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Abstract: This paper considers turbulence effects on tsunami runup on the shore in tsunami simu-
lations using the system of three-dimensional Navier–Stokes equations. The turbulence effects in
tsunami propagation and runup are studied by solving the problem of a wave propagating in a
nonuniform-bottom pool and collapsing with a barrier. To solve this problem, we used the turbulence
model, RANS SST (Reynolds-averaged Navier–Stokes shear stress transport). We compared the wave
profiles at different times during wave propagation, runup, and collapse. To quantify the turbulence
effects, we also compared the forces acting on the basin bottom. We demonstrated that the turbulence
had almost no effect on the shape of the wave and the way of its propagation (except collapse).
However, turbulence effects during the runup and collapse became noticeable and could boost the
flow (increasing the pressure force and the total force) by up to 25 percent.

Keywords: tsunami; numerical simulation; Navier–Stokes equations; Volume of Fluid Method (VOF
method); LOGOS software package

1. Introduction

The Navier–Stokes equations are the most complete set of equations to describe viscous
fluids, which takes into account their complex flow structure. Tsunami waves possess a
number of physical properties that become evident only in the three-dimensional scenario
and must be considered in their simulations. Such structures develop when the wave
runs up near the shore, breaks, comes onshore, and travels overland, interacting with
the coastal infrastructure. Numerical simulations of tsunami waves based on the set of
three-dimensional Navier–Stokes equations [1] make it possible to explore turbulence
effects during tsunami propagation and arrival on the shore, which cannot be studied
by means of two-dimensional models. At present, there are a number of publications
in which tsunami waves are simulated using a variety of turbulence models [2–7]. Is it
really necessary to incorporate turbulence in such simulations? The issue of turbulence
effects on tsunami simulations requires some additional analysis. In the models based
on the nonlinear shallow-water and Boussinesq equations, turbulence is parametrized
by empirical relations borrowed from the steady flow theory rather than from the wave
theories, whereas turbulence is a substantial three-dimensional unsteady process [5]. Three-
dimensional simulations open up the prospect of using the known and well-tested fluid
turbulence models [8–15] and eddy-resolving models [16,17]. To explore the effect of
turbulence on the wave as it propagates and comes onshore, in this work, we use one of
the most widely used turbulence models, RANS SST [18].

In the paper, we present the results of studying the turbulence effects during tsunami
propagation and runup on the shore by solving the problem of a wave propagating in
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a nonuniform-bottom basin and breaking with a barrier. We describe the mathematical
model, which is based on the Reynolds-averaged three-dimensional Navier–Stokes equa-
tions [11,19] and the VOF technique (Volume of Fluid Method) [20,21]. This model has
been adapted for tsunami simulations [22,23]. We also describe the SST turbulence model
(TM) and present the problem statement, setup the specifications, and the mesh model
constructed. To assess the turbulence effects, we compare the wave profiles for each setup,
calculated both with and without the use of the turbulence model. To quantify the turbu-
lence effects, we also compare the forces acting on the basin bottom (pressure force, friction,
and total force).

2. Mathematical Model

Let us consider a flow of substance consisting of an arbitrary number of components
in different physical states. For simplicity, we assume that the components (water and
air) are described by the same field of velocities and pressures, that there are no phase
transitions, the components are incompressible, there are no sinks or sources, and the heat
exchange processes are negligible. At this point, we ignore the effects of Earth’s rotation
and sphericity. As a result, the system of Reynolds-averaged Navier–Stokes equations in
the Cartesian coordinates takes the following form (the averaging signs are omitted):

∂
∂xi

(ui) = 0,

ρ ∂ui
∂t + ρ ∂

∂xj

(
uiuj

)
= − ∂p

∂xi
+ ∂

∂xj

(
τij + τt

ij
)
+ ρgi,

∂αw
∂t + ∂

∂xi
(uiαw) = 0,

(1)

where i, j are the subscripts indicating that the vector components belong to the Cartesian
coordinates, i, j = {x, y, z}; ρ is the mixture density calculated as ρ = ρwαw + ρaαa; w (water) is
the subscript indicating the quantities belonging to the “water” phase; a (air) is the subscript
indicating the quantities belonging to the “air” phase; αw/αa is the volume fraction of
water/air, respectively; ui is the component of the velocity vector, i = {x, y, z}; t is time; p is
pressure; xi is the component of the vector of the Cartesian coordinates, i = {x, y, z}; τij is the
tensor of viscous stresses, which, according to the Boussinesq hypothesis, takes the form of:

τij = µ

(
∂ui
∂xj

+
∂uj

∂xi
− 2

3
∂uk
∂xk

δij

)
,

µt is the dynamic viscosity; δij is the Kronecker delta; and gi is the component of the
gravitational acceleration vector.

The set of Equation (1) is not closed because we do not know how one of the basic
variables in this system, τt

ij, is related to the averaged flow parameters. This relationship,
representing the contribution of turbulent fluctuations to the main flow, can be defined
through some additional relations, generally referred to as turbulence models. The turbu-
lence models are described in refs [8,9,11,16,18,19,24].

Here, we use the differential turbulence models, which employ empirical relations for
the coefficient of turbulent viscosity µt, the Boussinesq hypothesis, and Fourier’s law for
the stress tensor:

τt
ij = 2µt

(
Sij −

1
3

Iij∇ ·
→
u
)
+

2
3

kIij, Sij =
1
2

(
∂ui
∂xj

+
∂uj

∂xi

)
.

Here, k is the kinetic energy of turbulence, µt is turbulent viscosity, Iij is an identity matrix.
The first two equations in Equation (1) are the equations of conservation of mass and

momentum, and the third one is the volume fraction transport equation of the liquid phase.
For the “air” phase, the volume fraction transport equation must not be solved, because,
according to the principles of the VOF method, the volume fraction αa is calculated from
the relationship αw + αa = 1.
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Before discretizing Equation (1), it makes sense to use transformations to improve
the accuracy and stability of the solution. The momentum equation is written in a half-
divergent form, because, as shown in [21], this representation compensates for the approxi-
mation errors associated with the imperfect fulfillment of the mass balance condition in the
computation cells and resolves the shape of the free-surface more accurately:

ρ
∂ui
∂t

+
∂

∂xj

(
uiujρ

)
− ui

∂

∂xj

(
ujρ
)
= − ∂p

∂xi
+

∂

∂xj
τij + ρgi

Thus, the system of Equation (1) has the following final form:
∂ui
∂xi

= 0,

ρ ∂ui
∂t + ∂

∂xj

(
uiujρ

)
− ui

∂
∂xj

(
ujρ
)
= − ∂p

∂xi
+ ∂

∂xj

(
τij + τt

ij
)
+ ρgi,

∂αw
∂t + ∂

∂xi
(uiαw) = 0.

(2)

Equation (2) enables simulations of tsunami waves, their propagation, and subsequent
runup on the shore. The use of the VOF method, underlying Equation (2), allows for
running numerical experiments on arbitrary geometry meshes.

To carry out the turbulence simulations, one must add some relationships to the
system of Equation (2) to complete the problem. In this paper, we use for this purpose the
RANS SST turbulence model, the classic formulation of which is presented in [18].

Equation (2) is discretized by the finite volume method on an arbitrary unstructured
mesh and solved numerically by a fully implicit method [16,25] based on the known SIM-
PLE algorithm. The modeling of the free-surface flows implies some modifications of the
SIMPLE algorithm developed specifically for three-dimensional tsunami simulations [22].
The basic formulations of the SIMPLE algorithm, its boundary conditions, and implementa-
tion in the LOGOS software package (a program complex for engineering analysis, focused
on solving the problems of computational fluid and gas dynamics, as well as heat transfer
on an arbitrary unstructured grid using parallel computing algorithms) are described in
detail in [22,25,26]. This method has been widely verified, both for the free-surface prob-
lems [27] and for the problems directly associated with tsunami waves [28]. This particular
form of the method has already been used to simulate historical [29] and hypothetical
tsunami waves [30].

3. Turbulence Effects on the Wave Runup on the Shore

In order to explore turbulence effects on the propagation and transformation of a wave
as it comes onshore, we simulate numerically the process of a wave traveling in a tank and
collapsing with a barrier [28,31]. This problem deals with a wave moving in a tank (the
wave is generated on the left boundary of the tank) having a length of 22 m and a depth of
h0 = 0.2 m. The bottom of the tank has a slope starting from x = 10 m and a barrier. Figure 1
shows the problem geometry.
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Elevation coordinates of the barrier are given in Table 1.
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Table 1. Elevation coordinates of the barrier.

Point (Figure 1, Right) Coordinates Point (Figure 1, Right) Coordinates Point (Figure 1, Right) Coordinates

T1 (13.63, 0.008) m T5 (13.77, 0.042) m T9 (13.97, 0.065) m
T2 (13.67, 0.017) m T6 (13.80, 0.050) m T10 (13.99, 0.055) m
T3 (13.70, 0.025) m T7 (13.83, 0.059) m T11 (14.01, 0.044) m
T4 (13.73, 0.033) m T8 (13.86, 0.067) m T12 (14.02, 0.034) m

The problem domain was discretized with a three-dimensional unstructured computa-
tional mesh consisting of truncated polyhedrons (Figure 2).
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The problem was solved for different values of the Reynolds number Re (Table 2):

Re =
ρuL
µ

,

where u is the characteristic velocity, m/s; L is the characteristic dimension, m; µ is the
dynamic viscosity, kg/(m·s).

Table 2. Problem setups.

Setup No.: Reynolds Number H0, m

1 2.8 × 104 0.02
2 1.92 × 105 0.07
3 5.4 × 105 0.12
4 7.2 × 105 0.15

The characteristic dimension L, in this problem, is represented by the undisturbed
water depth (corresponding to h0 in Figure 1) and by the characteristic velocity u, the wave

velocity, u(x, 0) =
√

g
h0
η(x, 0), η is the displacement of the water surface. The Reynolds

number is varied by controlling the flow velocity in the wave, which in turn, is controlled
by varying the wave amplitude, H0.

The problem is simulated for two flow cases: calculation without the use of a turbu-
lence model and calculation with the use of the SST TM.

3.1. Setup 1

Figure 3 shows a comparison of the wave profiles for both cases calculated using the
LOGOS software package for the Reynolds number Re = 2.8 × 104.
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—with TM).

The subplots indicate that the wave runs up onto the barrier and then moves back. In
the case without TM, the wave runs up onto the barrier at the time of 6.7 s with a small
part of the fluid running over the barrier. In the same case with TM, the wave hits the
barrier a little later (0.1 s) and does not run over it. This difference is explained by the fact
that TM introduces additional viscosity into the solution, which represents the effect of the
turbulent vortex flows and increases the viscous stress on the tank bottom, which has its
effect on the runup velocity, intensity, dispersion, and nonlinear properties of the wave.

Let us present some quantitative estimates of the effect of turbulence on the propaga-
tion and runup of the wave. Figure 4 shows comparative profiles of the forces acting on the
bottom. The areas on the bottom where the forces were calculated, (‘Bottom’—during prop-
agation, ‘Barrier’—during runup and roll-over), are shown in Figure 1. The comparison is
made for the total force Fs acting on the wall, and separately for the force of pressure Fp
and the force of friction Fτ.

The total force is defined as Fs = FP + Fτ, где FP = p·S, p is the pressure acting on the
surface area S, Fτ = µeff(∂ui/∂xj), µeff = µ + µt.

The plots show that the total force and the pressure force acting on the ‘Bottom’ wall in
the setup with Re = 2.8·× 104 are nearly the same for both flow cases. The force of pressure
in the case without TM on the ‘Barrier’ wall and the total force are about 5% higher than
those in the case with TM, which, in our opinion, is attributed to the more active runup
onto the barrier in the calculation without TM in the absence of turbulent vortex flows in
the flow core. The maximum friction force is two orders higher in the calculation with TM,
but the contribution of friction to the total force for this flow case is negligibly small.
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3.2. Setup 2

Figure 5 shows a comparison of the wave profiles for both flow cases calculated by
using the LOGOS software package for the Reynolds number, Re = 1.92 × 105.
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The figures suggest that the wave in the first part of the slope first breaks and then
runs up onto the barrier and flows over it. In the calculation with the turbulence model, the
wave runs up onto the barrier with some delay in time. In order to explore the turbulence
effects in greater detail, let us show the time series of the free-surface position and turbulent
viscosity for the case with TM (Figure 6).
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Figure 6. Time series of the free-surface position and turbulence viscosity.

The subplots show that the maximum turbulent viscosity is generated when the wave
runs up and then collapses behind the barrier. The turbulent viscosity is not generated
during the wave propagation, which points to the fact that TM has almost no effect at
this stage.

Let us present some quantitative estimates of the effect of turbulence on the propaga-
tion and runup of the wave. Figure 7 shows comparative profiles of the forces acting on the
bottom (in the slope and barrier zones) for setup 2 (Table 1). The profiles indicate that the
pressure force on the ‘Bottom’ during the wave propagation in both calculations is nearly
identical. One can see a peak at the time moment when the wave breaks. The friction force
in the ‘Bottom’ zone in the case with TM is about 10 times higher than in the case without
TM. However, its magnitude is low, and its contribution to the total force is very small.

The force of pressure acting on the ‘Barrier’ is nearly identical in both calculations.
The total force in the case with TM, however, is on average 10 percent higher than in the
case without TM due to the friction force.

3.3. Setup 3

Figure 8 shows a comparison of the wave profiles for both flow cases calculated by using
the LOGOS software package for the third setup with the Reynolds number, Re = 5.4 × 105.

The plots indicate that the wave runs up onto the barrier and then the fluid flows
over it. In the calculation with TM, the wave runs up onto the barrier with some delay in
time. In this setup, as the Reynolds number increases, one can observe more chaotic wave
structures with a large number of bubbles.

Let us show the snapshots of the free-surface position and turbulent viscosity of the
case with TM (Figure 9).
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The figures show that the maximum turbulent viscosity is generated when the wave
runs up and then overcomes the barrier. Let us present some quantitative estimates of
the effect of turbulence on the propagation and runup of the wave. Figure 10 shows
comparative profiles of the forces acting on the bottom for setup 3.

The profiles indicate that the force of pressure acting on the ‘Bottom’ wall during
the wave propagation in both calculations is nearly identical. One can see a peak at the
time when the wave collapses. The difference in the magnitude of the total force in both
calculations does not exceed 3%. The contribution of the friction force to the total force is
very small.

The pressure force produced by the wave as it runs up onto the ‘Barrier’ zone is
about 15% higher in the case with TM. The total force in the calculation with TM is about
25% higher. The total force in the case with TM is higher due to the friction force, whose
contribution to the total force is about 13%.

3.4. Setup 4

Figure 11 shows a comparison of the wave profiles for both cases calculated using the
LOGOS software package for the Reynolds number, Re = 7.2 × 105.
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The subplots indicate that the wave runs up onto the barrier and then goes over it.
In the case of TM, the wave arrives with some delay in time, and, as a result, the way it
overcomes the barrier is different, as shown below in the force plots.

Let us show the snapshots of the free-surface position and turbulent viscosity of the
case with TM (Figure 12).
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The subplots show that the maximum turbulent viscosity, in this case, is generated
when the wave breaks over the slope.

Some quantitative estimates of the effect of turbulence on the propagation and runup
of the wave are presented in Figure 13, which shows comparative profiles of the forces
acting on the bottom for setup 4.

The profiles indicate that the pressure force acting on the ‘Bottom’ zone during the
wave propagation in both calculations is nearly identical. The difference in the magnitude
of the total force in both calculations does not exceed 3%. The contribution of the friction
force to the total force is very small.

The pressure force produced by the wave as it runs up onto the ‘Barrier’ is about 10%
higher in the case with TM. On average, the total force in the calculation is 18% higher. The
total force in the case with TM is higher due to the force of friction, the contribution of
which to the total force is about 8%.

Generally speaking, the presented results and quantitative estimates of the forces
of friction and pressure and the total force acting on the channel bottom suggest that
turbulence has almost no effect on the shape and way of propagation in the phase of
wave propagation (without breaking). However, turbulence effects during the runup and
breaking become noticeable and can boost the flow (increase the force of its pressure and
the total force) by up to 25%.
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4. Conclusions

The paper provides a description of wave transformation and its interaction with an
inclined bottom and a barrier. It is demonstrated within the mathematical model based
on the three-dimensional Navier–Stokes equations, the VOF method, and the RANS SST
turbulence model. The turbulence effects in the phases of wave propagation and runup
are studied. We compare the wave profiles at different times during wave propagation,
runup, and collapse. The wave profiles are compared for the cases with and without TM.
We demonstrate that, in the case with TM, the wave runs up onto the barrier a little later.
The use of TM introduces additional viscosity into the solution, which represents the effect
of turbulent vortex flows and increases the viscous stress on the tank bottom, which has
its effect on the runup velocity, intensity, dispersion, and nonlinear properties of the wave.
We show that turbulence has almost no effect on the shape of the wave and the way of its
propagation (except the breaking itself). Turbulence effects during the runup and breaking,
however, become noticeable and can boost the flow (increase the force of its pressure and
the total force) by up to 25%.
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