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Abstract: The paper considers the numerical modeling of the processes of homogeneous and heteroge-
neous condensation and evaporation in multiphase flows using the method of moments. Nonstation-
ary processes of gas dynamics and phase transitions in the two-dimensional plane and axisymmetric
regions are described by a general system of equations. The system of equations is expanded by
adding two equations. One describes the evolution of the total mass fraction of the condensing
substance; the other describes the evolution of the mass fraction of solid particles. An instant wetting
model is used to model heterogeneous nucleation. The Gyarmathy model is used for the approxi-
mation of the average droplet growth rate. Heterogeneous condensation is modeled based on the
distribution function of foreign impurities. An approach to calculating evaporation in the hetero-
geneous case is proposed. A comparison of the proposed models with a numerical experiment is
given. Numerical simulation of homogeneous-heterogeneous condensation in a gas-dynamic ejector
is carried out.

Keywords: homogeneous condensation; heterogeneous condensation; multiphase flow; method
of moments

1. Introduction

Gas-dynamic flows with phase transformations are ubiquitous in nature and technol-
ogy. Condensation of water vapor contained in humid air can play a special role in the flow
around aerodynamic surfaces. Condensate generation can affect the performance of steam
turbines in power plants. Wet gas flow has a significant effect on the thrust characteristics
of rocket engine nozzles. Many chemical processes take place at the phase interface. Using
heterogeneous condensation, gas is purified from submicron particles.

In nature, there are two types of vapor condensation. The first type is homogeneous
condensation, in which the initial condensation centers (nuclei) arise spontaneously from
the vapors of the substance itself [1–9]; the second type is heterogeneous condensation,
when particles of another (usually solid) phase are the centers of condensation [10–16].
Condensation of a binary gas mixture, in which vapors of one substance can condense
on the nuclei of another substance [17], is a special case of heterogeneous condensation.
Heterogeneous nucleation associated with the initial adhesion of clusters to the surface of
particles of another phase will be called activation.

The process of both homogeneous and heterogeneous condensation can be divided
into two stages: the first is nucleation, and the second is the growth of droplets due to
condensation. At the first stage, the majority of stable nuclei of a new phase are formed
from the initial metastable phase (supersaturated vapor). The nucleation of a new phase
occurs due to the high degree of metastability of the medium, and the end of the nucleation
process is due to a decrease in the degree of metastability due to the transition of a part
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of the substance of the metastable phase into nuclei of a stable phase. At the stage of
condensation growth of droplets, the size of droplets (nuclei) of a new phase increases with
a constant number of droplets.

Depending on the role of other phase particles, nucleation can occur either through
homogeneous nucleation or through heterogeneous activation.

Heterogeneous nucleation is determined by such factors as the size distribution of
solid condensation nuclei and their concentration, the concentration of vapor monomers
at the core surface, and the activation energy of nucleation, which depends largely on
the contact angle of wetting of the core surface liquid. Because there is lower energy
consumption during activation than during homogeneous condensation, heterogeneous
condensation leads to less supercooling of the mixture and a faster approach to equilibrium.
It can be assumed that if the probability of nucleation is higher near foreign bodies than
in other parts of the medium, then the condensation process proceeds according to a
heterogeneous type. However, if there are not enough foreign particles (or if they are
absent), then condensation is homogeneous during the transition from a metastable state
to a stable. As a rule, heterogeneous nucleation occurs at earlier stages of undercooling
(at lower parameters characterizing the metastability of the medium) than homogeneous
nucleation. However, in many natural phenomena and some technical devices, due to the
different flow conditions in the flow, the joint occurrence of both condensation processes
is possible.

In recent years, the problems of the numerical modeling of homogeneous [18–25] and
heterogeneous condensation [26–28] have been actively studied. The problem of the joint
occurrence of heterogeneous and homogeneous nucleation in solutions and melts was
considered in [29], and in gas mixtures in [30].

In the equation for the nucleation rate obtained in the classical heterogeneous nu-
cleation theories [31–33], a coefficient is introduced into the exponential function. This
coefficient is defined as an interfacial correlation function f. With this approach, previously
proposed in [34], the free energy of the formation of the critical embryo on the nucleating
particle at a given supersaturation is defined as the product of the free energy barrier of ho-
mogeneous nucleation and the interphase correlation function f. Heterogeneous nucleation
corresponds to low values of f and small values of supersaturation, homogeneous nucle-
ation corresponds to high values of supersaturation and f = 1. The f value is determined
by the interfacial tension between different phases and the average radius of the foreign
particles divided by the critical radius of the embryos.

The dynamics of the condensation process are described by the general dynamic
equation (GDE) [20], which sets the law of evolution of the size distribution function of
liquid phase droplets. Solving this equation requires significant computational resources to
store and work with multidimensional data sets. One of the most widely used approaches
to solving GDE is the transition from a differential equation for the distribution function to
a system of integrodifferential equations for the moments of this distribution function. The
resulting system of equations requires closure. Hill [18] was one of the first to propose a
practical model based on the method of moments (MM). He proposed a form of moment
equations that was applicable to any level of droplet growth by approximating the average
droplet growth rate. The moment method was further developed in [21,22].

From the point of view of a mathematical description, heterogeneous nucleation
(activation) differs from homogeneous nucleation by a function that sets the rate of nucle-
ation. For condensation, the deposition of vapors on foreign clusters is energetically more
preferable than the formation of new ones of their own. Fletcher was one of the first to
propose the form of the nucleation rate function for spherical particles [34]. This approach
is preferable for considering heterogeneous cluster formation on relatively large particles.
An alternative approach is an assumption that the particles are wetted entirely at once.
This approach is called the instantaneous-wetting model [28] and gives good results for
droplets of the order of tens of nanometers. The model makes it easy to adapt MM for
heterogeneous condensation.
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For the closure of the system of moment equations in MM, it is essential to assume
that the droplet growth rate has a constant or linear dependence on the radius. With more
complex dependences of the droplet growth rate on the radius, the use of MM is difficult.
To eliminate this drawback of MM in 1997, McGraw [21] proposed a modification of MM,
the quadrature method of moments (QMOM), with which the moments of the distribution
function are tracked in time in the same way as in the usual case, but for which the exact
closure requirement is replaced by the approximate closure, which allows the method to be
applied to a much wider range of cases.

In 2011, Yuan and Fox [35] published the conditional QMOM (CQMOM) method.
This method is more common and is applicable for modeling general problems by track-
ing the moments of the droplet size distribution function with an arbitrary number of
internal parameters.

The efficiency of QMOM was studied in [36,37] when studying the process of primary
and secondary nucleation in the transonic flow in a low-pressure steam turbine. The
stability of QMOM is shown in the case of the calculation of condensation processes for a
polydisperse distribution of droplets with sizes differing by several orders of magnitude.

In most of the computational cases considered in this work, droplets grow in the free
molecular regime. Therefore, we assume that the droplet growth rate does not depend on
the droplet radius [21] and apply the standard MM approach.

In this work, we propose a mathematical model for studying the joint occurrence of
heterogeneous and homogeneous condensation processes in technological devices. An
approach based on the use of the moment method for modeling homogeneous and hetero-
geneous condensation is considered and supplements the study [26] in part of the model
of heterogeneous evaporation. In this paper, we propose to use the initial distribution
function of dry particles during denucleation and to perform denucleation when the size
distribution function of droplets (wetted particles) reaches the initial distribution function
of dry particles. This distinguishes our model from previous works [25,38,39], in which the
critical drop nucleus was used for evaporation.

2. Physical and Mathematical Models

Often in applications, problems arise when homogeneous and heterogeneous conden-
sation is realized simultaneously in gas-dynamic flows [40]. In cases where the degree of
supersaturation S has very large values [29,30], homogeneous condensation prevails in the
medium. The embryos are formed mainly from vapor molecules even when the number of
foreign particles is insufficient for the heterogeneous condensation.

Unlike homogeneous condensation, heterogeneous condensation occurs on already-
existing impurities: drops of another already-condensed gas, soot, or other small particles
that act as condensation nuclei. For homogeneous condensation, we consider the condensa-
tion process as having two successive stages: nucleation and droplet growth. However, in
contrast to homogeneous condensation, heterogeneous nucleation occurs due to an increase
in the number of nuclei into which stable clusters of a condensing liquid, with a size greater
than the critical size, nucleate (attach).

The physical model in this study is a multiphase medium consisting of a multicompo-
nent gas (carrier gas/air and vapors of a condensing substance/water), and clusters (drops)
of a condensing substance and solid foreign particles.

When constructing a mathematical model of the flow of a multiphase mixture with
phase transitions, we use the following assumptions:

(1) Volume fractions of liquid and solid phases are negligible.
(2) Homogeneous droplets are in mechanical and thermal equilibrium with the gas phase.

There is only mechanical equilibrium between heterogeneous droplets and the gas
phase, that is, they have their own temperature.

(3) There are no collisions between drops.
(4) Diffusion between the vapors of the condensing substance and the carrier gas are

neglected in the equations for the mass fractions of the condensing substance.
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In addition, in our model, we suppose:

(1) Condensation occurs in two stages. As in the homogeneous case, the first is the
nucleation stage, the second is the growth of droplets;

(2) The solid particle is completely covered with moisture at once (Figure 1);
(3) The particle size distribution function for solid particles is known in advance and

does not change;
(4) The growth of the droplet is uniform in all directions.
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Figure 1. Schematic representation of the heterogeneous condensation process, inspired by [26].

Furthermore, we assume that the activation of particles occurs only for particles of
which the radius is greater than the critical radius of the nucleus r∗ (Figure 2) and that
the rest of the particles do not participate in the process. Figure 2 shows the particle size
distribution function g(r). The arrow indicates the direction of propagation of the boundary
of the activated particle with increasing supersaturation.
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To describe the model of homogeneous-heterogeneous condensation, we assume
that homogeneous condensation occurs only when the number of formed heterogeneous
clusters is insufficient for the medium to pass from a metastable state to a stable one, only
due to the formation of heterogeneous nuclei.
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2.1. Model of Homogeneous-Heterogeneous Condensation

Within the framework of this approach, we use a system of equations that describes
the dynamics of a viscous heat-conducting gas-droplet medium and an extended system
of moment equations that describes phase transitions. Additionally, in this model, it is
supposed that phase transitions according to homogeneous and heterogeneous types occur
independently and therefore the system of moment equations can be represented as a
combination of two systems of moment equations:

∂ρ

∂t
+

∂(ρu)
∂x

+
∂(ρv)

∂y
= − ξρv

y
(1)

∂(ρu)
∂t

+
∂
(
ρu2 + p− τxx

)
∂x

+
∂
(
ρuv− τxy

)
∂y

= − ξ

y
(
ρuv− τxy

)
, (2)

∂(ρv)
∂t

+
∂
(
ρuv− τyx

)
∂x

+
∂
(
ρv2 + p− τyy

)
∂y

= − ξ

y

(
ρv2 − τyy

)
, (3)

∂(ρE)
∂t +

∂(u(ρE+p)−(uτxx+vτyx−qx))
∂x +

∂(v(ρE+p)−(uτyx+vτyy−qy))
∂y =,

−ξ
v(ρE+p)−(uτyx+vτyy−qy)

y

(4)

∂

∂t
(ρQho

0 ) +
∂

∂x
(ρuQho

0 ) +
∂

∂y
(ρvQho

0 ) = J −
ξρvQho

0
y

, (5)

∂

∂t
(ρQho

1 ) +
∂

∂x
(ρuQho

1 ) +
∂

∂y
(ρvQho
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0

.
r−
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1

y
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∂
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∂
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Here Oxy is the cylindrical coordinate system; ρ is the density of the mixture; p is the
pressure; T is the static temperature of the mixture; u is the velocity along the x direction; v
is the velocity along the y direction; E is the total energy per unit mass; µ is the viscosity
coefficient; λ is the thermal conductivity coefficient; Qho

0 , Qho
1 , Qho

2 are the moments of the
size distribution function of homogeneous droplets (Qho

0 —the number of clusters (drops),
Qho

1 —the sum of the radii of all drops, Qho
2 —the sum of the squares of the radii of all drops

in a kilogram of the mixture); Qhe
0 , Qhe

1 , Qhe
2 are the moments of the distribution function of

heterogeneous drops by size; αho is the mass fraction of water condensed in a homogeneous
way (the mass of liquid water in a kilogram of the mixture); αhe is the mass fraction of
water condensed in a heterogeneous way; Jho is the rate of homogeneous nucleation (the
number of nuclei of critical size formed in a cubic meter per unit of time); r∗ is the critical
nucleus radius,

.
r = dr/dt is the rate of droplet growth; τxx, τxy, τyy are the components of

the viscous stress tensor; and qx, qy are the components of the heat flux. In the plane case,
ξ is 0, and in the axisymmetric coordinate system, ξ is 1.

Effective viscosity and thermal conductivity are defined as the sum of the laminar µL,
λL and turbulent µt, λt components:

µ = µL + µt, λ = λL + λt. (18)

To calculate the turbulent viscosity and thermal conductivity, an algebraic turbulence
model [41] is used.

Heterogeneous activation affects homogeneous nucleation through the terms con-
tained in the right-hand sides of Equations (5)–(8):

J =

{
η
(

Jho − ψhe
0

)
, S > 1

Jho
den, S < 1

, (19)

where ψhe
0 is the rate of heterogeneous activation (the number of particles of the solid phase

activated in a cubic meter per second), determined [26] on the assumption that the existence
of droplets less than the critical size is energetically unfavorable:

ψhe
k =

d
dt

∞∫
0

rkρgdr. (20)

If the rate Jho is less than ψhe
0 , homogeneous nucleation does not occur; however,

otherwise both the presence of homogeneous and heterogeneous condensation is possible.
This condition is taken into account in Equations (5)–(8) using the coefficient η, calculated
from the value of J from (19):

η =

{
1, i f J > 0
0, i f J < 0

. (21)

In Equations (9)–(12), the terms ψk on the right-hand sides, describing activation upon
condensation and deactivation upon evaporation of heterogeneous droplets, are written
as follows:

ψk =


ψhe

k , S > 1{
ψhe

deactiv, k = 0
0

, S < 1
, (22)

Here the value ψhe
deactiv is the deactivation rate.

For the case of a uniform distribution function of gn foreign particles, with a particle
size distribution from rmin to rmax, the rate of heterogeneous activation will have the
following form:

ψhe
k =

{
0, r∗ /∈ [rmin, rmax]

− ρgn
rmax−rmin

rk
∗

dr∗
dt , r∗ ∈ [rmin, rmax]

, (23)

where gn is the total number of particles per unit mass for a dry mixture.
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To calculate the derivative dr∗/dt, we used the values r∗ on the current k and the
previous k − 1 layers:

dr∗
dt

=
rk
∗ − rk−1

∗
dt

.

It should be noted that with an increase in the supersaturation S, the radius r∗ decreases
and, as a result, the derivative will have a negative sign.

The physical model of the medium is a mixture of five components: a carrier gas,
a vapor of a condensing substance and homogeneous drops of a condensing substance,
heterogeneous drops of a condensing substance, and foreign solid particles. Quantitatively,
each component is characterized by its mass fraction, that is, the ratio of the mass of the
component in a kilogram of the mixture to the kilogram of the mixture, so that the sum
of the mass fractions of all components is equal to one. For a correct representation of
material balances (conservation laws) in a multiphase medium, it is necessary to use five
equations in a mathematical model that describe the evolution in time and space of the
mass fractions of five components. Other representations are also possible, for example,
one equation describing the evolution of the mixture density (the continuity equation) and
four equations for describing the evolution of the mass fractions of four components. The
mixture density is defined here as the ratio of a kilogram of the mixture (the sum of the
mass fractions of the components multiplied by the kilogram) to the volume occupied by
this mixture. In this work, the general system of equations contains:

- continuity Equation (1) (for the mixture density);
- Equation (8) for describing the evolution of the mass fraction of the liquid phase αho

in homogeneous droplets;
- Equation (13) to describe the evolution of the mass fraction of the condensing fraction

αmax (that is, the sum of the mass fractions of the liquid fraction in homogeneous and
heterogeneous droplets and the vapor fraction αmax = αho + αhe + αvap, where αvap is
the mass fraction of the vapor of the condensing substance—water);

- Equation (12) for describing the evolution of the mass fraction of the liquid phase αhe

in heterogeneous droplets; and
- Equation (14) for describing the evolution of the mass fraction of the solid phase `max.

Thus, for a correct description of the inhomogeneity of a multiphase medium, the
equation for the propagation of the mass fraction of the condensing phase in homogeneous
condensation (13) and the propagation of the mass fraction of the solid phase (14) was
introduced. The addition of these equations to the general system (1)–(22) makes it possible
to expand the class of flows with condensation that can be calculated. For example, this
allows us to consider problems in which, in the initial distribution of parameters in different
zones in the computational domain, different content of the condensed matter αmax and
solid particles `max is specified, or the flow in channels with a time-varying value of αmax
and `max on input.

Since the system of basic Equations (1)–(22) implements the assumption that different
types of condensation occur separately, which can lead to a situation in which the recon-
structed particle size distribution function will have a bimodal form. Both condensation
processes proceed with different intensities and can be separated in time.

2.2. Determination of the Parameters of the Homogeneous Nucleation

In [18,31–34,42], the dependence of the nucleation function on correcting factors that
take into account the curvature of the drop, the stationarity of the process, and the onset of
the nucleation process was obtained:

J =
β

(1 + η)

√
2σ

πm3
ρ2

v
ρl

exp
(
−b

4π

3
r2
∗σ

RVmT

)
, (24)
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where 1/(1 + η) is a correction factor introduced to take into account the nonstationarity
of the process [43],

η = 2
γ f − 1
γ f + 1

L
RvT

(
L

RvT
− 1

2

)
,

β is the condensation coefficient; σ = kσσ∞; σ∞ is the surface tension of a flat film; kσ is a
correction factor that takes into account the curvature of the drop; b is a factor correcting
the onset of nucleation; S = pV/pS is the supersaturation parameter; T is the temperature
of the medium; L is the specific heat of condensation; γ f is the isentrope of the mixture; Rv
is the gas constant for water vapor; R is the universal gas constant; ρl is the density of the
liquid phase; and m is the mass of the molecule of the condensing substance (water).

It is assumed that only those particles are activated which have a radius less than the
critical radius of the particles r∗, which is found from the condition of the maximum of the
thermodynamic barrier:

r∗ =
2σ

RTρl ln S
. (25)

2.3. The Growth Rate of Homogeneous Droplets

Two different models are used to determine the growth rate of homogeneous and
heterogeneous droplets. To calculate the growth rate of homogeneous droplets, the Hertz–
Knudsen model is used:

dr
dt

=
β

ρl

pV − pS,r√
2πRV T

. (26)

pS,r = pS exp(2σ/(ρl RV TrHill)) is the saturation pressure on the surface of a drop of
average size radius. β is the condensation coefficient.

The Gyarmathy model is used to calculate the growth rate of heterogeneous droplets [44]:

dr2

dt
=

Nu .
H

λ

ρl L
(Td − T), (27)

where Nu .
H

is the Nusselt number for the heat flux, Td is the droplet temperature, and L is
the specific heat of condensation.

To find the droplet temperature Td, it is necessary to use implicit relations (27). The
implicit computation of temperature is a very computationally expensive procedure. How-
ever, there is an approximate explicit formula for the calculation, which has a small error at
a small saturation ratio [42]:(

Td
T
− 1
)
= f (S, Ke∞)[C1 + C2]

−1(1− δ1), (28)

where

Ke =
2σ

ρl RvTr
, δ1 ≈

0.5C2
1 − C2

(C1 + C2)
2 (ln S− Ke∞), δ1 ≈

0.5C2
1 − C2

(C1 + C2)
2 (ln S− Ke∞),

C1 =
T
θS

(
p
ps
− S

)
, C2 =

L
RvT

,

where the coefficient θ is calculated from the following expression:

θ =
DmodLNu .

M
kmNu .

E
,

Dmod is the modified diffusion coefficient equal to Dmod = Dm p/(RvTm), where
Dm = 2.54(T/295)2.085/p is for water.
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For the Nusselt numbers Nu .
M

, Nu .
H

, Nu .
E

the following relations are valid:

Nu .
E
= Nu .

H
=

Nuct.
H

1 + (Nuct.
H

/B .
H
)Kn

, (29)

Nu .
M

=
Nuct.

M
1 + (Nuct.

M
/B .

M
)Kn

. (30)

Smolders [28] proposed an approximate version of formulas (29) and (30) in the case
of water condensation and selected for the continuous Nusselt numbers Nuct.

M
= Nuct.

H
= 2,

the values of B .
H
= 0.49 and B .

M
= 0.62.

2.4. Closing Relations

We assume that the mixture is in thermodynamic equilibrium. In contrast to the cases
of homogeneous and heterogeneous condensation, the combined model takes into account
the presence of the mass fraction of the solid fraction in the flow of the multiphase mixture.
The thermodynamic parameters of the mixture are written as follows:

CV mixt = (1− αmax − lmax)CV a + αmaxCVV + α(Cl − CVV) + lmaxCs,

CPmixt = (1− αmax − lmax)CPa + αmaxCPV + α(Cl − CPV) + lmaxCs, (31)

Rmixt = (1− αmax)Ra + αmaxRV − αRV , γ f = CPmixt/CV mixt,

where Cs is the specific heat capacity of the solid fraction; CV a, CPa are the specific heat
capacities at constant volume and constant pressure for the carrier gas; CVV , CPV are
the specific heat capacities for vapors of the condensing substance; CV mixt, CPmixt are the
specific heat capacities for a two-phase mixture; Cl is the specific heat for the liquid; and
Ra, RV , Rmixt are gas constants of the carrier gas, vapors of the condensing substance, and
the two-phase mixture.

The caloric and thermal equations of state are as follows:

T =
(E− u2/2) + αL0

(1− αmax − lmax)CV a + αmaxCVV + α(Cl − CVV) + lmaxCs
, (32)

p = ρTRmixt, (33)

C2
f = γ f p/ρ, L = L1T + L0, L1 = CPV − Cl ,

where C f is the speed of sound.
The mass fraction of water is calculated as the sum of the mass fractions of liquid α

formed in the homogeneous case and the heterogeneous case:

α = αho + αhe. (34)

The molecular viscosity is calculated using the Sutherland law:

µl = µ0

(
T
T0

)3/2 T0 + C
T + C

, (35)

where µ0 = 1.75× 10−5 is the dynamic viscosity for T0 = 273 K, C = 122 K.
The rates of heterogeneous nucleation (activation) and denuclearization (deactivation)

depend on the concentration of particles in the mixture; therefore, to calculate these values,
it is necessary to know the mass concentration of foreign particles at each point of the
computational domain.
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2.5. Modeling Heterogeneous Evaporation and Denucleation

Evaporation occurs at S < 1. In this case dr/dt < 0 and the droplet radius decreases.
We assume that the deactivation of particles (their complete drying) begins when the
droplet size reaches the initial values of the size of solid particles. Figure 3 illustrates the
processes of evaporation and deactivation using the example of a uniform distribution of
foreign particles.
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The deactivation process starts when the minimum radius of particles covered with
a water film reaches the maximum radius of the spectrum of solid foreign particles. The
particle deactivation rate is determined according to the ratio:

Jdeactiv =
g0

rw
max − rw

min

dr∗da
dt

. (36)

The main difference between the deactivation model (heterogeneous denuclearization)
and the model proposed by Luo [26,38] is the calculation of the derivative of the droplet
growth rate. To calculate this, the values of the minimum particle radii at the n and n − 1
layers are used:

dr∗da
dt

=
rn

min − rn−1
min

dt
. (37)

3. Numerical Method

The system of Equations (1)–(14) is solved by means of the numerical method [23–25].
It is based on the Godunov high-resolution method and uses the MUSCL approach to
improve the spatial accuracy of the method. The second-order accuracy in space for
smooth solutions is achieved using a linear reconstruction for the primitive variables
within each computational cell. The use of slope limiters ensures the monotonicity of the
obtained solutions.

The fluxes through the faces of the computational cells are calculated using an approx-
imate solution to the Riemann problem (HLL or AUSM+).

The viscous and diffusion terms in (1)–(14) are discretized using the control volume
scheme, which on a uniform Cartesian grid is reduced to the standard central difference
approximation of the second derivatives. All source terms are explicitly approximated. To
advance the calculation along the time coordinate, the explicit Euler method is used.

The algorithm is implemented for two-dimensional regions of complex geometric
shapes. To approximate the system of equations, we introduce a regular computational grid
consisting of convex quadrilateral cells and adapt them to the boundaries of the region.

4. The Algorithm Testing

The developed mathematical model and computational algorithm were tested by solv-
ing problems on the flow of moist air (nitrogen) with purely homogeneous condensation
and with heterogeneous condensation and evaporation.
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4.1. Homogeneous Condensation of Water Vapor in a Laval Nozzle

The experimental conditions from [43] are considered as the first test case. In this
experiment, the condensation of water vapor in nitrogen was investigated in a plane nozzle.
Following [43], the pressure in the receiver is set to be equal to 60,000 Pa, the temperature is
287◦ K and the partial pressure of water vapor is 1000 Pa (the mass fraction of water vapor
is αmax = 0.11). The origin of the coordinate system is located at the center of the nozzle
throat. The computational domain is shown in Figure 4, and the results of calculations are
compared with the experiment [43] in Figure 5.
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Figure 5. Pressure distribution along the nozzle axis.

Figure 5 shows a comparison of the pressure distribution in the nozzle with exper-
imental data from [43]. Symbols (circles and squares) correspond to the experimentally
measured pressure on the nozzle wall in an adiabatic (without condensation) flow and
in a flow with condensation. The dotted line corresponds to the results of calculating the
adiabatic flow. The solid line corresponds to the calculation of the flow with condensation
using the moment method.

Analysis of the calculation results and comparison with experimental data in a wide
range of partial pressures of water vapor at the nozzle inlet show that the moment method
correctly predicts the onset of nucleation and takes into account the integral characteristics
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of the homogeneous condensation process (the mass fraction of the condensed phase and
the amount of condensation heat released into the flow), which leads to good agreement
between the results of calculations and experiments.

4.2. Heterogeneous Condensation of Water Vapor in a Shock Tube

The proposed mathematical model and the developed computational algorithm were
verified by comparing the computational results with the experimental data acquired by
Smolders [28]. In this experiment, carried out in a double-diaphragm shock tube, both
heterogeneous condensation and the evaporation of water vapor on nanometer particles
were considered. In the experiment, the measurements of pressure, temperature, level of
supersaturation, and average radius of droplets at the control point were carried out at
different times.

The experimental setup (Figure 6) consisted of a high-pressure chamber (HPC), a low-
pressure pipe (LPP) that was 12.8 m long, a vacuum chamber (VC), and an experimental
point (EP). The behavior of a gas-droplet mixture with solid impurities in the LPP was
considered. The HPC was filled with pure nitrogen at a pressure of 1.9 bar. The PLL
was filled with a mixture of nitrogen, water vapor, and an admixture of solid particles.
The nitrogen pressure was p = 0.997 bar, the water vapor pressure was pv = 2090 Pa,
the particle radius was rn = 15 nm, and their concentration was nn = 2× 1012m−3. The
temperature in all parts of the experimental setup was 294.3◦ K.
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Figure 6. Schematic representation of the experimental setup and x-t diagram of the process. FRW is
a fan of rarefaction waves; SW is a shock wave.

At the beginning of the experiment, the VC was opened and the necessary pressure
was maintained by special pumps so that the gas flow had a Mach number of 0.212. After
that, the HPC opened at 66 µs, which generated the propagation of a shock wave along the
LPP, forcing the complete evaporation of water droplets.

As a computational domain, a long pipe was considered, which had three regions of
12.8 m each, which played the role of HPC, LPP, and VC (Figure 7). EP was located at a
distance of 6.17 m from the line of separation of the HPC and LPP.
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At 66 ms of the experiment, a rupture of the diaphragm separating the HPC and LPT
occurred. The left boundary was a solid wall. Free boundary conditions were used on
the right boundary of the VC. The initial parameters in each region, according to [28], are
given in Table 1.

Table 1. The initial parameters in each region.

Parameter HPC LPP VC

pressure (bar) 1.9 0.99909 0.565
temperature (K) 293.4 293.4 293.4

αmax 1 × 10−7 0.013297 0.013297

To obtain a Mach number of 0.212 at the interface between the LPP and VC, a pressure
of 0.565 bar was set in the VC [26]. To ensure the stability of the calculation, it was assumed
that the HPC contained water vapor in a very low concentration. The size of the radii of
solid particles varied from rs

min = 10−8 m to rs
max = 2× 10−8 m.

The numerical calculation was carried out on a one-dimensional grid consisting of
2000 cells. Figure 8 shows the calculation results in the form of the time dependence of
the flow parameters at the experimental point from the beginning of the process up to the
time instant of 90 ms. For pressure (Figure 8a), good agreement of the numerical results
(solid blue line) with the experimental results (red circles) is seen. Figure 8d shows that
the calculated values of the saturation ratio are somewhat larger than the experimental
ones in the interval from 20 ms to 40 ms. The average size of liquid droplets also differs
from the experimental values, starting from 40 ms (Figure 8c), by 5%. Analysis of the
calculation results shown in Figures 8a–d and 9 shows that the rarefaction wave from the
VK, propagating to the left, reaches the EP at the time t = 19 ms. At t = 20 ms, condensation
begins at this point, and at t = 25 ms, a condensation shock appears as a result of the thermal
effect of condensation (Figure 8a). At time t = 52.5 ms, the rarefaction wave reflected from
the left boundary of the LPP arrives at EP, and then at t = 64 ms the secondary condensation
shock arrives at EP as well (Figures 8a–c and 9). At 66 ms, as a result of the rupture of
the diaphragm between HPC and LPP, a shock wave is formed, which propagates to the
right and reaches the EP at time t = 80 ms. A sharp increase in temperature behind the
shock wave front (Figure 8b) leads to a decrease in saturation below unity (Figure 8d), the
evaporation of heterogeneous droplets and, consequently, a decrease in the average droplet
radius (Figure 8c) to the radius of solid particles. Figure 8b shows that the temperature
jump behind the shock wave is 2% less than the experimental one.

Figure 9 shows that condensation creates an additional density jump in the LPP region.
The use of the assumption of instantaneous wetting in the model of heterogeneous

condensation allows one to obtain adequate results when simulating the experiment [28].
The above comparison with the experiment in a shock tube confirms the possibility of using
the developed mathematical model and numerical algorithm for modeling heterogeneous
condensation.
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Figure 9. x−t diagram of the process, visualized using the density contour lines, for the HPC and
LPP regions.

5. Numerical Results

Using the developed algorithm, the numerical simulation of gas-dynamic flows with
phase transitions in an ejector device for cleaning smoky gases is carried out. An overview
of various ways of using ejectors is given in [45]. The geometry of the calculated device
consists of two coaxially located conical nozzles, as shown in Figure 10. The corresponding
dimensions are given in Table 2. Water vapor comes from the area designated in_1 in the
first nozzle and ejects air from the in_2 area of the second nozzle (Figure 10).
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Table 2. Ejector device geometry.

Parameter Value, mm

De 4.0
Ds 4.3
Dcr 3.0
Dn 3.5
Dcil 5.5
Dout 7.0

h 0.5
Ls1 20
Ln1 60
L2 50
L3 250
L4 80

In the numerical simulation, a block-structured computational grid is used. The grid
has been adapted to the diffuser wall and the upper nozzle wall. The grid consists of about
seventy thousand quadrangular cells.

We assume that the flow is turbulent. The algebraic turbulence model [41] is used to
calculate the turbulent viscosity and thermal conductivity.

The pressure and temperature values are set as input conditions at the boundaries
in_1 and in_2. Constant pressure is set in the outer area behind the nozzle out_1. Values
of temperatures and pressures are given in Table 3. The maximum concentration of solid
particles of 50 nm in size was 0.005.

Table 3. The boundary conditions.

Boundary Pressure, Pa Temperature, K

in_1 8.0 × 105 437
in_2 1.75 × 105 350

out_1 1.0 × 105 -

For efficient operation of the device, it is necessary that the flows of wet steam from
the first nozzle and the ejected gas at the inlet to the second nozzle mix well in the mixing
zone of the second nozzle, and as much condensate as possible should form in this zone.
Therefore, to improve mixing in this system, a very long cylindrical part of the second
nozzle is chosen. The first nozzle has a small degree of geometric expansion to prevent the
formation of a large amount of condensate inside the nozzle.

To estimate the possible amount of condensate in the system, numerical simulation of
the ejector operation was carried out for the case in which there are no foreign particles
in the system and only homogeneous condensation occurs. The numerical calculation
established the existence of three regions inside the ejector, where water condensate is
actively formed. The first region is located inside the first nozzle, the second region is
located directly behind the first nozzle, and the third region is in the diffuser of the second
nozzle. In this case, the mass fraction of water condensate in the diffuser of the second
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nozzle reaches a value of 0.11. In numerical experiments, the ratio of injected gas to water
vapor was about 25% at a water flow rate of about 120 L per hour. With the considered
parameters of the problem, there were no zones of active evaporation of water droplets in
the ejector.

The results of numerical calculations show that there is no heterogeneous condensation
up to the critical section of the second nozzle. However, as a result of mixing in the
diffuser, it causes the appearance of heterogeneous condensation in the second nozzle.
However, due to an insufficient degree of mixing (Figures 11 and 12) and a low level
of supersaturation in the second nozzle, heterogeneous condensation occurs much less
intensively than homogeneous condensation.
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The amount of condensate on the axis of symmetry in this case is about 13% (Figure 13).
Most of the heterogeneous condensation occurs in the mixing region near the wall of the
second nozzle (Figure 14). In the near-wall region, condensation occurs weakly due to an
increase in temperature in the boundary layer.
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A study of the parameters at the exit from the second nozzle shows that in this
device the number of homogeneous clusters is much higher than that of heterogeneous
ones, which prevents the greater growth of heterogeneous droplets. This leads to the
fact that the increase in the total volume of homogeneous droplets is higher than that
of heterogeneous ones, at a lower growth rate of the droplet. Under such conditions,
heterogeneous condensation is weakly manifested, which does not allow droplets on solid
particles to grow significantly in size (Figures 15–17).

The contribution of heterogeneous condensation to the flow turns out to be insignifi-
cant. This is due to the small number of heterogeneous clusters. There are several orders of
magnitude more homogeneous clusters. This leads to the fact that a small increase in homo-
geneous droplets causes a significantly greater increase in the amount of αho than for αhe of
heterogeneous wetted particles. The growth rate of heterogeneous clusters is insufficient to
significantly increase the volume of water on the particles, and therefore the heterogeneous
particles are too small for their further separation using centrifugal separators. However,
coating the particles with water can increase the efficiency of electrostatic filters. An electric
charge can cause even the smallest droplets to settle when using electric fields.
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6. Conclusions

In this paper, we have proposed a mathematical model for the study of gas-dynamic
multiphase flows with the simultaneous occurrence of phase transition processes.

An approach based on the use of the moment method for modeling homogeneous and
heterogeneous condensation and evaporation is considered.

The system of equations for describing unsteady gas-dynamic processes based on the
Navier–Stokes equations and equations of the method of moments for the phase transition
processes in two-dimensional plane and axisymmetric cases has been expanded by adding
two equations for the mass fractions of the condensing substance and the solid particles.
This allows us to significantly extend the class of problems to be solved.

Using the developed algorithm, a numerical simulation of gas-dynamic flow with
phase transitions in an ejector device for cleaning smoky gases has been carried out. Super-
heated steam is supplied to the inlet of the first nozzle and condenses in the supersonic part
of the nozzle. A two-phase vapor-droplet mixture ejects dusty gas from the second nozzle
and mixes with it. In the expanding part of the second nozzle of the ejector, heterogeneous
condensation occurs on dust particles, which increases their mass. In the considered case,
the size of the particles increases insignificantly, which prevents the separation of these
particles due to centrifugal force. However, wetted particles can increase the efficiency of
other cleaning methods, one example of which is an electrostatic filter.
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