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Abstract: We have numerically investigated the dynamics of frequency shifts in semiconductor lasers
under the injection of a frequency comb. We have studied the effect of comb spacing on the locking
bandwidth. Frequency comb spacing was found to play an important role in the boundaries of the
locking bandwidth as well as in the frequency shift of the SL peak.
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1. Introduction

Frequency combs have been used in semiconductor lasers since 1992 [1]. In terms of
optically injected semiconductor lasers, frequency combs have been studied in different
aspects, including comb generation [2–6], selective amplification of the comb [7], producing
low-noise microwave signals [8,9], optoelectronic millimeter-wave synthesis [10] and full-
duplex coherent optical system [11]. As a key component in communication systems, the
investigation of the frequency and its stabilization in semiconductor lasers has been under
investigation since 1988 [12,13]. One of the major techniques to stabilize the frequency in
semiconductor lasers is optical injection locking [14]. We have previously reported the
dynamics of semiconductor lasers under dual optical injection [15,16]. The additional signal
was found to enhance the chaos and control the stability map. Arfan et al. [17] have shown
that the injected laser can lock to equipartition points in frequencies between two adjacent
modes or each individual frequency of the master laser. In 2014, analytical and numerical
calculations were performed for a semiconductor laser under the injection of a frequency
comb [18]. The study found that the locking depends on the separation of the comb and
the identification of three major regions of unique amplifications. Later on, another study
identified important criteria to maximize the frequency locking range of the semiconductor
laser under the injection of a frequency comb [19]. It was also found that the slave laser
under the injection of a frequency comb undergoes two different mechanisms, in which
the output of the frequency comb separation is decreased [20]. The study also found that
the relaxation oscillations of the injected laser can lock to the harmonics of the injected
optical comb, generating extra tones in the optical comb around the slave laser’s frequency.
Recently, a comprehensive theoretical and experimental study investigated the variety
of nonlinear dynamics exhibited by a single-frequency semiconductor laser subjected to
optical injection from a frequency comb [21]. By varying the comb parameters (number
of lines and comb spacing), a rich variety of nonlinear dynamics was identified including
wave mixing and irregular chaotic pulsing. In this study, we numerically investigate the
effect of frequency comb spacing on the locking bandwidth and on the frequency shift of
the slave laser. The locking maps for different comb spacings are drawn and discussed.
The frequency shifts are extracted from the maps and analyzed.

2. Materials and Methods

Our model is based on Lang’s approach [22], where the system is described by three
differential equations for electric field amplitude, phase and carrier density. Before we
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elaborate on the model, let us introduce the frequency comb, which will be injected inside
the cavity of the slave laser (SL). Our SL is assumed to be a single-mode DFB laser. The
frequency comb consists of five peaks as shown in Figure 1. The central peak is f3 and the
spacing between the peaks is ∆, which is constant in each case as will be shown later. The
intensity of the peaks (and hence the injection level) is equal.
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Figure 1. The frequency comb used in our simulation.

The rate equation for the SL for electric field amplitude, phase and carrier density, can
be expressed respectively, as follows:

d
dt

Eo(t) =
1
2

GN ∆N(t)Eo(t) + η
[
∑ Em cos(∆φm)

]
(1)

d
dt

φo(t) =
1
2

αGN ∆N(t) + η

[
∑

Em

Eo(t)
sin(∆φm)

]
(2)

d
dt

N(t) = J − N(t)
τs

− GN(N(t)− No)E2
o(t) (3)

where Eo (t) is the electric field of the SL, GN is the material gain coefficient, ∆N(t) is
the population inversion (N–Nth) where N is the carrier density and Nth is its value at
threshold, η is the coupling coefficient, m represents the order of the frequency in the comb
(m = 1, 2, 3, 4, 5), ∆φm = ∆ωmt − φo(t), where ∆ωm = ωm − ωo (the angular frequency
detuning between the free-running SL laser and the master signals MLm), φo(t) is the SL
phase, α is the linewidth enhancement factor and No is transparent carrier density. J is the
injected current density and τs is the lifetime for spontaneous emission and non-radiative
recombination. The injection strength Km, can be defined as the ratio of the injected field

(Em) to the free-running SL field (Eos), which is given by Eos =
√

τp(J − Nth/τs), where
τp is the photon lifetime. Note that throughout our simulation the injection level of the
comb peaks is kept equal. In terms of the locking map, the map is drawn considering
the detuning and injection level of the central peak (i.e., f3). We numerically perform full
integration for the rate Equations (1)–(3) using Runge–Kutta method. The theoretical power
spectra were obtained through fast Fourier transform (FFT). The dominant peak is then
recorded to determine the dynamic of the system (locking, pulling, pushing, etc.). The
parameters used in our simulation are obtained through experimental characterization of
the SL [22], and are shown in Table 1.
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Table 1. Parameters used in our simulation.

Parameter Symbol Value

Wavelength λ 1556.6 nm
Differential Gain GN 1.4 × 10−12 m3 s−1

Carrier lifetime τs 0.43 ns
Photon lifetime τp 1.8 ps
Coupling rate η 9 × 1010 s−1

Transparency carrier density No 1.1 × 1024 m−3

Threshold carrier density Nth 1.5 × 1024 m−3

Normalized injection current I/Ith 2

3. Results and Discussion

In order to study the dynamics of the frequency shift, we first draw the locking map
of the system. The master frequency comb MLm (with the spacing ∆ = 0.2 GHz) is injected
inside the cavity of the SL. Its central peak (f3) is then swapped from −20 GHz to +20 GHz
at each injection level (from 0 to 0.7) to draw the map shown in Figure 2. We record the
SL peak position at each point so that the map shows the frequency shift all over the map.
The inset on the right shows the general characteristics of the locking map. The map looks
like a typical injection locking map but it appears wider than the case in a single injection
and that is obviously because the injected signal consists of five peaks. Inside the locking
region (marked locked in the inset), the SL is unstably locked to the comb signals. The
stability condition is that the side peak, including the relaxation oscillation frequency (ROF),
should be lower than −20 dB [23]. This condition is not fulfilled in this case and the map
showed only the unstable locking region. Therefore, the frequency shifts of the SL (inside
the locking region) have the same frequency detuning value, meaning that the SL is locked
to the ML.
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Figure 2. The locking map of the SL under the injection of a frequency comb with ∆ = 0.2 GHz. The
inset shows the general characteristics of the map. The labels (a–d) indicate the operation points at
which the stability maps in Figure 4 are taken.

It can also be seen that the lower boundary of the locking bandwidth has a clear
intermittency in the locking shown by the small locking islands outside the band. This
region was previously reported as having chaotic behavior in the case of a single optical
injection [15]. In terms of the frequency shifts, we observe frequency pushing outside the
locking bandwidth. That is to say, the SL shift is positive when the comb is injected in the
negative detuning side (outside the locking bandwidth) and vice versa. In this region, we
have previously reported the frequency-pulling effect that leads to the secondary locking
region (SLR) in semiconductor lasers under single and dual optical injections [24]. This
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behavior was attributed to the carrier density dynamics [22]. Frequency pushing was also
reported before for single [25] and dual [26] optical injections. This pushing was found in
the low injection region and was also attributed to the variation in carriers’ density. We
shall elaborate on this pushing later on. To show the locking and pushing described before,
we recorded the power spectra of the SL at four different points (a, b, c, and d) shown in
Figure 2. The corresponding spectra are shown in Figure 3.
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Figure 3. Power spectra of the system at the points marked in Figure 2. The insets are magnification
part of the spectra as indicated by the arrows.

In Figure 3a, the comb is injected outside the locking region (at label a in Figure 2,
∆f = −13 GHz and K = 0.1). The SL is not locked to the comb but rather pushed to the
positive detuning side as shown in the inset. However, due to the gain inside the cavity,
the comb number and power largely altered according to their position relative to the SL
peak. Figure 3b shows the spectra when the comb is injected inside the locking bandwidth
(at label b in Figure 2, ∆f = −6 GHz and K = 0.5). The SL is locked to the comb with
the generation of many small combs (four-wave mixing FWM) around the SL peaks with
the same spacing value. The same behavior is observed when the comb is injected in the
positive detuning side (at label c in Figure 2, ∆f = 10 GHz and K = 0.7). The spectra of such
behavior are shown in Figure 3c. Finally, when the comb is injected outside the locking
region in the positive detuning side (at label d in Figure 2, ∆f = 15 GHz and K = 0.1), the SL is
pushed towards the negative detuning side as shown in Figure 3d. Note here that the cavity
mode spacing in our model is about 0.3 nm according to our characterization [22]. Since
our laser is assumed to be a single-mode DFB laser and is driven far above the threshold
(see Table 1), the effect of mode spacing can be neglected. This spacing is believed to play
a major role in the dynamics if the SL is driven near the threshold where the Amplified
Spontaneous Emission can be noticed.

To see the effect of the comb on the locking map, we generate the locking map for
different comb spacing (∆ = 0.2, 0.4, 0.6 and 0.8 GHz), as shown in Figure 4. As can
be seen in the figure, the main effect of the comb spacing on the map appears on the
boundaries of the map, especially on the negative detuning side. As the spacing increases,
the intermittency at the boundary of the map is enhanced. At higher spacing (0.6 and
0.8 GHz), this intermittency appears inside the locking bandwidth in the negative detuning
side and at high-frequency detuning, as shown in Figure 4c,d. There are many spots at
which the SL is not locked to the comb but pushed (the green spot inside the locking
bandwidth). This clearly indicates that the comb spacing has a crucial effect on the locking
map. This can be attributed to the fact that higher spacing provides a better opportunity
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for the FWM and other nonlinear dynamics to occur in the negative detuning side, where
chaos is reported in the single optical injection case [15].
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(a) ∆ = 0.2 GHz, (b) ∆ = 0.4 GHz, (c) ∆ = 0.6 GHz and (d) ∆ = 0.8 GHz. The vertical and horizontal
white lines in (a) indicate the lines at which the frequency shift in Figures 5 and 6 are extracted.

Now, we investigate the frequency shifts extracted from the maps above. We first scan
the shift as a function of frequency detuning at constant injection levels (0.1, 0.3, 0.5 and 0.7),
as shown by the vertical white lines in Figure 4a. The extracted frequency shifts are shown
in Figure 5. As expected, the frequency shift is more evident with a low injection level (at
0.1, i.e., Figure 5a). In this case, the SL peak experiences first frequency pushing when the
comb is injected far away from the free-running SL. As the injected comb approaches the
locking bandwidth, the SL peak is pulled toward the injected signals. These behaviors are
attributed to the dynamics of carrier density inside the cavity of the SL.

As the injection level increases (to 0.3, i.e., Figure 5b), the frequency shift is clearly
damped due to the carriers’ suppression. For higher injection levels (0.5 and 0.7, i.e.,
Figure 5c,d), the maps are covered by the locking region so that the frequency shift is
always equal to the frequency detuning except for a few points here and there, especially at
higher comb spacings.

We have also scanned the frequency shift horizontally in the maps as a function of the
injection levels at constant frequency detunings (the horizontal white lines in Figure 4a, at
∆f = 15, 7, 0, −7, −15 GHz). The extracted shifts are shown in Figure 6. At ∆f = −15 GHz,
both frequency pushing and pulling are observed, as shown in Figure 6a. However, at
∆f = +15 GHz, we only observed frequency pushing, as shown in Figure 6b. This is
probably due to the asymmetric characteristics originating from the value of the linewidth
enhancement factor (LEF) as reported before in the case of a single optical injection [27].

In the case of ∆f = −7 and 7 GHz shown in Figure 6c,d, we only observe frequency
pulling as the locking bandwidth is very close. Finally, when the comb is injected at the
same frequency as the free-running SL (∆f = 0 GHz, i.e., Figure 6e), we observe that the
SL is slightly shifted towards the positive detuning side at a low injection level (<0.2), and
for higher than that, the SL peak is shifted towards the negative detuning side. This is
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again due to the change in the refractive index caused by the change in carriers’ density
and described by the LEF.
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Finally, we concentrate on the frequency pushing occurring at a low injection level
(K = 0.1) when the comb is injected very far from the free-running SL (i.e., at ∆f > 10 GHz
and ∆f > −10 GHz), as shown in Figure 7. In other words, this figure is a magnification of
parts of Figure 5a. It can be seen that the frequency pushing in general is enhanced as the
spacing of the comb increases. The spread of the data is due to the fact that the dominant
peak in the comb is not always the same and changes as the comb is detuned closer or
further from the free-running SL. This random FWM can also cause the frequency pulling
shown in some points in the figure (red and green).
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4. Conclusions

We have shown theoretically that the frequency comb spacing has a crucial role in the
locking map of a semiconductor laser under the injection of the frequency comb. As the
comb spacing increases, the boundaries of the locking area become intermittent, especially
the lower boundary at the negative detuning side. This spacing of the comb has been found
to affect the frequency shift of the free-running SL outside the locking bandwidth. These
results are believed to contribute to a better understanding of the frequency comb injection
as they can be utilized in many modern communication applications. Future work should
include the effect of changing the number of the comb lines, varying the power of the lines,
the dynamics of carriers’ density and the experimental validation of these results.
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