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Abstract: The interplay of particles in a heterogeneous multiparticle two-phase system and its effect
on superficial velocity have not been well quantified. In this study, a new model is developed to
examine the superficial velocity in a heterogeneous multiparticle two-phase system. To examine
the heterogeneous effects to the potentially maximum extent, the particle concentration is assumed
to follow a truncated fractal distribution, which is integrated into the free surface cell model. In a
statistical sense, the multiparticle two-phase system is stationary, so the mean of spatial heterogeneity
can be replaced by the ensemble mean. Since the underlying physical concept is rooted in the free
surface cell model, the validity of the model should be, therefore, limited to the low-Reynolds number
conditions. The developed model is compared to data from three representative experimental studies
in the literature and it is found that the model can better capture the scatters in experimental data than
the original free surface cell model. The model is also compared with three representative models
and demonstrates reasonable results. While the deterministic free surface cell model underestimates
the velocity, the cell model with truncated fractal distribution being incorporated can predict high
velocity with a wide range of particle concentration heterogeneity.

Keywords: heterogeneous multiparticle system; truncated fractal distribution; superficial velocity;
free surface cell model

1. Introduction

The relative velocity of particles to fluid in a two-phase system is an essential parameter
in many applications. Two cases of steady-state motion when either the particles move but
there is no average flow of fluid, or the particles remain relatively stationary while fluid
flows are often of particular interest. The presence of adjacent particles creates hindered
superficial velocity effects, in which flow around the neighboring particles causes a larger
drag than for a single particle, leading to a reduced superficial velocity of particles [1,2].

Sedimentation and fluidization are two important areas where understanding the
superficial velocity is essential. For sedimentation, the reduced settling velocity of particles
in a fluid is a critical physical parameter [3]. Baas et al. [4] reviewed experimental data sets of
sediment settling velocity in the literature and proposed new empirical equations for a wide
range of particle size and density, liquid density, and viscosity. Their results showed that
the hindered effects started to impact the settling behavior of sediment particles at particle
concentrations of only a few per cent. The settling velocity of particles depends on the
diameter, the particle and fluid densities, and fluid viscosity. It also depends on other factors
such as particle size distribution [5–8], particle shape, and its distribution [9–12]. Hanratty
and Bandukwala [13] observed that at low Reynolds numbers, although the multiparticle
system had a relatively uniform appearance, the particles were continually coming together
in small groupings and then dispersing. As the Reynolds number increased, there were
mass movements of groups of particles. In either case, there was heterogeneity in the
particle distribution in the multiparticle system.

The fluidization of the particles takes place when the drag force on the particles
balances their buoyant weight. For fluidization, Sun and Zhu [14] reviewed flow regimes
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and developed a set of four-quadrant flow regime maps in fluidization systems. In upward
gas–solid fluidization systems, the formation of bubbles (gas aggregation) or clusters
(particle aggregation) due to the hydrodynamic effects, could result in heterogeneous
structures [15] although the particle clustering phenomenon was less observed in liquid–
solid fluidized beds [8,16]. In low-velocity gas–solid fluidization regimes, the particle-
rich dense phase of particles and nearly particle-free dilute phase of fluid bubbles or
voids could coexist [17], which would also result in a heterogenous void and particle
distributions. Felice et al. [18] analyzed mixing effects that may lead to continuously
changing particle concentration relationships in heterogeneous binary-solid particulate
fluidization. Patwardhan and Tien [19] calculated the stratified distribution of mixtures of
particles and voids in liquid fluidized beds.

A widely used model for flow in multiparticle systems is the free surface cell model
proposed by Happel [20]. In this model, each particle that was assumed to be uniformly
spaced in the multiparticle system was enveloped by a spherical fluid cell. The fluid cell
was proposed to represent the interactions between the particles. The radius of the fluid
cell was determined so that the void space in the cell is equal to the voidage of the system
and the shear stress on the cell surface is zero. The cell model was shown to well predict
the drag but underestimate the superficial velocity for most fluidization and sedimentation
systems [20]. Jean and Fan [21] proposed a model that included two additional factors of
particle alignment and the nonuniformity of the local flow field (or channeling) and found
that incorporating the nonuniformity effect of local voidage as well as the particle alignment
effect could more satisfactorily account for the fluidization or the sedimentation velocity.

In summary, the interplay of various factors in a heterogeneous multiparticle two-
phase system and its effect on the superficial velocity has not been well quantified. Correc-
tion factors for particle sorting in the superficial velocity equations have been rare. Mirza
and Richardson [6] proposed a modified superficial velocity equation, which allowed for
considering the effect of particle interactions. Maude and Whitmore [22] proposed a simple
empirical power-law type equation with the power being related to the Reynolds number
to allow for differences in particle shape and particle size distribution.

Overall, the effect of particle size distribution, or sorting, on the superficial velocity
is less clear than the effect of particle shape. In this study, a new mathematical model is
developed to examine the superficial velocity in a heterogeneous multiparticle two-phase
system. It should be noted, however, that the proposed new model does not intend to
directly address the particle size distribution and its effect on the superficial velocity of
the two-phase system. Rather, it addresses the distribution heterogeneity of the particle
concentration of the two-phase systems. This type of heterogeneous distribution considers
the fact that in a portion of the region, the particle concentration is higher than the other
locations. To incorporate the heterogeneity to the potentially maximum extent, the particle
concentration is assumed to follow a truncated fractal distribution, which is then incorpo-
rated into the free surface cell model [20] to account for particle concentration heterogeneity.
In a statistical sense, the multiparticle two-phase system is assumed to be stationary so the
mean of the spatial heterogeneity can be replaced by the ensemble mean. As the underlying
physical foundation is rooted in the free surface cell model, the validity of the model
is, therefore, limited to low-Reynolds number flow conditions as in the cell model. The
developed model is compared to data sets from three representative experimental studies
in the literature and is also compared with three representative models in the literature.
The impact of the fractal distribution on the mean and standard deviation of the superficial
velocity ratio on the heterogeneous multiparticle system over that of a single particle is
then quantified and discussed.

2. Methods

In this study, the local superficial velocity ratio is represented by the free surface
model [20], in which two concentric spheres are considered. The radius of the spherical
solid particle inside the cell represents the average radius of the particles in the two-phase
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system. The radius of the outer fluid envelope is determined by the constraint that the
volume fraction of particles in the two-phase system must be the same as the particle
volume fraction of the cell. The model is referred to as the free surface model since it is
assumed that it is frictionless on the outer fluid cell surface (i.e., the shear stress is zero) so
the mathematical statement is closed to assure a unique solution. The solution of velocity
distribution can be solved, and the superficial velocity is determined to be related to the
overall pressure gradient. The superficial velocity is then normalized by the velocity of a
single particle under the same pressure gradient condition to obtain the superficial velocity
ratio, which is expressed in Equation (1) below. Refer to [20,23,24] for more detail about the
free surface cell model.

Vr = 1− (3/2)c1/3 +
(5/6)c5/3

1 + (2/3)c5/3 (1)

where Vr is the ratio of superficial velocity V over the velocity of a single particle V0.
(i.e., Vr = V/V0) and c is the particle concentration (i.e., the volume fraction of the particles)
in the two-phase multiparticle system.

While the original free surface cell model conceptualizes the two-phase system as a
single sphere being surrounded by a fluid cell uniformly, the cell model is extended to
represent the potential heterogeneity of the particles in the system. Locally the system
is similarly conceptualized by the free surface cell, but the particle concentration can
vary spatially. The particle concentration of a two-phase system is assumed to follow the
following fractal distribution [25,26]

N(C ≥ c) = (cmax/c)D/3 (2)

where cmax is the maximum particle concentration and is assumed to be 1 for simplicity. It
can be, however, other values smaller than 1. D is the fractal dimension of the characteristic
length of the particle volume such as the effective diameter. Note that for an exact fractal
distribution, the minimum value of c should start from 0. In this study, we approximate the
particle concentration as a truncated fractal distribution in which the concentration starts
from c = cmin for practical applications.

The number of cells in the heterogeneous multiparticle system that is in the range
from c to c + dc can then be determined

− dN(c) = (D/3)cD/3
maxc−(D+3)/3dc (3)

The total number of cells, Nt, can be established by integrating over the entire range
of particle concentration from cmin to cmax as

Nt = −
∫ cmax

cmin

dN(c) = (cmax/cmin)
D/3 − 1 (4)

The probability density function of the truncated fractal distribution is then

f(c) = − dN
Ntdc

=
DcD/3

min c−(D/3+1)

3[1− (cmax/cmin)
−D/3]

(5)

The mean concentration c* in the two-phase system can then be determined as

c∗ =
∫ cmax

cmin

cf(c)dc =
Dcmax[(cmax/cmin)

−D/3 − (cmax/cmin)
−1]

(3−D)[1− (cmax/cmin)
−D/3]

(6)
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With the given values of c*/cmax and D, the ratio cmax/cmin can be determined from
the following constraint iteratively

c∗

cmax
=

D[(cmax/cmin)
−D/3 − (cmax/cmin)

−1]

(3−D)[1− (cmax/cmin)
−D/3]

(7)

The variance s2
c and standard deviation sc of the particle concentration can be calcu-

lated as follows, respectively

s2
c = (c2)∗ − c∗2 =

Dc2
min[(cmax/cmin)

2−D/3 − 1]

(6−D)[1− (cmax/cmin)
−D/3]

−
D2c2

min[(cmax/cmin)
1−D/3 − 1]2

(3−D)2[1− (cmax/cmin)
−D/3]2

(8)

sc =

{
Dc2

min[(cmax/cmin)
2−D/3 − 1]

(6−D)[1− (cmax/cmin)
−D/3]

−
D2c2

min[(cmax/cmin)
1−D/3 − 1]2

(3−D)2[1− (cmax/cmin)
−D/3]2

}1/2

(9)

The mean superficial velocity ratio, V*
r, is determined by the following integration

V∗r =
∫ cmax

cmin

[
1− (3/2)c1/3 +

(5/6)c5/3

1 + (2/3)c5/3

]
f(c)dc (10)

After the integration of the first two terms, one can obtain

V∗r = 1−
3Dc1/3

min[1− (cmax/cmin)
(1−D)/3]

2(D− 1)[1− (cmax/cmin)
−D/3]

+
5DcD/3

min

∫ cmax
cmin

c(2−D)/3

1+(2/3)c5/3 dc

18[1− (cmax/cmin)
−D/3]

(11)

The integration term
∫ cmax

cmin
c(2−D)/3

1+ 2
3 c5/3 dc in the above equation can be carried out by a

variable transformation z = c5/3 as follows

∫ cmax

cmin

c(2−D)/3

1 + (2/3)c5/3 dc =
3c(5−D)/3

min
5−D

[(cmax/cmin)
(5−D)/3G1 −G2] (12)

where G1, and G2 are the hypergeometric functions as follows, respectively

G1 = 2F1

(
1, 1−D/5; 2−D/5;−2c5/3

max/3
)

(13)

G2 = 2F1

(
1, 1−D/5; 2−D/5;−2c5/3

min/3
)

(14)

Therefore, the mean superficial velocity ratio is

V∗r = 1−
3Dc1/3

min[1− (cmax/cmin)
−(D−1)/3]

2(D− 1)[1− (cmax/cmin)
−D/3]

+
5Dc5/3

min[(cmax/cmin)
(5−D)/3G1 −G2]

6(5−D)[1− (cmax/cmin)
−D/3]

(15)

The variance of the superficial velocity ratio is then integrated as

s2 = 9
4

[
c2/3 −

(
c1/3

)2
]
− 5

2

[
c2

1+(2/3)c5/3 −
(

c1/3
)(

c5/3

1+(2/3)c5/3

)]
+ 25

36

[
c10/3

(1+(2/3)c5/3)
2 −

(
c5/3

1+(2/3)c5/3

)2
] (16)
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where the overbar denotes an average operator. The terms in Equation (16) can be evaluated
and listed as follows, respectively

c1/3 =


Dc1/3

min

[
1−(cmax/cmin)

−(D−1)/3
]

(D−1)
[
1−(cmax/cmin)

−D/3
] if D 6= 1

c1/3
min ln(cmax/cmin)

3
[
1−(cmax/cmin)

−1/3
] if D = 1

(17)

c2/3 =


Dc2/3

min

[
1−(cmax/cmin)

−(D−2)/3
]

(D−2)
[
1−(cmax/cmin)

−D/3
] if D 6= 2

2c2/3
min ln(cmax/cmin)

3
[
1−(cmax/cmin)

−2/3
] if D = 2

(18)

c5/3

1 + (2/3)c5/3 =
Dc5/3

min[(cmax/cmin)
(5−D)/3G1 −G2]

(5−D)[1− (cmax/cmin)
−D/3]

(19)

c2

1 + (2/3)c5/3 =
Dc2

min[(cmax/cmin)
(6−D)/3G3 −G4]

(6−D)[1− (cmax/cmin)
−D/3]

(20)

where G3 and G4 are the hypergeometric functions as follows, respectively

G3 = 2F1

[
1, (6−D)/5; (11−D)/5;−2c5/3

max/3
]

(21)

G4 = 2F1

[
1, (6−D)/5; (11−D)/5;−2c5/3

min/3
]

(22)

c10/3(
1 + 2

3 c5/3
)2 =

Dc10/3
min [(cmax/cmin)

(10−D)/3G5 −G6]

(10−D)[1− (cmax/cmin)
−D/3]

(23)

The hypergeometric functions G5 and G6 in Equation (23) are, respectively

G5 = 2F1

(
2, 2−D/5; 3−D/5;−2c5/3

max/3
)

(24)

G6 = 2F1

(
2, 2−D/5; 3−D/5;−2c5/3

min/3
)

(25)

To summarize, there are two required input parameters of mean particle concentra-
tion c* and fractal dimension D in the developed approach in this study. From the given
c* and D, we can first determine the ratio of maximum particle concentration cmax (typical 1.0
or a smaller value) and minimum concentration cmin, cmax/cmin from Equation (7) by iteration.
After determining the cmax/cmin, we can calculate the variance and standard deviation of the
particle concentration from Equations (8) and (9), respectively. The mean and standard devia-
tion of the superficial velocity ratio are calculated from Equations (15) and (16), respectively.
In the next section, we will compare the developed model to a few representative experi-
mental data sets and models from the literature over the last six decades. The comparison
with the experimental results is quantitatively assessed using the root mean square error
(RMSE) and the Nash–Sutcliffe model efficiency coefficient (NSE). We will then discuss the
impact of fractal dimension and the mean particle concentration on the superficial velocity
ratio in more general perspectives.

3. Results

There have been numerous experimental data for both fluidization and sedimentation
in the literature. In this section, the developed model is first compared to representative
experimental data sets in the literature from three different studies conducted over the last
six decades in 1957, 1992, and 2022, respectively, for both fluidization and sedimentation
with various particle materials.
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In Figure 1, the comparison of superficial velocity ratio is plotted with the experimental
data from two typical runs for both the sedimentation and fluidization of Hanratty and
Bandukwala [13]. The fluidization and sedimentation of 0.56 mm steel spheres and 0.71 mm
glass spheres in glycerine-water solutions were studied experimentally in a 10.2 cm glass
column. The experimental results of a typical run with a Reynolds number between
0.01 and 0.025 for both fluidization and sedimentation were used for comparison in this
study. The model results of mean superficial velocity ratio based on the truncated fractal
distribution are plotted in Figure 1 along with the mean ± one standard deviation from the
mean superficial velocity. The results from the simple deterministic uniform free surface
cell model are also plotted for comparison. The truncated fractal distribution model results
from both the small fractal dimension (D = 1.1) and the large fractal dimension (D = 2.9) are
shown in Figure 1a,b, respectively. For the small fractal dimension, the structure of particle
volume is less space filled with large dilute clusters (large void space). For the large fractal
dimension close to 3, the particle volume is more space filled and tends to occupy spaces
with small voids. Since both structures have the same mean particle concentration, the one
with smaller fractal dimension should span a larger range of concentration range cmax/cmin
so the particles can be in the dilute regions to make the overall mean concentration the
same for both smaller fractal dimensions and larger fractal dimensions.
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Figure 1. Comparison with early experimental data from typical runs of Hanratty and Bandukwala [13]
for both the sedimentation and fluidization of steel spheres and glass spheres with (a) D = 1.1 and
(b) D = 2.9. In (a,b), Vra = Vr* + s and Vrb = Vr* − s.

It can be seen that the two-phase system with the truncated fractal dimension pre-
dicts a higher mean concentration than the deterministic free surface cell model. Overall,
however, the mean from the truncated fractal distribution still slightly underestimates the
experimental data. The mean ± standard deviation results can mostly capture the scatters
in the experimental data, especially when the fractal dimension is small (Figure 1a). Since
the interaction and hindered characteristics in affecting the superficial velocity ratio are
highly non-linear and the velocity drops quickly with the increased particle concentration,
the smaller fractal dimension system should a have higher chance of occupying the dilute
regions that will enhance the superficial velocity compared to the large fractal dimension
counterpart with the same mean particle concentration. Quantitatively for D = 1.1, the
RMSE and NSE for the mean superficial velocity ratio prediction from this study are 0.099
and 0.598, respectively, while for D = 2.9, the RMSE and NSE are 0.155 and 0.004, respec-
tively. For the deterministic free surface cell model prediction, the RMSE is higher at 0.219
and NES lower at −0.974, respectively.

Figure 2 shows the comparison of the present model with the experimental results of
Chianese et al. [10] for fluidization with irregularly shaped particles. Chianese et al. [10]
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experimentally investigated the behavior of fluidized beds of monosized sodium perborate
crystals in saturated aqueous solutions. The crystalline particles of 300 µm to 710 µm
sieved in five size ranges were used in the experiments. More than 12 measurements were
performed for each crystal set by gradually decreasing the flow rate of the fluidizing medium.
The Reynolds number range was from 6.6 to 31 in the experiments of Chianese et al. [10]. For
D = 1.1, the RMSE and NSE for the mean superficial velocity ratio prediction from this
study are 0.024 and 0.940, respectively, while for D = 2.9, the RMSE and NSE are 0.036 and
0.860, respectively. For the deterministic free surface cell model prediction, the RMSE and
NSE are 0.081 and 0.293, respectively.

Recently, Baas et al. [4] conducted five series of settling column experiments in which
fresh water and well-sorted to very-well-sorted spherical glass beads with the mean size
ranging from 0.040 mm to 0.552 mm were used. The superficial velocity was measured for
particle concentration between 5% and 55%. The Reynolds number in the experiments by
Baas et al. [4] ranged from 0.057 to 44.08. Figure 3 shows the comparison of the present
study with recent experimental data from Baas et al. [4] for sedimentation of well-sorted
spherical glass beads with D = 1.1 (Figure 3a) and D = 2.9 (Figure 3b). Under the very dilute
conditions of particle concentration of a few volumetric percent, while the heterogeneously
truncated fractal distribution of particle concentration enhances the superficial velocity
significantly, it still slightly underpredicts the superficial velocity.
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shape particles with (a) D = 1.1 and (b) D = 2.9. In (a,b), Vra = Vr* + s and Vrb = Vr* − s.

For D = 1.1, the RMSE and NSE for the mean superficial velocity prediction from
this study are 0.078 and 0.905, respectively, while for D = 2.9 the RMSE and NSE are
0.112 and 0.806, respectively. For the deterministic free surface cell model prediction, the
RMSE and NSE are 0.152 and 0.645, respectively. The smaller fractal dimension model
prediction agrees better with the experimental data. Due to wide range of conditions, the
experimental data exhibited large scatters, but the present model results follow the trend
well. Overall, the mean ± standard deviation band from the model prediction in this study
is able to cover the scatters from the representative experimental results. The high value
of the superficial velocity ratio in one set of experimental results by Baas et al. [4] at a
high Reynolds number is slightly outside the mean ± standard deviation envelope from
the present study. The results from the experiments by Baas et al. [4] indicated that the
superficial velocity ratio increased with the increasing Reynolds number. Therefore, the
results that are under-predicted by the present study are for Re = 44.08, where the slow
flow assumption presented in this study is likely to be deviated.
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Figure 4 shows the results of the concentration cmax/cmin ratio in relation to the mean
particle concentration (Figure 4a) and the fractal dimension (Figure 4b). The ratio cmax/cmin
decreases quickly with the increase in the mean particle concentration. For dilute system
with small particle concentration, the cmin needs to be small (i.e., high cmax/cmin ratio) for
the system to achieve small mean particle concentrations given that cmax can only be as
high as 1. Therefore, for a small fractal dimension, the contrast of particle concentration
needs to be large as the system is less space-filled. As the mean particle concentration
increases, the fractal distribution has to be more truncated, so it deviates from a truly fractal
distribution more significantly since the distribution samples a smaller concentration range
(i.e., cmin also increases). The contrast of cmax/cmin is, however, more pronounced under
the small fractal dimension condition. In other words, the cmin should start at smaller value
compared to a larger fractal dimension system.
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particle concentration range ratio cmax/cmin.

Figure 5 illustrates the impact of the fractal dimension on the mean superficial velocity
ratio. For more dilute systems, the superficial velocity ratio is higher due to less hindered
effects. While keeping the same mean particle concentration, the mean superficial velocity
ratio decreases with the increasing fractal dimension. As the fractal dimension becomes
larger for a given mean particle concentration, the two-phase system becomes more space-



Fluids 2022, 7, 347 9 of 12

filled and the range of concentration becomes smaller. The dilute regions that are mainly
responsible for enhancing the superficial velocity are smaller when the fractal dimension
becomes larger. As the superficial velocity decreases with the particle concentration quickly
in a non-linear fashion, the mean superficial velocity also becomes smaller as the fractal
dimension becomes larger.

Figure 6 shows the impact of the fractal dimension on the standard deviation of
the superficial velocity ratio (Figure 6a) and on the standard deviation of the particle
concentration (Figure 6b). The more space-filled system with the larger fractal dimension
has smaller variability in the superficial velocity ratio. The standard deviation of the particle
concentration itself also decreases with the increasing fractal dimension. For the particle
concentration, when the mean concentration is smaller, its potential variability is also
smaller. For the superficial velocity ratio, however, the higher variability corresponds to the
condition of the lower mean particle concentration. When the mean particle concentration
decreases, then both the mean and standard deviation of the superficial velocity ratio
increase. It should be noted, however, that the coefficient of the variation of the superficial
velocity ratio does not necessarily increase.
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4. Discussion

While accurate superficial velocity relationships are of great practical importance, there is
no definite consensus regarding the precise form on the superficial velocity. There have been
many models to predict the superficial velocity in both sedimentation and fluidization, with
most of them being empirical. One of the earliest empirical models by Richardson and Zaki [27]
had the power-law form as Vr = (1− c)4.65. Most recently, Baas et al. [4] revised this equation
by empirically formulating the constant power “4.65” in the Richardson and Zaki [27] as a
decreasing function of the Reynolds number based on 548 data sets from the literature. In
the slow flow regime, however, it was concluded that the power “4.65” was reasonable.

Hoef et al. [28] performed a Lattice-Boltzmann simulation of flow past arrays of
spheres and fitted their results of drag force into an empirical formula, which can be
translated into the superficial velocity ratio. More recently, Faroughi and Huber [29]
proposed a theoretical model for the superficial velocity in the slow flow regime based on
three sets of correction.

The model developed in this study is compared to these three models spanning
over the last six decades from empirical, semi-empirical, and numerical studies, and the
comparison results shown in Figure 7 include the mean superficial velocity ratios from the
present study and those from Richardson and Zaki [27], Hoef et al. [28], and Faroughi and
Huber [29] are plotted together for comparison. The models in the literature exhibited a
wide range of variations. The early model of Richardson and Zaki [27] and the original
free surface model [20] were the upper and lower bounds among the models compared
in Figure 7. The present model integrating the truncated fractal distribution of particle
concentration and those of Hoef et al. [28] and Faroughi and Huber [29] lie between these
two models.
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representative models of Richardson and Zaki [27], Hoef et al. [28] and Faroughi and Huber [29] in
the literature.

A unique relationship between the superficial velocity and particle concentration
does not exist. The free surface cell model gives a lower bound and corresponds to the
condition representing uniform particle distribution since any circulation or agglomeration
effects result in an increased superficial velocity. In very dilute systems, particles are not
close enough to attract each other, whereas in concentrated systems, mutual interference
will result in a more or less uniform development of structure. The heterogeneity due
to the agglomeration effects could be of greatest importance. In this study, we address
spatially heterogeneous distribution in which the particle concentration in a portion of
the regions is higher than the other locations. This type of spatial heterogeneity may also
be indirectly generated by non-uniform particle size distribution, although the approach
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proposed in this study does not directly address the particle size distribution and its effect
on the superficial velocity of the two-phase system.

There are other factors that could potentially affect the superficial velocity such as
the effects by column wall, particle shape, and cohesive forces, among others. The wall
effects have been shown to decrease superficial velocity by friction at the column walls [30].
For most practical applications, however, the wall effect is considered negligible. Particle
shape has been demonstrated to also impact the superficial velocity. Chong et al. [9],
Chianese et al. [10], and Baldock et al. [31] showed that the superficial velocity was higher
for spherical particles than for non-spherical particles due to the capture of stagnant fluid
in the angularities of the non-spherical particles. Correction for particle shape usually
requires laborious measurements of sphericity and the angularity of individual particles.
Cohesive particles may also reduce the superficial velocity due to a magnified hindered
effect by providing supportive strength [32,33].

The focus of this study is the impact of particle concentration heterogeneity on the
superficial velocity of a two-phase system due to the factors such as particle aggregation
and non-uniform particle size distribution. The heterogeneous particle concentration
distribution is quantified by the fractal dimension D and the range reflected by the particle
concentration ratio cmax/cmin. Other factors such as shape and its distribution may also be
partially accounted for by the cmax/cmin range and D value, but its quantitative extent is
difficult to assess and deserves further studies.

It should be noted that the approach computes the ensemble mean and the associated
standard deviation of the superficial velocity ratio for the stationary two-phase hetero-
geneous system, in which the spatial mean can be represented by the ensemble mean.
Based on the truncated fractal distribution of particle concentration, the superficial velocity
ratio also has a random distribution. The approach does not, however, predict the explicit
superficial velocity at each single region.

5. Conclusions

In this study, a new approach is developed to examine the impact of particle–fluid
interaction on the superficial velocity in a heterogeneous multiparticle two-phase system.
Locally, the interaction among particles and fluid is represented by the free surface cell
model. The particle concentration is then assumed to follow a truncated fractal distribution.
The main conclusions can be summarized as follows.

1. While the deterministic free surface cell model underestimates the superficial velocity,
the free surface cell model that incorporates a truncated fractal distribution of particle
concentration can predict a high superficial velocity ratio.

2. For a given mean particle concentration, a smaller fractal dimension means a higher
ratio of maximum particle concentration over minimum particle concentration.

3. The mean superficial velocity ratio compares well with the experimental data in the
literature, but the model still slightly underestimates the superficial velocity ratio in
dilute two-phase systems.

4. For a two-phase system with a higher fractal dimension, both the mean superficial
velocity ratio and the standard deviation of the superficial velocity ratio are smaller.
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