertical for liquids
with larger indices of refraction. Such trends are obvious in Figure 4.

After gathering all four structure coefficients and filling the cuvette with the liquids
to be measured, the CCD was used to capture the corresponding interference patterns.
The fringe spacings dx; and dy», spatial frequencies f,» and f», and direction tan(U>) are
first extracted from the interference patterns; then, Equation (11) was applied to obtain
the indices of refraction of the liquids. The interference patterns for 5%, 10%, 15%, 20%,
and 25% NaCl solutions are presented in Figure 5a-e. Here, the concentration refers to the
weight fraction between NaCl and the NaCl solution. The refractive indices of these NaCl
solutions together with the corresponding fringe spacings dx, and dys, spatial frequencies
fx2 and fy», and direction tan(U>) are presented in Table 1. n(dx;) and n(dx,) are the
refractive indices obtained from the fringe spacings and spatial frequencies. n(tan(ll)
means the refractive index from the fringe direction. The second last row gives the average
of the above three indices of refraction. In the last row, the data taken from ref. [38] are
presented for comparison.

Figure 5. Experimental interference patterns for the cuvette filled with (a) 5%, (b) 10%, (c) 15%,
(d) 20%, and (e) 25% NaCl solutions. The size of each figure is 2064 x 2060 pixels.

In Table 1, there is small variation between the three refractive indices for a NaCl
solution. As we pointed out before, the error mainly comes from the external noise,
the instability of the laser source, the plane wave approximation, the plane geometry
assumption for the planar optical elements, and the limited resolving power of the CCD.
Similar to ref. [33], the measurement accuracy of our method reaches around 10-3.

To test the stability and repeatability of the measured refractive indices of NaCl
solutions, we conduct a new experiment to measure the refractive indices of NaCl solutions
by using the same cuvette. The atmosphere temperature is 27 £ 3 °C. The resultant
interference patterns for the empty cuvette, cuvette filled with water, and cuvette filled
with NaCl solutions with concentrations of 1, 5, 10, 15, 20, and 25% are shown in Figure 6.
The interference pattern for the empty cuvette is very different from that in Figure 4,
resulting in the interference patterns for water and NaCl solutions differing dramatically
with those in Figure 5. From the fringe spacings or spatial frequencies of Figure 6a,b,
the four structure coefficients can be obtained according to Equations (6)—(9). The fringe
spacings and spatial frequencies of the interference pattern for the empty cuvette and water
are shown in Table 2. They are used to calculate the structure coefficients for the empty
cuvette and liquid wedge. The relevant data are also given in Table 2.
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Table 1. Refractive indices and relevant data for NaCl solutions of different concentrations. dx, and
dy» are the fringe spacings in the x and y directions. fi» and f, are the corresponding fringe spatial
frequencies. tan(ll) is the tangent for the direction angle U, of interference fringes. n(dxy), n(dyz),
and n(tan(Uy) are the refractive indices obtained from the fringe spacings and direction according to
Equation (11). n is the average of the above three values. The values of n’ are taken from ref. [38].

Concentration (%) 5 10 15 20 25
dx, (mm) 0.784 0.776 0.767 0.759 0.794
dy, (mm) 1.062 1.111 1.181 1.240 1.322

tan(Up) 1.354 1.431 1.539 1.633 1.760
fx2 1275.3 1288.0 1303.2 1316.7 1331.4

fy2 941.8 900.1 846.9 806.1 756.5
n(dxy) 1.3409 1.3485 1.3575 1.3656 1.3743
n(dl/z) 1.3404 1.3481 1.3579 1.3654 1.3745
n(tan(uz)) 1.3405 1.3481 1.3578 1.3654 1.3745
n 1.3406 1.3483 1.3577 1.3655 1.3744

n' 1.3415 1.3505 1.3595 1.3685 1.3767

Figure 6. Interference patterns for empty cuvette (a), water (b), and NaCl solutions of concentrations
1% (c), 5% (d), 10% (e), 15% (£f), 20% (g), and 25% (h). The size of each figure is 3500 x 3500 pixels.

Table 2. The four structure coefficients of the empty cuvette and liquid wedge. The fringe spacings
and spatial frequencies for interference patterns of the empty cuvette and water are also given.

Fringe spacing (mm) dxg dyo dxq diy
4.164 0.673 0.878 2.744
Spatial frequencies fxo fyo fx1 fn
240.1 1486.5 1139.1 364.4
Structure coefficients a b Cq Cp
1.519 x 1074 —9.406 x 104 1.716 x 1073 3.533 x 1073

In Table 2, it is clear that the four structure coefficients are different from that of the
previous experiments. The slight difference between the structure coefficients of the liquid
wedge indicates a slight change in the position of the cuvette for the new experiment.
The fringe spacings, spatial frequencies, and directions of the interference patterns for NaCl
solutions with different concentrations are given in Table 3. The refractive indices for these
NaCl solutions are obtained by applying Equation (11). They are also listed in this table.
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Table 3. Refractive indices and relevant data for NaCl solutions of different concentrations. dx, and
dy» are the fringe spacings in the x and y directions. fi» and f, are the corresponding fringe spatial
frequencies. tan(ll) is the tangent for the direction angle U, of interference fringes. n(dxy), n(dyz),
and n(tan(U,) are the refractive indices obtained from the fringe spacings and directions according
to Equation (11). n is the average of the above three values. The values of n’ are taken from ref. [38].

Concentration (%) 1 5 10 15 20 25
dx, (mm) 0.873 0.858 0.844 0.826 0.811 0.796
dy, (mm) 2.649 2.400 2.193 1.942 1.784 1.649

tan(Uy) —3.035 —2.796 —2.599 —2.352 —2.200 —2.073
fx2 1145.6 1165.2 1185.1 12109 1233.5 1256.9
fy2 377.5 416.7 456.0 514.8 560.6 606.4

n(dxy) 1.3338 1.3411 1.3485 1.3580 1.3663 1.3748
n(d_‘/z) 1.3339 1.3409 1.3479 1.3584 1.3667 1.3750
n(tan(uz)) 1.3338 1.3408 1.3478 1.3586 1.3667 1.3748
n 1.3338 1.3409 1.3481 1.3583 1.3666 1.3749

n' 1.3415 1.3505 1.3595 1.3685 1.3767

To make the relation between the refractive indices of NaCl solutions and the con-
centration more explicit and to better compare the data obtained by the two experiments,
we draw the concentration and refractive index data points in Figure 7. Besides the linear
fitting curves for the refractive index, the least squares method are plotted for the two
experiments, and the function forms are n = 1.3320 + 0.001706¢ and n = 1.3320 + 0.001731c
with ¢ the concentration of the NaCl solution. The refractive indices of NaCl solutions
obtained by the two individual experiments are very close to each other, confirming the
stability and repeatability of the proposed method. To compare our results with that in
ref. [38], the data taken from this reference are also plotted in Figure 7, with the fit curve for
the refractive index reaching n = 1.3330 + 0.001768c. There is decent agreement between
our experiments and the experiment in ref. [38]. The slight difference between the data
of the experiments mainly comes from the difference in the atmosphere temperatures
when the experiments were carried out. In principle, the refractive indices of both water
and NaCl solutions at higher temperatures is smaller than the refractive indices at lower
temperatures. Thus, it is apparent that the actuary of the proposed method is slightly
influenced by the accuracy of the refractive index of water. The influence of the atmosphere
temperature on the refractive indices of NaCl solutions is reflected in the deviation between
the fitting curve and the measured data in Figure 7. When the concentration of the liquids
is of concern, the relative trend of the refractive index matters, and the influence of the
slight variation in the water index of refraction is reduced.

Here, we consider the sensitivity and resolution of our method. It is closely related
to the structure of the experiment system, including the position of the cuvette and the
positions of the two mirrors. The refractive indices of liquids are proportional to the
spatial frequencies of the interference fringes according to Equation (11). This is confirmed
in Figure 8, where the spatial frequencies in the x and y directions as a function of the
refractive index (the data are taken from Tables 1 and 3) are plotted for the two experiments.
The sensitivities are defined as the absolute values of the slopes of these curves. They
are 1752 /RIU in the x direction and 5454 /RIU in the y direction for the first experiment,
and 2694 /RIU in the x direction and 5589 /RIU in the y direction for the second experiment,
respectively. Thus, the sensitivity of the latter experiment is improved. The resolution of
the refractive index is defined as the ratio between the standard deviation of the spatial
frequency and the sensitivity. After fitting the four curves in Figure 8, we have the root
mean square error of 1.851 and 0.921 for f,» and f,, for the first experiment and 0.9408 and
0.6731 for fy» and f, for the second experiment. Therefore, the resolutions for these four
measurements are 0.0010, 0.00016, 0.00034, and 0.0012 RIU, respectively. The resolutions for
these two experiments are not very high. The proposed method offers a new perspective to
measure the refractive indices of liquids from the fringe spacings, spatial frequencies, and
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directions of interference patterns. The advantage of this method is that the sensitivity and
resolution can be adjusted and controlled. In addition, the degree of freedom on adjusting
the two mirrors in the interferometer ensures a large measurement range of the refractive
indices of liquids.

1.38 T T T T
| X Experimentl
L3S *  Experiment2
O Ref. [20]
1.37¢ Fit curvel o |
Fit curve2
1.365 - Fit curve Ref. [20] 1

1.36

135

refractive index »
e
[9%)
i
W

1.345

1.34

1.33 1 1 1 1
0 S 10 15 20 25

concentration ¢ (%)

Figure 7. Measured refractive indices for NaCl solutions of different concentrations from the two
experiments, marked by the asterisk and “x” symbols. The data marked by the square symbols are
taken from ref. [20]. The sold lines are the linear fitting curves.
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Figure 8. Spatial frequencies in the x and y directions as a function of the refractive indices for NaCl
solutions for the two experiments.
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Finally, to show the capacity of applying our method to measure the refractive indices
of translucent liquids, we conducted an experiment on measuring the refractive index of
Coca Cola by using the experimental system in Figure 3 at the atmosphere temperature of
28 £ 2 °C. The interference patterns for the empty cuvette, the cuvette filled with water,
and the cuvette filled with Coca Cola are presented in Figure 9. To apply Equation (11) to
obtain the refractive index of Coca Cola, we shall first calculate the structure coefficients of
the empty cuvette and liquid wedge from the fringe spacings and spatial frequencies of
Figure 9a,b. The corresponding results are given in Table 4. Since we adopted the same
cuvette as the above two experiments, the structure coefficients for the liquid wedge in this
experiment were very close to the results in Table 2. The slight difference between them
comes from the slight difference in the positions of the cuvette between the two experiments.
The fringe spacings, spatial frequencies, and directions of the interference pattern for
Coca Cola in Figure 9c are dx; = 0.742 mm, dy, = 3.882 mm, f»=13484, f,», = 257.6,
and tan(U,) = —5.234, respectively. Thus, inputting the relevant data into Equation (11),
we obtain the refractive indices of Coca Cola, i.e., n(dxy) = 1.3462, n(dy,) = 1.3464,
and n(tan(U,) = 1.3464. The average of these three refractive indices is n = 1.3463,
very close to 1.3472 in ref. [44], where the refractive index of Coca Cola was measured by
the minimum deviation method at the wavelength of 650 nm and at room temperature,
and close to 1.3487 and 1.3489 in ref. [45], where the refractive index of Coca Cola was
measured using the Abbe refractometer and the designed apparatus at the wavelength of
532 nm and at the lab temperature of 20 £ 0.5 °C. It is the difference in the measurement
wavelength and temperature that leads to the difference between our results and the results
in the above-mentioned studies. Therefore, our method is applicable in measuring the
real parts of the refractive indices of translucent liquids. It is beyond the capacity of our
method to obtain the imaginary part of the refractive index of a translucent liquid to reflect
the absorption of the liquid from the spacings, spatial frequencies, and directions of the
interference fringes. In addition, for liquids with high turbidity, the applicability of our
method is greatly reduced since no obvious interference fringes are generated due to the
large scattering and absorption of light by the liquids.

Figure 9. Interference patterns for empty cuvette (a), water (b), and Coca Cola (c). The size of each
figure is 3500 x 3500 pixels.

Table 4. The four structure coefficients of the empty cuvette and liquid wedge. The fringe spacings
and spatial frequencies for interference patterns of the empty cuvette and water are also given.

Fringe spacing (mm) dxg dyo dxq diy
2.362 0.536 0.764 6.017

Spatial frequencies fxo fyo fx1 fn
423.3 1866.8 1309.0 166.2

Structure coefficients a b Cq Cp

2.678 x 1074 —1.181 x 103 1.691 x 1073 3.881 x 1073
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4. Conclusions

In this work, we adopt a Mach—Zehnder interferometer to generate the interference
patterns. A novel method is proposed to resolve the refractive indices of liquids from the
fringe spacings, spatial frequencies, and directions of the interference patterns. For simplic-
ity, the plane wave approximation is taken to assume a reference plane wave interfering
with a plane wave passing through a rectangular cuvette. The optical path difference
between the two arms of the interferometer comes from the optical path difference between
two arms in free space, the optical path difference induced by the empty cuvette, and the
liquid wedge in the cuvette. The analytic expressions between the refractive index and
the spacings and between the refractive index and the fringe direction of the interference
fringes are obtained. The structure coefficients in these expressions are determined from
the interference patterns of the empty cuvette and the cuvette filled with a liquid of a
known refractive index. Water is a good choice with a relatively stable index of refraction.
To verify the proposed method, the NaCl solution is taken as the test example to show a
measurement resolution of about 10~3. Good agreement is achieved between the refractive
index obtained from the fringe spacings and direction. We verified that the sensitivity and
resolution of this method can be improved by adjusting the structure of the experimental
system. In addition, the experiment on Coca Cola shows that this method can be also used
to measure the refractive indices of translucent liquids. The proposed method is simple
to implement and can be easily extended to other high-precision optical interferometer
systems. Measurement precision will be further improved by taking a more complex model
of the optical path difference, simultaneously measuring the local index of refraction for
transparent and translucent materials possible.
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