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Abstract: The propagation of femtosecond pulses in guided structures is a matter of both
fundamental and practical interest in nonlinear optics. In particular, hollow-core waveg-
uides (HCWs) filled with a gas medium are fabricated and used as devices for the generation
of attosecond pulses from high-order harmonics. In this process, the configuration of the
laser field (intensity and phase) inside the waveguide is of crucial importance for enhanc-
ing the (well-known, low) efficiency of high-order harmonic generation (HHG). Here, we
present numerical calculations which demonstrate the main features of the propagation
process in fabricated HCWSs. We consider a variety of experimental parameters like gas
pressure, waveguide size, laser wavelength, and pulse energy and duration. In particular,
the beam profile at the fiber input is found to be a sensitive parameter which influences
the whole evolution of the laser field along the propagation. Our model is based on a
split-step method modified to account for propagation in ionized media and is validated
against experimental and theoretical data from the literature. Our results contribute to
the description of the main features of beam propagation in HCWs and provide guiding
directions for designing efficient configurations for HHG.

Keywords: femtosecond pulses; hollow-core waveguide; split-step method; propagation;
scaling

1. Introduction

High-order harmonic generation (HHG) in gas media proves to be a valuable method
to obtain extreme ultraviolet or soft X-ray attosecond pulses [1] and has received recognition
from the scientific community, being the topic of the Nobel prize in physics awarded in
2023 [2]. The basic elementary process is simple and intuitively easy to understand via the
three-step [3] model: the interaction between the atom and the intense electric field of the
laser pulse which produces the ionization of an outer shell electron, its acceleration outside
the atom, and finally its recombination with the parent atom which generates a burst of
light for a single attosecond. The gas medium is usually supplied in a jet or in a static
cell [4], but the alternative of using structures to host the gas and to guide the ultrafast
beam over longer distances is currently being investigated to increase HHG efficiency.
Such structures, in particular dielectric hollow-core waveguides [5,6] custom-fabricated in
various configurations, demonstrate that they are capable of keeping both the gas at high
pressures and a high laser intensity over longer interaction lengths.

Solving the field configuration inside an HCW is of basic importance for optimizing
HHG. The main way to increase HHG yield is to create conditions for phase matching, that
is, to have constructive interference between single atomic emissions and the harmonic
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field built up in a specific point. One can estimate the phase-matching conditions by finding
the phase of the driving field in the interaction region, as well as the phase of the atomic
polarization which is proportional to the driving field intensity. Solving the propagation
problem in an HCW), that is, finding the intensity and phase of the driving field, is therefore
a first step in estimating the efficiency of HHG. Second, solving the propagation equation
helps experimentalists to find the appropriate configurations for the waveguide and for the
focusing conditions such as obtaining and keeping a high field intensity along the HCW,
which is an important factor to contribute to the HHG yield and cutoff.

There is active research trying to uncover the advantages of using gas-filled HCWs
and to explore the regimes of pulse propagation in guided conditions. For example, a
recent study [7] demonstrates that a plasma-induced flat-top beam can be formed in these
structures, similarly to free space propagation [8]. An attractive field considers the use of
mid-infrared wavelengths like 1.3 um [9] or 3.9 pm and multi-athmosphere pressures [10]
to generate attosecond pulses in the soft X-ray and water window region.

The propagation of femtosecond pulses in HCWs is used as a method to shorten the
femtosecond pulse duration first by inducing a spectral broadening of the pulse [11] and
then by applying various post-compression techniques to the propagated pulse. In this
way, one obtains few cycle pulses, especially in the mid-IR range [12] and for high-energy
pulses [13,14]. For these cases, solving the wave equation for configurations similar to
experimental conditions generates data about the spectral /temporal characteristics of the
propagated pulse and helps design the parameters of broadening and post-compression
in advance.

In this paper, we present laser field characteristics inside an HCW as a function
of a number of pulse/beam parameters, which are of significant importance in HHG
experiments. The structure of the paper is as follows: in Section 2, we present the numerical
framework and methods to solve the propagation equation. This section also includes
results on testing the validity of the method and on mode beating along the propagation
direction. Section 3 contains results showing the spatial configuration of the laser field in a
standard cylindrical HCW and in modulated waveguides. Finally we present results which
demonstrate that some parameters of pulse propagation and harmonic generation in HCWs
can be invariantly scaled and identify the specific scaling relations for these parameters.

2. Model and Methods

The pulsed field propagation in an HCW is solved by starting from the wave equation
in time domain,

1 9%E1(r,z,t w?
V2E(r,z,t) — cizia(tz ) _ C—z(l - qfff)El(r,z,t) (1)
Here, w is the central angular frequency of the driving field, while 7, is the space-
and time-dependent effective refractive index of the medium:

w% (ne,7,2,1)
2w?

Weff(na/ Ne, 1,2, t) = 1o (na) + 12 (nO)I(r/ Z, t) - (2)

According to Equation (2), the refractive index includes three contributions: The
first term accounts for the linear dispersion and absorption and depends on the density
of the neutral atoms 7n,. The second term contains the intensity-dependent nonlinear
refractive index which represents the optical Kerr effect. Here, ng is the total particle
density and I(r, z, t) is the instantaneous laser intensity. The last term accounts for plasma
defocusing, where wy, is the plasma angular frequency and 7, is the free electron density.
Since ionization is the first step during laser—atom interaction, the plasma formation is
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inevitable in the interaction volume. In most cases, this last term dominates the fast
variation in the medium’s refractive index.

The next step is transforming Equation (1) in a frame (r,z’) moving with the speed
of light ¢ and then in the frequency domain by applying a Fourier transform, £, and, after
making use of the paraxial approximation, it becomes

; T /
V2 E((r,7,w) — ZTWW =G(r,7,w) (3)
where

Ei(r,7,w) = FlE((r,2,1)]
is the Fourier transform of E{(r,z’,#'), and

2 2
_ (W w
G(r,7,w) = F{C—;El(r,z’, th — ZC—ZO (61 4+ n21(r, 2, ') Ex (1,2, t’)} (4)

is the Fourier transform of the free term.

This model, with appropriate boundary conditions, has been used for propagation in
free space [15], but here it was adapted for propagation in a guided structure by using the
split-step method [16]. In the first step, we solved the homogeneous version of Equation (3)
which contains only the diffraction term on the left-hand side and a null term on the right
hand side. The boundary conditions inside the HCW were imposed by writing the solution
as the superposition of the hybrid EHy,, eigenmodes [17]:

/

Ei(r,7,w) = Y bj(Z, w)Jo(ujr/a) exp (i /OZ fyj(z)dz) ©
j

where 15 are the roots of the Bessel function of the first kind Jo, 4 is the inner radius of the
fiber, and +;(z) is the propagation constant as defined in [17], while

a

bi(z=0) =

j V]o(uljg)ﬁ(r)df (6)

o
a?J3 (ujj) Jo
are the coefficients in the expansion.

In the first step, we advanced one dz step in the homogeneous part of Equation (3), and
this could be performed by writing E; (z + dz) using Equation (5) and taking into account
the orthonormality properties of the b; coefficients. With the new coefficients b;(z' +dz’, w),
we rebuilt the field E1(z + dz) and proceeded to the second step, in which we solved the
ordinary differential equation

2iw dE (1,7, w)  ~,
—TT—G(Y,Z,C()) (7)

which is in fact Equation (3) without the diffraction term. At this point, we must observe
that the free term in Equation (7) is dependent on the solution itself, and for this reason,
we applied an iterative procedure to solve this equation. First, (i) we Fourier transformed
the field E1(r,z’, w) to obtain E{(r,z/,t); then, (ii) we recalculated the free term G(r,2/, t)
in the time domain and used Equation (4) to obtain é(r, z/,w). Finally, (iii) we solved the
first-order differential equation over the same dz step and obtained a new E;(r,z/,w). The
steps from (i) to (iii) were repeated until the difference between two successive solutions
was below a specified threshold. Depending on the level of gas ionization, gas pressure,
gas nature, etc., three to ten iterations were necessary to reach convergence.
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Testing and Tuning the Split-Step Method

Testing the split-step method against experimental data was a necessary step in the
model’s development. The simulation results of the model for conditions close to a specific
experimental situation [18] have been reported earlier [19]. Here, we just mention that a
very good agreement was found between the dependence along the propagation direction
of Ar fluorescence and the total electron density obtained from simulations. Successful tests
were also performed against results [20] obtained from solving the Schrodinger equation
for pulse propagation in the HCW.

Testing against other accepted numerical methods for solving the propagation equa-
tion was also a necessary step. The result of a finite-difference time-dependent (FDTD)
calculation using Lumerical software [21] is shown in Figure 1a together with our split-step
calculation performed for an HCW with a radius of 2 = 15 microns. Both calculations
were performed in three-dimensional geometry for a pulse of 24 fs focused at the HCW’s
entrance with the best coupling condition of a waist of w = 0.64 - a. In Figure 1a, the spectral
component corresponding to the central frequency is shown for both calculations. We also
performed a similar calculation for a 6 fs pulse. While the spectral components were in
agreement for both calculations, the peak intensity of I(¢) calculated with the split-step
method is different, having a more smooth dependence on the propagation distance. The
larger spectral width of the 6 fs pulse also means that there were more spectral amplitudes
with different variations along the propagation direction and, as a result, the Fourier trans-
form of the spectral field had a smoother dependence along the HCW axis. This can be
important for the HHG process as the dipole phase is proportional to the field intensity, so
shorter pulses may give better phase-matching conditions.
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Figure 1. On-axis normalized spectral field intensity (a) for the central frequency and 24 fs pulse
duration and (b) the normalized spectral field intensity (FDTD) and peak envelope of I(t) (split-step
calculation) for the 6 fs pulse duration.

As one can note from Figure 1a, there are small differences in the field amplitude
but the overall agreement is good; the field variations are the same in both cases. Here,
we mention that we also used an eigenmode expansion method also implemented in
Lumerical [21], and a good agreement was also obtained. This method was closer to the
split-step method as it made use of the electromagnetic field’s decomposition into a basic
set of local eigenmodes that existed in the cross section of the HCW.

In building the propagated field from the normal modes (Equation (5)), we studied
how many modes ensured the convergence of the field. Given in Figure 2 are the results
obtained in various runs using an increasing number of modes, specified as K;;,x. Here,
we note that K;;zx < 10 did not produce convergent results, but after a sufficiently long
propagation distance, the runs with Ky;;x = 10 and K;;5x = 16 yielded almost coincident
fields. However, more modes are necessary when the propagation distance is less than
1000 times the central wavelength of the driving field or in higher-ionization conditions [22].
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Peak intensity (10" W/cm®)

Figure 2. The influence of the number of normal modes on building the total laser field for the case of
a Gaussian beam injected in the waveguide.

A dominant feature of pulse propagation in a multimode HCW is the beating of the
normal modes of the fiber [23,24]. We investigated how this mode beating influences the
field configuration both in a vacuum and in gas in a number of configurations, both for
cylindrical and for conical waveguides. The beating spatial period is proportional to a® /A,
with a being the guide radius and A the central wavelength; thus, for a conical HCW,
the periodicity of the intensity variation decreases as the radius a decreases. As we will
see further, this conical configuration prevents the decrease in the intensity, and this has
importance in HHG.

It is interesting to see how the normal modes participate in building up the total field.
In Figure 3, we show the energies of the first ten modes for both Gaussian (Figure 3a) and
Bessel (Figure 3b) initial radial profiles (IRPs) for different propagation distances, specified
in the legends. The Gaussian profile was injected with less than 1 m] of energy because,
even at optimal coupling, the beam was truncated, so the peripheral energy was lost. After
8 mm of propagation, higher-order modes, EH;,,, with 2 < m < 10 contained energies from
2 uJ down to 0.01 uJ and the mode energy showed a slower decrease with an increasing
order.

For the Bessel IRP, we see in Figure 3b that the fundamental mode had 1 m] of energy
(which was the total pulse energy injected in the HCW) while all normal modes with an
index of m > 1 contained practically negligible energies (E < 10~!! m]). Advancing the
propagation, we noted an increase in their energies so that after 8 mm the modes EHj;
and EHj3 had 1% and 0.1%, respectively, of the EHj; energy, with higher-order modes
having down to 108 mJ. From these data, one can estimate the number of normal modes
necessary for an accurate description of the propagated field. In our cases, for the Gaussian
IRP, we used between 15 and 20 normal modes.

10° —— 7 ———— T
e . . EER . . .
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—~10"4 \ 0 - 1 ¢ 11
= \ —m—z= = 10°4 v =-z=0
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Figure 3. Energy contained in the first ten normal modes for Gaussian and Bessel initial radial profiles
and for various propagation distances.
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Other radial profiles at the HCW's input can be considered, such as Airy or super-
Gaussian profiles, depending on the experimental setup. However, the most common
and frequent, the Gaussian profile, must be investigated in order to have the modeling
as close as possible to the experiment. Imperfect coupling like a non-optimal beam size,
oblique incidence, and focus position with respect to the input plane are currently under
our investigation.

3. Results and Discussion

The input parameters of the model were usually selected to be closely connected to
the experimentally measurable values: the pulse energy and duration, central wavelength,
focusing geometry, gas pressure, and HCW size. The model allowed for a variety of beam
profiles in the injection plane (Gaussian, truncated Gaussian, Bessel, etc.) as well as for an
arbitrary pressure profile along the z direction. The initial field could be specified in the
time or frequency domain.

The main result of the model was the electric field, E1(, z, t), or equivalently Eq (7, z, w),
inside the HCW, but additional results included (7, z) maps of the peak intensity and phase
of the electric field, as well as maps of the electron density and refractive index result after
propagation. Other quantities like the pulse energy, mode energies, mode amplitudes, and
spectral characteristics of the field could be extracted from the calculation.

3.1. Influence of Initial Beam Profile in Injection Plane

For technical reasons, many of the calculations reported in the literature [25,26] assume
that the IRP of the field at the entrance of an HCW is a Bessel profile. Indeed, the Gaussian
with a waist at an optimal coupling value, w = 2a/ 7, is very close to the fundamental
mode Eq; of propagation, which is a Bessel Jy(r/a) profile. As one can check in a simple
calculation, in HCW walls, the difference between the intensities of the two profiles is
less than 1%. However, we found that the propagation along the HCW was noticeably
dependent on the choice of the IRP. Figure 4 demonstrates this by showing the on-axis peak
intensity for the two profiles at two different He pressures, 50 and 500 torr, in an 8 mm-
long HCW, with a radius of 70 pm. The difference comes from the modal decomposition
(Equation (5)) of the two profiles. While the Bessel profile contained mainly the fundamental
mode, the Gauss profile also needed higher-order modes to be described properly, and
during propagation, the beating of these modes produced the oscillations of the total field.

o
1

——EH,, 55 Torr
——EH,, 550 Torr

o
|

IS
e

\ "] —— Gaussian 55 torr
\_// Gaussian 550 Torr

Peak intensity (10" W/cm?)

w

T T T
5 6 7 8

o
N
N4
w
I

z (mm)

Figure 4. The propagated axial intensity for an 8 mm-long HCW of a 140 um diameter, assuming
EHj; and a Gauss initial profile, for two gas pressures. A low-ionization case.

The effect of pressure for the two profiles is also shown in Figure 4. Here, the initial
ionization is low (around 1%), so the mode beating dominates the field behavior, and the
pressure value or pressure distribution has only a secondary role in shaping the field map.
The fact that the mode beating is dominant over the pressure value or pressure distribution
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has significance for HHG experimentalists as it gives a higher degree of freedom in choosing
the pressure which is favorable for phase matching.

For a gas with a lower ionization potential (Ar, 60 torr, 11% peak electron fraction), we
show the radially integrated electron fraction in Figure 5a and the on-axis peak intensity
in Figure 5b. Here, ionization plays an increasing role, and the Bessel profile also starts
showing mode beating. Indeed, plasma defocusing alters the initial EHy; profile and higher
modes come into play in order to describe the radial profile. However, the Gaussian case
shows a much closer agreement with Ar fluorescence measurements [27], reproducing the
position of the peaks and even the structure of the middle peak at z = 2 cm.

Q : : : : 25 : : - -
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5 5 E 2.0 "
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°,

% € 104
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High ionization
0 : : | : 05 : : ; .
0 1 2 3 4 5 0 1 2 3 4 5
z(cm) z(cm)

Figure 5. (a) Radially integrated electron fraction and (b) on-axis peak intensity for Gauss and Bessel
IRP. Gas, Ar; pressure, 60 torr.

For the Gaussian IRP, we also investigated the influence of imperfect coupling on
the field configuration. With reference to the optimal coupling in which the waist is
w=2/m-a=~0.64-a, we plot in Figure 6 the on-axis field dependence on the propagation
distance for two other cases: w = 0.61 - a (tighter focusing) and w = 0.67 - a (weaker
focusing). The initial field intensity is different but one can see that the mode beating yields
similar field oscillations; however, there is a higher/smaller contrast for weaker/tighter
focusing. This kind of result is useful for experimental situations in which the input plane
inside the HCW does not coincide with the focusing plane of the beam. The result presented
in Figure 6 suggests that this lack of coincidence is not very critical.

—w/a=0.64
— w/a=0.67
w/a=0.61

Intensity (10" W/cm?)

z (mm)

Figure 6. Dependence of field configuration on initial beam size with respect to HCW radius; here,
a=75um.

3.2. Beam Propagation in Modulated HCW

In various principle methods for HCW fabrication, we can build a large variety of
HCW geometries as well as various configurations for the gas flow inside the architecture
of the setup. The combination of these parameters can lead to interesting results concerning
the efficiency of the HHG process but also the spectral structure of the attosecond pulse
trains. One of the structures we want to consider for an HHG experiment is the HCW
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with a variable diameter. In such a structure, the mode beating has a variable period so
in principle one could control the evolution of the laser intensity and phase in order to
optimize the HHG yield.

We take here the simple cases of one cylindrical and two conical HCWs, the first
one with a constant diameter of 150 pm and the other two being conically convergent
(divergent) and having a linearly variable diameter starting from 150 (110) um at the beam
input and ending after 8 mm with a diameter of 110 (150) pm. A pulse of a 25 fs duration,
0.6 mJ energy, and 800 nm central wavelength propagated in He gas at a 1100 torr peak
pressure. The input peak intensity depended on the initial waveguide diameter as we
imposed the best coupling in each case. The on-axis peak intensities along the waveguide
are shown in Figure 7 for the three cases and demonstrate that by modulating the HCW
diameter one could control the evolution of the intensity (and phase, not shown here) inside
the HCW. For example, to prevent the decrease in the intensity in the second part of the
waveguide, due to pulse energy losses, one could use the conically convergent waveguide.
Using a similar configuration and a driving field of a wavelength centered at 2000 nm, we
demonstrated that a harmonic field enhancement could be obtained in spectral domains of
great practical interest, from 2.8 to 20 nm [28].

0o 1 2 3 4 5 6 7 8
124 : ; ' : v ) v 1200
114
NE 104 41000
(&) - .
s ° £
< . q800 o
o Cylindrical D150 [0}
N 74 ——Conical D150 - D110 S
> ——Conical D110 - D150 41600 o
= 6] 1]
) o)
5 a
L 5 400
C
£ 4]
3 . =200
o 1 2 3 4 5 6 17 8
z (mm)

Figure 7. On-axis peak intensity along the propagation distance for three different waveguides as
specified in the legend. The pressure profile for the cylindrical guide is reproduced from [28].

We also studied the case of micro-modulations in the HCW’s diameter, that is, the
ripples which came out from the fabrication process. The calculations are reported else-
where [19] and show that there were corresponding modulations in the field intensity,
having the same periodicity; but, modulations have small amplitudes, so the overall evolu-
tion remained the same as for an ideal waveguide. In addition, the evolution of the pulse
energy confirmed that the ripples enhanced the losses in the channel during propagation.

3.3. Scaling Femtosecond Pulse Propagation in HCW

As shown by Heyl et al. [29], paraxial nonlinear wave equations are scale-invariant
if spatial dimensions, gas density, and laser pulse energy are scaled appropriately. This
scaling applies also to the fields generated in nonlinear interactions like high-order har-
monics; therefore, it is of practical importance to see if this scaling is also valid for HCW
configurations. As demonstrated for the case of pulse propagation in free space [29], any
spatial and temporal modifications of the field induced by diffraction, dispersion, or a
nonlinear process are scale-invariant provided this nonlinear process is proportional to
the medium density. A demonstration of this scaling was performed via modeling for the
case of beam filamentation and harmonic generation in gas media, in which gas pressure
(density) was also scaled as p — p/ f>.
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The propagation Equation (3) for the electric field in the frequency domain is invariant
under the transformations specified in [29]: ¥ — fr,z — f?z,and Epyjse — f?Epuse, where
f is the scaling factor, r and z are the spatial coordinates, and E, s, is the pulse energy
(input or output). However, the solution of this equation is dependent on the boundary
conditions which are imposed by the propagation in a guided medium. As we saw in
previous sections, mode beating has a clear influence on propagation and induces field
intensity oscillations along the axis of the guide. It is therefore of interest to identify the
conditions in which the scaling applies for propagation in an HCW.

We analyzed two cases in which, essentially, the level of plasma density was different.
Shown in Figure 8a is the on-axis field intensity for the propagation in He gas at a 300 torr
maximum pressure and an electron fraction of about 3%. The basic case was a waveguide
of a radius of a2 = 35 um and length of L = 8 mm which propagated a pulse of 0.2 m] of
energy and a 35 fs duration. The scaled-down case with a factor of f = /2 yielded a length
of L =4 mm, a = 35/+/2 um, a 600 torr maximum pressure, and a 0.1 mJ pulse energy. In
both cases, the best coupling condition was imposed, with the waist in focus in the input
plane being 2/ 7t - a. If we estimate the rms error, /Y (I, — I5)2/ N, between the basic (I},)
and the scaled (I5) sets of N values, we obtain 0.03, namely a very good scaling process.

T T T T T T T T T T T T
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& 84 ( & 144 b

I a) ( )
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o 6 I o 1041 7\ f
= 0 /\ < \M [\ |\
25 > 8 AR
) J [~ ‘@ Nivs J \
c W LN \ c i \J
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Figure 8. On-axis peak intensity along the propagation direction for low- (a) and high- (b) ionization
conditions and a scaling factor of f = v/2 between them.

In order to estimate the influence of mode beating on scaling, we also ran a case which
was scaled down with f = V2, but the pressure was kept at 300 torr, as was L = 8§ mm .
The agreement was worse, with the rms error being 0.054, so it was almost double, but
all the details of the intensity variation along the propagation distance were preserved.
This indicates that at a low plasma density (which usually has the main contribution in
the refractive index but here was not dominant), the scaling was mainly due to the mode
beating. Indeed, the period of the mode beating was proportional to a?/A, so it obeyed
the same scaling with the propagation distance. In passing, we should mention that the
comparison between the split-step method used here and the Lumerical calculation was
performed in conditions of scaling, and this is clearly seen when one compares Figure 1a to
Figure 8a.

For the high-plasma-density case, all parameters were kept from the low-plasma
case, but the pulse energy was 0.4 m]J for the basic configuration, which created around a
58% electron fraction. As one can note in Figure 8b, the dependence on the propagation
direction was clearly different from the low-intensity case, especially in the second half
of the HCW. Here, the rms error was 0.23 so worsened with respect to the low-intensity
case, but the agreement was still good. Here again, we tested the influence of mode beating
on scaling by running a scaled-down case in which we kept a 300 torr pressure. As seen
in Figure 8b, the intensity along the axial direction preserved some of the features from
the basic configuration but had shifts in the spatial dimension and value; the rms error
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was 1.13 so scaling was not valid anymore. In this case we can say that the mode beating
preserved some features of the propagation, but when the pressure was not scaled properly,
the electron plasma broke the scaling.

It is interesting to understand the reason for the different evolution in the inten-
sity along the HCW in high-ionization conditions. The effective refractive index given
by Equation (2) includes two positive contributions (dispersion and Kerr) and a nega-
tive one proportional to electron density. We illustrate this in Figure 9a, where we plot
(1 —1ef7(r,2)), where 17,¢¢(r, z) is the effective refractive index (Equation (2)) generated
by the pulse itself at 0.4 m] of energy. Figure 9b shows the electron fraction map which
has the same pattern as the effective refractive index and proves the strong dependence of
the propagation conditions on electron plasma. Having in mind the radial decrease in the
intensity, we see that in regions close to the HCW axis, the refractive index is less than 1 but
increases towards unity in the peripheral parts close to the HCW walls. In this way, electron
plasma creates an additional (self-) guiding structure [8] with a size smaller than that of
the HCW radius which influences the periodicity of intensity oscillations. One can see
from these two maps that the guiding structure with a refractive index less than the unity
extends up to about 20 um. To check this assumption, we ran a low-intensity propagation
in an HCW of a 20 um radius and obtained a succession of maxima and minima in roughly
the same positions as the high-intensity case shown in Figure 8b.
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Figure 9. Maps of the effective refractive index (a) and electron fraction (b) for high-ionization
conditions inside an HCW of a 35 um radius.

3.4. Scaling High-Order Harmonic Generation

Once the driving field was calculated in a grid inside the waveguide, we calculated
the single-atom polarization P, (r,z, t) over the same grid and then integrated the wave
equation for the harmonic field Ej(r, z, t). This equation is similar to Equation (1) for the
driving field except for the free term which is the second derivative in time of Py, (r,z, t)
and is the source for the harmonic field. The non-linear polarization was calculated
by solving the Lewenstein integral using the strong-field approximation. Further, the
obtained polarization is the source term for solving the wave equation which describes
the propagation of the generated harmonics. A detailed description of this method can be
found in [28].

The Fourier transform of the time-dependent harmonic field allowed us to see how
individual harmonics were built up inside the waveguide. Given in Figure 10 are the maps
of the harmonic of the order 85 for the basic (a) and scaled-down (b) configurations. As
one can see, the build-up process is very similar for the two cases. The small difference
which can be seen towards the exit of the HCW is linked to the small differences seen in
Figure 8b between the basic and the scaled cases. One can also see in both maps that the
harmonic field exhibits spatial fringes as a function of both radial and axial coordinates.
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We assume that this structure is probably due to the build-up process in conditions of a
short coherence length.

The scaling law for the harmonic field is especially important for guided propagation.
If we integrate the harmonic field over the radial direction, we obtain the power spectrum.
In the case of scaling, the field remains constant but the power spectrum scales with /f.
While scaling in free space is limited by beam defocusing which induces a decrease in the
driving intensity for the case of an HCW, this decrease is not so dramatic and the validity
of the scaling is less limited. Here, we have to mention that the scaling conditions of
high-order harmonics generated by two-color waveforms incident into a gas-filled hollow
waveguide were analysed in detail in [25].

Figure 10. Maps of harmonics of the order 85 for the basic configuration (a) and for the scaled-down
configuration (b) for high-ionization conditions.

4. Conclusions

In conclusion, we investigated via numerical modeling the propagation of femtosecond
pulses and high-order harmonics generated in dielectric hollow-core waveguides. The
beam profile in the injection plane was found to be a critical choice for a realistic modeling.
The imperfect coupling of the beam with the HCW was accounted for, and its importance
for the experiment was estimated. Beam propagation in HCWs of variable sizes was
identified as a feasible way to control the evolution of the pulse along the waveguide.
Finally, the scaling of beam propagation and harmonic generation was investigated, and
the role of ionization in combination with guiding was demonstrated.

We built this model having in mind the necessity of exploring HHG in fabricated
HCWs which can be used in modulated geometries not explored until now. The recent
result of the model foresees the possibility of generating photons with wavelengths down
to the water window [28] by using conical waveguides. Here, we demonstrate that one can
also control the field intensity inside an HCW for Ti:Sa lasers at 800 nm. Applying scaling
for HHG in these kinds of new geometries opens a vast field of research aimed at obtaining
a high flux in photons in spectral regions of a high level of practical interest.
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