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Abstract: We present a theoretical study of the nonlinear dynamics of a long external cavity delayed
optical feedback-induced interband cascade laser (ICL). Using the modified Lang–Kobayashi equa-
tions, we numerically investigate the effects of some key parameters on the first Hopf bifurcation
point of ICL with optical feedback, such as the delay time (τf), pump current (I), linewidth enhance-
ment factor (LEF), stage number (m) and feedback strength (f ext). It is found that compared with τf, I,
LEF and m have a significant effect on the stability of the ICL. Additionally, our results show that
an ICL with few stage numbers subjected to external cavity optical feedback is more susceptible to
exhibiting chaos. The chaos bandwidth dependences on m, I and f ext are investigated, and 8 GHz
bandwidth mid-infrared chaos is observed.

Keywords: interband cascade laser; mid-infrared chaos; optical feedback; nonlinear dynamics

1. Introduction

As a mid-infrared semiconductor laser, the interband cascade laser (ICL) has made
significant progress in the last two decades [1–6]. The RAND Corporation reports that
mid-infrared lasers in the 3–5 µm band of the atmospheric transmission window have
good atmospheric transmission characteristics, lower transmission losses than other bands,
and are less susceptible to weather factors [7]. In addition, the mid-infrared band covers
the absorption peaks of many atoms and molecules [8]. Therefore, ICL can be used in
applications such as gas detection [9,10], clinical respiratory diagnosis [11] and free-space
optical communication [12].

In contrast to the quantum cascade laser (QCL), the ICL is a bipolar device, with
the electronic transition of the ICL occurring between the conduction and the valence
sub-bands [13]. Therefore, the carrier lifetime of the ICL is in the nanosecond order like
in more conventional semiconductor lasers. Furthermore, in recent experimental reports
the linewidth enhancement factor of the ICL was found to be about 2.2, which is much
higher than that of QCL [14,15]. Both of these characteristics suggest that when subjected
to external perturbation, the ICL will exhibit rich nonlinear dynamics. Wang et al.’s
recent experiments confirm that with external optical feedback the ICL exhibits periodic
oscillations and weak chaos [16]. 450 MHz low frequency oscillation (detector bandwidth
limited) chaos was observed. However, the route to chaos and the identification of the
means for obtaining strong chaos are open for detailed study. A recent report shows that
based on a QCL with external optical feedback, a generated mid-infrared low frequency
chaotic oscillation was used to achieve 0.5 Mbit/s message private free-space optical
communication [17]. To realize a much higher-speed message secure transmission, strong
broadband chaos is essential.

In this paper, modified Lang–Kobayashi equations are used to investigate the dynam-
ics of the ICL subject to external optical feedback. ICLs with short external cavities have
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been used to affect wavelength tuning [18]. In contrast, and with a view to performing
experiments with discrete devices [19–25], we focus on the case of optical feedback from
longer external cavities, wherein the external feedback delay time is larger than the oscilla-
tion relaxation time of the ICL [26]. The pump current, feedback strength, stage number
and linewidth enhancement factor effects on the stability of the ICL with optical feedback
are analyzed, and the influence of the stage number, pump current and feedback strength
on the bandwidth of chaos are investigated.

2. Theoretical Model

Figure 1a presents an ICL structure having three stages. Initially, the electron transition
in the ICL occurs between the first conduction sub-band and the first valence sub-band,
as indicated as Ee (blue potential well) and Eh (red potential well) in the left upper corner
in Figure 1a [27]. After the first electron transition, the electron reaches the second stage
conduction sub-band through interband tunneling and then repeats the electron transition
in the second stage and then in the third stage. Figure 1b is the schematic diagram of an
ICL subjected to external mirror feedback, where τf is the feedback time delay.
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Using appropriately modified Lang–Kobayashi equations, the rate equations for the
ICL with optical feedback are as follows [28,29]:
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where N(t), S(t) and ϕ(t) respectively represent the per stage carrier number, total photon
number of all gain stages and phase of the electric field. M is the number of gain stages, τsp
is the spontaneous radiation lifetime, and τaug is the Auger recombination lifetime. Since
the Auger recombination lifetime τaug in the ICL is smaller than the spontaneous radia-
tion lifetime τsp, τaug must be considered in the current-carrying dynamics. In principle,
the Auger coefficient has a carrier density dependence, as in ref. [30]. In this work, we
follow [29] in assuming a constant value for the Auger lifetime. η is the current injection
efficiency, Γp is the optical confinement factor per gain stage, νg is the group velocity of
light, g is the material gain per stage which is given by g = a0[N(t) − Ntr]/A. τp is the
photon lifetime, and k is the feedback coefficient which is given by k = 2Cl

√
fext/τin, where

τin is the internal cavity roundtrip time, fext is the feedback strength which is defined as the
power ratio between the feedback light and the laser output, and Cl is an external coupling
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coefficient. The external coupling coefficient can be expressed as Cl= (1 − R)/2
√

R, with
R being the reflection coefficient of the laser front facet facing the external mirror.

The steady-state solutions for the ICL operating above the threshold current are as
follows [29]:

N =
1
m

A
Γpvga0τp

+ Ntr (4)

S0 = mητp
I − Ith

q
(5)

Ith =
q
η

(
1
m

A
Γpvga0τp

+ Ntr

)(
1

τsp
+

1
τaug

)
(6)

The descriptions of other symbols and their values used in the simulation are given in
Table 1, as taken from [14,27,29–32]. The integration time step in the simulation is 0.1 ps.

Table 1. ICL parameters used in the simulations.

Parameter Symbol Value

Cavity length L 2 mm
Cavity width W 4.4 µm

Group velocity of light vg 8.38 × 107 m/s
Wavelength λ 3.7 µm
Active area A 8.8 × 10−9 m2

Facet reflectivity R 0.32
Refractive index nr 3.58

Optical confinement factor Γp 0.04
Stage number m 3–20

Injection efficiency H 0.64
Photon lifetime τp 10.5 ps

Spontaneous emission time τsp 15 ns
Auger lifetime τaug 1.08 ns

Threshold current Ith 19.8 mA (m = 5)
Feedback strength fext 0~30%

Time delay τf 1.5~5.0 ns
Differential gain a0 2.8 × 10−10 cm

Transparent carrier number Ntr 6.2 × 107

Spontaneous emission factor β 1 × 10−4

Linewidth enhancement factor αH 2.2

3. Numerical Results

We calculate the carrier number and photon number for an increasing bias current, as
shown in Figure 2a,b, respectively. It is found that the number of stages m has little effect
on the carrier number (in Figure 2a) but that it influences the photon number (in Figure 2b).
For relatively large numbers of stages such as m = 10 (red dashed curve), the output power
is much higher than in the case of m = 5 (black solid curve), as shown in Figure 2b.

3.1. Route to Chaos

Figure 3 shows the output of the ICL with external optical feedback as the feedback
strength increases, for the case of m = 5. The ICL output is stable when the feedback
strength fext ranges from 0 to 0.019%. Without feedback, that is fext = 0, the relaxation oscil-
lation frequency f R can be observed from the RF spectrum in Figure 3(d-i) to be 1.02 GHz.
This is in accordance with the value 1.035 GHz obtained by calculating the relaxation
oscillation frequency via the relation f R = (G0S0/τp)−1/2/(2π), where G0 = Γpvga0/A and
S0 are found from Equation (5). As the feedback strength increases, the ICL enters into
period-1 dynamics (ii), quasi-periodic dynamics (iii), weak chaos oscillations (iv), and then
displays strong chaos (v). The frequency of period-1 oscillations is 1.03 GHz, as shown
in Figure 3(d-ii), which is a little larger than the relaxation oscillation frequency shown



Photonics 2021, 8, 366 4 of 12

in Figure 3(a-ii). As the feedback strength increases, a quasi-periodic oscillation is found,
which is confirmed by the RF spectrum and phase diagram; that is, more frequencies are
induced in Figure 3(d-iii) and more loops are found in the phase in Figure 3(c-iii), respec-
tively. An irregular laser intensity oscillation is observed where the ICL enters into weak
chaos, as shown in Figure 3(a-iv). Although the highest peak in the RF spectrum is still at
1.03 GHz, more frequency components appear, as presented in Figure 3(d-iv). For a further
increase in the feedback strength, more complex nonlinear dynamics are introduced, hence
achieving strong mid-infrared optical chaos, as shown in Figure 3(a-v–e-v). In the optical
spectra of the chaos shown in Figure 3(e-v), many external cavity modes with a frequency
interval around 410 MHz are found. This can be confirmed from the auto-correlation
functions shown in Figure 3(b-v), where the sidelobe peak is at 2.4 ns, corresponding to a
cavity length of 36 cm.
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Figure 2. (a) Carrier number and (b) photon number vs. pump current. Black solid and red dashed 
curves represent stage numbers m = 5 and m = 10, respectively. 
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By using bifurcation diagrams, the dynamics of the ICL for increasing feedback
strength can be obtained, as shown in Figure 4(a-i) with m = 5 and Figure 4(b-i) with
m = 10. Maximum Lyapunov exponents [33,34] can be used to determine whether the ICL
output with external optical feedback is chaotic (red dots) or not (blue dots), as shown
in Figure 4(a-ii,b-ii). As shown in Figure 4(a-i), the route to chaos for a 10-stage ICL with
external optical feedback is from stable (S) to period-1 (P1), then quasi-periodic (QP) and
then chaos (C). This route is different from that of a 10-stage ICL where multiple-periodic
(MP) oscillations are observed. The number of stages m has an effect on the photon number
and phase, as presented in Equations (2) and (3), which results in different routes to chaos.

3.2. Hopf Bifurcation Analysis

In this section, we explore the stability of ICLs with external optical feedback. We first
compare two stage numbers, which are m = 5 and m = 10, to reveal the effects of the time
delay, bias current and linewidth enhancement factor on the Hopf bifurcation points. Then,
we ascertain how the Hopf bifurcation changes for stage numbers m in the range of 3 to 20.

The pump current is set a little above the threshold current, that is 1.1Ith. Figure 5
shows that the external cavity delay has little effect on the Hopf bifurcation point. As the
external cavity delay increases from 1.5 ns to 5.0 ns, the Hopf bifurcation point values,
that is the feedback power ratio where the ICL enters into P1, are around 0.02% to 0.33%.
As shown in Figure 5, there is a periodic dependence of the Hopf bifurcation point on
the external cavity delay time; for a 2.1 ns delay time, the value of the Hopf bifurcation
point reaches a maximum and the second peak is at 3.0 ns. As the delay time increases, the
differences between the Hopf bifurcation points reduce.
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To illustrate the pump current effects, the dependence of the Hopf bifurcation point
on bias current is investigated. In Figure 6a,b, two external cavity delays are compared,
viz τf = 2.0 ns and τf = 2.4 ns. As the pump current increases, the Hopf bifurcation point
gradually increases for both m = 5 (squares) and m = 10 (circles) cases, as well as for
τf = 2.0 ns and τf = 2.4 ns. Compared with τf = 2.4 ns, at τf = 2.0 ns there is a need for a
larger feedback power ratio to enable the ICL to enter an unstable state, which is around
1.3 times that of τf = 2.4 ns for a pump current of 3Ith. Since these two delays show
similar trends for the Hopf bifurcation point versus bias current, we focus our attention on
τf = 2.4 ns in the following results.
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increased stage number gives rise to an exponential increasing Hopf bifurcation point 
value, which indicates that ICLs with a large number of stages are more stable. 
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It is well-appreciated that the linewidth enhancement factor, αH, plays a crucial role in
semiconductor laser nonlinear dynamics. For common quantum well laser diodes, αH is in
the range of 2.0 to 5.0 [35,36]. A recent report shows that the below-threshold linewidth
enhancement factor of ICL is in the range of 1.1–1.4 [14]. Here, we calculate the Hopf
bifurcation point versus linewidth enhancement factor, which ranges from 1 to 5, as shown
in Figure 7. As the linewidth enhancement factor increases from 1 to 2, the Hopf bifurcation
point value reduces rapidly and then tends to be stable as αH increases further. Thus, as
expected, a small αH imparts the ICL with considerable dynamic stability.

For ICLs, the number of stages, m, is usually less than 20. Figure 8 shows the Hopf
bifurcation point value versus stage number with I = 1.5Ith, τf = 2.4 ns. It is seen that an
increased stage number gives rise to an exponential increasing Hopf bifurcation point
value, which indicates that ICLs with a large number of stages are more stable.
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3.3. Bandwidth of Chaos 
A broadband RF spectrum is one of the significant characteristics of chaos. The band-

width of chaos determines the range resolution of chaotic lidar [37], the bit rate of random 
sequence generation [38] and the transmission rate of optical chaos communications [39]. 
We use a conventional definition of bandwidth of chaotic signals as the frequency span 
between the DC and the frequency where 80% of the energy is contained [40], and inves-
tigate the bandwidth of mid-infrared chaos. Similar to regular quantum well laser diodes, 
the bandwidth of chaos from ICL with external optical feedback increases as the feedback 
power ratio increases, as shown in Figure 9. 
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Increasing the pump current and hence the relaxation oscillation frequency is ex-
pected to enhance the bandwidth of chaos, and this is confirmed in Figure 10. Here, we 
notice that mid-infrared chaos from ICL with different stage numbers has the same in-
creasing tendency. Once the pump current increases to 2Ith, a 6 GHz chaos bandwidth is 
obtained when the stage number is 10, and a 8 GHz chaos bandwidth can be achieved 
with 3Ith, as shown in Figure 10. 
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3.3. Bandwidth of Chaos

A broadband RF spectrum is one of the significant characteristics of chaos. The band-
width of chaos determines the range resolution of chaotic lidar [37], the bit rate of random
sequence generation [38] and the transmission rate of optical chaos communications [39].
We use a conventional definition of bandwidth of chaotic signals as the frequency span
between the DC and the frequency where 80% of the energy is contained [40], and investi-
gate the bandwidth of mid-infrared chaos. Similar to regular quantum well laser diodes,
the bandwidth of chaos from ICL with external optical feedback increases as the feedback
power ratio increases, as shown in Figure 9.
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Increasing the pump current and hence the relaxation oscillation frequency is expected
to enhance the bandwidth of chaos, and this is confirmed in Figure 10. Here, we notice
that mid-infrared chaos from ICL with different stage numbers has the same increasing
tendency. Once the pump current increases to 2Ith, a 6 GHz chaos bandwidth is obtained
when the stage number is 10, and a 8 GHz chaos bandwidth can be achieved with 3Ith, as
shown in Figure 10.
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width of the chaos is due to the relaxation oscillation frequency of the ICL increasing with 
the number of stages. 
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The stage number effect is presented in Figure 12, where m ranges from 3 to 20 and 
the pump currents are 1.1Ith (black squares) and 2Ith (red circles). Although the increase in 
bandwidth for the relatively high pump current, 2Ith, is faster than that of the relatively 
low pump current, 1.1Ith, the tendency of the stage number effects is the same, that is the 
bandwidth of chaos increases as the stage number increases. This tendency is verified in 
Figures 9–11. 

Figure 10. Bandwidth of chaos vs. bias current when f ext = 28% and τf = 2.4 ns with m = 5 (black
squares), m = 10 (red circles).

Figure 11 respectively presents the time series, auto-correlation, phase diagram, RF
spectrum and optical spectral of mid-infrared chaos for m = 5 (in Figure 11a) and m = 10 (in
Figure 11b). This indicates that for relatively high number of stages the bandwidth of chaos
from ICLs is further enhanced, as shown in Figure 11(a-iv,b-iv). The enhanced bandwidth
of the chaos is due to the relaxation oscillation frequency of the ICL increasing with the
number of stages.
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Figure 11. Output chaos of ICL with external optical feedback as stage number increases with I = 1.9Ith, τf = 2.4 ns and
fext = 28%. (a) m = 5, (b) m = 10. Columns (i–v) are TS, ACF, PP, RFS, OS, respectively.

The stage number effect is presented in Figure 12, where m ranges from 3 to 20 and
the pump currents are 1.1Ith (black squares) and 2Ith (red circles). Although the increase in
bandwidth for the relatively high pump current, 2Ith, is faster than that of the relatively
low pump current, 1.1Ith, the tendency of the stage number effects is the same, that is the
bandwidth of chaos increases as the stage number increases. This tendency is verified in
Figures 9–11.
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By using Maximum Lyapunov exponents, we distinguish chaos from QP, and calcu-
late the 80% energy power bandwidth versus feedback power ratio and pump current, as 
shown in Figure 13. By using dashed curves, we distinguish QP and C, while the white 
region represents the stable(S) output. It is found, in Figure 13a, that S is observed for a 
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below 1.2Ith, and the feedback power ratio is around 28%, as indicated in the bottom right 
corner of Figure 13b. S is also observed for m = 10 when the bias current is higher than 
2.16Ith and the feedback power ratio is less than 4%, as seen in Figure 13b. These results 
indicate that an ICL with a relatively high bias current will exhibit S, QP and then enter 
into C as the feedback power ratio increases. As the stage number increases from 5 to 10 
and the ICL is subject to a relatively high bias current, both S and QP regions are extended, 
as shown towards the left of Figure 13a,b. This confirms that for relatively few stage num-
bers an ICL with external optical feedback is amenable to exhibiting chaos. The results for 
both cases confirm that in order to obtain broadband mid-infrared chaos, one needs a rel-
atively high pump current as well as a large feedback power ratio. Furthermore, a 8 GHz 
bandwidth of mid-infrared chaos can be obtained for m = 10, as shown in the top right 
corner of Figure 13b. 

 
(a) 

Figure 12. Bandwidth of chaos vs. stage number I = 1.1Ith (black squares) and I = 2Ith (red circles)
with τf = 2.4 ns.

By using Maximum Lyapunov exponents, we distinguish chaos from QP, and calculate
the 80% energy power bandwidth versus feedback power ratio and pump current, as shown
in Figure 13. By using dashed curves, we distinguish QP and C, while the white region
represents the stable(S) output. It is found, in Figure 13a, that S is observed for a small
number of stages m = 5 when the bias current is below 1.2Ith and the feedback power
ratio is in the range of 4% to 30%. Stable output is also found in the top left corner of
Figure 13a. For a large stage number, that is m = 10, S is observed when the pump current is
small, below 1.2Ith, and the feedback power ratio is around 28%, as indicated in the bottom
right corner of Figure 13b. S is also observed for m = 10 when the bias current is higher
than 2.16Ith and the feedback power ratio is less than 4%, as seen in Figure 13b. These
results indicate that an ICL with a relatively high bias current will exhibit S, QP and then
enter into C as the feedback power ratio increases. As the stage number increases from
5 to 10 and the ICL is subject to a relatively high bias current, both S and QP regions are
extended, as shown towards the left of Figure 13a,b. This confirms that for relatively few
stage numbers an ICL with external optical feedback is amenable to exhibiting chaos. The
results for both cases confirm that in order to obtain broadband mid-infrared chaos, one
needs a relatively high pump current as well as a large feedback power ratio. Furthermore,
a 8 GHz bandwidth of mid-infrared chaos can be obtained for m = 10, as shown in the top
right corner of Figure 13b.
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4. Discussion 
A mid-infrared chaotic laser will be a promising source for implementing secure free-

space optical communication. In this paper, we show how to obtain broadband mid-in-
frared chaos using an ICL with long-cavity optical feedback. The analysis of the laser sta-
bility is effected by identifying the Hopf bifurcation point. From such considerations we 
find that ICLs with a relatively small number of stages are more unstable and thus sus-
ceptible to exhibiting chaos. The chaos bandwidth of the ICL is related to the relaxation 
oscillation frequency, which increases linearly with the cube root of the stage number and 
laser pump current. Therefore, to obtain broadband chaos from an ICL there is a need for 
a high pump current, large number of stages as well as strong optical feedback strength. 
Our calculations show that 8 GHz bandwidth mid-infrared chaos can be generated using 
a 10-stage ICL biased at three times the threshold current. With the availability of such 
broadband mid-infrared chaos, it is expected that of-order Gbit/s secure free-space optical 
communication is feasible. 
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4. Discussion

A mid-infrared chaotic laser will be a promising source for implementing secure
free-space optical communication. In this paper, we show how to obtain broadband mid-
infrared chaos using an ICL with long-cavity optical feedback. The analysis of the laser
stability is effected by identifying the Hopf bifurcation point. From such considerations
we find that ICLs with a relatively small number of stages are more unstable and thus
susceptible to exhibiting chaos. The chaos bandwidth of the ICL is related to the relaxation
oscillation frequency, which increases linearly with the cube root of the stage number and
laser pump current. Therefore, to obtain broadband chaos from an ICL there is a need for
a high pump current, large number of stages as well as strong optical feedback strength.
Our calculations show that 8 GHz bandwidth mid-infrared chaos can be generated using
a 10-stage ICL biased at three times the threshold current. With the availability of such
broadband mid-infrared chaos, it is expected that of-order Gbit/s secure free-space optical
communication is feasible.
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Abbreviations
The following abbreviations are used in this manuscript:
ICL interband cascade laser
LEF linewidth enhancement factor
QCL quantum cascade laser
TS time series
ACF autocorrelation curves functions
PP phase portrait
RFS radio-frequency spectrum
OS optical spectral
S stable
P1 period-1
QP quasi-periodic
MP multiple-periodic
C chaos
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