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Abstract: A warm degenerate magneto-rotating quantum plasma (WDMRQP) model consisting of
a static heavy nucleus, inertial non-degenerate light nucleus, and warm non-relativistic or ultra-
relativistic electrons has been considered to observe the generation of nucleus-acoustic (NA) solitary
waves (NASWs). A Korteweg–de-Vries-type equation is derived by using the reductive perturbation
method to describe the characteristics of the NASWs. It has been observed that the temperature of
warm degenerate species, rotational speed of the plasma system, and the presence of heavy nucleus
species modify the basic features (height and width) of NASWs in the WDMRQP system and support
the existence of positive NA wave potential only. The applications of the present investigation have
been briefly discussed.

Keywords: warm degenerate plasma; rotating plasma system; nucleus-acoustic solitary waves; static
heavy nucleus; hot white dwarf

1. Introduction

Recently, the study of degenerate plasmas has attracted the attention of many plasma
physicists [1–9] due to their abundance in space (viz. white dwarf and neutron star) [1–6]
as well as in laboratory experiments (viz. tokamak and laser intense microelectronic
devices) [10]. The astrophysical compact objects (viz. white dwarf and neutron star) have
ceased burning their thermonuclear fuel. Therefore, they are unable to generate thermal
pressure, and contain extremely highly dense plasma species known as degenerate plasma
species. The degenerate plasma is formed when it is compressed by increasing the pressure
to such an extent that it cannot be compressed any more because of Pauli’s exclusion
principle, which states that no two electrons can have exactly the same set of quantum
numbers. This means that there is no extra space for the existence of more particles in that
plasma system and that the space among the particles is extremely small. This corresponds
to an extremely high-density plasma with 4x → 0 and 4p → ∞, where 4x (4p) is the
uncertainty in position (momentum). This gives rise to an extremely high pressure known
as degenerate pressure [11–14] in the highly dense astrophysical objects consisting of
electrons, a light nucleus (viz. 1

1H [14] or 4
2He [15,16] or 12

6 C [17]), and a heavy nucleus
(viz. 56

26Fe [18] or 85
37Rb [19] or 96

42Mo [19]), which can be defined for absolute cold (zero
temperature) plasma species j by the following equation [11–13]:

Pj = k jn
γj
j ,

where Pj is the degenerate pressure exerted by the degenerate species j and nj is the plasma
species number density. k j ≈ 3πh̄2/5mj and γj = 5/3 (k j ≈ 3h̄c/4 and γj = 4/3) are valid
for non-relativistic (ultra-relativistic) degenerate plasma species j, where h̄ is the reduced
Planck constant, mj is the mass of the degenerate plasma species, and c is the speed of
light. It may be noted here that the values of γj ARE dependent on the dimension of the
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considered plasma system (γj = 1+ 2/D for the non-relativistic limit [20] and γj = 1+ 1/D
for the ultra-relativistic limit [20], where D is the dimension of the degenerate quantum
system). Therefore, the values considered here (γj = 5/3 for the non-relativistic limit [20]
and γj = 4/3 for the ultra-relativistic limit [20]) are valid for three-dimensional degenerate
plasmas. A new acoustic mode known as nucleus-acoustic (NA) waves is generated due
to the combined effects of inertia provided by light or heavy nucleus species and the
restoring force provided by the cold electron species degenerate pressure in such highly
dense plasma systems. Unlike the usual ion-acoustic waves, the NA waves can exist at
zero temperature [21]. The phase velocity vp for long-wavelength NA waves can be given
by [1–4]:

vp =
ω

k
=

(
zlnl0 + zhnh0

γezlnl0C2
l

)−1/2

,

where zl (nl0), zh (nh0), and cl(=
√

kenγe−1
e0 /me) are the charge state (unperturbed number

density) of light nucleus species, charge state (number density) of heavy nucleus species,
and NA wave speed, respectively.

Over the many years, a number of theoretical investigations have been conducted
by the authors to observe the nonlinear features of NA waves in degenerate plasma
systems. Mamun et al. [2,3] observed NA solitary waves considering strongly coupled
heavy nucleus species [2], and studied heavy NA shock waves considering weakly coupled
heavy nucleus species [3] in a cold degenerate plasma system (CDPS) containing cold
degenerate electron and light nucleus species. These nonlinear structures generated in the
cold degenerate plasma are associated with the heavy nucleus in the system. Therefore, the
inertia is provided by the heavy nucleus mass density to generate heavy nucleus-acoustic
waves in degenerate plasmas. Zaman et al. [22] considered a cold degenerate plasma
system to investigate the generation and propagation characteristics of non-planar NA
shock waves. Sultana et al. [7] considered inertial heavy nucleus species to observe the
generation and propagation of NA rogue waves in a cold and highly dense quantum
plasma system. In another investigation, Sultana and Schlickeiser [23] observed the basic
features of NA solitons in a multi-ion quantum plasma system. Chowdhury et al. [6]
analyzed the modulational instability of NA waves, and observed the characteristics of NA
envelope solitons in a cold highly dense plasma medium using the nonlinear Schrödinger
equation. A CDPS was considered by Zaman et al. [8] to investigate the basic features of
cylindrical and spherical NA solitary waves. The effects of heavy immobile nucleus species
on the characteristics of NA solitary waves were examined by Jannat and Mamun [5].

The highly dense charged particles in white dwarfs, neutron stars, pulsars, etc., give
rise to a strong magnetic field [24]. A rapid rotation in the magnetized dense plasma
system is produced whenever the angular momentum is conserved due to the decrease in
the moment of inertia of collapsing stars [25]. Thus, the effect of the rotational magnetic
field in highly dense plasma, such as neutron stars and pulsars, is very prominent. In
the last few decades, the study of space plasmas has been made considering [10,26–29]
or neglecting [30–32] the rotation of the magnetic field. Saini and Kaur [29] derived a
Korteweg–de Vries (KdV) equation to analyze the basic features (viz. height and width) of
ion-acoustic solitary and rogue waves in a quantum plasma. Hussain et al. [28] observed
the nonlinear waves in a rotational two-component plasma consisting of inertial positive
ions and inertialess non-extensive electrons. Saini et al. [27] examined the heavy nucleus-
acoustic waves in three components (viz. non-degenerate heavy nucleus, degenerate light
nucleus, and electron species) in a CDPS with the effect of the rotational magnetic field.
Sahu et al. [10] also investigated the nonlinear electrostatic mode in a degenerate QP.

The investigations discussed above have some limitations that can be corrected in the
following way:
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1. The works [1–4] neglected the presence of the magnetic field in various space plasmas.
The pressure exerted due to the presence of the magnetic field in the degenerate
quantum system is given by

PMF(magnetic f ield) =
qj

mj
(~uj × ~B),

where qj, mj, uj, and B(= B0ẑ) are the magnitude of the charge of the plasma species
j, mass of j, velocity of plasma fluid species j, and the magnetic field acting on the
plasma system, respectively.

2. The investigations made in [30–32] neglected the effects of the rotational magnetic field
in CDPS, for which, the applications of these works are limited to the non-rotational
astrophysical objects (viz. white dwarfs). Neutron stars, pulsars, magnetars, etc.,
are highly dense quantum systems as well as rotational plasma systems. Therefore,
in order to completely understand the characteristics of the said CDPS, one must
consider the rotation of the plasma system at an angle around the direction axis of a
constant magnetic field. A Coriolis force was used by the authors for describing the
effect of the rotational ionized plasma system [27–29]. The Coriolis force effect can be
introduced as [27–29]

PRMF(rotational magnetic f ield) = 2mjnj(~uj × ~Ω),

where nj and ~Ω are the number density of the plasma species j, and angular velocity
of the rotational plasma system. It may be noted here that the higher order terms,
viz. ~Ω × (~Ω ×~r), which describe the strong rotation, may be neglected in case of
slow rotation.

3. The degenerate pressure (Pj) exerted by the highly dense plasma species is given
by the Chandrasekhar limit [11–14], which was introduced earlier in this section.
The works [1–4,10,26–29] considered the Chandrasekhar limit for describing the
degenerate pressure, which is only valid for CDPS (zero temperature). Astrophysical
objects such as a hot white dwarf [33–36] have degenerate plasma species of finite
temperature [37–39]. Therefore, the effect of the finite temperature of the degenerate
plasma species must be considered to overcome the limitations of the previous works.
The Chandrasekhar equation of state at a finite temperature can be introduced as [9,39]

PTj = Pj

2
√

1 + σ2
j (1 + 24σ2

Tj)− 3σ2
j σ2

kj

2
√

1 + σ2
j − 3σ2

j σ2
kj

,

where σj = mjc2/εFj, σTj = kBTj/εFj, and σ2
kj =

√
1 + σ2

j + σ2
j log

σj

1+
√

1+σ2
j

. kB, εFj, Tj,

and 1/σj represent the Boltzmann constant, Fermi energy of plasma species j, plasma
species temperature, and relativity parameter [9,39,40], respectively. At a value of
σj � 1 and γe = 5/3, the equation describes a warm non-relativistic degenerate
plasma state [9,39,40]. On the other hand, to describe an ultra-relativistic degenerate
plasma state, σj � 1 and γe = 4/3 should be considered in the Chandrasekhar
equation of state [9,39,40]. It is clear from the above equation that, at zero temperature,
viz. Tj = 0 and σTj = 0, the equation reduces to Chandrasekhar’s cold degenerate
plasma limit.

4. The authors [6,10,28,29] considered a two-component plasma system containing
cold degenerate electrons and an inertial light nucleus. A heavy nucleus such as
56
26Fe [18] or 85

37Rb [19] or 96
42Mo [19] is found at the core of highly dense astrophysical

plasmas. The heavy nucleus in such a degenerate plasma system can play a vital role in
modifying the characteristics of the wave mode generated in the system. Due to their
massive size compared to the light nucleus (m(Fe) ≈ 56m(H), m(Rb) ≈ 85(H), and
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m(Mo) ≈ 96m(H)), and low number density, the heavy nucleus may be considered
immobile. The presence of a heavy nucleus gives rise to the neutrality condition for a
warm degenerate quantum plasma as ne0 + Zlnl0 + Zhnh0 ≈ 0.

Therefore, our present investigation is concentrated on analyzing the NA solitary
waves (NASWs) in a warm degenerate magneto-rotating quantum plasma (WDMRQP)
consisting of warm degenerate electron species, inertial light nucleus species, and immobile
heavy nucleus species. Inertia is provided by the light nucleus mass density and restoring
force is provided by the degenerate pressure of the warm electrons to generate the NASWs
in our WDQP system.

The outline of the paper is as follows: the theoretical model describing our plasma
model is presented in Section 2. The Korteweg–de Vries (KdV) equation is derived to
examine the characteristics of NASWs in Section 3. Results and discussion are summarized
in Section 4.

2. Warm Degenerate Magnetized Plasma Model

We consider a WDMRQP system consisting of an immobile (low-density) heavy
nucleus, inertial non-degenerate light nucleus, and warm degenerate electron to analyze
the basic features of NASWs. It is considered that the said plasma system has a rotational
magnetic field (constant magnetic field, ~B = B0ẑ) acting at an angle of θ around the z-
axis. The charge neutrality condition for the three-dimensional magneto-rotating quantum
plasma can be written as Zhnh0 + Zlnl0 ≈ ne0, where Zh, Zl , nh0, nl0, and ne0 are the
heavy nucleus charge state, light nucleus charge state, unperturbed heavy nucleus number
density, unperturbed light nucleus number density, and unperturbed electron number
density, respectively. It should be mentioned here that the number density of the heavy
nucleus is very low compared to that of the light nucleus and electrons. In addition,
the heavy nucleus is considered static/immobile due to the low number density in the
degenerate plasma system. The dynamics of nonlinear NA waves is governed by the
following set of basic normalized equations

∂nl
∂t

+ ~∇.(nl~ul) = 0, (1)

1
2

(
∂ul
∂t

+ (~ul .~∇)~ul

)
= −1

2
~∇ψ +

Ωcl
2

(~ul × ẑ) + (~ul × ~Ωr), (2)

∇2ψ = (1 + δ)ne − nl − δ, (3)

where nl , ne, nh, ul , Ωr, t, and ψ are the normalized light nucleus number density, electron
number density, heavy nucleus number density, velocity of light nucleus fluid, angular fre-
quency due to the rotation, normalized time variable, and normalized space variable, respec-
tively, and are normalized by nl0, ne0, nh0, light nucleus wave speed cl(= kenγe−1

e0 /ml)
1/2,

light nucleus plasma frequency Ωpl(=
√

4πnl0Z2
l e2/ml) (with Zl being the charge state of

light nucleus), Ω−1
pl , light nucleus Debye length λDl = cl/Ωpl , and (e/kenγe−1

e0 ), respectively.
The value of Ωcl and δ is given by

Ωcl = Ωc/Ωpl and δ =
Zhnh0
Zlnl0

,

where Ωc = eB0/mlc. Zh and nh0 are the charge state and unperturbed number density of
the static immobile heavy nucleus species. The normalized Equations (1)–(3) govern the
nonlinear dynamics of the three dimensional magneto-rotating quantum plasma system.
The first Equation (1) describes the continuity equation for the light nucleus number density.
The second Equation (2) interprets the momentum balance equation in which the second
(comes from constant magnetic field) and third (comes from Coriolis force) term of the
right hand side describe the pressure arisen due to the presence of the rotational magnetic
field. It may be noted here that the warm degenerate pressure has been ignored for the
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light nucleus species as the magnetic field is very strong. In addition, the degeneracy of the
light nucleus is much less than the degeneracy of electron species. We can clearly dictate
from Equation (2) that, if we ignore the rotation of the magnetic field (i.e., Ωr = 0), the
warm degenerate plasma system is only dependent on the constant external magnetic
field, and, if we ignore the gyro-frequency of the light nucleus species (i.e., Ωcl = 0),
the plasma becomes a three-component warm degenerate quantum system. The third
equation is known as the Poisson equation, which describes the potential for NAWs in the
three-dimensional magneto-rotating quantum plasma, and closes Equations (1) and (2).
The physical parameter δ is present in this equation due to the assumption of stationary
heavy nucleus species. The heavy nucleus number density is assumed to be unperturbed
throughout the degenerate plasma system. It may also be noted here that nonlinear
electrostatic waves such as NAWs propagate through the WDMRQP system in the x− z
plane (obliquely to the external magnetic field). We assume here that the number density
of the light nucleus is comparatively more than the number density of the heavy nucleus
species (i.e., nl0 > nh0), for which, the value of δ becomes less than 1 (δ < 1). In addition,
the mass of the heavy and light nucleus is much larger than the mass of the electron (i.e.,
me � ml , mh). The warm degenerate electron number density can be given as [9]

ne =
[
1 + (γe − 1)(γekTe)

−1ψ
](γe−1)−1

, (4)

where γe = 5/3 (γe = 4/3) for non-relativistic (ultra-relativistic) electron species and

kTe =
(2
√

1 + σ2
e (1 + 24σ2

Te)− 3σ2
e σ2

ke)

(2
√

1 + σ2
e − 3σ2

e σ2
ke)

,

where σe = mec2/εFe, σTe = kBTe/εFe, and σ2
ke =

√
1 + σ2

e + σ2
e log σe

1+
√

1+σ2
e

. kB, εFe, Te,

and 1/σe represent the Boltzmann constant, Fermi energy of degenerate electrons, electron
temperature, and relativity parameter [9,39,40], respectively. At a value of σe � 1 and
γe = 5/3, the equation describes a warm non-relativistic degenerate plasma state [9,39,40].
On the other hand, to describe the ultra-relativistic degenerate plasma state, σe � 1 and
γe = 4/3 should be considered in the Chandrasekhar equation of state [9,39,40]. It is clear
that, for a value of kTe = 1, which occurs in the event of zero temperature (i.e., Te = 0 and
σTe = 0), the electron number density equation reduces to the cold degeneracy limit. For a
value of kTe = 1 and γe = 1 (which represents a relativistic plasma system), the electron
number density follows the usual Maxwell–Boltzmann velocity distribution function. As
the nonlinear propagation of NAWs is assumed in the x− z plane, the components (x, y,
and z) of Equations (1)–(3) for the three-dimensional propagation can be written as

∂nl
∂t

+
∂

∂x
(nlulx) +

∂

∂z
(nlulz) = 0, (5)

∂ulx
∂t

+

(
ulx

∂

∂x
+ ulz

∂

∂z

)
ulx +

∂ψ

∂x
− uly(Ωcl + 2Ω0 sin θ) = 0, (6)

∂uly

∂t
+

(
ulx

∂

∂x
+ ulz

∂

∂z
uly

)
uly + ulxΩcl + 2Ω0(ulx cos θ − ulz sin θ) = 0, (7)

∂ulz
∂t

+

(
ulx

∂

∂x
+ ulz

∂

∂z

)
ulz +

∂ψ

∂z
+ 2ulyΩ0 sin θ = 0, (8)(

∂2

∂x2 +
∂2

∂z2

)
ψ = (1 + δ)ne − nl − δ. (9)

Here, the angular frequency of the rotational magnetic field in the two dimensions
(due to the propagation of NAWs in the x− z plane) can be expressed as Ωrx = Ω0 sin θ and
Ωrz = Ω0 cos θ, where Ω0 is the rotational frequency of the warm degenerate quan-
tum plasma.
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3. Derivation of KdV Equation

The stretch coordinates ξ and τ were used to derive the KdV equation for observing
the NASWs in a WDMRQP system, and are given by [10,26–29,41]

ξ = ε1/2(lxx + lzz)− ε1/2(Mτ), (10)

τ = ε3/2t, (11)

where l2
x + l2

z = 1 (lx and lz are the direction cosines along the x and z axis, respectively) and
0 < ε < 1 (ε is the smallness parameter describing the degree of perturbation). The expansion
of the dependent variables, such as nl, ulx, uly, ulz, and ψ, are given by [10,26–29,41]

nl = 1 + εn(1)
l + ε2n(2)

l ,

ulx = 0 + ε2u(1)
lx + ε3u(2)

lx ,

uly = 0 + ε3/2u(1)
ly + ε5/2u(2)

ly , (12)

ulz = 0 + εu(1)
lz + ε2u(2)

lz ,

ψ = 0 + εψ(1) + ε2ψ(2).

Putting the stretch coordinates, i.e., Equations (10) and (11), and the expanded depend-
ing variables, i.e., Equation (12), into Equations (1)–(3), we can write the values of nl , ulx,
uly, and ulz for the lowest order of ε as

n(1)
l =

Ω′l l
2
z + 2Ω0 sin θlxlz

Ω′l M
2 ψ(1), (13)

u(1)
lx =

Mu(1)
ly

Ω′l

∂ψ(1)

∂ξ
, (14)

u(1)
ly =

lx

Ω′l

∂ψ(1)

∂ξ
, (15)

u(1)
lz =

M
lz

n(1)
l . (16)

Combining Equations (13)–(16) with Equation (12), we obtain the value of the phase
velocity of the NAWs in the WDMRQP system as

M = lz

[(
1 + δ

γekTe

)−1(
1 +

2Ω0 sin θlx

Ω′l lz

)]1/2

(17)

where Ω′l = Ωcl + 2Ω0 cos θ. As we can see, the phase velocity of NAWs in a WDMRQP
systems depends on the physical parameters related to the systems. For an irrotational
magnetized warm degenerate plasma system, i.e., Ω0 = 0, the phase velocity of the NAWs
can be written as

M = lz

(
γekTe
1 + δ

)1/2
. (18)

The phase velocity of NAWs in a irrotational magnetized cold degenerate plasma
system, i.e., kTe = 1, can be represented as

M = lz

(
γe

1 + δ

)1/2
. (19)
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For a two-component (inertial non-degenerate light nucleus and non-inertial de-
generate electrons) irrotational magnetized cold degenerate plasma system, i.e., δ = 0,
Equation (20) becomes

M = lzγ1/2
e . (20)

The effects of the presence of non-relativistic γe = 5/3, ultra-relativistic γe = 4/3, and
relativistic γe = 1 electron species have been shown in a cold (Figure 1) and warm (Figure 2)
magneto-rotating degenerate plasma system. In a cold (warm) degenerate magneto-rotating
plasma system, the phase velocity of the NAWs is seen to be maximum in the presence of
non-relativistic (ultra-relativistic) electron species. The effects of warm ultra-relativistic
and warm non-relativistic electrons on the NA wave speed (Figure 2) are different from
the effects of cold ultra-relativistic and cold non-relativistic electrons (Figure 1) due to the
non-zero temperature assumption in our WDMRQP system.

0.0 0.2 0.4 0.6 0.8

0.7

0.8

0.9

1.0

1.1

1.2

δ

M

Figure 1. The variation in phase velocity (M) of NAWs in magneto-rotating cold degenerate plasma
(σTe = 0) for non-relativistic electron or γe = 5/3 (blue dotted curve), ultra-relativistic electron or
γe = 4/3 (green dashed curve), relativistic electron or γe = 1 (red solid curve), where θ = 0.5◦,
Ωc = 0.05, Ω0 = 0.03, lx = 0.2, and σTe = 0.

0.0 0.2 0.4 0.6 0.8
0.7

0.8

0.9

1.0

1.1

1.2

δ

M

Figure 2. The variation in phase velocity (M) of NAWs in magneto-rotating warm degenerate plasma
(σTe 6= 0) for ultra-relativistic electron or γe = 4/3, σe = 0.1, and σTe = 0.1 (blue dotted curve),
non-relativistic electron or γe = 5/3, σe = 10, and σTe = 0.1 (green dashed curve), relativistic electron
or γe = 1 and σTe = 0 (red solid curve), where θ = 0.5◦, Ωc = 0.05, Ω0 = 0.03, and lx = 0.2.
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The second-order equations are obtained in a similar manner and are expressed as

∂n(1)
l

∂τ
+

∂

∂ξ

[
−Mn(2)

l + lxu(1)
lx + lzu(1)

lz +
lz
M

n(1)
l u(1)

lz

]
= 0, (21)

∂

∂ξ

[
∂u(1)

lx
∂ξ
− lx

M
ψ(2) +

Ω′l
M

u(2)
ly

]
= 0, (22)

∂u(1)
lz

∂τ
+

∂

∂ξ

[
−Mu(2)

lz +
1
2

lz[u
(1)
lz ]2 + lzψ(2)

]
+ 2Ω0 sin θu(2)

ly = 0, (23)

∂2ψ

∂ξ2 = (1 + δ)

[
1

γekTe
ψ(2) +

2− γe

γ2
e k2

Te
(ψ(1))2

]
− n(2)

l , (24)

Finally, the KdV equation for the WDMRQP system was derived as [41]

∂ψ(1)

∂τ
+ Aψ(1) ∂ψ(1)

∂ξ
+ B

∂3ψ(1)

∂ξ3 = 0, (25)

where A is known as the nonlinear coefficient, and is given by

A =
M
2

[
2(1 + M)

1 + δ

γekTe
− 2− γe

γekTe

]
, (26)

and B is the dispersion coefficient and is given by

B =
γekTe M
2(1 + δ)

[
1 +

l2
x

Ω′2l
− 2Ω0 sin θlxlz

Ω′3l

]
. (27)

Equation (25) represents the KdV equation, which describes the NAWs with the
nonlinear A and dispersion B coefficient defined by Equations (26) and (27), respectively.
Both the nonlinear and dispersion coefficient have values greater than zero (i.e., A > 0
and B > 0) for all of the possible values of the physical parameters of the WDMRQP
system. Therefore, only positive NA solitary waves exist in the considered plasma medium.
By assuming the moving frame and boundary conditions as ζ = ξ − U0τ and ψ(1) →
0, ∂ψ(1)/∂ζ → 0 at ζ → ±∞, respectively, we obtain the stationary NA solitary wave
(NASW) solution as [41]

ψ = ψ0sech2
(

ζ

4

)
, (28)

where the amplitude and the width are, respectively, given by ψ0 = 3U0/A and
4 = 2

√
B/U0.

4. Discussion

A warm degenerate magneto-rotating quantum plasma system containing warm non-
relativistic or warm ultra-relativistic electron species, non-degenerate light nucleus species,
and a static heavy nucleus was taken into consideration to investigate the basic nonlinear
properties (viz. amplitude and width) of NASWs. The rotation speed of the plasma
system around the z-axis was considered small. The effects of the degenerate electrons
(via γe), warm degenerate parameter (via σTe), rotational frequency of the plasma system
(via Ω0), inclination angle (via θ), and the static heavy nucleus (via δ) were observed on
the generation, propagation, and the basic characteristics of the NASWs in the WDMRQP
system. The values of the physical parameters of the system, such as σTe [9], Ω0 [10], θ [10],
and δ [9], were taken as corresponding to hot white dwarfs [33–36] and neutron stars. The
findings are listed below:
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1. The presence of non-relativistic or ultra-relativistic electron species in the WDMRQP
system supports the existence and propagation of compressional NASWs.

2. The amplitude of the NASW potential decreases as the temperature is increased in
the degenerate non-relativistic plasma medium as shown in Figure 3. The potential
height and width of NASWs is maximum for the cold degenerate system (i.e., σTe = 0)
in the presence of non-relativistic electron species.

3. As depicted in Figure 4, due to the presence of ultra-relativistic electrons, the potential
height becomes maximum as the temperature of the system is increased. Hence,
it can be said that the strength of the NASWs increases in the warm degenerate
ultra-relativistic magneto-rotating plasma system. Both the amplitude and width of
the NASW potential decrease for the cold degenerate ultra-relativistic system. It is
evident from Figures 3 and 4 that the temperature effect on the strength of NAWs
is different in the case of the non-relativistic (Figure 3) and ultra-relativistic plasma
system (Figure 4). The amplitude and width of the NAWs increase (decrease) with
the increase in temperature of the ultra-relativistic (non-relativistic) electrons in the
three-dimensional magneto-rotating degenerate plasma system.

4. The rotational frequency Ω0 of the plasma system does not affect the amplitude of the
NASWs. However, the width of the NA wave potential decreases with an increasing
rotational speed of the plasma system as shown in Figure 5.

5. The width of the NASWs is observed to increase with the increase in the inclination
angle of the rotation of the warm degenerate plasma system. As the rotation angle
increases, the height of the positive potential decreases (Figure 6).

6. The presence of a static heavy nucleus not only supports the existence of a positive
NASW potential but also modifies the basic features of NASWs as shown in Figure 7.
The amplitude and width of the NASW potential are decreased with the increase in
the heavy nucleus number density and charge state. On the other hand, the amplitude
and width of the NASWs increase with the decrease in the light nucleus number
density and charge state.

The WDMRQP model presented in this paper is applicable to the hot white dwarf [33–36],
as well as useful in describing the solitary wave potential generated in the magneto-rotating
warm degenerate systems, such as neutron star and pulsars. The simple assumptions of
this model allow us to broaden the area of the investigation of a cold/warm degenerate
magneto-rotating/magnetized plasma system. However, the investigation of non-planar
NA wave potential in the WDMRQP system was not included in this work. In addition, the
arbitrary amplitude NA wave was not observed in the WDMRQP system, as it is beyond the
scope of our present work. It should be mentioned here that the Bohm quantum term or the
quantum diffraction term (arising from the kinetic term in the Schrödinger equation) [10],
as well as the spin effects, such as exchange-correlation effects [42,43], were ignored in this
present investigation. It may also be noted that the inclusion of the temperature effect in
the Bohm potential undoubtedly provides a better observation for wave-like behaviour
in the quantum regime, and also requires a new mathematical analysis that is currently
beyond the scope of our present investigation. Finally, we hope that our investigation
can a make a difference to the understanding of the nonlinear phenomenon observed in
magneto-rotating space plasma such as hot white dwarfs (such as DQ white dwarfs, white
dwarfs H1504 + 65, white dwarf PG 0948 + 534, etc.) [33–36] and neutron stars.
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Figure 3. The effect of temperature on NA wave potential ψ in degenerate non-relativistic plasmas
by considering σTe = 0 (blue dotted curve), σTe = 0.1 (green dashed curve), and σTe = 0.2 (red solid
curve) when θ = 5◦, Ωc = 0.05, Ω0 = 0.03, lx = 0.2, σe = 10, and δ = 0.3.
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Figure 4. The effect of temperature on NA wave potential ψ in degenerate ultra-relativistic plasmas
by considering σTe = 0 (blue dotted curve), σTe = 0.1 (green dashed curve), and σTe = 0.2 (red solid
curve) when θ = 5◦, Ωc = 0.05, Ω0 = 0.03, lx = 0.2, σe = 0.1, and δ = 0.3.
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Figure 5. The effect of angular rotation of plasma system on NA wave potential ψ in degenerate
non-relativistic plasmas by considering Ω0 = 0 (blue dotted curve), Ω0 = 0.03 (green dashed curve),
and Ω0 = 0.3 (red solid curve) when θ = 5◦, Ωc = 0.05, lx = 0.2, σe = 0.1, σTe = 0.1, and δ = 0.3.
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Figure 6. The effect of inclination angle of rotation of plasma system on NA wave potential ψ in
degenerate non-relativistic plasmas by considering θ = 2◦ (blue dotted curve), θ = 4◦ (green dashed
curve), and θ = 6◦ (red solid curve) when Ω0 = 0.03, Ωc = 0.05, lx = 0.2, σe = 0.1, σTe = 0.1, and
δ = 0.3.
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Figure 7. The effect of heavy nucleus number density on NA wave potential ψ in degenerate non-
relativistic plasmas by considering δ = 0.3 (blue dotted curve), δ = 0.5 (green dashed curve), and
δ = 0.7 (red solid curve) when Ω0 = 0.03, Ωc = 0.05, lx = 0.2, σe = 0.1, σTe = 0.1, and θ = 5◦.
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KdV Korteweg–de Vries
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References
1. Mamun, A.A.; Shukla, P.K. Cylindrical and spherical dust ion-acoustic solitary waves. Phys. Plasmas 2002, 9, 1468–1470. [CrossRef]
2. Mamun, A.A.; Amina, M.; Schlickeiser, R. Nucleus-acoustic shock structures in a strongly coupled self-gravitating degenerate

quantum plasma. Phys. Plasmas 2016, 26, 094503. [CrossRef]
3. Mamun, A.A.; Amina, M.; Schlickeiser, R. Heavy nucleus-acoustic spherical solitons in self-gravitating super-dense plasmas.

Phys. Plasmas 2017, 24, 042307. [CrossRef]
4. Mamun, A.A. Degenerate pressure driven modified nucleus-acoustic waves in degenerate plasmas. Phys. Plasmas 2018, 25, 02402.

[CrossRef]
5. Jannat, S.; Mamun, A.A. Nucleus-acoustic solitary waves in white dwarfs. Chin. J. Phys. 2018, 56, 3046–3052. [CrossRef]
6. Chowdhury, N.A.; Hasan, M.M.; Mannan, A.; Mamun, A.A. Nucleus-acoustic envelope solitons and their modulational instability

in a degenerate quantum plasma system. Vaccum 2018, 147, 31–37. [CrossRef]
7. Sultana, S.; Islam, S.; Mamun, A.A.; Schlickeiser, R. Modulated heavy nucleus-acoustic waves and associated rogue waves in a

degenerate relativistic quantum plasma system. Phys. Plasmas 2018, 25, 012113. [CrossRef]
8. Zaman, D.M.S.; Amina, M.; Dip, P.R.; Mamun, A.A. Nucleus-acoustic solitary waves in self-gravitating degenerate quantum

plasmas. Chin. Phys. B 2018, 27, 040402. [CrossRef]
9. Mamun, A.A.; Akter, J. Planar and non-planar nucleus-acoustic solitary waves in warm degenerate multi-nucleus plasmas.

J. Plasma Phys. 2021, 87, 905870109. [CrossRef]
10. Sahu, B.; Sinha, A.; Roychoudhury, R. Ion-acoustic waves in dense magneto-rotating quantum plasma. Phys. Plasmas 2019,

26, 072119. [CrossRef]
11. Chandrasekhar, S. The density of white dwarf stars. Philos. Mag. 1931, 11, 70. [CrossRef]
12. Chandrasekhar, S. The maximum mass of ideal white dwarfs. Astrophys. J. 1931, 74, 81–82. [CrossRef]
13. Chandrasekhar, S. The pressure in the interior of a star. Mon. Not. R. Astron. Soc. 1936, 96, 644–647. [CrossRef]
14. Fowler, R.H. On dense matter. Mon. Not. R. Astron. Soc. 1926, 87, 114–122. [CrossRef]
15. Koester, D. White dwarfs: Recent developments. Astron. Astrophys. Rev. 2002, 11, 33–36. [CrossRef]
16. Koester, D.; Chanmugam, G. Physics of white dwarf stars. Rep. Prog. Phys. 1990, 53, 837–916. [CrossRef]
17. Horn, H.M.V. Dense astrophysical plasmas. Science 1991, 252, 384–389. [CrossRef]
18. Vanderburg, A.; Johnson, J.A.; Bieryla, A.; Irwin, J.; Lewis, J.A.; Kipping, D.; Brown, W.R.; Angus, R.; Schaefer, L.; Latham, D.W.;

et al. A disintegrating minor planet transiting a white dwarf. Nature 2015, 526, 546–549. [CrossRef]
19. Witze, A. Space-station science ramps up. Nature 2014, 510, 196. [CrossRef]
20. Chavanis, P.H. White dwarf stars in D ddimensions. Phys. Rev. D 2007, 76, 023004. [CrossRef]
21. Tonks, L.; Langmuir, R. Oscillations in ionized gases. Phys. Rev. 1929, 33, 195–210. [CrossRef]
22. Zaman, D.M.S.; Amina, M.; Dip, P.R.; Mamun, A.A. Planar and non-planar nucleus-acoustic shock structures in self-gravitating

degenerate quantum plasma systems. Eur. Phys. J. Plus 2017, 132, 457. [CrossRef]
23. Sultana, S.; Schlickeiser, R. Arbitray amplitude nucleus-acoustic solitons in multi-ion quantum plasmas with relativistically

degenerate electrons. Phys. Plasmas 2018, 25, 022110. [CrossRef]
24. Shapiro, L.; Teukolsky, S.A. Black Holes, White Dwarfs, and Neutron Stars: The Physics of Compact Objects; Wiley: New York, NY,

USA, 1983.
25. Lai, D. Oscillations in ionized gases. Rev. Mod. Phys. 2001, 73, 629. [CrossRef]
26. Singh, K.; Sethi, P.; Saini, N.S. Nonlinear excitations in a degenerate relativistic magneto-rotating quantum plasma. Phys. Plasmas

2019, 26, 092104. [CrossRef]
27. Saini, S.; Kaur, M.; Singh, K. Heavy nucleus-acoustic periodic waves in a degenerate relativistic magneto-rotating quantum

plasma. Waves Random Complex Media 2020, 32, 743–754. [CrossRef]
28. Hussain, S.; Ur-Rehman, H.; Mahmood, S. Obliquely propagating solitary wave structures in nonextensive magneto-rotating

plasmas. Astrophys. Space Sci. 2014, 350, 185–190. [CrossRef]
29. Saini, N.S.; Kaur, R. Ion-acoustic solitary, breathers, and freak waves inadegenerate quantum plasma. Waves Random Complex

Media 2021, 1–22. https ://doi.org/10.1080/17455030.2021.1912435. [CrossRef]
30. Mahmood, S.; Akhtar, N. Ion acoustic solitary waves with adiabatic ions in magnetized electron-positron-ion plasmas. Eur. Phys.

J. D 2008, 49, 217–222. [CrossRef]
31. Abdelsalam, U.M.; Moslem W.M.; Shukla, P.K. Ion acoustic solitary waves in a dense pair-ion plasma containing degenerate

electrons and positrons. Phys. Lett. A 2008, 372, 4057–4061. [CrossRef]

http://doi.org/10.1063/1.1458030
http://dx.doi.org/10.1063/1.4962686
http://dx.doi.org/10.1063/1.4981262
http://dx.doi.org/10.1063/1.5022554
http://dx.doi.org/10.1016/j.cjph.2018.10.014
http://dx.doi.org/10.1016/j.vacuum.2017.10.004
http://dx.doi.org/10.1063/1.5005605
http://dx.doi.org/10.1088/1674-1056/27/4/040402
http://dx.doi.org/10.1017/S0022377821000015
http://dx.doi.org/10.1063/1.5082868
http://dx.doi.org/10.1080/14786443109461710
http://dx.doi.org/10.1086/143324
http://dx.doi.org/10.1093/mnras/96.7.644
http://dx.doi.org/10.1093/mnras/87.2.114
http://dx.doi.org/10.1007/s001590100015
http://dx.doi.org/10.1088/0034-4885/53/7/001
http://dx.doi.org/10.1126/science.252.5004.384
http://dx.doi.org/10.1038/nature15527
http://dx.doi.org/10.1038/510196a
http://dx.doi.org/10.1103/PhysRevD.76.023004
http://dx.doi.org/10.1103/PhysRev.33.195
http://dx.doi.org/10.1140/epjp/i2017-11746-7
http://dx.doi.org/10.1063/1.5023302
http://dx.doi.org/10.1103/RevModPhys.73.629
http://dx.doi.org/10.1063/1.5098138
http://dx.doi.org/10.1080/17455030.2020.1798561
http://dx.doi.org/10.1007/s10509-013-1703-z
http://dx.doi.org/10.1080/17455030.2021.1912435
http://dx.doi.org/10.1140/epjd/e2008-00165-4
http://dx.doi.org/10.1016/j.physleta.2008.02.086


Fluids 2022, 7, 305 13 of 13

32. Soltani, H.; Mohsenpour, T.; Sohbatzadeh, F. Obliquely propagating quantum solitary waves in quantum-magnetized plasma
with ultra-relativistic degenerate electrons and positrons. Contrib. Plasma Phys. 2019, 49, e201900038. [CrossRef]

33. Dufour, P.; Fontaine, G.; Liebert, J.; Schmidt, G.D.; Behara, N. Hot DQ white dwarfs: Something different. Astrpohys. J. 2008, 683,
978–989. [CrossRef]

34. Dufour, P.; Béland, S.; Fontaine, G.; Chayer, P.; Bergeron, P. Taking advantage of the COS time-tag capability: Observation of
pulsating Hot DQ white dwarfs and discovery of a new one. Astrophys. J. Lett. 2011, 733, L19. [CrossRef]

35. Werner, K.; Rauch, T. Analysis of HST/COS spectra of the bare C-O stellar core H1504+65 and a high-velocity twin in the Galactic
halo. Astron. Astrophys. 2015, 584, A19. [CrossRef]

36. Werner, K.; Rauch, T.; Reindl, N. Spectral analysis of the extremely hot DA white dwarf PG 0948+534. Mon. Not. R. Astron. Soc.
2019, 483, 5291–5300. [CrossRef]

37. Manfredi, G. How to model quantum plasmas. Fields Inst. Commun. 2005, 46, 263–287.
38. Vavrukh, M.V.; Smerechynskyi, S.V. A finite temperature Chandrasekhar model: Determining the parameters and calculation of

the characteristics of degenerate dwarfs. Astron. Rep. 2012, 56, 363–378. [CrossRef]
39. Hossain, G.M.; Mandal, S. Revisiting equation of state for white dwarfs within finite temperature quantum field theory. arXiv

2019, 252, 384–389.
40. Salpeter, E.E. Energy and pressure of a zero-temperature plasma. Astrophys. J. 1961, 134, 669–682. [CrossRef]
41. Washimi, H.; Taniuti, T. Propagation of ion-acoustic solitary waves of small amplitude. Phys. Rev. Lett. 1966, 17, 996–997.

[CrossRef]
42. Ourabah, K.; Tribeche, M. Quantum ion-acoustic solitary waves: The effect of exchange correlation. Phys. Rev. E 2013, 88, 045101.

[CrossRef]
43. Malone, F.D.; Blunt, N.S.; Brown, E.W.; Lee, D.K.K.; Spencer, J.S.; Foulkes, W.M.C.; Shepherd, J.J. Accurate exchange-correlation

energies for the warm dense electron gas. Phys. Rev. Lett. 2016, 117, 115701. [CrossRef]

http://dx.doi.org/10.1002/ctpp.201900038
http://dx.doi.org/10.1086/589855
http://dx.doi.org/10.1088/2041-8205/733/2/L19
http://dx.doi.org/10.1051/0004-6361/201527261
http://dx.doi.org/10.1093/mnras/sty3408
http://dx.doi.org/10.1134/S1063772912050071
http://dx.doi.org/10.1086/147194
http://dx.doi.org/10.1103/PhysRevLett.17.996
http://dx.doi.org/10.1103/PhysRevE.88.045101
http://dx.doi.org/10.1103/PhysRevLett.117.115701

	Introduction
	Warm Degenerate Magnetized Plasma Model
	Derivation of KdV Equation
	Discussion
	References

