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Abstract: An implicit scheme by partitioned procedures is proposed to solve a dynamic fluid-structure
interaction problem in the case when the structure displacements are limited by a rigid obstacle. For the
fluid equations (Sokes or Navier-Stokes), the fictitious domain method with penalization was used.
The equality of the fluid and structure velocities at the interface was obtained using the penalization
technique. The surface forces at the fluid—structure interface were computed using the fluid solution
in the structure domain. A quadratic optimization problem with linear inequalities constraints was
solved to obtain the structure displacements. Numerical results are presented.

Keywords: fluid-structure interaction; contact mechanics; fictitious domain with penalization

1. Introduction

The Arbitrary Lagrangian Eulerian (ALE) method was successfully employed for
solving fluid-structure interaction problems, see [1]. The fluid equations were written in
the moving mesh which matches the structure displacement. This method was not adapted
for a structure-rigid obstacle contact when the topology of the fluid domain changed from
double to simply connected. Some authors have introduced a gap between the elastic
structure and the rigid obstacle as in [2].

Some methods exist for solving fluid—structure interaction problems using a fixed mesh
for the fluid domain. We recall some of them. The immersed boundary method, see the survey
paper [3], was designed originally for a thin structure. It was extended to a thick, viscous
hyper-elastic structure in [4], where it was assumed that the fluid and structure densities and
viscosities were the same. The fictitious domain with distributed Lagrange multiplier [5]
was employed for the simulation of flow around moving rigid bodies. The extension to
a visco-elastic structure was proposed in [6]. The densities, respectively, the viscosities of
fluid and visco-elastic materials were not the same. For a rigid thick body immersed in an
incompressible fluid, the convergence of a penalization method was presented in [7] and the
extended finite element method (XFEM) was used in [8]. Nitsche-XFEM was used in [9] for a
thin elastic structure immersed in an incompressible fluid.

Concerning the fluid—structure interaction with a structure-rigid obstacle contact, we
can cite some works. In [10], for a 1D elastic structure, the Lagrange multiplier was em-
ployed to compute the interface forces. The Uzawa algorithm was used to handle the contact.
An extension to a 3D nonlinear shell was presented in [11]. An approach using the extended
finite element method (XFEM) and a mortar contact formulation was proposed in [12].
In [13], an immersogeometric variational framework for fluid-structure interactions with
application to a 3D heart valve was presented. In recent papers, a monolithic Eulerian
framework with remeshig was used in [14], a stabilised immersed methodology on hierar-
chical b-spline grids was employed in [15], the cut finite element method was used in [16],
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a Nitsche-based formulation with artificial fluid in the gap between structure and obstacle
was presented in [17].

In [18], the fictitious domain method with penalization presented in [19,20] was used
in order to handle the contact between a linear elastic structure and a rigid obstacle in a
fluid-structure interaction problem. The surface forces at the fluid-structure interface were
computed using the fluid solution in the structure domain. The equality of the fluid and
structure velocities at the interface was obtained using the penalization technique. In the
present paper, we present a dynamic fluid-structure interaction problem when the elastic
structure is in contact with a rigid obstacle. The fluid was modeled by the Stokes as well as
by the Navier-Stokes equations.

2. Fluid-Structure Interaction with Contact: The Mathematical System

The undeformed structure domain QO C R? has Lipschitz boundary 003 = Tp U
Ty UT¢c. On I'p the displacement is zero, on I'y surface loads are imposed and a subset
of I'c will touch a rigid obstacle, after deformation. In Figure 1, we have I'p =]MN],

Ic=NP,Ty = PM.

E,

Figure 1. The undeformed structure domain (continuous line) and deformed structure domain
(pointed line) in contact with the obstacle.

The structure displacement will be denoted by u = (uq1,up) : ﬁg x [0,T] — R2.
A point X = (Xj,X3) in the undeformed structure domain will occupy the position
x = (pt( ) = X+ u(X,t) in the deformed structure domain Qf = ¢¢(Q5). We set
Iyg= aQ \FD and I'y = got(l"o) (pt(l"N) U th(Fc).

The bounded domain of boundary X5 is the rigid obstacle. In the case of an elastic
structure—rlgld obstacle contact, we have ¢;(I'c) N X5 # @. To sunphfy, we assume that

RS = ¢t(I'c) N X5 is a connected Lipschitz curve. We have ¢¢(I'c) = NRURSU SPt, where

= ¢;(P), see Figure 1. The conclusions are the same if we replace RS by a finite union of
Lipschitz arches.
The fluid domain D C R? has the boundary 0D = U?_,%; and I'p C %4. In Figure 1,
D is a rectangle with a hole of boundary X5. The top side X4 is the inflow, the bottom side
Y is the outflow, the left side £ and the right side X, represent the wall.
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We suppose that O} C D and the fluid occupies Qf = D \ﬁf The set QF is not
necessary a Lipschitz domain when the structure touches the rigid obstacle.

The system to be solved is to find the structure displacement u : ﬁ(s) x [0,T] — R?,
the fluid velocity v(-, t) : 65 — R? and the fluid pressure p(-, ) : 6tp — R such that:

sPu o _ S 0
P50 Vx -0°(u) 2, in Q5x]0, T] 1)
u = 0, onIpx]0,T| )
pF?T‘; ~Vv-of(v,p) = £, inQf, t€)0,T] 3)
V-v = 0, inQf, t€)o,T| 4)
v = g onXyx]0,T| (5)
v = 0, on((X1\I'p)UZX3)x]0,T| (6)
ocf(v,p)nf = 0, onX,x]0,T] (7)
[i=¢(To) C D, te]oT] ®)
v = 0, onXs\{xeXs IXeTlc, x=¢:(X)}, t €]0,T| )
%I;(X/t) = v(gi(X),t), onTnU{XeTc; ¢i(X) & Xs}, t €]0,T[ (10)
S HNSX) = (o (v, p)n") (@(X),1),

onT'yU{X € T¢; ¢i(X) ¢ X5}, t €]0,T| (11)

AS)X,Hn5(X) = —aXt)n(e:(X)), a(X,t)>0,
on {X eT¢; ¢(X) € s}, t €]0, T (12)
u(X,0) = u(X), XeOf (13)
%‘t‘(x,o) = w(X), Xe0j (14)
v(x,0) = wvo(x), xeQf (15)

where £° : ﬁg x [0, T] — R? are the applied volume forces and nS is the unit outward

vector normal to Q3. Additionally, we define fF (-, t) : ﬁf — R? and nf (-, t) the unit
outward vector normal to BQf . The Equations (13)—(15) represent the initial conditions, uy,
ug, vo are given.

In (5), g : 4 x [0, T] — R? is the imposed velocity. If no-slip boundary conditions
are prescribed at dD, since the fluid is incompressible, then the volume of the structure is
constant, too. In our case, it is not necessary to add the same restriction on the volume of
the structure, even when g = 0 because we use (7) at the outflow boundary X,.

For (12), we followed [21] (Theorem 5.3-1, p. 210), n(¢;(X)) is the unit vector normal
to X5 at the point ¢;(X) € Xs, oriented to the exterior of D. We point out that the value
of a(X, t) is not given. The meaning of (12) is that the force acting on the structure on
the contact zone is parallel to n(¢;(X)) and it has opposite direction. In the case of linear
elasticity, (12) could be approached by

n®-0c°n°<0, t°-¢°n°=0

where t° is the unit tangential vector to 9Q)3.
If the elastic structure is not in contact with the obstacle X5, the Equations (9)—(12) are
replaced by
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v = 0, onZs x|0,T]
%‘t‘(x,t) = v(g:(X),1), on(TyUTc)x]0,T]
F@XHSX) = —(oF(v,p)n")(9:(X),1), on ([yUTe)x]0, TT.

We have denoted by ¢°(u) : Q; — R*and oF (v,p) : Q) — R* the Cauchy stress
tensors of the structure and fluid, respectively. The structure equations are written using
Lagrangian coordinates ¢°(u) = A5 (Vx - u)I + 2uSex(u), A%, u® > 0 are the Lamé coef-
ficients, ex(u) = %(qu + (qu)T) and I is the unit matrix. The Eulerian coordinates
have been used for fluid equations ¥ (v, p) = —p 1+ 2ufe(v), uf > 01is the viscosity and
e(v) = %(Vv + (Vv)T). The mass densities are denoted by o > 0 and pf > 0.

To the best of our knowledge, there are no reported results for fluid—structure inter-
action with a contact. However, without a structure—obstacle contact, there are reported
results for fluid-structure interactions. In general, in the literature, the domain of the
fluid is assumed to be Lipschitz. However, when the structure touches the rigid obstacle,
the fluid domain is not necessary a Lipschitz domain. Existing results for fluid—structure
interactions are presented in [19,20,22,23] and the references are given there. In [19,20,22],
the fictitious domain method was used and this technique could be more appropriate to
handle the structure—obstacle contact in the fluid-structure interaction framework.

3. Approximation of the Elastodynamics Frictionless Contact Problem

We analyze, in this section, the linear dynamic elasticity equations with a frictionless
contact. In (3, volume forces f° are imposed and onI'y surface loads h are prescribed.
The structure is fixed along I'p. We recall that 903 = T'p UTy UTc.

Let ¢ € C!(R) be a function describing a part of the top boundary of the obstacle.
We set its graph by

graph(y) = { (X1, X2) € R, X = (%) }

and its epigraph by
epi(y) = {(Xl,Xz) eR?, X, > w(xl)}_

The non-penetration condition of the elastic structure into the obstacle gives
¢t(Tc) Cepi(y), Vt €]0, T]. (16)

A point X € T'¢ belongs to the coincidence set at time instant ¢ if ¢¢(X) € graph(¢). In the
case of linear elasticity, see [24], the condition (16) can be replaced by

(Xq) + ¢ (X1) ur(Xy, Xa, 1) < Xa +un(Xy, Xo, 1), V(X1, Xa) € Te, VE€]0,T[.  (17)
Denoting by H!(Q)3) the first-order Sobolev space, let us introduce the Hilbert space
2
WS = {ws € (H1 (08» ;W = OOHFD},
the bi-linear form ag : W° x W® — R,

ag (u,ws) = /Qg (AS(VX . u)(Vx-wS> +2ysex(u) D ex (ws>) dXx
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and the closed, convex and non-empty set
K= {w= (@) u3) e WS,
¥(X0) w] (X1, Xa) — w3 (X1, Xz) < X2 — 9(X1), V(X1 X2) €T} (18)
We assume f5 € Lz(O, T; (Lz(Qg))z), hS € L2<0, T; (L2(FN))2), u € K, uy €

(Lz(()g))z. We can write the linear elastodynamics frictionless contact problem as a
variational inequality: find u € C([0, T]; K) N C! ([O, T); (LZ(Q(S)))Q) such that

0’ ./Qg dzdutgf) , (ws _ u(t))dx+as (u(t),wS _u(t)) > ./Qg £5(t) - (ws _u(t)) X

+/r hS(t) - (ws - u(t)) ds, yw® € K, almost everywhere t €]0, T| (19)
u(0) = ug (20)
%1(0) =u. (21)

The existence for dynamic linear elasticity with frictionless contact in an arbitrary domain
is still open, see the monograph ([25] Section 4.1). Existence and uniqueness results for
an elastodynamics contact problem were obtained: in [26] for linear and visco-elastic
models with Coulomb friction, in [27] for wave problem in a half-space, in [28] for visco-
elastic body with frictionless adhesion and in [29] for elastic-visco-plastic equations with
Coulomb friction.

Several discretization schemes for elastodynamics contact problems have been de-
veloped, see the survey papers [30,31]. Let At > 0 be the time step and we note by u”,
£51 hSn approximations of u(ty), £5(ty), h5(ty), respectively, for t, = nAt. In this paper,
we use the following implicit time-integration scheme: find u”*! € K such that

n+1 __ 2u' n—1
PS . u A‘;Z +u . (WS _ un'H)dX + ag (un+1/wS _ un+1)
> gSntl (ws _ un+1) aX + RSH+L . (ws _ un+1) ds, YwS € K (22)
[oH JTy

with initial conditions u® = ug and u! = ug + At u;.
With the notation

L1 (wS) = /

S wSax 4 [ hS W ds,
JO)

0 I'n

the variational inequality (22) is equivalent to the optimization problem

—2u" + un—l

W [ TR
of At2

S S
n+1 P )
t2

u = arg inf —
8 wiek 2 o5 A

1
+§as(ws,ws) - Lg+1(ws). (23)

We follow the notations from [18]. Let 7;15 be a mesh of Qg of size h, with nvS vertices
and ntS triangles. The shape functions ¢; : 7,° — R associated to vertex A; are obtained by
using the finite element ;. We set the basis ¢' = (¢}, ¢5) : 7,° — R? fori = 1,...,2n0S
defined by

¢i = (¢;,0), fori =1,...,nvS and ¢”vs+i = (0,¢;), fori =1,...,nvS.
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We define the matrix Ag € R2"75*2105 and the vector b ™! € R2"S by
- 0° S
j 1. &' P i —
Ag = (a 1]) as(¢/, ') + A7 Jos ¢ -9'dX, i,j=1,...,2nvS (24)

and

S ,
(b ) = L (g) + 45 [ u —w ) plax i= 1., 208,
0

The constraint w° € K will be treated weakly. We set the matrix Cg € R"Cx2n05,
where ngC is the number of vertices A; € I'c and the vector ¢V € R™C by

Cs = (c}), ¢ = /r (=9 (X2)} (X1, X2) + 9} (X1, X2)) (X1, Xp) ds
forj=1,...,2nvSand A; € I'c and
()i = [ (%) = X2)u(Xs, Xa) ds

for A; € Tc.
In order to impose (2), we set &2, &/? ¢ R2m0S

gub (:ﬂUSJrl = glb (:nvSJrz =0,ifA; €Tp

otherwise C;‘b = oo and @?’ = —oo. The discrete form of (23) is u}; =y2m oS & ¢! where
— n+1
¢ = arg inf 5 (ASE,8) — (b, ) (25)
Csg > ¢y (26)

The optimization problem (25)—(27) has a unique solution, because the cost function is
strictly convex and the constraints define a convex set. We set

2nvS .

WS = {wg = Y &¢'; such that & verify & > & > g”’}, (28)
i=1
2nvS )

K, = wi = Z &gt € th; such that ¢ verify Cs¢ > cé«b . (29)
i=1

4. Approximation of Fluid Equations by Fictitious Domain Method with Penalization

The fluid domain Qf can change the topology from double, when no contact occurs,
to simply connected, when the structure touches the obstacle. The ALE technique can
not by applied in this case. We use the fictitious domain approach and we write the fluid
equations in the fixed domain D including QF. The mesh of D is independent on the
displacement of the structure.

Let us set the Hilbert spaces

W = {we(Hl(D))z,w—OonaD\Zz}
Q = L*D)
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and the notations
ar: (H'(D)) x (H'(D)) =B, ar(v,w) = [ 2e(v) s e(w) dx
by : (Hl(D))2xQ—>R, bp(w,p):—/D(V-w)pdx.

2
We assume that ff € 2 (O, T; (LZ(D))2), gcl? (O, T; (Hé({z(24)) ) ande > 0isa

penalization parameter. Let x> 41 D — Rbe the characteristic function

S
1, ern—H

S _
Xﬂ+1(x)_{ 0, XED\Q+1

where Qﬁﬂ is the image of QOf by the map ¢,,41(X) = X + u"™1(X). We denote Qn+1 =
D \ﬁiﬂ and we have D = ﬁiﬂ Uﬁiﬂ
The time-integration scheme for the fluid is: for given u” , find the velocity

vitlh ¢ (Hl(D))2 vitl = gl on 3y, vl = 0on Z; U X, UZ5 and the pressure
pe+1 € Q, such that

n+1 n
p/ cwax+ap (v, w) + be (w, pt)
+1 n -1
S . (@ —uM)oge
T3 /DXn+1 <V?+ - AL . - wix

bF( ”*1,q) = 0, V€0 (31)

/D 1 widx, vw e W (30)

The problem has a unique solution, see [19,20] for example in the steady case. As a
consequence of the penalization term in (30), we get the weak equality of fluid velocity and
structure velocity over the whole structure domain Q 41 and it implies the condition (10)
on the fluid—structure interface. In addition, the boundary condition at the outflow (7) is
weakly verified.

We employ the stable finite elements IP; + bubble (we write just 1 + b) for the velocity
and PPy for the pressure. Let 7,F be a mesh of D of size &, with noF vertices and ntF triangles.
We introduce

Wy

{Wh € (Co(ﬁ))z;VT € TF, wylr € (P1+b)(T))? wy =0 on aD\Zz} (32)

Qi = {m€C°D) VT € T, qulr € PU(T) }. (33)

5. Computing the Forces at the Fluid-Structure Interface Using the Fictitious Domain
We recall the notations: ¢,41(X) = X+u"™(X), Q5| = ¢,11(QF), Qf ., = D\

=S
), ;1. We assume in this section that Q 41 and Qn 41 are Lipschitz domains. If no contact
occurs, this assumtion is true if the dlsplacement is Lipschitz, see [23].

. . . . — —F
The fluid-structure interface is defined by Fﬁil = Qi 11Ny 1. In the case when
no contact occurs, the interface is Tﬁil = TI',11, where Iy = (an(l"o) but when the

structure touches the rigid obstacle, the interface is Fﬁil ¢on+1(To) \ RS. For a related
problem, called a thin obstacle problem, it is proved in [32] that the coincidence set is a

finite union of closed disjoint intervals. The conclusions of this section are the same if we

replace RS by a finite union of Lipschitz arches. In the case of a thick obstacle problem, we
can find results on the topology of the coincidence set in [33,34]. For example, letu : Q — R
be an elastic membrane. If O C R? is strictly convex and the obstacle i : Q) — R is strictly
concave, it is possible to prove that the coincidence set is a simply connected domain
(without holes), see [33] (Theorem 6.2, p. 176).
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€
for the restriction of v/ ! to Q7 if vi*! € (H! (D))2 and similarly for p? 1 and p 1
if p1 € Q, w'tlF and w1 S ifw € W.
Using w with compact support in QF 4110 (30), we get

We employ the notations v/ " for the restriction of v/**1 to QF 1, Tespectively viTLs

n+1,F n,F

pp% _v.of (V§+1,F, pZ“'F) =+ in (L2(05+1))2~

2
If viLE ¢ (H*(Qf,))" and pitlE e gt (Qf 1), by the Green formula we get
v — vy
/ oF (vgﬂ,P, pgﬂ,F)nP W ds = oF e e WHLE gy
L 0 At

+/QF 2‘uF€<V1€1+1,P) :e(wn+1,P> dx_/p (V_Wn+1,F)p1€1+1,P ix

n+1 Qn+1

_/F gt Wt LE gy
Qn+1

for all w"*+1F ¢ (Hl(QEH))2 such that w"*F = 0 on 00Qf_; NaD.

. 2 .
Evenif v/ t'F ¢ (H! (Qf,1)) and pitLE ¢ L2(Qf ), we can give a sense of

2 !
of (VZ-H’F, ng’F)nF on I’Eil by the element jr € ((H(l)gz (I’Eil)) ) , see [35] (Chap-
ter VII, p. 1241) and [36] (p. 325), defined by

V;H—l,l—" n,F

. F __F —-V JF
<]F, r)/riil (wn+1 )>rpi1 B p QF 1 At - ’ wn+1 dx
n n+
+/ . ZVFe(VZ“’F) :e(w”“’l:) dx — / . (V : W”+1’F) pitLE dx
Qn+1 Qn+1
— / . gEmtl Wt LE gy (34)
JO

n+1

for all w'tF ¢ (Hl(Qﬁﬂ))2 such that w"t1F = 0 on 00}, ; N 9D, where (., '>r55+1 is the

2\’ 2
duality between ((H%z (Fﬁiﬂ) ) and (H(l)é2 (Ffﬁﬂ) and 7prs s the trace operator
n+
on I’Eil. We denote by Hé({ Z(Fﬁil), the space of the trace on ngl of functions of {v €
1/2
Hl(Qﬁﬂ); v=0o0n E)QE+1 \ I’Eil} and we have that Hoé (Fiil) C Hl/z(I’iil).
Using w with a compact support in Qﬁ 411 (30), we get

n+1,S n,S

of Ve At— Vel _y.of (vgﬂ,s, pg+1,8)
1 un+l —u") o -1 2
+g <V181+1,S _ ( At> q)n+1 _ fP,nJrl, in (LZ(Q;‘;"JF])) )

2 /
Similary, we define js € ((Hé({Z (Fﬁiﬂ) > by
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. n+1,8 _ — Ve n+1,8
<Js,7rfs (w )>FF5 =o' Ay W dx
n+1

+/ 2# e VL s) ( n+1,5) dx_/ﬂs (V-w”*l's)pg“'s dx
n+1

+1 -1
+1/S (Vn+1,s (T —u) O(Pn+1> W LS dx
o)

n+1 ‘ At
_ . fEnt1 Gy n LS gy (35)
n+1
for all w15 ¢ (Hl(QEH))2 such that w"*1° =0 on 9Q;, N aD.

From (30), we get

js = —jr, in ((H(%Z (rn+l)>2)’. (36)

We have (11) at the fluid-structure interface, or equivalently

n°(X,t) = —(c"n")(9:(X), 1).

Then, the surface forces from the fluid acting on the structure are computed by using
the right-hand side of (35). As in [19,20], by using the change of variable formula, we get

Vn+1 S V;’l ,S

o Af

n+1

+/ 2# e vl s) ( n+1,S) dx_/Qs (v.wn—i-l,s)pg-&-l,s dx

n+1

1 -1
+- / < n+1,5 _ (™" _Z:)O%H) Wi LS dx

_ / . gl | n 1S gy
Q

n+1

n+1,S dx

n+1,S n,S

— ]n+1 (ve —Ve”) 0 Pt WS dX
At
+/ ]n+1 n+l,5/p1€1+1,5) o %H> (Fn+1)7T . VywS dX

un+1 —u"
+E/QS jias! (V?H,s ° Prit — ( = )) - wS dX

/QS s (fF n+1 %H) - wS dX

where F'1(X) = I+ Vxu"t(X), J"T1(X) = det F**1(X), w® = w150 9,1 € WS.
The right-hand side of the above equality, in the case of linear elasticity, could be

approached by
A A
0 s A w” dx
F S+l . S _ Cwd \pntl
+/082;4 ex(vg ).ex(w )dX /Q(S](VX w)p8 axX
(un—‘rl _

1 u") f:
L1 gl W TW) Sax — [ FEAL L WwSaX (37)
eJog\ ¢ At o
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where Vn+1 _ Vn+1 5o Pusils psn—&-l pn—&-l S ¢ni1 and fEm+1 — gFn+1 g P

Remark 1. The five terms of (37) represent the surface forces from the fluid acting on the structure.
This formula holds in the case of contact as well as if no contact occurs.

6. Time Integration Scheme by Fixed Point Iterations

The fixed point algorithm is a well known method for solving a fluid—structure
interaction without contact. Additionally, it was successfully used in [18] when the structure
comes into contact with a rigid obstacle, in the steady case.

Algorithm from Time Instant n ton + 1

We assume that the structure displacements uj;, u Zfl € K}, as well as the fluid velocity

vy, € W, are given. We look for u' € K, V”Jrl € Wy, and p”“ € Qy, iteratively, as limits

of ukn+1 kn+1 kn+1

and p.;, ", respectively, for k € N.
For the stopping test, we use the parameter tol > 0 and let w € (0,1) be the relax-

ation parameter.

Step 1. Set the initial displacement of the structure ug’"ﬂ = u; and put k = 0.
Step 2. Find the velocity ka e th -+ W, and the pressure pkH e, by solving
the discrete fluid problem
Vk-;l-l,n-&-l _ Vnh
F & & k+1n1 k+1,n+1
P /D AL thx+ﬂF< e h)+bF( 1 P )
k,n+1 n —1
u" —ul)o

42 / X - ( k;;l a1 (w, A;;) @k,nﬂ) w, dx

- / ££71 i, dx, Ywy, € W (38)

b (Vi ) =0, Vay € Q, (39)

where Xk 1 18 the characteristic function of the set Qk nil = Phutl (Qg) and @y ,1+1(X) =
X+ ul" (X)),

Step 3. Set 9511 = v o gy PV = PV 0 gy and B = £ o
@k n+1, then compute
(bk+1n+l) Lk+1n+1(¢ )’ i=1,...,2n0S
where
S
g / £ wiax + £ / (2u! —u!) - w dX
sk+1n+1l  =p
Ven ~Ven S
+P s T . Wh dx
+/ 2uFex Ak-l—l n+1> :ex(w£>dX—/ (Vx Wh)PSH M+ gy

kn+1 n
1 ok+1,n+1 (0,7 —u) S ZFnt+l S
+8/Qg<€h v -wth—/ngh -widX.

The last five integrals represent the surface forces from the fluid acting on the structure
as in the end of Section 5.



Fluids 2021, 6, 51

11 of 19

Step 4. Solve the convex constrained optimization problem

{=arg inf 2<As§ &) — (B g), (40)

subject to (26) and (27), where Ag is the constant matrix given by (24). Put

2nvS

k+l n+l _ 2 gz

Step 5. If H kHin+l u’;l’"HH < tol
0,0 U

n+l _ k+1 n+1 _n+1 k+1 n+1 _ n+1 k+1n+1 and STOP,

then u, Uep Ve = Ve 'Pen = Pep
else uf —uZ”+l+w( kel ”H u"1), putk := k+ 1 and go to Step 2.

Remark 2. All the results can be extended to the Navier—Stokes equation for the fluid:

on the left-hand side of (3), add pF (v - V)v,
on the left-hand side of (30) and Section 5, add cp(v**1,v!", w) where

(u,v,w) p/ -wdx,

on the left-hand side of (38), add cp (v, k'H i Ve W)
on the right-hand side of L™ (w ) at the Step 3, add p fQ AkH i V)] - Wy dx.

7. Numerical Results

We use the software FreeFem++ [37] for the numerical tests. The linear system at the
Step 2 will be solved by the library “MUItifrontal Massively Parallel sparse direct Solver”
(MUMPS) and the constrained optimization problem at the Step 4 will be solved by the
library “Interior Point OPTimizer” (IPOPT) implemented in FreeFem++.

7.1. Dynamic Fluid—Structure Interaction when the Displacements Are Limited by a Rigid Disk

We use a dynamic version of the example from [18]. The geometrical configuration is:
0§ =]0,0.3[x]0,0.03[, D =]0,0.41[x] —0.5,0.5[ \ B(0.2, —0.07;0.05) where B(0.2, —0.07; 0.05)
is the open disk of radius 0.05 m and center (0.2, —0.07). We set for the structure: p° =
1100 Kg/m?3, ES = 3 x 10° N/m?, v¥ = 0.3, the mass density, Young’s modulus, Poisson’s
ratio, respectively and the applied volume forces on the structure £5 : QF x [0, T] — R?,
£5 = (0,0) N/m5.

For the fluid, we use: pf = 1000 Kg/m3, u¥ = 0.0035 N -s/m?, the mass den-
sity, dynamic viscosity, respectively, and the applied volume forces on the fluid f :
D x [0, T] — R?, ff = (0,0) N/m3.

In the fluid domain, we denote by X1, X, 33, 34 the left, bottom, right, top boundaries,
respectively, and by X5 the boundary of the circular obstacle B(0.2, —0.07;0.05).

We impose at the inflow boundary X4, the nonhomogenuous Dirichlet condition
v =g = (g1,42) where g1 = 0 and

4Vinax x1(x1—L1) (1—cos(27tt/Ty))

if t<T
g2(x1,x,t) = Ly 2 Bi=a
0 T <t<T

where L1 = 041 m, Ve = 1m/s, Ty = 50sand T = 65s. On (£ UX3UZXs5), a non-
slip boundary contition is imposed and o' n’ = 0 on ¥, the outflow boundary. Initially,
the structure displasement is zero and the fluid is at rest.
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The triangular finite elements P +bubble and [P; have been used for the approximation
of the fluid velocity and pressure and the finite element I’} was used for the structure prob-
lem. We use a fluid mesh of 37,124 triangles and 18,885 vertices, fluid mesh size hE = 0.005,
a structure mesh of 768 triangles and 451 vertices, structure mesh size hS = 0.005, the time
step At = 0.1s and the number of time steps N = 650.

The penalization parameter is ¢ = 10~°, the relaxation parameter is set to w = 0.1
and for the stopping test fol = 1073 x area(Q}j) = 9 x 10°. At Step 2, we solve a linear
system of dimension 93,749 and at Step 4, we solve a constrained optimization problem
of dimension 902, subject to 59 inequalities corresponding to (26) and 14 components are
fixed to zero corresponding to (27).

In Figure 2, it can be seen that the slope of the curves was zero when the structure was
in contact with the obstacle. The structure traveled down and made contact with the rigid
disk from 9 s to 23 s, then it ascended. At 32 s, the position was similar to the undeformed
shape, it continued to ascend up to maximal position at 43 s and then descended.

E T R p— 5Pl %= 020 m—
o0z 002
oot i ﬁ\ 001 A\\_
/ \\—_\
i S\

) 10 20 E} 40 50 60 70 0 10 20 30 a0 50 80 70
me s} me (5}

digplacements {m)
&
g
ks <
~
displacements {m)
&
g
2 o

Figure 2. Time history of the vertical displacement of two points at I'c for X; = 0.15 (left) and
X1 = 0.20 (right).

At each time step, we solve the fluid—structure interaction problem iteratively using
the fixed point method. At each fixed point iteration, one fluid sub-problem and one
structure sub-problem are solved. The number of iterations at each time step gives an
indicator of the computational effort. In this simulation, the number of fixed point iterations
was less than 5, except for five time steps, where the number was 7, 10 and for three time
steps it was 50. Slow convergence of the fixed point method can be explained when the
contraction constant of the map was close to 1. Other methods for implicitly solving the
fluid-structure interaction problem are Newton or quasi-Newton methods, see [38] for a
comparative study.

In Figure 3, we show the computed solution at time instant t = 20 s when the structure
starts to touch the obstacle. The fluid velocity was maximal near the right end of the
structure. In the zone limited by the left side of the fluid domain, the bottom side of the
structure and the obstacle, the fluid velocity was very small.

Figure 3. Computed solution at time instant t = 20 s: pressure (left) and zoom of velocity (right).
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7.2. Numerical Simulation of Valve Dynamics

The undeformed structure domain Q) is a quarter of a ring with interior radius
R = 1 cm, thickness H = 0.03 cm and center (R 4+ H, Hy), where H; = 0.95 c¢m, see
Figure 4. Its boundaries are as follows: I'p =|0, H[x{H; },

rC::{mﬂm&a»eWp&@:R+H+qumxxo:m+mey

t e {n—i—g,n—kg}}

and 'y =905 \ (Tp UT(). Let ¢ : R — R, ¢p(X;) = 0 be the rigid fondation.

X2 1y

Hy !

X1

Figure 4. Undeformed structure domain does not satisfy the non-penetration constraint.

The fluid domain is D =] — Ly, Lp[x]0, H1[. For the numerical tests, we used the
values: L1 = 0.5 cm, Ly = 2 cm, H; = 0.95 cm, see Figure 5.

X2

Z,

23
b2

——————

X1

Ly : L
% z

Figure 5. The geometrical configuration of fluid-structure.

The mechanical properties of the elastic structure are the following: mass density
pS =11 g/cm3, Young’s modulus ES = 4x10° dyne/cmz, Poisson’s ratio v° = 0.4,
applied volume forces on the structure £5 : Q3 x [0, T] — R?, > = (0,0) dyne/cm?>.

The parameters for the fluid are: mass density pf = 1 g/cm?, dynamic viscosity
uf = 0.035 dyne-s/cm?, applied volume forces on the fluid f¥ : D x [0,T] — R?,
ff = (0,0) dyne/cm?. The inflow velocity profile is g = (g1,2) : 1 x [0, T] — R? where
g2 =0and

Vmax(H%—X%) (1—cos(2mtt/Ty)) . <
§1(X1, Xo, t) = 2H7 2 ift<T
0 if T <t<T
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with Ve = 10cm/s or 50 cm/s, T; = 0.2 s and T = 0.5 s. The boundary conditions for
the fluid are as follows: v =gon ¥ x [0,T],v=0o0n X4 x [0, T}, ofnf =0on X3 x [0, T],
ofnf.e; =0and v, = 0on X, x [0, T] with e; = (1,0)7, see Figure 5. The initial conditions
are as follows: u; = 0, v = 0. Since, the undeformed structure domain does not satisfy
the non-penetration constraint, we solved a steady elasticity contact problem to obtain ug.

We used a fluid mesh of 13,090 triangles and 6718 vertices, fluid mesh size K =0.02,
a structure mesh of 40 triangles and 42 vertices, structure mesh size hS = 0.078, the time
step At = 0.005s and the number of time steps N = 100. The penalization parameter was
¢ = 1073, the relaxation parameter was set to w = 0.1 and for the stopping test tol = 107°.
At Step 2, we solved a linear system of dimension 33,244 and at Step 4, we solved a
constrained optimization problem of dimension 84, subject to 9 inequalities corresponding
to (26) and 4 components were fixed to zero corresponding to (27).

We observe in Figure 6, the number of fixed point iterations at each time step,
which proves the efficiency of the method. The structure velocity was near to zero, when
the opening of the valve was maximal or when the valve was closed, then only 1-2 itera-
tions were necessary to achieve the convergence. The total computational time was 323 s
for Vux = 10 and 584 s for V5 = 50.

7

I u
N i

iterations
w
—

/_/
iterations

® ®

P

o

0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
time step time step
Figure 6. Time history of iterations number to obtain the convergence at each time step for Vy;,y = 10
(left) and Vi = 50 (right).

In Figure 7, we plot the horizontal and vertical displacement of the structure tail.
We observe in this figure that the valve was closed after about ¢ = 0.230 for V;x = 10 and
after about t = 0.370 for V,;,,x = 50.

mas=] () e— max=] () e—
Vmax=50 = = Vmax=50 = =
07 H H H H H 1 ; o7 | L~

06 [ Y

05 S

I L.

Figure 7. The relatively displacement by rapport of the initial configuration of the bottom corner of
the tail segment of the structure: horizontal (left) and vertical (right).

At the initial time, the valve was closed and prestressed, since the undeformed
structure domain did not satisfy the non-penetration constraint. It ascended to its highest
opening position, see Figure 8 the top images, then the valve descended and made contact
with the rigid foundation, see Figure 8 the bottom images, for V};;5x = 10.

In Figure 9, Von Mises stress distribution in the structure is shown for Vj;,x = 10.
We observe that Von Mises stress was larger near to the top fixed boundary even when the
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valve was in contact with the bottom wall. The reason for this is that the structure was
prestressed when the valve was closed. Similar behavior we observe for Vs = 50, in
Figures 10 and 11.

We also observe a vortex downstream of the closed valve, see also Figure 12, where
the vorticity is plotted.

Time: 0.125 Time: 0.125

—-16e+02

Time: 0.230 Time: 0.230

Figure 8. Computed solution for Vj,,y = 10, pressure (left) and velocity (right): when the valve
was at the highest position t = 0.125 s (top) and when the valve made contact with the foundation
t=0.230 s (bottom).

Time: 0.125 Time: 0.230

Figure 9. Von Mises stress distribution in the structure for V};4x = 10.
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Time: 0.120 Time: 0.120

Time: 0.370 Time: 0.370

Figure 10. Computed solution for V;;.x = 50, pressure (left) and velocity (right): when the valve
was at the highest position t = 0.120 s (top) and when the valve made contact with the foundation
t=0.370 s (bottom).

Time: 0.120 Time: 0.370

Figure 11. Von Mises stress distribution in the structure Vi, = 50.

Time: 0.230 Time: 0.370

Figure 12. Vorticity distribution when the valve starts to be in contact with the foundation for
Vinax = 10 (left) and Vj;0¢ = 50 (right).

The structure deformations are important when V,;;,y = 50 and a non-linear model for
the elasticity equations could be used.
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7.3. Check Valve Interacting with Navier-Stokes Flow

As we seen in Remark 2, the extension from Stokes to Navier-Stokes equations for the
fluid is straightforward. Now, we present the numerical results for the check valve problem
adapted from [15]. In our case, the fluid is governed by the Navier-Stokes equations but
the structure is still governed by the linear elasticity equations.

All the units are derived from centimeter (cm), gram (g), millisecond (ms). The fixed
computational fluid domain D was the union of three rectangles: ]0,2[x]0, 1.4[ (bottom),
10.7,1[x]1.4,2.6] (middle) and ]0,2[x]2.6,4] (top). The mass density of the fluid was
pf = 0.8 g/cm3, the dynamic viscosity was ! = 0.005 g/ (cm - ms) and the boundary
conditions were as follows:

pin(t) = 10sin (35 ) /e - (ms)?) (a1)

prescribed surface stress at the bottom boundary, do-nothing at the top boundary and
non-slip boundary condition otherwise. There were no applied volume forces in fluid.

The undeformed structure domain was a rectangle of thickness H = 0.05 cm and
length L = 0.9 cm and the coordinates of the left bottom corner were (0.3,2.6). The mass
density, Young’s modulus, Poisson’s ratio of the structure were as follows: p° = 8 g/cm?,
ES =1x10° g/(cm - (ms)?), v¥ = 0.3, respectively. There were no applied volume forces
in structure.

In the paper [15], the structure is modeled with Neo-Hookean material of thickness
H =0.025cm and E° = 1 x 10* g/(cm - (ms)?). Our technique to compute the forces at
the fluid-structure interface using integral over the structure domain requires a structure
that is not too thin. For this reason, we used a structure of thickness H = 0.05 cm. A linear
model for the structure with E5 = 1 x 10* g/ (cm - (ms)?) gives important displacements,
for this reason we worked with E° =1 x 10° g/ (cm - (ms)?).

The fluid mesh had 34,432 triangles and 17,602 vertices, the structure mesh had
156 triangles and 121 vertices, the time step was At = 0.05 ms. The penalization parameter
¢, the relaxation parameter w, the parameter for the stopping test was tol and the finite
elements were the same as in the previous simulations.

The contour plots of the velocity and pressure in Figure 13 are very similar to [15]. The
maximal velocity magnitude 4.8 cm/ms is comparable with 42.75 mm/ms = 4.275 cm/ms
in [15] and the minimal pressure was obtained in the right top corner of the middle
rectangle of the fluid domain: —4.4 g/(cm - (ms)?) in our test and —0.5 g/ (mm - (ms)?) =
—5g/(cm - (ms)?) in [15].

— 1.0e+01

Pressure

o)
°
=
c
)
<]
=
£
5]
o
°

—-4.4e+00

Figure 13. Velocity magnitude (left) and pressure (right) of the fluid at t = 25 ms, when the structure
is at the highest position.
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The vertical displacement of the structure tail in Figure 14 is correlated to the surface
stress at the inflow (41): the valve ascended to its highest position t = 25 ms, then de-
scended and made contact with the rigid obstacle after t = 51 ms. The valve was closed in
the time interval ¢ € [51,100] ms. One difference from the report of [15], was that in our
test, the shape of the vertical displacement of the structure tail did not have two humps in
the time interval ¢t € [0,50] ms.

vertical disp. {om)

fime (ma}
Figure 14. Vertical displacement of the right bottom corner of the structure.

8. Conclusions

We have presented a numerical method for solving by partitioned procedures the
dynamic behavior of an elastic thick structure immersed in an incompressible fluid.
This method handles the contact between a linear elastic structure and a rigid obstacle.
For the fluid flow, the fictitious domain method with penalization was used. The sur-
face forces at the fluid-structure interface were computed using the fluid solution in the
structure domain. Numerical tests were presented.
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