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Abstract

:

The family of Poincaré beams has three parameters, including two real-valued angular parameters, which specify a definite polarization state on the Poincaré sphere, and a third integer parameter n specifying the beam singularity order. We show theoretically and through a numerical simulation that, while being inseparable and not allowing for the separation of polarization and orbital degrees of freedom in the general case, the Poincaré beams display remarkable properties when tightly focused. We find that at n = 2, a reverse energy flow occurs near the optical axis, which is mathematically expressed as the negative projection of the Poynting vector. We also reveal that given certain parameters of the Poincaré beams, the energy flow rotates around the optical axis due to spin–orbital conversion. We also reveal a radial optical Hall effect that occurs at the tight focus of Poincaré beams, when the on-axis components of the spin angular momentum vector have different signs on certain different-radius circles centered at the focal spot center.
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1. Introduction


Among the recipients of the 2022 Nobel Prize in physics, A. Zeilinger was recognized for research in quantum entanglement between photons. By way of illustration, his work [1] has amassed 6000+ citations. As far as photons are concerned, (hybrid) quantum entanglement (in terms of both polarization and angular momentum) implies that two photons are in superposition, and can be described by the expression [2]:


   | ψ 〉  = a  | H 〉   | l 〉  +  e  i δ     1 −  a 2     | V 〉   |  − l  〉  ,  








where H and V stand for the horizontal and vertical polarization vectors, l is the orbital angular momentum (OAM) of photon or topological charge, a is the weight coefficient (probability density of detecting the photon state), and δ is the phase delay. At a =   1 /  2   , the state    | ψ 〉    becomes fully entangled. It turns out that similar entanglement may be found in classical physics and refers to a light field described by the on-axis superposition of two vortex laser beams with different polarization states and different topological charges. Physically, a classical entangled state is when the light field is impossible to describe as a direct product    | P 〉   |  O A M  〉   , with no way to simultaneously determine a particular polarization state    | P 〉    and a particular OAM state    |  O A M  〉    of the light field of interest. Hence, the light field described by the aforementioned superposition is ill-defined. In this work, we discuss an example of ill-defined light fields in the form of a wide class Poincaré beams [3,4], which include linearly and circularly polarized vortex laser beams and cylindrical vector beams [5]. Below, we show that given specific parameters, remarkable optical effects occur at the tight focus of such beams, including a reverse on-axis energy flow [6,7] and an optical Hall effect [8]. The optical Hall effect is divided into spin (SHE) [9,10,11,12,13], orbital [14], and spin–orbital [15] Hall effects. An optical Hall effect occurs due to the conservation of angular momentum of light and spin–orbit interaction. As a rule, the optical Hall effect occurs because of the light–medium interaction, for instance when light reflects at a metasurface [16]. What we are more interested in is studying the SHE that occurs without the involvement of medium and microparticles, but by tightly focusing laser beams propagating in free space (see review [17]). For instance, an off-axis focal spot has been shown to be generated by passing a tightly focused vortex laser beam through an aperture [18]. In this work, analyzing the free-space propagation of Poincaré beams, we show that given specific parameters, there is a transverse energy flow at the tight focus, rotating about the optical axis clockwise or anticlockwise. We also reveal that at the tight focus, a radial spin Hall effect occurs, when on-axis spin angular momentum (SAM) projections (that may be looked considered as ‘spin’) have different signs on different-radius circles centered at the optical axis. That is, on the different-radius circles, vectors of elliptic polarization rotate oppositely.




2. Inseparability of Vector and Spatial Degrees of Freedom


In a previous work [19], we derived expressions to describe an intensity pattern from Poincaré beams at the tight focus. In this work, our purpose is to derive expressions for Poynting vector projections and an on-axis projection of the SAM at the tight focus of the Poincaré beam. However, beforehand it makes sense to discuss the topic of inseparability (entanglement) of polarization and spatial degrees of freedom of the Poincaré beam.



The light beams for which the polarization state is described by unit vectors on a Poincaré sphere are described by a Jones vector given by [3,4]:


    E  P  ( φ ) =  1   2     (    a  e  − i n φ   + b  e  i n φ       i a  e  − i n φ   − i b  e  i n φ      )   



(1)




where a = cos(θ/2)e−iψ/2, b = sin(θ/2)eiψ/2, a2 + b2 = 1, θ and  ψ  are the polar and azimuthal angles on the sphere, and n is an integer number that describes the topological charge of the optical vortex or the order of cylindrical (azimuthal or radial) polarization. Beam (1) can be represented as the superposition of two beams where one has right-handed and the other has left-handed polarization:


   1   2     (    a  e  − i n φ   + b  e  i n φ       i a  e  − i n φ   − i b  e  i n φ      )  =   a  e  − i n φ      2     (    1     i    )  +   b  e  i n φ      2     (    1     − i    )  = a  e  − i n φ    | R 〉  + b  e  i n φ    | L 〉  ,  



(2)




where    | R 〉    and    | L 〉   , respectively, denote Jones vectors for the right- and left-handed polarization. Considering that a2 + b2 = 1, Equation (2) can be rearranged as:


    E  p  ( φ ) =  γ   e  − i n φ    | R 〉  +   1 − γ    e  i n φ    | L 〉  ,   γ =  a 2  .  



(3)







The two quantities are said to be inseparable [20,21,22] when it not possible to represent the vector field as the direct product of the spatial scalar function by a Jones vector that describes the polarization state of the field. In other words, the vector field of inseparable quantities is not able to be represented as   U ( r , φ , z )  | P 〉  ,   where   U ( r , φ , z )   is a scalar function that describes the solution of a paraxial Helmholtz equation and    | P 〉    is the state of transverse polarization of a paraxial light beam.



The entanglement notion is a classical analog of quantum entanglement [1,2,20,21,22]. The degree of inseparability is defined based on Neumann’s entropy Ent, which, in a simple case of Equation (3), is given by:


  E n t  (   E p   )  = −  [  γ   log  2  ( γ ) + ( 1 − γ )   log  2  ( 1 − γ )  ]   



(4)







Entropy in Equation (4) lies in the range 0 < Ent(Ep) < 1. If entropy is zero, the vector field is fully separable; if entropy equals unity, the vector field is fully (maximally) inseparable. At γ = 1/2, the Poincaré beam is maximally inseparable. In this case,   a = b = 1 /  2   , which means that the Poincaré beam with maximal inseparability is identical to an n-th-order cylindrical vector beam:


    E  P  ( φ ; a = b = 1 /  2  ) =  (    cos ( n φ )     sin ( n φ )    )  .  



(5)







At other values of a and b, the Poincaré beams in Equation (1) are partially inseparable, and if one of the parameters equals zero (either a = 0 or b = 0), the Poincaré beams become separable circularly polarized vortex beams. Hereinafter, we analyze what happens with beam (1) at the tight focus.



We note that exact solutions of a Helmholtz equation in spherical coordinates, as well as all six projections of the electric and magnetic fields for non-paraxial laser modes, were deduced in Ref. [23]. A linear combination of such beams produces hybrid vector beams that may be looked upon as an example of beams with partial inseparability.




3. Flow Energy at the Tight Focus of the Poincaré Beam


Using Richards–Wolf formalism [24], projections of the electric and magnetic fields at the tight focus of the Poincaré beam (1) can be derived in the form:


     E x  =    i  n − 1      2     [   (  b  e  i n φ   + a  e  − i n φ    )   I  0 , n   +  (  b  e  i ( n − 2 ) φ   + a  e  − i ( n − 2 ) φ    )   I  2 , n − 2    ]  ,      E y  =    i n     2     [   (  a  e  − i n φ   − b  e  i n φ    )   I  0 , n   −  (  a  e  − i ( n − 2 ) φ   − b  e  i ( n − 2 ) φ    )   I  2 , n − 2    ]  ,      E z  =  2   i n   (  b  e  i ( n − 1 ) φ   + a  e  − i ( n − 1 ) φ    )   I  1 , n − 1   ,      H x  =    i n     2     [   (  b  e  i n φ   − a  e  − i n φ    )   I  0 , n   +  (  b  e  i ( n − 2 ) φ   − a  e  − i ( n − 2 ) φ    )   I  2 , n − 2    ]  ,      H y  =    i  n − 1      2     [   (  b  e  i n φ   + a  e  − i n φ    )   I  0 , n   −  (  b  e  i ( n − 2 ) φ   + a  e  − i ( n − 2 ) φ    )   I  2 , n − 2    ]  ,      H z  =  2   i  n + 1    (  b  e  i ( n − 1 ) φ   − a  e  − i ( n − 1 ) φ    )   I  1 , n − 1   .    



(6)







In Equation (6), the notation Iν,μ stands for integrals that depend just on the radial variable r:


   I  ν , μ   =  (    4 π f  λ   )     ∫ 0   θ 0       sin   ν + 1   (  θ 2  )   cos   3 − ν   (  θ 2  )      cos   1 / 2   ( θ ) A ( θ )  e  i k z cos θ    J μ  ( x ) d θ ,  



(7)




where f is the focal length of an aplanatic optical system (an ideal spherical lens), λ is the wavelength, NA = sin θ0 is the numerical aperture, Jμ(x) is the Bessel function of the first kind and μth order, x = kr sin θ, and (r, φ, z) are the cylindrical coordinates. The function A(θ) can be in the form of Gaussian or Bessel–Gaussian function or a constant (plane wave).



Using Equation (6), we can write a relationship for the intensity distribution across the focal spot:


    I ( r , φ ) =   |   E x   |  2  +   |   E y   |  2  +   |   E z   |  2      =  I  0 , n  2  +  I  2 , n − 2  2  + 2  I  1 , n − 1  2  + 2 sin θ cos  (  2 ( n − 1 ) φ + ψ  )   (   I  0 , n    I  2 , n − 2   + 2  I  1 , n − 1  2   )  .    



(8)







From Equation (8), it is seen that at sinθ = 0, the intensity pattern at the focus is radially symmetric and independent of the polar angle φ. Specifically, at n = 0, 1, 2, the focal spot forms a circle, but at n > 2 or n < 0, the focal spot forms a ring. At sinθ ≠ 0, the focal spot is devoid of radial symmetry, depending on the polar angle φ and index n in Equation (8).



By using relationships for the field projections in Equation (6), we obtain Poynting vector projections (energy flow density) in the form [24]:


   P  =  c  2 π   Re  (   E  * ×  H   )   



(9)




where E and H are the electric and magnetic field vectors, * denotes complex conjugation,  ×  indicates the vector product, and c is the speed of light in vacuum. Hereinafter, the constant c/(2π) is neglected. Substituting the relationships for electromagnetic field projections at the focus in Equation (6) into Equation (9) yields:


     P x  = 2  (     | a |   2  −    | b |   2   )  sin ( φ )  I  1 , n − 1    (   I  0 , n   +  I  2 , n − 2    )  ,      P y  = − 2  (     | a |   2  −    | b |   2   )  cos ( φ )  I  1 , n − 1    (   I  0 , n   +  I  2 , n − 2    )  ,      P z  =  I  0 , n  2  −  I  2 , n − 2  2  .    



(10)







In view of the relationships for the parameters a and b from Equation (1), the Poynting vector projections of Equation (10) at the focus can be rewritten as:


     P x  = 2 cos ( θ ) sin ( φ )  I  1 , n − 1    (   I  0 , n   +  I  2 , n − 2    )  ,      P y  = − 2 cos ( θ ) cos ( φ )  I  1 , n − 1    (   I  0 , n   +  I  2 , n − 2    )  ,      P z  =  I  0 , n  2  −  I  2 , n − 2  2  .    



(11)







In Equation (11), the angle θ is a parameter that defines a point on the Poincaré sphere of polarization states. The transverse Poynting vector projections in Equation (11) can be converted from the Cartesian to the polar coordinates, with Equation (11) transformed into:


     P r  = 0 ,      P φ  = − cos ( θ )  I  1 , n − 1    (   I  0 , n   +  I  2 , n − 2    )  ,      P z  =  I  0 , n  2  −  I  2 , n − 2  2  .    



(12)







An analysis of Equation (12) affords the following conclusions. With the on-axis Poynting vector component depending only on the radial coordinate, the distribution of the energy flow propagating along the optical axis becomes circularly symmetric for any parameters (a, b) or (θ,  ψ ). Interestingly, at n = 2, it follows from Equation (12) that near the optical axis in the focal plane, a reverse energy flow occurs:


     P  z , 2   ( r ) = −  I  2 , 0  2  +  I  0 , 2  2  ,        P  z , 2   ( r = 0 ) = −  I  2 , 0  2  < 0 .    



(13)







The second equality in Equation (13) stems from the fact that among the integrals entering Equation (7), only those with zero second index (μ = 0) remain non-zero on the optical axis (r = 0). This is because only the zero-order Bessel function is non-zero at the origin: J0(0) = 1. Equation (13) suggests that an on-axis reverse flow will occur when tightly focusing a multitude of initial optical fields, including a second-order optical vortex with left-handed circular polarization, exp(i2φ)(1, −i)T, where T denotes vector transposition, a minus second-order optical vortex with right-handed circular polarization exp(−i2 φ)(1,i)T, a second-order radially polarized vector field (cos(2 φ), sin(2 φ))T, a second-order azimuthally polarized optical field, (−sin(2 φ), cos(2 φ))T, and so on. Previously, the reverse energy flow at the tight focus was discussed in Refs. [6,7].



From Equation (12), it also follows that at cosθ ≠ 0, the near-axis transverse energy flow at the focus is rotating clockwise at cosθ > 0 and anticlockwise at cosθ < 0.



At cosθ = 0, the energy flow at the focal plane is laminar (the transverse Poynting vector component is zero) and not rotating. Given that cosθ ≠ 0 (meaning that elliptic polarization is found in the source field), the transverse energy flow at the tight focus of Poincaré beams will rotate around the optical axis at any topological charge n due to spin–orbital conversion. At cosθ > 0 and n = 0, the energy flow will rotate anticlockwise and clockwise at n > 0.




4. Spin Angular Momentum at the Tight Focus of Poincaré Beams


In this section, we derive the spin angular momentum (SAM) of the Poincaré beam (1) at the focus. The spin density vector is calculated using a familiar formula [25]:


   S  =  1  8 π ω   Im  (   E  * ×  E   )   



(14)




where ω is the cyclic frequency of light. Hereinafter, the constant 1/(8πω) is neglected. From (14), the on-axis SAM component (without regard for the constant) is seen to coincide with the third Stokes vector component, s3:


   s 3  =  S z  = 2 Im  (   E x *   E y   )   



(15)







Thus, we infer that it is the on-axis SAM component that indicates the field at the focus is circularly or elliptically polarized. Substituting the electric field projections (6) into (15) yields:


   S z  =  (     | a |   2  −    | b |   2   )   [   I  0 , n  2  −  I  2 , n − 2  2   ]   



(16)







For the source Poincaré field (1), the on-axis SAM component is given by:


   S  z , i n   =    | a |   2  −    | b |   2  = cos θ .  



(17)







From Equations (16) and (17), the initial homogeneous spin density, defined by cosθ, is seen at the focus to become inhomogeneous, as well as changing sign and taking a zero value at certain radii. The radius-dependent separation of regions with the opposite sign of spin (16) may be interpreted as a radial spin Hall effect for all n. If, in the initial plane, the spin density is zero (cosθ = 0), then at the focus the on-axis spin density component of Equation (16) will also be zero. If the original spin in (17) is positive (cosθ > 0), i.e., the initial polarization vector rotates anticlockwise (Equation (12), then, given n = 0, the transverse energy flow at the focus will also rotate anticlockwise thanks to the spin–orbital conversion.




5. Orbital Angular Momentum at the Tight Focus of Poincaré Beams


Now, let us analyze the behavior of the angular momentum at the tight focus of a Poincaré beam (1). The angular momentum is given by [26]:


   J  =  1  2 c   Re  (   r  ×  (    E  *  ×  H   )   )  =   2 π    c 2     (   r  ×  P   )   



(18)




where r is the radius vector and c is the speed of light in vacuum. Dropping the constant 2π/c2 in Equation (18) and considering Equation (12), the on-axis projection of the angular momentum vector (18) takes the form:


   J z  = r  P φ  = − r cos ( θ )  I  1 , n − 1    (   I  0 , n   +  I  2 , n − 2    )  .  



(19)







From Equation (19), the angular momentum is seen to always be zero on the optical axis at r = 0, because the “arm” is zero. The angular momentum is the sum of the SAM and the orbital angular momentum (OAM) [26]:


   J  =  S  +  L  =  1  8 π ω   Im  (    E  *  ×  E   )  +  1  8 π ω     ∑  p = x , y , z    Im  (   E p *   (   r  × ∇  )   E p   )     



(20)







Dropping the constant 1/(8πω) from Equation (20) and taking into account Equations (16) and (19), the relation for the on-axis component Lz of the OAM density takes the form:


   L z  = − cos ( θ )  [  r  I  1 , n − 1    (   I  0 , n   +  I  2 , n − 2    )  +  I  0 , n  2  −  I  2 , n − 2  2   ]  .  



(21)







Equation (21) suggests that if the source Poincaré beam has zero spin (cosθ = 0), the OAM is zero at the focus (Lz = 0). If, however, the source Poincaré beam has non-zero spin (cosθ ≠ 0), both the angular momentum (19) and OAM (21) occur at the focus.




6. Numerical Modeling


The numerical simulation in this section is based on calculating the Debye integral using a Richards–Wolf method [24]. The focusing is assumed to be conducted with an aplanatic objective with NA = 0.95 for a wavelength of λ = 0.532 nm. Figure 1 depicts intensity patterns I = |Ex|2 + |Ey|2 + |Ez|2 at the tight focus of a Poincaré beam at the parameters θ = π/4, ψ = π/4, n = 0 (non-vortex elliptically polarized beam, Figure 1a); θ = 0, ψ = π/2, n = 0 (non-vortex right-handed circularly polarized beam, Figure 1b); θ = π/4, ψ = π/4, n = 1 (elliptically polarized vortex, Figure 1c); and θ = 0, ψ = 0, n = −1 (right-handed circularly polarized vortex, Figure 1d).



From Figure 1, beams with elliptical (a), circular (b), and near-radial (c) polarization are seen to produce an elliptic or circular focal spot, whereas a vortex beam with circular polarization (d) produces an annular focal spot. Such types of intensity patterns agree well with Equation (8).



Figure 2 depicts transverse Poynting vector components Px (a,d) and Py (b,e) at the foci of two out of the four beams shown in Figure 1. The energy flow in Figure 1a for the beam with the parameters θ = π/4, ψ = π/4, n = 0 is identical to those for the beams with θ = π/4, ψ = π/4, n = 1 (c) and θ = 0, ψ = 0, n = −1 (d). From Figure 2a,b, the transverse energy flows at the focus are seen to be rotating anticlockwise for these three beams. Meanwhile, the transverse energy flow produced by the beam with π/4, ψ = π/4, n = 1 (Figure 2d,e) will experience clockwise rotation. This may be concluded from Equation (12), because at n = 0, −1 the angular projection of the near-axis energy flow (kr < 1) is positive:    P φ  = cos ( θ )  I  1 , 1    (   I  0 , 0   +  I  2 , 2    )  > 0 ,    P φ  = cos ( θ )  I  1 , 2    (   I  0 , 1   +  I  2 , 3    )  > 0  , becoming negative at n = 1:    P φ  = − cos ( θ )  I  1 , 0    (   I  0 , 1   −  I  2 , 1    )  < 0  . The only situation when the energy flow does not rotate is at cosθ = 0.



Figure 3 depicts patterns of the on-axis SAM vector component (16) at the foci of two beams with the parameters: θ = π/4, ψ = π/4, n = 0 (a,b); θ = π/4, ψ = π/4, n = 1 (c,d). We note that the beam with the parameters θ = 0, ψ = π/2, n = 0 produces a SAM pattern similar to that in Figure 3a, with the beam at θ = 0, ψ = 0, n = −1 producing a pattern of the on-axis SAM projection analogous to that in Figure 3c. This conclusion follows from Equation (16), because at n = 0, the on-axis SAM projection does not take zero values,    S z  ( r = 0 ) = cos θ  [   I  0 , 0  2  −  I  2 , 2  2   ]  ≠ 0  ; meanwhile at n = 1, everywhere on the optical axis the SAM projection is zero,    S z  ( r = 0 ) = cos θ  [   I  0 , 1  2  −  I  2 , 1  2   ]  = 0  , as is the case at n = −1,    S z  ( r = 0 ) = cos θ  [   I  0 , 1  2  −  I  2 , 3  2   ]  = 0  .



Figure 3b,d,f show sections along the x-axis of the axial projection of the SAM vector. It can be seen from Figure 3b,d that at some distance from the optical axis, the SAM projection becomes negative (see enlarged fragments). In Figure 3f, negative SAM values appear near the optical axis. Negative values of the longitudinal projection of the SAM take place in those places of the focus plane where the axial energy flow is negative, since it follows from (12) and (16) that:


   S z  =  P z  cos θ  



(22)








7. Conclusions


In this work, we obtained the following new results. Using a relationship for von Neumann entropy it has been shown that the family of Poincare beams represents a classical entangled (nonseparable) state of light. The entanglement has been shown to become maximal when the Poincaré beams are reduced to cylindrical n-th-order vector beams, Equation (5). Classical entanglement, or nonseparability, of a light beam implies that polarization and orbital degrees of freedom cannot be separated. However, at certain parameters, the Poincaré beams are fully separable, in which case they are reduced to left- or right-handed circularly polarized vortex beams. The Poincaré beams show remarkable properties at the tight focus. Namely, at n = 2, a near-axis reverse energy flow has been found to occur when the on-axis Poynting vector component is negative, Equation (13). Given certain parameters of the Poincaré beam (cosθ ≠ 0), the transverse energy flow has been found to rotate around the optical axis at any topological charge n thanks to spin–orbital conversion, Equation (12). More specifically, the energy flow rotates anticlockwise at cosθ > 0 and n = 0, rotating clockwise at n > 0. The condition cosθ ≠ 0 means that in the source plane, the on-axis SAM component of Poincaré beams is non-zero, Equation (17). In this case, at the focus, a non-zero on-axis SAM component with alternating sign is also observed, Equation (16), that can take zero values on certain radii. Radius-dependent separation of focal regions with alternating sign of spin density (16) can be interpreted as a radial spin Hall effect for all n. Finally, it has been revealed that thanks to spin–orbital conversion, a non-zero on-axis component of the OAM vector occurs at the focus of Poincaré beams, Equation (21).



In conclusion, it is worth noting that the optical spin Hall effect, which manifests itself as the propagation of left- and right-hand elliptically polarized light fields at different angles to the optical axis (Figure 3), is closely related to the optical Magnus effect [27]. The latter occurs upon propagation of (i) circularly polarized optical beams in a multimode fiber [27] or (ii) circularly polarized optical vortices in a uniaxial crystal [28]. The optical Magnus effect consists in the propagation of left- and right-hand circularly polarized optical beams at different angles in the inhomogeneous or anisotropic medium and is caused by geometrical Berry phase anisotropy [29].



Finally, we note that Poincaré beams can be generated with the aid of spatial light modulators (SLM) [30], metasurfaces [31], and q-plates in a laser cavity [32].
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Figure 1. Intensity patterns at the focus for different Poincaré beams of Equation (1): θ = π/4, ψ = π/4, n = 0 (a); θ = 0, ψ = π/2, n = 0 (b); θ = π/4, ψ = π/4, n = 1 (c); θ = 0, ψ = 0, n = −1 (d). 
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Figure 2. Patterns of the transverse energy flow (Poynting vector projections) at the tight focus: Px (a,d), Py (b,e) and the direction (arrows) of rotation of the transverse energy flow against the intensity background (c,f) for two different Poincaré beams: θ = π/4, ψ = π/4, n = 0 (a,b,c); θ = π/4, ψ = π/4, n = 1 (d,e,f). 






Figure 2. Patterns of the transverse energy flow (Poynting vector projections) at the tight focus: Px (a,d), Py (b,e) and the direction (arrows) of rotation of the transverse energy flow against the intensity background (c,f) for two different Poincaré beams: θ = π/4, ψ = π/4, n = 0 (a,b,c); θ = π/4, ψ = π/4, n = 1 (d,e,f).



[image: Photonics 09 00969 g002]







[image: Photonics 09 00969 g003 550] 





Figure 3. Distributions of the axial projection of the SAM (Sz) and their cross-sections along the x-axis for three different Poincaré beams: θ = π/4, ψ = π/4, n = 0 (a,b); θ = π/4, ψ = π/4, n = 1 (c,d); θ = π/4, ψ = π/4, n = 2 (e,f). 
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