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Abstract: We propose a system of self-consistent equations for electron fluid in solids which describes
both longitudinal vortex flows and frozen-in internal electromagnetic fields. It is shown that in the
case of an ideal electron fluid, the proposed model describes the electrodynamics of the supercon-
ductor, and in the vortex-less case, it leads to modified London equations. In addition, the two-fluid
model based on the proposed equations is applied to the description of an ideal electron-hole fluid
in a semiconductor. The damping processes in a non-ideal electron fluid are described by modified
equations, which take into account collisions with a crystal lattice and internal diffuse friction. The
main peculiarities of the proposed equations are illustrated with the analysis of electron sound waves.
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1. Introduction

Hydrodynamic models are widely used for the description of an electronic subsystem
in solids [1]. Most research is related to the study of vortex-less flows of the electron
fluid in normal metals and superconductors [2–4], as well as the electron-hole fluid in
semiconductors [5–7]. However, in recent years, more attention has been paid to the effects
associated with the vortex motion of the electron fluid [8,9].

For the description of vortex flows, many authors use the vector fields, including
vectors of local speed and vorticity, which satisfy the symmetric Maxwell-type equa-
tions [10–18]. In particular, this approach is used to describe the plasma motion within
the framework of a hydrodynamic two-fluid model [19–23]. However, in these works, an
additional equation for the vortex motion is obtained by taking the “curl” operator from
the Euler equation, and, therefore, the resulting equation is not independent. Recently,
we developed an alternative approach based on the droplet model of fluid introduced by
Helmholtz [24], and obtained a closed system of Maxwell-type equations for the vortex
flows which takes into account the rotation and twisting of vortex tubes [25]. In particular,
we used this approach to derive self-consistent equations for describing the electron-ion
plasma [26]. In the present paper, we apply these equations to develop the hydrodynamic
description of vortex flows of electron fluid in solids.

2. Hydrodynamic Model of Electron Fluid in Superconductor
2.1. System of Self-Consistent Equations

From the hydrodynamic point of view, a superconductor is an electron-ion system
in which the ions are stationary, while the electronic component is a charged ideal liquid
without dissipation. The system of hydrodynamic equations describing the electron fluid
in a superconductor can be represented [26] in the following form:

1
ss

(
∂
∂t + (vs·∇)

)
vs +∇us +∇×ws = αsEs,

1
ss

(
∂
∂t + (vs·∇)

)
us +∇·vs = 0,

1
ss

(
∂
∂t + (vs·∇)

)
ws +∇ξs −∇× vs = αsBs,

1
ss

(
∂
∂t + (vs·∇)

)
ξs +∇·ws = 0.

(1)
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Here, index s means the values that correspond to superconducting electrons. The
parameter ss is the speed of sound in the superconducting electron fluid; vs is the local
flow velocity; us is a quantity proportional to the enthalpy per unit mass; ws is a quantity
characterizing the rotation of the vortex tubes; ξs is a quantity that characterizes the twisting
of the vortex tubes; and Es and Bs are the electric and magnetic fields generated by the
electron fluid (see below). The parameter αs is defined as

αs = −
qs

msss
(2)

where qs is the charge of the Cooper pair ( qs = 2|e|) and ms is the mass of the Cooper pair.
The variable us is

us =
1
ss

hs,

dhs =
s2

s
n0s

dns,
(3)

where hs is the enthalpy per unit mass, and ns is the Cooper pairs concentration (n0s is
equilibrium concentration). The variable ws is

ws = 2ss Θs,
ωs =

dΘs
dt ,

(4)

where Θs is the angular vector of rotation of the vortex tube and ωs is the angular velocity
of the vortex tube rotation. The value ξs characterizes the twisting of the vortex tube

|ξs|= ssβs, (5)

where βs is the twisting angle of the vortex tube.
The internal electric and magnetic fields are generated only due to deviations of

electron fluid parameters from equilibrium values [26]. These fields are described by the
following system of equations:

∇·Es = −4πqsns,
∇·Bs = −4πqsgs,(

∂
∂t + (vs ·∇)

)
Bs + ss∇× Es = 4πqsnsws,(

∂
∂t + (vs·∇)

)
Es − ss∇× Bs = 4πqsnsvs.

(6)

Equations (1) and (6) form the self-consistent system describing the vortex
electron fluid.

2.2. System of Linearized Equations

Neglecting the convective derivatives and linearizing the terms

4πqsnsws ≈ 4πqsn0sws,
4πqsnsvs ≈ 4πqsn0svs,

(7)

in the field equations we obtain the following set of linearized equations:

1
ss

∂
∂t vs +∇us +∇×ws = − qs

msss
Es,

1
ss

∂
∂t us +∇·vs = 0,

1
ss

∂
∂t ws +∇ξs −∇× vs = − qs

msss
Bs,

1
ss

∂
∂t ξs +∇·ws = 0,

(8)
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and
∇·Es = −4πqsns,
∇·Bs = −4πqsgs,
∂Bs
∂t + ss∇× Es = 4πqsn0sws,

∂Es
∂t − ss∇× Bs = 4πqsn0svs.

(9)

For linearized equations, we obtain the following relations:

1
2

∂

∂t

(
v2

s + w2
s + u2

s + ξ2
s

)
+ ss∇·((vs ×ws) + usvs + ξsws) = −

qs

ms
(vs·Es + ws·Bs), (10)

1
8π

∂

∂t

(
E2

s + B2
s

)
+

ss

4π
∇·(Es × Bs) = qsn0s(vs·Es + ws·Bs). (11)

The value
1
2

(
v2

s + w2
s + u2

s + ξ2
s

)
(12)

represents the density of mechanical energy per unit mass. The value

ss((vs ×ws) + usvs + ξsws) (13)

is the mechanical energy flux density. The value

1
8π

(
E2

s + B2
s

)
(14)

is the volume density of the electromagnetic energy of the internal field, and the value

ss

4π
(Es × Bs) (15)

is the flux density of the electromagnetic energy of the internal field.

2.3. Sound Waves in a Superconducting Condensate

Let us now consider the small fluctuations of superconducting electron fluid parame-
ters near the equilibrium. The fluctuating contributions are denoted by values with tildes

ns = n0s + ñs,
vs = ṽs,
gs = g̃s,

ws = w̃s.

(16)

Then, we find
1
ss

∂ṽs
∂t + ss

n0s
∇ñs +∇× w̃s = − qs

msss
Ẽs,

1
n0s

∂ñs
∂t +∇ · ṽs = 0,

1
ss

∂w̃s
∂t + ss

n0s
∇g̃s −∇× ṽs = − qs

mqs ss
B̃s,

1
n0s

∂g̃s
∂t +∇ · w̃s = 0,

(17)

and
∇ · Ẽs = −4πqsñs,

∇ · B̃s = −4πqs g̃s,

ss∇× Ẽs = − ∂B̃s
∂t + 4πqsn0sw̃s,

ss∇× B̃s =
∂Ẽs
∂t − 4πqsn0sṽs.

(18)
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From Equations (17) and (18), we obtain the following wave equations for the parame-
ters of electron fluid: (

∂2

∂t2 − s2
s ∆ + ω2

sp

)
ñs = 0,(

∂2

∂t2 − s2
s ∆ + ω2

sp

)
ṽs = 0,(

∂2

∂t2 − s2
s ∆ + ω2

sp

)
g̃s = 0,(

∂2

∂t2 − s2
s ∆ + ω2

sp

)
w̃s = 0,

(19)

and for the internal fields (
∂2

∂t2 − s2
s ∆ + ω2

sp

)
Ẽs = 0,(

∂2

∂t2 − s2
s ∆ + ω2

sp

)
B̃s = 0.

(20)

Here, the parameter ωsp is the plasma frequency

ω2
sp =

4πn0sq2
s

ms
. (21)

Equations (19) and (20) can then be represented as a single generalized wave equation(
∂2

∂t2 − s2
s ∆ + ω2

sp

)
P̃s = 0, (22)

where the generalized parameter P̃s takes any value from the set

P̃s ∈
{

ñs, g̃s, ṽs, w̃s, Ẽs, B̃s

}
. (23)

All sound waves described by Equation (22) have the following dispersion relation

ω2 − s2
s k2 −ω2

sp = 0, (24)

where ω is the frequency and k is the wave number. The schematic plot of the dispersion
relation Equation (24) is represented in Figure 1.
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s

s

g
=
=
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0

1 ,s s s
s s

s s s s

s q
n

s t n m s
∂

+ = −
∂
v E∇  (26)

= ,s
s s

s s

q
m s

×v B∇  (27)

0

1 0.s
s

s

n
n t

∂
+ ⋅ =

∂
v∇  (28)
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Figure 1. The schematic plot of the dispersion curve for sound waves in the ideal electron fluid of
a superconductor.

2.4. Relation to the London Equations

Let us consider the flow of a superconducting condensate without taking into account
the vortex motion. Then,

gs = 0,
ws = 0,

(25)
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and linearized Equation (8) is transformed into

1
ss

∂vs

∂t
+

ss

n0s
∇ns = −

qs

msss
Es, (26)

∇× vs =
qs

msss
Bs, (27)

1
n0s

∂ns

∂t
+∇ · vs = 0. (28)

Rewriting these equations using the usual terms such as the density of charge and
current (taking into account the sign of the electron charge), we obtain

Es =
4π

s2
s

λ2 ∂ js
∂t

+ 4πλ2∇ρs, (29)

Bs = −
4π

ss
λ2 ∇× js, (30)

∂ρs

∂t
+∇ · js = 0, (31)

where
ρs = −qsns,

js = −qsn0svs,

λ2 = mss2
s

4πq2
s n0s

.

(32)

The corresponding wave equations are(
∂2

∂t2 − s2
s ∆ + ω2

sp

)
ρs = 0,(

∂2

∂t2 − s2
s ∆ + ω2

sp

)
js = 0,

(33)

(
∂2

∂t2 − s2
s ∆ + ω2

sp

)
Es = 0,(

∂2

∂t2 − s2
s ∆ + ω2

sp

)
Bs = 0.

(34)

Thus, Equations (29)–(31), (33), and (34) have the form of the London equations [27–29].
However, the propagation speed of perturbations in the electron fluid is equal to the speed
of electron sound, and not the speed of light, which seems to be more adequate from a
physical point of view.

3. Hydrodynamic Model of Ideal Electron-Hole Fluid in Semiconductor

Electron-hole plasma in semiconductors is also often represented as a liquid consisting
of charged particles of the opposite sign. To describe sound waves, let us consider the small
fluctuations of electron-hole fluid near the equilibrium state

nα = n0α + ñα,
vα = ṽα,
gα = g̃α,
wα = w̃α,
n0e = n0h = n0.

(35)
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Here, index α ∈ {e, h} (e is taken for electrons and h is taken for holes). Then, the
linearized equations in terms of nα and gα are written as

1
sα

∂ṽα
∂t + sα

n0
∇ñα + [∇× w̃α] =

qα
mαsα

Ẽα,
1

n0

∂ñα
∂t + (∇ · ṽα) = 0,

1
sα

∂w̃α
∂t + sα

n0
∇g̃α − [∇× ṽα] =

qα
mαsα

B̃α,

1
n0

∂g̃α

∂t + (∇ · w̃α) = 0,

(36)

and (
∇ · Ẽα

)
= 4πe(ñh − ñe),(

∇ · B̃α

)
= 4πe(g̃h − g̃e),

∂B̃α
∂t + sα

[
∇× Ẽα

]
= −4πen0(w̃h − w̃e),

∂Ẽα
∂t − sα

[
∇× B̃α

]
= −4πen0(ṽh − ṽe).

(37)

From Equations (36) and (37), we obtain the following wave equations for the fluctua-
tions of electron and hole concentrations:(

∂2

∂t2 − s2
h∆ + ω2

hp

)
ñh = ω2

hpñe,(
∂2

∂t2 − s2
e ∆ + ω2

ep

)
ñe = ω2

epñh.
(38)

Here, ωhp is the hole plasma frequency and ωep is the electron plasma frequency:

ω2
hp =

4πn0q2
h

mh
, (39)

ω2
ep =

4πn0q2
e

me
. (40)

Equation (38) can be separated as:{(
∂2

∂t2 − s2
e ∆ + ω2

ep

)(
∂2

∂t2 − s2
h∆ + ω2

hp

)
−ω2

hpω2
ep

}
ñh = 0, (41)

{(
∂2

∂t2 − s2
e ∆ + ω2

ep

)(
∂2

∂t2 − s2
h∆ + ω2

hp

)
−ω2

hpω2
ep

}
ñe = 0. (42)

The same equations we obtain for the rest variables describe the electron-hole fluid.
The generalized wave equation is written as{(

∂2

∂t2 − s2
e ∆ + ω2

ep

)(
∂2

∂t2 − s2
h∆ + ω2

hp

)
−ω2

hpω2
ep

}
P̃α = 0, (43)

where the generalized parameter P̃α takes any values from the set

P̃α ∈
{

ñα, g̃α, ṽα, w̃α, Ẽα, B̃α

}
. (44)

All sound waves described by Equation (43) have the following dispersion relation(
ω2 − s2

e k2 −ω2
ep

)(
ω2 − s2

hk2 −ω2
hp

)
−ω2

hpω2
ep = 0. (45)
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The schematic plots illustrating this dispersion relation are represented in Figure 2. If
k = 0, then one has two roots of Equation (45):

ω = 0,
ω = ω∗ =

√
ω2

ep + ω2
hp. (46)

If k→ ∞ , we have two asymptotes

ω = sek, (47)

and
ω = shk (48)

We assume that mh > me and sh > se.
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u
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q
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ε μ
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ε μ ξ
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Figure 2. The schematic plots of dispersion curves for sound waves in the electron-hole fluid.

The upper curve corresponds to the electron sound, while the lower curve corresponds
to the hole sound. The group velocity of hole sound in the long wave limit ( k→ 0) is

vhg =
dω

dk
=

√√√√ s2
e ω2

hp + s2
hω2

ep

ω2
ep + ω2

hp
, (49)

which is between se > vhg > sh.

4. Hydrodynamic Model of Electron Fluid in Normal Metal

In a normal metal, electrons collide with crystal lattice defects and phonons, which
are accompanied by energy dissipation processes. Such a damping of electron fluid distur-
bances can be described by the following replacement of operators in all equations:

∂

∂t
+ (v ·∇)⇒ ∂

∂t
+ (v ·∇) + ε, (50)

where ε is the average frequency of collisions. On the other hand, in the case of dense
electron fluid, it is also necessary to take into account the diffusion damping of disturbances.
Both these damping processes can be described by the following replacement of operators:

∂

∂t
+ (v ·∇)⇒ ∂

∂t
+ (v ·∇) + ε− µ ∆, (51)
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where µ is the coefficient of viscosity. Then, the linearized equations describing the motion
of the electron fluid are written as follows:

1
sn

(
∂
∂t + ε− µ ∆

)
vn +∇un +∇×wn = − qn

mnsn
En,

1
sn

(
∂
∂t + ε− µ ∆

)
un +∇ · vn = 0,

1
sn

(
∂
∂t + ε− µ ∆

)
wn +∇ξn −∇× vn = − qn

mnsn
Bn,

1
sn

(
∂
∂t + ε− µ ∆

)
ξn +∇ ·wn = 0,

(52)

and
∇ · En = −4πqnnn,

∇ · Bn = −4πqngn,(
∂
∂t + ε− µ ∆

)
Bn + sn∇× En = 4πqnn0nwn,(

∂
∂t + ε− µ ∆

)
En − sn∇× Bn = 4πqnn0nvn.

(53)

From Equations (52) and (53), we obtain the following relations for energy
and momentum:

1
2

∂
∂t
(
v2

n + w2
n + u2

n + ξ2
n
)
+ ε
(
v2

n + w2
n + u2

n + ξ2
n
)
+ sn∇ · ((vn ×wn) + unvn + ξnwn)

−µ(un∆un + ξn∆ξn + (vn · ∆vn) + (wn · ∆wn)) = − qn
mn

(vn · En + wn · Bn),
(54)

and
1

8π
∂
∂t
(
E2

n + B2
n
)
+ ε

4π

(
E2

n + B2
n
)
− µ{(En · ∆En) + (Bn · ∆Bn)}

sn
4π∇ · (En × Bn) = −qnn0n(vn · En + wn · Bn).

(55)

To describe sound waves, let us consider the small fluctuations of electron fluid
parameters in the normal metal near the equilibrium state

nn = n0n + ñn,

vn = ṽn,

gn = g̃n,

wn = w̃n.

(56)

Then, the linearized equations for sound waves in electron fluid are

1
sn

(
∂
∂t + ε− µ ∆

)
ṽn +

sn
n0n

∇ñn +∇× w̃n = − qn
mnsn

Ẽn,

1
n0n

(
∂
∂t + ε− µ ∆

)
ñn +∇ · ṽn = 0,

1
sn

(
∂
∂t + ε− µ ∆

)
w̃n +

sn
n0n

∇g̃n −∇× ṽn = − qn
mnsn

B̃n,

1
n0n

(
∂
∂t + ε− µ ∆

)
g̃n +∇ · w̃n = 0,

(57)

and the fields satisfy the equations

∇ · Ẽn = −4πqnñn,

∇ · B̃n = −4πqn g̃n,(
∂
∂t + ε− µ ∆

)
B̃n + sn∇× Ẽn = 4πqnn0nw̃n,(

∂
∂t + ε− µ ∆

)
Ẽn − sn∇× B̃n = 4πqnn0nṽn.

(58)
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From Equations (57) and (58), we obtain the following generalized wave equation:((
∂

∂t
+ ε− µ ∆

)2
− s2

n∆ + ω2
np

)
P̃n = 0, (59)

where the generalized parameter P̃n takes any values from the set

P̃n ∈
{

ñn, g̃n, ṽn, w̃n, Ẽn, B̃n

}
. (60)

The dispersion relation for Equation (59) is

ω2 − 2iω
(

ε + µk2
)
−
(

ε + µk2
)2
− s2

nk2 −ω2
np = 0. (61)

This equation has two roots

ω = i
(

ε + µk2
)
±
√

s2
nk2 + ω2

np. (62)

The real part of Equation (62) is represented in Figure 3a. If k→ ∞ , it has the asymptote

ω = snk. (63)

The imaginary part of Equation (62) is represented in Figure 3b. It corresponds to the
damped sound waves with decrement

(
ε + µk2).
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5. Conclusions

We have thus proposed a self-consistent hydrodynamic model for non-radiative
electron fluid in solids consisting of the equations for the vortex flow of electron fluid
and the equations for the frozen-in electromagnetic field. Frozen fields satisfy modified
Maxwell’s equations, which show that they are caused by currents and charge density
fluctuations and move along with the electron fluid. To take into account the processes
of electromagnetic wave radiation, this model must be supplemented with equations for
electromagnetic fields in a vacuum and energy balance equations. Electromagnetic fields
from external sources can also be taken into account additively in the system of equations
describing the electron fluid [30].

The proposed approach enables the description of superconducting condensate in
the superconductor as the ideal electron fluid without dissipation. In the case of vortex-
less flow, it leads us to equations very close to the London equations, but the speed of
the propagation of small fluctuations is equal to the speed of electron sound, not the
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speed of light. This seems to be more appropriate from a physical point of view. The
damping processes in normal metals can be described by modifying the operator parts of
the equations with additional terms that denote the electron collision frequency and internal
diffusion friction in electron fluid. Moreover, we have shown that the electron-hole plasma
in a semiconductor can be described by similar equations within the two-fluid model.

The advantages of self-consistent equations have been illustrated by the derivation
and analysis of the wave equations for electron sound waves in solids.
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