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Abstract

:

Ensuring the safety of space flights and solving the problems of reducing acoustic loads during the launch of space vehicles requires not only the development of new technical systems for launch complexes, but also methods for the numerical simulation of fluid and aeroacoustic fields generated by supersonic jets. The growing regulations for space vehicle noise also explain the interest in developing models and techniques that anticipate flow and the aeroacoustic characteristics of supersonic jets. Together with integral techniques for computing far-field noise, development of relevant mathematical models and implementation of numerical tools, the concepts of computational fluid dynamics (CFD) and computational aeroacoustics (CAA) are covered. The noise generated by a supersonic underexpanded jet is used to illustrate the capabilities of current numerical modelling and simulation tools. The jet structure, flow properties, and aeroacoustic quantities are affected by the nozzle pressure ratio. The outcomes of numerical simulation are contrasted with existing experimental and computational data. The available numerical modelling and simulation tools facilitate the development of novel computational methods and methodologies for challenges in CFD and CAA, in addition to solving research and engineering problems.
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1. Introduction


One of the primary issues with manned flight and space flight safety is minimizing the acoustic influence on a rocket and space launch vehicle. Space exploration tasks require an increase in the power of the rocket launcher. An increase in the power of space launch vehicles leads to an increase in aerodynamic noise, which plays a key role on the launch pad [1].



When launching a space vehicle, the gas jets of the propulsion system, interacting with each other and with the structural elements of the launch facility, lead to the formation of powerful acoustic fields, as a result of which the space vehicle experiences strong vibro-acoustic stresses. Acoustic protection solutions, such as insulating materials, can be used to reduce vibro-acoustic stresses. This approach, however, is not the best one because it increases the mass of the head compartment that houses the astronauts. Combining two approaches by using local acoustic protection in the head compartment region and lowering the noise generated by supersonic jets of operational propulsion systems is a way to solve this issue [2].



A supersonic non-isobaric and non-isothermal jet is a complex source of noise. To ensure the safety of space flights, it is necessary not only to emit jet streams and the acoustic fields generated by them, but also to consider possible ways to suppress acoustic fields in the area of an operating propulsion system [3].



The governing parameter of an underexpanded turbulent jet is the nozzle pressure ratio (NPR), defined as   NPR =  p 0  /  p ∞   , where   p 0   and   p ∞   are the total pressure at nozzle inlet and the atmospheric pressure [4].



A supersonic turbulent jet is a complex source of acoustic radiation [5]. To assess the noise of a jet, semi-empirical dependencies are widely used, in which the sound power is expressed through the jet speed, diameter of the nozzle, density of the gas jet, and environment using empirical constants. Models of broadband noise sources give an idea of the integral value of the sound level and the spatial distributions of noise sources. When supersonic nozzle jets are produced at high-enough exhaust velocities, their total sound power is proportional to the third power of speed rather than the eighth power, as is the case in subsonic jets. In addition to their relatively low accuracy, semi-empirical approaches do not allow one to evaluate the effects of measures to reduce jet noise. In acoustic experiments, acoustic fields are studied, but detailed information about distributions of flow quantities, as a rule, is absent. To accurately reproduce jet acoustic fields, the ability to simulate the entire flow field is essential [6].



Methods for calculating noise are divided into two groups: direct methods and integral methods. Using governing equations, direct techniques (Direct Noise Computation, DNC) compute both the sound wave propagation from the turbulent region to the observer position and sound generation caused by turbulent structures. Detailed meshes and expanded computational domains are necessary for direct modelling. The integral techniques are based on the independent computation of noise generation and its propagation. The first step involves solving the governing equations and storing data on specific control surfaces. In the second step, integral formulas are utilized to compute the sound propagation to the observer position based on data recorded on control surfaces. Acoustic properties are calculated at great distances from the source of noise thanks to integral approaches. Ffowcs Williams–Hawkings equation (FW–H) and Kirchhoff method are the two most well-known integral approaches. FW–H equation accounts for non-linear factors, which permits the integration surface to be placed in areas with greater noise levels where the linear acoustics approximation is broken. This is the primary distinction between FW–H approach and Kirchhoff method. Numerous studies include the findings from experimental and numerical examinations of supersonic jets and the noise they produce [3,7,8].



The following noise components are widely acknowledged: radiation from turbulent vortices convecting at supersonic speed in relation to the surroundings; the broadband component of shock noise produced by turbulence interacting with shock waves; and the discrete component resulting from jet instability under specific flow regimes. The nozzle pressure ratio and Mach number have an impact on overall noise level of supersonic jets. The analysis of experimental data is made more difficult by the various effects that these parameters have on the noise of various components.



An experimental and numerical study of the initial section of a supersonic underexpanded jet flowing from a convergent axisymmetric nozzle and a nozzle with chevrons is performed in [9]. The length of the jet’s initial section grows as the Mach number increases because as the mixing intensity reduces, the jet mixing layers’ thickness decreases, and so on. Relations that restrict the rise of turbulent viscosity and turbulence energy close to shock waves are utilized to enhance the accuracy of description of turbulent flows in the presence of shock waves [10,11]. Creating approximations for the terms in the transport equation of turbulent kinetic energy [12,13] that account for the effect of compressibility on turbulence and altering the model constants [14,15] are the two most popular methods of modifying a turbulence model.



The study [15] presents a semi-empirical model for noise calculation that is simplified. Turbulent mixing produces noise from two distinct sources: small-scale structures that are dominating near the jet boundary and noise produced by Mach waves, which are large-scale structures that propagate downstream. Two different models are used because both large- and small-scale structures produce the broadband spectrum. The semi-empirical model [15] has stable accuracy over a wide frequency range for cold- and moderate-temperature jets. For hot jets, the model proposed in [16] is used, which, in addition to typical sources of cold jets (such as Reynolds turbulent stress covariance), takes into account temperature fluctuations as a separate noise source. The studies [17,18] explore the flow and acoustic fields of jets flowing from conical nozzles, and the study [19] discusses self-oscillating processes in supersonic jets.



Numerous studies have examined acoustic quantities of a supersonic jet and impact of injecting water in mixing layer on intensity of acoustic radiation. Studies [20,21] conducted a number of experimental investigations on impact of injecting water into a solid propellant rocket engine supersonic jet. The results obtained show that, starting from a certain value of water supply pressure, the relative flow rate has insignificant effect on amount of noise reduction. In this case, injection is most effective in close proximity to the nozzle outlet at a certain angle [22,23].



Optimizing the computational technologies used is essential to using aeroacoustics techniques successfully, which eliminates or reduces needless costs related to computer resources. The computer modelling of fluid flows and acoustic properties of supersonic jets entering a flooded region from a conical converging nozzle is the focus of this study. The noise modal composition is examined, and it is established how the characteristics of the resulting noise directionality relate to its different constituents and sources. The jet noise level in the far field is predicted, and the outcomes of numerical simulations are compared with computational and experimental data that are currently available for different input parameters.




2. Structure of Supersonic Jet


The nozzle diameter,   d a  , and the nozzle half-opening angle,   θ a  , are the geometric parameters impacting on jet structure and quantities exhausted from a conical nozzle. In the general case, dimensionless regime parameters that determine the flow in a jet are the Mach number of the jet,   M a  , the ratio of specific heat capacities at constant pressure and constant volume,  γ , the ratio of stagnation temperatures of the jet and surroundings,    T 0  /  T ∞   , and the ratio of static pressures at the nozzle outlet and surroundings   n =  p a  /  p ∞    (degree of non-design). Three outflow regimes for a supersonic jet are seen based on degree of non-design: (i) an overexpanded jet if   n < 1  , (ii) a design jet if   n = 1  , and (iii) an underexpanded jet if   n > 1  . Three zones are typically identified in jet flow analysis: initial (gas-dynamic), transition, and main. Off-design (n ≠ 1) supersonic jets in the initial zone are best suited for the implementation of self-oscillatory processes due to unevenness of parameters over the jet cross section [19].



Figure 1 depicts the structure of the gas-dynamic section of a jet outflow from a conical nozzle (1). The barrel-shaped structure in the early area faces the surroundings in a convex manner. The mixing layer (2), center shock wave (3) (Mach disk), barrel (4), reflected shock waves (5), and expansion fans (6) are the key components of the jet in this region. The position of the Mach disk in the free supersonic jet,   l c  , and length of the first barrel,   l s  , are also depicted in the image. Typical for the degree of non-design   n > 1   is a jet diamond shock wave structure. In the gas-dynamic zone, many barrels of jet can exist for   n < 2  ; dangling shocks are reflected regularly off the jet centerline without a Mach disk forming.




3. Sources of Jet Noise


The noise emissions of supersonic jets occur due to interaction of shock waves and turbulence resulting in noise in the range of relatively low frequencies.



3.1. Mixing Noise


Mixing noise occurs due to turbulent mixing of supersonic jet with surrounding. Large transverse velocity gradients that cause instability and a rise in harmonic amplitudes are characteristics of shear layers. Wave attenuation results from a decrease in the velocity gradient and an increase in the thickness of shear layers downstream. A wideband wavenumber spectrum is produced by varying wave amplitudes. Sound is produced by harmonics with a supersonic phase velocity relative to surrounding that are feasible in the short-wave portion of spectrum. Acoustic radiation from small-scale turbulence and acoustic radiation from large-scale turbulent eddies make up this noise [15]. While small-scale eddies produce background noise, large-scale vortices are the dominating generators. Turbulent noise dominates in a narrow interval of Strouhal numbers,   0.1 < St < 0.25   [24].



In the case when the speed of vortex transfer (convective speed) exceeds the speed of sound in the surroundings, Mach waves are emitted, the theory of which is developed in [25,26]. Large coherent turbulent structures simulate sine waves of instability with a wavelength equal to the distance between two successive eddies. They move with convective speed   v c  . In the surroundings, the speed of sound remains constant and equals   c 0  . If    v c  >  c 0   , Mach waves are emitted at an angle   θ = arccos (  c 0  /  v c  )  . The peak of the Strouhal number, with which Mach waves are emitted, corresponds to the strongest instability wave [27]. The impact of non-isothermal flow on the emission of Mach waves is discussed in [28].




3.2. Broadband Shock Wave Noise


Broadband shock wave noise occurs due to the interaction of turbulent vortical structures propagating downstream and the diamond shock wave structure of a supersonic jet. A description of this noise source and relationships for the intensity of acoustic radiation are given in [29]. The intensity of the acoustic disturbance is found as   I ∼    M a 2  − 1  2   , where   M a   is the nozzle outlet Mach number.



The relationship between flow velocity, jet temperature, and the angle of maximum radiation into the far field is measured is positive. For a cold jet (   M a  ∼ 1.4  ,    T 0  ∼ 300   K), the angle of maximum radiation is around 25 degrees, and for a high-temperature jet (   M a  ∼ 3.4  ,    T 0  ∼ 2900   K), it is around 65 degrees. The broadband noise produced by shock waves lacks a noticeable directionality, and the maximal acoustic radiation of mixing noise corresponds to an angle range from 30 to 60 degrees [3]. The intensity of the shock waves in the jet determines the noise intensity, which is slightly influenced by stagnation temperature [30]. The amount of mixing noise rises as stagnation temperature rises. At large angles, the sound produced by shock waves is more noticeable for cold jets, where mixing noise is small [3].




3.3. Discrete Tone


The noise radiation of supersonic jets is related shock waves and characterized by the presence in the noise spectrum of a discrete component (screech). Its frequency and intensity depends on the Mach number, nozzle pressure ratio and temperature ratio, the presence of co-flow, and other factors [31,32]. The level of the discrete component significantly exceeds the level of broadband components. It is caused by acoustic feedback [3] and determines the total level of noise emitted by a supersonic jet.



Disturbances occur as a result of the development of Kelvin–Helmholtz instability in the jet boundary. They propagate downstream with a convective velocity   v c  . These vortices reach the shock wave at the end of the first jet barrel, which has a length of   l s  , and generate an acoustic wave that propagates to nozzle outlet and enhances the initial disturbances of jet boundary. The emission of a discrete tone depends on the length of the jet barrel,   l s  , the speed of sound in the surroundings,   c 0  , and the convective speed of large coherent structures,   v c  . Many experimental studies show that the discrete component of the noise spectrum depends on outlet Mach number, and it is realized in a certain interval of nozzle-to-pressure ratios. Increasing co-flow velocity leads to a monotone decrease in the frequency of the discrete component.





4. Jet Flow Field


Several acoustic models are utilized in engineering practice, which allows for a significant reduction in the amount of processing power needed to achieve the desired outcome. This method does not always produce accurate findings, particularly when it comes to accounting for the contribution of different physical factors to acoustics, like wave scattering, diffraction, reflection from solid surfaces, and others. Both direct methods (where all acoustic oscillation scales in the computational domain are resolved) and acoustic analogy approaches (where the near-field acoustic oscillation scales are identified, followed by modelling and far-field parameter calculation) are used to calculate acoustic parameters. The zone where acoustic waves propagate and the turbulent flow occurs are separated using a hybrid technique.



The equation describing unsteady three-dimensional viscous compressible flow in Cartesian coordinates   ( x , y , z )   is written as


       ∂ Q   ∂ t   +   ∂  F x    ∂ x   +   ∂  F y    ∂ y   +   ∂  F z    ∂ z   = 0 .     



(1)




The perfect gas equation of state is added to Equation (1). It has the form


     p =  ( γ − 1 )  ρ  e −  1 2    v x 2  +  v y 2  +  v z 2    .     








The vector of conservative variables Q and the flux vectors   F x  ,   F y  ,   F z   have the form


     Q =     ρ      ρ  v x        ρ  v y        ρ  v z        ρ e      ,     










      F x  =      ρ  v x        ρ  v x   v x  + p −  τ  x x         ρ  v x   v y  −  τ  x y         ρ  v x   v z  −  τ  x z          ( ρ e + p )   v x  −  v x   τ  x x   −  v y   τ  x y   −  v z   τ  x z   +  q x       ,     










      F y  =      ρ  v y        ρ  v y   v x  −  τ  y x         ρ  v y   v y  + p −  τ  y y         ρ  v y   v z  −  τ  y z          ( ρ e + p )   v y  −  v x   τ  y x   −  v y   τ  y y   −  v z   τ  y z   +  q y       ,     










      F z  =      ρ  v z        ρ  v z   v x  −  τ  z x         ρ  v z   v y  −  τ  z y         ρ  v z   v z  + p −  τ  z z          ( ρ e + p )   v z  −  v x   τ  z x   −  v y   τ  z y   −  v z   τ  z z   +  q z       .     








The components of heat flux and viscous stress tensor are


      τ  i j   = μ    ∂  v i    ∂  x j    +   ∂  v j    ∂  x i    −  2 3    ∂  v k    ∂  x k     δ  i j    ,   q i  = − λ   ∂ T   ∂  x i    .     








Here, t is time,  ρ  is the density,   v x  ,   v y  ,   v z   are the velocity components in x, y and z directions, p is the pressure, e is the total energy per unit mass, T is the temperature,  γ  is the ratio of specific heat capacities.



Air standard assumptions (air is treated as an ideal gas at normal atmospheric conditions) are applied to simulate the air flow field. The impact of the temperature of air on the structure of the supersonic jet is not a part of the present study.



The molecular viscosity,  μ , is a function of temperature. For air, it is modelled with Sutherland’s law


      μ  μ *   =    T  T *     3 / 2      T *  +  S 0    T +  S 0    ,     








where   μ *   and   T *   are a reference viscosity and reference temperature,   S 0   is an experimental constant. So,    μ *  = 1.7894 ×  10  − 5     kg/(m s),    T *  = 273.11   K, and    S 0  = 110.56   K for air. The thermal conductivity,  λ , is linked to specific heat capacity at constant pressure,   c p  , and Prandtl number, Pr, so that   λ =  c p  μ / Pr  , and   Pr = 0.7   for air.



The development of vortical structures, as well as their propagation and interaction with a wall, must be understood when modelling the unsteady turbulent flows and acoustic fields they produce [33]. Eddy-resolving approaches, like large-eddy simulation (LES), hybrid URANS/LES methods, and detached eddy simulation (DES) and its modifications are some of the most popular approaches used in modelling of turbulent flows. When compared to direct numerical simulations (DNS), LES requires less computer resources, since it simulates the interaction of large eddies with small-scale turbulence using subgrid models [34]. The scope of usage of LES in DES and its variations are automatically selected by the typical grid size and the existence of turbulent flow components.



The numerical dissipation of finite-difference schemes in ILES (Implicit LES) plays the role of subgrid viscosity. This is because it is critical to accurately characterize the change from laminar to turbulent flow regimes in the mixing layers descending from the nozzle edge when computing the noise of turbulent jets within the context of LES. The range of noise frequencies that LES can resolve is determined by this process, which happens quickly at high Reynolds numbers. It is impossible to resolve small-scale vortex formations that originate from the boundary layer on the nozzle wall and cause the mixing layer to experience turbulence because of the high computer resource requirements. The application of traditional (explicit) subgrid viscosity models typically causes the transition process to lag. A potential solution to this problem is to substitute the fake turbulent pulsations for the real ones near the nozzle outlet. This method adds spurious noise, though, which is hard to separate from the real noise.




5. Jet Acoustic Field


The flow of compressible viscous air in an unbounded region with solid boundaries is considered. An inhomogeneous wave equation is created by transforming the Navier–Stokes equations in methods based on the Lighthill acoustic analogy. A control surface (Figure 2) is introduced, encompassing all solid entities in the computational domain at each time moment, to derive the Lighthill wave equation characterizing the sound field. The function-indicator f is defined, where   f > 0   is the outside surface,   f < 0   is the inside surface, and   f = 0   on the Kirchhoff surface surrounding the noise sources.



The control surface   f ( x , t ) = 0   (Kirchhoff surface) separates the internal and external flow regions. The control surface is defined with the marking function


     f  ( x , t )  =      > 0 ,     if   x > S ,       = 0 ,     if   x ∈ S ,       < 0 ,     if   x < S .          











The flow quantities (density, momentum, pressure) are found in a way to correctly include the discontinuity through the interface using the Heaviside function


     H  [ f  ( x , t )  ]  =      1 ,       if   f ( x , t ) > 0 ,       0 ,       if   f ( x , t ) < 0 .          








When deriving the FW–H equation, the following differentiation rule is applied


       d H   d t   =    ∂ f   ∂ t   +   ∂ f   ∂  x i      ∂  x i    ∂ t      ∂ H   ∂ f   =   ∂ H   ∂ t   +  v i    ∂ H   ∂  x i    = 0 .     








Derivatives are expressed as


          ∂ H   ∂ t   = −  v i    ∂ H   ∂  x i    = −  v i  δ  ( f )    ∂ f   ∂  x i    ;            ∂ H   ∂  x i    =   ∂ H   ∂ f     ∂ f   ∂  x i    = δ  ( f )   ∇ f   n i  .     








Here,    v i  = ∂  x i  / ∂ t   is the component of the speed of control surface, and   n i   is the component of the local outer normal to control surface. It is found as


      n i  =   ∂ f   ∂  x i        ∂ f   ∂  x j      ∂ f   ∂  x j      − 1 / 2   .     








The Dirac delta function is


     δ  [ f  ( x , t )  ]  =   ∂ H   ∂ f   =      1 ,       if   f ( x , t ) = 0 ,       0 ,       if   f ( x , t ) ≠ 0 .          











The FW–H equation outside the Kirchhoff surface, covering sources of sound radiation (there are no barriers between the source and the observer), is written in the form


      ρ ˜  H  ( f )  =   ∂ 2   ∂  x i  ∂  x j     ∫  V ( τ )     [  T  i j   ]   4 π  c 0 2   y − x     d 3  y −       −  ∂  ∂  x i     ∫  S ( τ )      ρ  u i   (  u j  −  v j  )  +  p ˜   δ  i j   −  τ  i j     4 π  c 0 2   y − x     d  S j   ( y )  +  ∂  ∂ t    ∫  S ( τ )      ρ  (  u j  −  v j  )  +  ρ 0   v j    4 π  c 0 2   y − x     d  S j   ( y )  .     



(2)




Square brackets mean that the functions are taken accounting for the delay of the signal   τ = t −  y − x  /  c 0    coming from the source to the observation point (retired time). The radius vector is   r =  y − x   ; it refers to distance between the observation point and the point on the Kirchhoff surface (Figure 3). The components of the Lighthill stress tensor have the form


      T  i j   =   ( p −  p 0  )  −  c 0 2   ( ρ −  ρ 0  )    δ  i j   + ρ  u i   u j  −  τ  i j   .     








Here,  ρ  is density, p is pressure, c is the speed of sound,   u i   and   v i   are the components of flow velocity and the velocity of the control surface, and   τ  i j    are the components of the viscous stress tensor. Index 0 refers to flow quantities in surrounding.



The partial derivatives   ∂ / ∂  x i    are converted in partial derivatives   ∂ / ∂ t  . Quadrupole noise sources are disregarded, presuming that the control surface is sufficiently large to cover volumetric sources, to derive the wave Equation (2), which is convenient for numerical calculations. Farassat’s formulation I [35] is the integral form of the FW–H equation. It is written for acoustic pressure    p ˜   ( x , t )  = p  ( x , t )  −  p 0    and has the form


     H  p ˜   ( x , t )  = H   p ˜  T   ( x , t )  + H   p ˜  L   ( x , t )  .     



(3)




Here,


        4 π   p ˜  T   ( x , t )  =  ∂  ∂ t    ∫  f ( y , τ ) = 0        ρ 0   U n    r  1 −  M r       r e t   d S  ( y )  ;          4 π   p ˜  L   ( x , t )  =  1  c 0    ∂  ∂ t    ∫  f ( y , τ ) = 0       L r   r  1 −  M r       r e t   d S  ( y )  +  ∫  f ( y , τ ) = 0       L r    r 2   1 −  M r       r e t   d S  ( y )  .     











Time derivatives shift under the integral sign when modelling flows with a dynamic control surface because they lead to numerical instabilities. The FW–H equation is expressed in the integral form written for acoustic pressure    p ˜   ( x , t )  = p  ( x , t )  −  p 0   . Farassat’s formulation II [36] has the form


     H  p ˜   ( x , t )  = H   p ˜  T   ( x , t )  + H   p ˜  L   ( x , t )  + H   p ˜  Q   ( x , t )  ,     



(4)




where


        4 π   p ˜  T   ( x , t )  =  ∫  f ( y , τ ) = 0        ρ 0     U ˙  n  +  U  n ˙      r   1 −  M r   2      r e t   d S  ( y )           +  ∫  f ( y , τ ) = 0        ρ 0   U n   r   M ˙  r  +  c 0    M r  −  M 2       r 2    1 −  M r   3      r e t   d S  ( y )  ;          4 π   p ˜  L   ( x , t )  =  1  c 0    ∫  f ( y , τ ) = 0        L ˙  r   r   1 −  M r   2      r e t   d S  ( y )           +  ∫  f ( y , τ ) = 0        L r  −  L M     r 2    1 −  M r   2      r e t   d S  ( y )  +  1  c 0    ∫  f ( y , τ ) = 0        L r   r   M ˙  r  +  c 0    M r  −  M 2       r 2    1 −  M r   3      r e t   d S  ( y )  ;          4 π   p ˜  Q   ( x , t )  =  1  c 0 2     ∂ 2   ∂  t 2     ∫  f ( y , τ ) > 0       Q  r r    r  1 −  M r       r e t   d V  ( y )           +  1  c 0    ∂  ∂ t    ∫  f ( y , τ ) > 0       3  Q  r r   −  Q  i i      r 2   1 −  M r       r e t   d V  ( y )  +  ∫  f ( y , τ ) > 0       3  Q  r r   −  Q  i i      r 3   1 −  M r       r e t   d V  ( y )  .     








Here,   n i   is the component of the outer normal to control surface in i direction, and    r i  =  x i  −  y i    is the component of radius vector from a point on the Kirchhoff surface to the observation point. The dot denotes differentiation with respect to time. The multiplier   D = 1 −  M r    takes into account the Doppler effect. The function   U i   (modified speed) and its derivatives are found from


      U i  =   ρ  u i    ρ 0   +  1 −  ρ  ρ 0     v i  ,   U n  =  U i   n i  ,    U ˙  n  =  v i    ∂ n   ∂ τ   ,   U  n ˙   =  v i    ∂  n i    ∂ τ   .     








The relations yield the projection of a non-dimensional velocity vector (Mach number) on direction of the observer at the time of sound emission and its derivatives


      M r  =    v i   r i    c 0   ,    M ˙  r  =   M ˙  i    r i  r  ,    M ˙  i  =  1  c 0     ∂  v i    ∂ τ   ,   M 2  =    v i   v i    c 0 2   .     








The components of the vector L and its derivatives are found as


         L i  =   p −  p 0    δ  i j   + ρ  u i    u j  −  v j     n j  −  τ  i j   ,           L r  =  L i    r i  r     L ˙  r  =   ∂  L i    ∂ τ     r i  r  ,   L M  =  L i    v i   c 0   .     








The components of the tensor Q are found as


      Q  i j   =  ∫  f > 0    T  i j   d n ,   Q  r r   =  Q  i j    r i   r j  .     








The delay of the signal from the source to observation point is taken into consideration by the functions. The statement   τ = t − r /  c 0    is written at the moment of sound emission by elementary source (retired time), as indicated by index ret. Regarding the variable  y , integration in the relation (4) is carried out in coordinate system connected to the source.



For a stationary control surface the following relations are valid:




	—

	
Farassat’s formulation I











        4 π   p ˜  T   ( x , t )  =  ∂  ∂ t    ∫  f ( y , τ ) = 0        ρ 0   U n   r   ret  d S  ( y )  ;          4 π   p ˜  L   ( x , t )  =  1  c 0    ∂  ∂ t    ∫  f ( y , τ ) = 0       L r  r   ret  d S  ( y )  +  ∫  f ( y , τ ) = 0       L r   r 2    ret  d S  ( y )  ;     











	—

	
Farassat’s formulation II








         4 π   p ˜  T   ( x , t )  =  ∫  f ( y , τ ) = 0        ρ 0    U ˙  n   r   ret  d S  ( y )  ;          4 π   p ˜  L   ( x , t )  =  1  c 0    ∫  f ( y , τ ) = 0        L ˙  r  r   ret  d S  ( y )  +  ∫  f ( y , τ ) = 0       L r   r 2    ret  d S  ( y )  .      









The terms in the right hand side of Equation (4) take on the following meaning when the control surface coincides with the surface of a solid body [37]. The term     p ˜  L   ( x , t )    is produced by a force acting on the fluid from the surface (loading contribution term). The term     p ˜  Q   ( x , t )    is determined by volumetric sound sources outside the control surface. The term     p ˜  T   ( x , t )    is determined by the shape and kinematics of movement of the control surface (thickness contribution term). It is difficult to calculate the term     p ˜  Q   ( x , t )   , since it necessitates integration over volume.



It is possible to solve the FW–H equation in real space. On a control surface, information on unsteady flow quantities is recorded. The output data contain the acoustic pressure time-dependence. Of interest are noise spectrum properties. After applying a Fourier transformation in time to the received sound signals, the frequency spectra of the signals are obtained based on the amplitude versus frequency, allowing for the determination of the sound pressure levels at certain observation points. The sound pressure level (SPL) and overall sound pressure level (OSPL) are


     SPL = 20  log   P i    2  1 / 2    P *    ,  OSPL = 10  log   ∑  i = 1  N   10   SPL i  / 10    ,     








where   P i   is the harmonic amplitude i,   P *   is the reference threshold (   P *  = 2 ×  10  − 5     Pa).




6. Numerical Method


The governing equations are solved with in-house finite volume code ran on unstructured meshes consisting of cells of various topologies. To achieve flexibility, the CFD solver treats all cells through an unstructured, edge-based data structure [38]. The fluxes though the surface of a cell are thus calculated on the basis of flow variables at nodes at either end of an edge, and an area associated with that edge (edge weight). The edge weights are pre-computed and take into account the geometry of the cell. The penalty for using an unstructured approach is that the connectivity information for each node, defining its neighbours, must be held in memory and used to access information indirectly, whereas a structured solver makes use of the inherent patterns in the mesh to derive neighbour information at each node.



6.1. CFD Solver


The density-based CFD solver works in an explicit time-marching technique, based on a three-step Runge–Kutta stepping procedure. Convergence to a steady state is accelerated by the use of multigrid techniques, and by the application of block-Jacobi preconditioning for high-speed flows, together with a separate low Mach number preconditioning method for use with low-speed flows. The sequence of meshes is created using an edge-collapsing algorithm. Preconditioning improves the rate at which information propagates through the flow domain during the solution iterations.



The governing equation is written in the form


       d  Q i n    d t   + L  (  Q i n  )  = 0 ,     



(5)




where   L (  Q i n  )   is the spatial differential operator. The subscript i refers to the control volume, and the superscript n refers to the time layer. The flow variables vector averaged over the control volume   V i   is


   Q i  =  1  V i    ∫  V i   Q d V .  








The flow residual within each cell of unstructured mesh is given by the sum of the normal inviscid and viscous fluxes over all faces


   R i   ( Q )  = −  1  V i    ∑  j   N i    F  i j    ( Q )   S  i j   ,  



(6)




where   F  i j    is the numerical flux from cell i through the face j at the face center,   V i   is the volume of cell i,   S  i j    is the area of the face j of the cell i, and   N i   is the number of faces of the cell i.



The third-order Runge–Kutta method is applied to time discretization


         Q  i   ( 1 )   =  Q  i   ( 0 )   + Δ t L  (  Q  i   ( n )   )  ,           Q  i   ( 2 )   =  3 4   Q  i   ( 0 )   +  1 4    Q  i   ( 1 )   + Δ t L  (  Q  i   ( 1 )   )   ,           Q  i   ( 3 )   =  1 3   Q  i   ( 0 )   +  2 3    Q  i   ( 2 )   + Δ t L  (  Q  i   ( 2 )   )   .     








The stability region is a circle with radius    r c  = 1.25  .



The inviscid flux is calculated using gradient reconstruction of primitive variables. The calculations of gradients are based on the Green–Gauss theorem. The inviscid flux is found from the relation


     F  (  Q L  ,  Q R  )  =  1 2   F  (  Q L  )  + F  (  Q R  )  −  | A |    Q R  −  Q L    .     








where the subscripts L and R refer to cells on the left and on the right edges of the control volume. The matrix A is presented in the form   A = R Λ L  , where  Λ  is the diagonal matrix composed from the Jacobian eigenvalues, and R and L are the matrices composed from its right and left eigenvectors, respectively.



Viscous fluxes are discretized with a centered scheme of the second order, whereas inviscid fluxes are discretized with the MUSCL scheme (it is a combination of centered finite differences of the second order and a dissipative term, which are switched between by a flux limiter designed with characteristic variables). It satisfies the TVD (Total Variation Diminishing) condition and allows one to increase the order of approximation in spatial variables without losing monotonicity of the solution. The system of finite-difference equations is solved with the geometric multigrid method [38].



The numerical scheme assumes a piecewise parabolic distribution of the desired variables within the control volume [39]. At an intermediate step, auxiliary variables are defined


         α  1 , m + 1 / 2  i  =  l  m + 1 / 2  i    Q m  −  Q  m − 1    ,           α  2 , m + 1 / 2  i  =  l  m + 1 / 2  i    Q  m + 1   −  Q m   ,           α  3 , m + 1 / 2  i  =  l  m + 1 / 2  i    Q  m + 2   −  Q  m + 1    .     








Here,   l = {  l 1  ,  l 2  , … }   represents the set of left eigenvectors. The superscript i corresponds to the ith eigenvalue and the ith eigenvector. Subscripts 1, 2, 3 are used for numbering.



The family of circuits satisfying the TVD condition has the form


     F  m + 1 / 2      =  H  m + 1 / 2   +  ∑ i     1 + ϰ  4    α ˜   2 , m + 1 / 2  i  +   1 − ϰ  4     α ˜  ˜   2 , m + 1 / 2  i    λ  m + 1 / 2   i +     r  m + 1 / 2  i           −  ∑ i     1 + ϰ  4     α ˜  ˜   2 , m + 1 / 2  i  +   1 − ϰ  4    α ˜   3 , m + 1 / 2  i    λ  m + 1 / 2   i +     r  m + 1 / 2  i  ,     








where   λ = {  λ 1  ,  λ 2  , … }   and   r = {  r 1  ,  r 2  , … }   represent the set of eigenvalues and the set of right eigenvectors. The first term on the right side determines the flow according to the first-order scheme


     H  m + 1 / 2      =  1 2   F  (  Q  m + 1 / 2   )  + F  (  Q m  )   −  1 2   ∑ i    λ  m + 1 / 2   i +   −  λ  m + 1 / 2   i −     α  2 , m + 1 / 2  i    r  m + 1 / 2  i  .     








Here,


           α ˜  ˜   1 , m + 1 / 2  i  = minmod   α  1 , m + 1 / 2  i  , b  α  2 , m + 1 / 2  i   ,            α ˜   2 , m + 1 / 2  i  = minmod   α  2 , m + 1 / 2  i  , b  α  1 , m + 1 / 2  i   ,             α ˜  ˜   2 , m + 1 / 2  i  = minmod   α  2 , m + 1 / 2  i  , b  α  3 , m + 1 / 2  i   ,            α ˜   3 , m + 1 / 2  i  = minmod   α  3 , m + 1 / 2  i  , b  α  2 , m + 1 / 2  i   .     








Here,   b = ( 3 − ϰ ) / ( 1 − ϰ )  , and  ϰ  defines schemes of varying accuracy (in calculations,   ϰ = 1 / 3  ). The flow limiter has the form


     minmod  ( x , y )  = sign  ( x )   max  0 , min   | x | , y  sign ( x )   .     












6.2. CAA Solver


The FW–H equation is solved numerically by utilizing quadrature formulas to calculate integrals, interpolating flow quantities present in the integrands to the acoustic signal point of delay, and computing source terms as a function of time.



In aeroacoustics, small-amplitude acoustic waves relative to turbulent fluctuations and turbulent structures must be accurately reproduced using finite-difference techniques with a higher order of precision. High-spatial resolution is needed in the near-field region where noise creation takes place. The need to produce broadband spectra in conjunction with integration and long-term averaging explains the requirement for a high time resolution.



Higher-order precision finite-volume techniques are used for spatial discretization. Many explicit and implicit schemes are utilized for integration over time [38]. The far-field signal in the traditional integral acoustic model is produced by integrating a numerical solution over a control surface encircling the sound sources. Analyzing the impact of different physical model components on the overall contribution to far-field noise requires reducing the sensitivity of the hybrid model solution to numerical parameters, such as the location of the control surface.



The integral relation obtained as a result of solving the FW–H equation has the form


     4 π ϕ  ( x , t )  = ∫  ∫    [ f ]   r e t   = 0      Q ( y , τ )   4 π  r  N 1     1 −  M r    N 2      d S  ( y )  ,     



(7)




where   N 1   and   N 2   are integer numbers, and   Q ( y , τ )   refers to the source intensity. Acoustic pressure    p ˜   ( x , t )    is the sum of integrals written in the form (7).



The integrand is computed at a delayed period in time,   τ = t − r /  c 0   , and integration is performed over the chosen control surface. The integral is calculated using the point   ( x , t )   fixed. Three stacked loops make up the calculations. The inner loop corresponds to the locations of sound sources on the chosen control surface, while the two outer loops represent integration over time and space (over observation points).



The control surface S is divided into M faces. The integrand at each face center is computed in discrete form at time    τ  m c   = t −  r  m c   /  c 0   . This integrand is defined by the radius vector   y  m c   . The form of the relation (7) is


     4 π ϕ  ( x , t )  =  ∑  m = 1  M     Q m   (  y  m c   , t −  r  m c   /  c 0  )      r  m c   N 1     1 −  M r    m c   N 2     r e t    Δ  S m  ,     



(8)




where    r  m c   =  x −  y  m c     . The position of a moving source is determined by time    y  m c    ( τ )   . The delayed time moment in this instance is implicitly determined as the root of the equation


     t − τ −    r  m c    ( τ )    c 0   = 0 .     








Interpolating functions in time is necessary to calculate the function   Q  m c    at each face center at a delayed time point. The acoustic pressure is found by applying external cycles to all potential spatial and temporal positions of the observer.



The relation (8) is not employed in order to increase accuracy; instead, an estimate of the integrand is applied to several points on each face


     4 π ϕ  ( x , t )  =  ∑  m = 1  M    ∑  i = 1   M i    α i     Q m   (  y i  , t −  r i  /  c 0  )      r i  N 1     1 −  M r   i  N 2     r e t      J  i   Δ  S m  ,     



(9)




where


      M i   (  M r  , Δ  S m  )  ∼   Δ  S m     1 −  M r   i  N 2    .     








Here,   α i   and    J  i   are quadrature weighting coefficients and Jacobians associated with point i. It is feasible to carry out computations tailored to the integrand rate of change by using a multi-point quadrature formula (number of quadrature points,   M i  , depends on face m).



Then, the spatial discretization of the cylindrical control surface is performed. The control surface is presented in Figure 4. The total of the integrals over each face that the control surface is divided into is the surface integral over the control surface. Second-order quadrature formulae or fourth-order quadrature formulas (Simpson approach) are used to calculate the integral for each face. The integrand is calculated at nine points (  m 1  ,   m 2  , …,   m 8  , and   m c  ) when utilizing fourth-order formulas, as opposed to the central point of the face   m c   when using second-order formulas.



1. Formulas of the second order. When using a second-order formula, the integrand is represented as


      ∑  m = 1  M  Q  (  y  m c   ,  t n  −  r  m c   /  c 0  )  Δ  S m  ,     








where


      y  m c   =  1 4    y  m 1   +  y  m 2   +  y  m 3   +  y  m 4    .     








Here,   t n   is the observation time,  x  is the position of the observer,    r  m c   =  x −  y  m c     .



2. Formulas of the fourth order. When using a fourth-order formula, the integrand is represented as


      ∑  m = 1  M   ∑  i = 1  9   α i  Q  (  y  m i   ,  t n  −  r  m i   /  c 0  )    Δ  S m     ∑  i = 1  9   α i    ,     








where


      y  m c   =  1 4    y  m 1   +  y  m 2   +  y  m 3   +  y  m 4    .     








Here,    y  m c   =  y  m 9    . The points   y  m 1   ,   y  m 2   ,   y  m 3   ,   y  m 4    correspond to the corner points of the face. The coordinates of the midpoints are found from the relations


         y  m 5   =  1 2    y  m 1   +  y  m 2    ,   y  m 6   =  1 2    y  m 2   +  y  m 3    ,           y  m 7   =  1 2    y  m 3   +  y  m 4    ,   y  m 8   =  1 2    y  m 4   +  y  m 1    .     








Here,   t n   is the observation time,  x  is the position of the observer,    r  m i   =  x −  y  m i     . The weighting coefficients have values    α i  = 1   if   i = 1 , … , 4   and    α i  = 16   if   i = 5 , … , 9  .



Based on values   Q (  y  m i   ,  τ m  )  , where   τ m   represents source time utilized in CFD calculations, integrand   Q (  y  m i   ,  τ n  )  , where    τ n  =  t n  −  r  m i   /  c 0   , is computed using an interpolation approach. Generally speaking,    τ n  ≠  τ m   . Density, velocity, and pressure distributions that vary with time are used to store information at the source. Finding time derivatives is required in order to compute surface integrals and integrands that are functions of density, velocity, and pressure and that depend on    L ˙  i  ,    U ˙  i  , and    M ˙  i  . Relations between the second and fourth order of accuracy are applied to a non-uniform mesh in order to achieve this goal (Figure 5).



The source time   τ m   corresponds to CFD calculations. The time   τ n   is necessary for the numerical determination of integrals. Interpolation procedure is applied to obtain values between   τ m   and   τ n  .



1. Formulas of the second order. When using formulas of the second order of accuracy, interpolation from time point   τ m   to point   τ n   is performed


     F  (  τ n  )  = F  (  τ m  )     τ n  −  τ  m − 1      τ m  −  τ  m − 1     + F  (  τ  m − 1   )     τ m  −  τ n     τ m  −  τ  m − 1     .     








The time derivative is found as


            ∂ F   ∂ τ     τ =  τ n    =    F m    (  τ n  −  τ  m − 1   )  2  −  F  m − 1     (  τ m  −  τ n  )  2     (  τ m  −  τ n  )   (  τ n  −  τ  m − 1   )   (  τ m  −  τ  m − 1   )    +    F n   [   (  τ m  −  τ n  )  2  −   (  τ n  −  τ  m − 1   )  2  ]     (  τ m  −  τ n  )   (  τ n  −  τ  m − 1   )   (  τ m  −  τ  m − 1   )    .     











2. Formulas of the fourth order. When using formulas of the fourth order of accuracy, interpolation from time point   τ m   to point   τ n   is performed


     F  (  τ n  )  =  a 0  +  a 1   τ n  +  a 2   τ n 2  +  a 3   τ n 3  .     








The time derivative is found as


         ∂ F   ∂ τ     τ =  τ n    =  a 1  + 2  a 2   τ n  + 3  a 3   τ n 2  .     








Here,


         a 1  =   Δ 1  Δ  = −   3  τ i 2  + 6  τ i   ( Δ τ )  + 2   ( Δ τ )  2    6   ( Δ τ )  3     F  i − 1   +   3  τ i 2  + 4  τ i   ( Δ τ )  −   ( Δ τ )  2    2   ( Δ τ )  3     F i           −   3  τ i 2  + 2  τ i   ( Δ τ )  − 2   ( Δ τ )  2    2   ( Δ τ )  3     F  i + 1   +   3  τ i 2  −   ( Δ τ )  2    6   ( Δ τ )  3     F  i + 2   ;           a 2  =   Δ 2  Δ  =    τ i  + Δ τ   2   ( Δ τ )  3     F  i − 1   −   3  τ i  + 2 Δ τ   2   ( Δ τ )  3     F i  +   3  τ i  + Δ τ   2   ( Δ τ )  3     F  i + 1   −   τ i   2   ( Δ τ )  3     F  i + 2   ;           a 3  =   Δ 3  Δ  = −  1  6   ( Δ τ )  3     F  i − 1   +  1  2   ( Δ τ )  3     F i  −  1  2   ( Δ τ )  3     F  i + 1   +  1  6   ( Δ τ )  3     F  i + 2   .     













7. Geometry and Grid


A jet of cold air exhausting from an axisymmetric conical nozzle into the surroundings is considered. The flow field is defined by the nozzle pressure ratio,   NPR =  p 0  /  p ∞   , where   p 0   is the total pressure at nozzle inlet, and   p ∞   is the atmospheric pressure downstream of the nozzle. NPR varies from 1 to 10. To change NPR, the total pressure varies. The nozzle geometry and flow conditions are consistent with those described in [40,41,42,43]. The problem itself is considered as part of the international AIAA Propulsion Aerodynamics Workshop, dedicated to the comparison of various codes designed to solve CFD problems.



The diameter of the nozzle outlet is    d a  = 76.20   mm. The nozzle half-opening angle is    θ a  =  25 ∘    (Figure 6). The inner diameter of the cylindrical nozzle section is    d i  = 145.48   mm. Its outer diameter is    d o  = 185.20   mm.



The computational domain represents a cylinder    [ 0 ,  L x  ]  ×  [ 0 ,  L y  ]   , where   L x   is length and   L y   is radius. The length of the domain is   82  d a    downstream from the nozzle outlet,   12  d a    upstream from the nozzle outlet (this distance equals the length of the nozzle section,   L n  , which includes a cylindrical section and a conical nozzle),   38  d a    in the radial direction.



The calculations are performed with a block-unstructured grid (Figure 7). The structured part of the grid (quadrangular elements) is applied to the nozzle and jet region at a distance of about 18 outlet diameters. The unstructured part of the grid (triangular elements) is used in the far-field region. Inside the nozzle, a uniform grid is generated in the flow direction (x direction) and a stretched grid in the radial direction (y direction), with nodes clustered near the nozzle wall. CFD calculations are performed on a grid containing   210 × 90   nodes. The grid step size in the radial direction near the nozzle wall is about   1.86 ×  10  − 5     m (   y +  ∼ 1.4  ). The grid has about 352 nodes in the axial direction and about 210 nodes in the radial direction downstream of the nozzle outlet. The grid is refined near the jet flow region, providing high resolution of shear-layer instability waves, shock wave structures, and the propagation of acoustic waves in the near field. The grid is coarsened towards the output boundaries.



Initial calculations are carried out with URANS and Realizable k– ε  turbulence model. The values of empirical constants change as recommended in [14]. The results computed are compared with experimental data presented in [40,43].



Velocity, density, and temperature profiles are specified in the jet region at the initial time. The total pressure   p 0   is set on the boundaries of the computational domain, and the total temperature   T 0  , corresponding to stagnation temperature in the receiver (   T 0  = 288   K), is specified. The level of initial turbulence in the jet is determined by setting the intensity of fluctuations of flow velocity in the nozzle equal to 0.1%, and the ratio of turbulent to laminar viscosities equal to 1. At the outer boundary of the domain, the pressure and temperature in the surrounding are fixed at    p ∞  =  10 5    Pa and    T ∞  = 288   K. On the inner and outer walls of the nozzle, no-penetration and no-slip boundary conditions are used for velocities and adiabatic boundary conditions for temperature.



At the first stage, a stationary calculation of the jet flow quantities is carried out. For the stationary problem to converge, about 2000 iterations are required. At the second stage, unsteady calculations are carried out with a time step of   2.1 ×  10  − 6     s. The time step is found from the experimental data on jet frequency characteristics. To obtain averaged flow, turbulence quantities, and noise levels, statistics are collected, the time length of which is   28  d a  /  u a   . Sound pressure levels are calculated from unsteady flow quantities recorded on conical Kirchhoff surfaces enveloping the jet.



A tiny portion of the domain behind the nozzle exit is designated as a zone of laminar flow in the computations. As a result, the mixing layer’s instability waves can be more strongly excited. The flow is regarded as turbulent in the remaining portion of the region. It is positioned 500 wavelengths away from the nozzle exit to prevent wave reflection from the output boundary. The numerical viscosity causes the acoustic waves to disperse. The computational grid is coarsened toward the output boundary (big cells have a size of around 25 times the wavelength).



Sound pressure levels are calculated from unsteady flow quantities recorded on conical Kirchhoff surfaces enveloping the jet (Figure 8). Unsteady flow quantities on the Kirchhoff surface are recorded after obtaining a developed vortex structure in the jet mixing region for   5 ×  10 4    time steps (the time step is   1.78 ×  10  − 6     s). Kirchhoff surface data are used to numerically integrate the inhomogeneous wave equation FW–H to calculate the sound pressure at selected observation points.



Far-field acoustic pressure pulsation spectra are calculated based on the fast Fourier transform using the Hanning window. The pressure pulsation spectra are additionally averaged in the azimuthal direction.




8. Results and Discussion


An air jet exhausting from a conical nozzle into a surrounding is considered with various NPRs.



8.1. Jet Structure


Figure 9 displays the contours of the Mach number. The flow is subsonic when NPR goes from 1.42 to 1.82, and supersonic when NPR increases to 2 (the crucial pressure ratio for air is 1.9). At   NPR = 4  , the Mach disk is clearly apparent. Along with a rise in pressure ratio, the Mach disk’s size also grows, and the Mach disk itself tends to move downstream.



The results computed describe well the structure of steady-state supersonic non-isobaric jets. The structure of the jet’s initial region is characterized by the presence of shock waves, rarefaction waves, and a mixing layer. A diamond structure of a free supersonic underexpanded jet is clearly reproduced. It includes a shock wave, reflected shock wave, Mach disk, jet boundary, and shear layer formed behind the triple point. In a supersonic underexpanded jet, the jet core with its wave structure and the mixing zone are distinguished. The mixing zone is located at the jet boundary, coming from the nozzle outlet. It expands downstream and covers the entire flow at a sufficient distance. Three regions are distinguished: (i) the initial region, where flow strongly depends on the Reynolds number, nozzle diameter, the characteristics of flow in the nozzle, and the nozzle’s opening angle; (ii) the transition region, which is characterized by the closure of mixing layers and significant flow turbulization; (iii) the main region, where average flow becomes self-similar. The point on the jet centerline corresponding to distance   x n  , where the mixing zone closes, characterizes the end of the initial region. If   x >  x n   , supersonic speeds are maintained, gradually decreasing to the speed of sound at a certain point   x s   on the jet axis. The segment between coordinates   x n   and   x s   represents the transition region. If   x >  x s   , the subsonic region of the jet starts. Another characteristic of a supersonic underexpanded jet is the average barrel size, which is the average size of the second, third and fourth barrels of the jets. The flow in the second and subsequent jet barrels, the lengths of which monotonically decrease compared to the length of the first barrel, is characterized by the regular interaction of oblique shock waves. The point of intersection of these waves is located on the jet centreline. Inside the supersonic jet, regions of subsonic flow appear behind the shock waves.



The high radial gas speed in non-isobaric jets creates a complicated flow with expansion and compression zones as well as shock waves in a variety of configurations, which in turn determines the jet structure. Along the jet length, the radial velocity at the jet boundary turns out to be variable and can change direction multiple times before becoming negligible. This causes a series of distinctive, roughly comparable structures to emerge at a specific distance from the nozzle outlet. As the mixing layer grows along the jet boundary, viscosity factors cause the outlines of these structures to gradually become less distinct.



The outcomes, expressed as the density gradient absolute value, are displayed in Figure 10 alongside the shadow flow pattern extracted from [43]. Two to three cells are covered by the shock wave. At   x /  d a  = 1.23  , the shock wave and jet centerline intersect. The calculated angle of shock inclination to jet centerline is   49 ∘  , which agrees well with the   47 ∘   value found in experimental data [42].




8.2. Local Quantities


Figure 11 shows the distributions of turbulence kinetic energy and Mach number along the jet centerline. The supersonic flow is decelerated smoothly to a subsonic speed through the system of shock waves. These shock waves (diamond structure of the supersonic jet) are visible in the figure presented (oscillations in Mach number in the initial part of the distribution are presented).



A series of shock waves forms at the nozzle outlet. Near the jet centerline, a supersonic jet cellular structure with discernible velocity distribution minimums and maximums is seen. The first and second cells of the jet are located based on the variation of peaks and minima. The boundaries of cells match the speed minima. The shocks stop around 10 diameters from the nozzle outlet. The Mach number gradually drops in an axial direction downstream. There is turbulence in the shear layer. Sharp velocity gradients at the nozzle outlet cause a significant increase in turbulence energy. The kinetic energy profile gradually smooths out, its values decrease downstream, and as the jet speed drops as it interacts with the surrounding air.



Figure 12 displays the axial distribution of Mach number at the fixed radial position. Symbols and solid lines, respectively, represent experimental data and numerical simulation results, according to [43]. There is a good comparison between computational and experimental results.



The flow in a conical converging nozzle is non-uniform. To find the shape of a sonic line and compare it with experimental measurements of static pressure on the nozzle wall and jet centerline presented in [40], the Mach number is calculated as


      M w  =     2  γ − 1         p 0   p w      γ − 1  γ   − 1    1 / 2   .     








A Mach number    M w  = 1   corresponds to the position of the sonic line on a nozzle surface (supersonic regime occurs if   NPR > 2  ).



In Figure 13, the sonic line shape for a range of pressure ratios is displayed. Symbols represent experimental data, and solid lines represent computational results [43]. The sonic line on the jet centerline is located at approximately half the nozzle radius from the output. The sonic line advances in the direction of the nozzle exit as NPR rises. The location and form of the sonic line remain unchanged when a critical pressure ratio is exceeded, and the discharge coefficient likewise stays essentially unchanged.    NPR *  = 4   in computations, which is in good agreement with measurements made experimentally [40]. The jet structure is significantly influenced by the pressure ratio.



The grid sensitivity of the results is assessed using the shape of the sonic line presented in Figure 13 for the fixed NPR. The dashed line shows results computed with the coarse grid, the dashed–dotted line show results computed with the intermediate grid, and the solid line shows results computed on the fine grid. The fine grid consists of N cells, and the coarse and intermediate grids contain   N / 4   and   N / 2   cells.



The choice of grid resolution in different blocks of the grid is based on the previous experience with nozzle and supersonic jet flows. A grid sensitivity study consists of running the same simulation using grids with different resolutions and analyzing how much the converged solution changes with each grid. The grid convergence index (GCI) proposed in [44] is applied. Special attention is paid to the grid block near the outlet boundary of the nozzle, where high gradients of flow quantities are expected.



The main convergence criterion considered in the presented simulations is the divergence of the velocity field, representing the conservation of continuity. The chosen tolerance, ranging between   10  − 6    and   10  − 8    in the simulations presented, should reflect the expected length and time scales of the flow field.




8.3. Discharge and Thrust Coefficients


Comparison with experiment and calculations available in the literature is carried out using discharge coefficient and thrust coefficient. The discharge coefficient differs from unity due to the non-uniform distribution of flow quantities in nozzle cross sections and the presence of boundary layers on nozzle walls [17]. The discharge coefficient is defined as the ratio of actual flow rate to the ideal flow rate if flow is isentropic (   C D  = G /  G j   ). The discharge coefficient is found as


      C D  =   2 π S    ρ j   U j   A j    ,  S =  ∫  0   r a   ρ u r d r .     








The ideal flow rate is found with one-dimensional nozzle theory and isentropic relationships [17]


      G j  =    p 0   A j     ( R  T 0  )   1 / 2        2 γ   γ − 1        p a   p 0     2 γ   −     p a   p 0      γ + 1  γ      1 / 2   ,     








where    p a  =  p ∞   . The flow rate for isentropic flow increases with increasing inlet pressure. The critical NPR is


      NPR *  =    2  γ + 1     −  γ  γ − 1     .     








Then, the flow rate reaches a maximum and it is found as


      G  j max   =    p 0   A j     ( R  T 0  )   1 / 2        2 γ   γ + 1      2  γ + 1     2  γ − 1      1 / 2   .     








If the pressure ratio further increases, the flow rate does not change. The critical value of pressure ratio depends only on the ratio of specific heat capacities (for air,   γ = 1.4  ). It is    NPR *  = 1.89  . The critical value corresponds to the formation of a local speed of sound in nozzle outlet. In this case, calculations carried out at a nozzle pressure ratios of 1.3, 1.6, and 1.8 correspond to subcritical regime, when the ideal flow rate is determined by an expression depending on pressure ratio. Other calculations, carried out starting from   NPR = 1.9  , correspond to supercritical regimes, when underexpanded flow from the nozzle is observed, and the ideal nozzle flow rate (with an isentropic outflow) reaches its maximum value.



The nozzle thrust coefficient allows us to evaluate the internal flow losses. It is defined as the ratio of actual nozzle thrust to the ideal nozzle thrust corresponding to full expansion when    p a  =  p ∞    and absence of internal losses due to viscous effects (   C V  = P /  P j   ). The thrust coefficient is found as


      C V  =   2 π Q    U j  S   ,  Q =  ∫  0   r a    [ ρ  u 2   ( p −  p ∞  )  ]  r d r .     








The ideal nozzle thrust is found as    P j  = G  U j   . The flow rate is determined in calculations at the nozzle outlet. The isentropic velocity is calculated theoretically. When the nozzle operates in the off-design mode, the pressure at the nozzle outlet is not equal to the surrounding pressure (   p a  ≠  p ∞   ). In this case, the due nozzle thrust is determined by the integral value   P 1  , which depends on the local distributions of density and velocity. The nozzle thrust is the product of pressure difference and nozzle outlet cross-sectional area    P 2  = A  (  p a  −  p ∞  )   .



The discharge and thrust coefficients are found by integrating the local density and velocity radial distributions in nozzle outlet. The flow quantities in isentropic flow are found as


         U j  =  M j    γ R  T j    1 / 2   ;           M j  =     2  γ − 1      NPR  ( γ − 1 ) / γ   − 1    1 / 2   ;           T j  =  T 0    1 +    γ − 1  2    M j 2    − 1   .     








The nozzle outlet cross-sectional area is    A j  = 322.35   mm2.



Figure 14 displays the nozzle thrust and discharge coefficient for different nozzle pressure ratios, compared to measurements [43]. The discharge coefficient estimated values (solid lines) correspond well with the experimental data (symbols •). When the pressure ratio rises to 2, the discharge coefficient increases dramatically before staying rather steady after that. At low nozzle pressure ratios, the discharge coefficient is nearly constant; as the pressure ratio rises, it decreases by 4–5%. Regarding the discharge coefficient, the computational and experimental data agree well; however, the CFD findings overestimate the nozzle thrust coefficient by approximately 2–2.5% when compared to the measurements.



The standard thrust coefficient is computed over the radius of the nozzle exit   r a   using the local density, local streamwise velocity, and local radius from the centerline. It is clear from the definition of the thrust coefficient equation that only the force across the jet exit is considered. However, the nozzles had a large base region, and there was surely a significant force on the base region that could have affected the experimental thrust measurements and calculations. Therefore, a new total thrust coefficient could be computed using integration over radius   r n  , where   r n   is the radius to the outer edge of the nozzle exterior, which includes the large base area.




8.4. Noise Generation


The computation of far-field acoustic noise resulting from a compressed turbulent jet is considered. The problem primary determining parameters is the Reynolds number (  1.2 ×  10 6   ). It is derived from quantities on the nozzle exit. Another non-dimensional number is the Mach number of a fully expanded jet. It is equal to 0.89. In this scenario, time step is   10  − 7    s, or around   2 ×  10 6    steps for the whole computation. A time step value of (CFL∼0.8) is chosen based on the Courant condition.



In Figure 15, the instantaneous velocity field is displayed. Figure 16 displays two variants of the instantaneous pressure fields, which correspond to the selected flow and acoustic scales of pressure drop. On an auditory scale, low-frequency waves are easily discernible via pressure distribution. Figure 17 displays the contours of the pressure derivative.



The acoustic analogy method is used to compute sound pressure. In order to achieve this, a certain surface that surrounds the jet from the outside is assigned. It is from this surface that the pressure, density and velocity values are obtained for computation. A unique procedure that computes the integral FW–H then processes these data. In the range of polar angles 22–163°, the noise level is measured at sites situated at a distance of   r = 96  d a    from the nozzle outlet, where   d a   is diameter of nozzle outlet.



Ten azimuthal angles are used to further average the acquired data. Figure 18 displays a comparison between the third-octave far-field noise spectra and experimental data [45]. Figure 19 displays a comparison of the directivity patterns of supersonic jet integral noise with measurements [45,46]. Within the range of Strouhal numbers   0.02 < St < 1.5  , the spectra correlate well with the experimental results. The integral level of the spectral energy matches the experimental one, and it is spread pretty evenly, with a bias towards higher frequencies.



At   r / D = 53  , the experimental data from [47] (symbols) is compared with calculated distributions (solid lines) of the integral SPL in the circumferential direction at the nozzle outlet, corresponding to the subsonic outflow regime, as can be seen in Figure 20.



Figure 21 compares the frequency distribution of the sound pressure level with the experimental data from [47] (symbols • and ∘) for various angular coordinates (  M = 0.72  ).



Three types of noise are present in a supersonic non-isobaric jet: discrete tone, broadband shock wave, and turbulent mixing noise. Because of their supersonic convective speed, turbulent structures moving in the mixing layer interact with the surrounding flow to produce jet mixing noise. These interactions take the form of Mach waves, which are disturbance fronts radiated into the environment at the Mach angle. Due to the unique attenuation coefficient and strengthening of the vortex structures, radiation arises from different parts of the jet length at different angles depending on the wave number.



Only in supersonic jet outflow off-design states does shock wave noise manifest itself. Large-scale vortex structures in the mixing layer generate this noise when they pass through oblique and direct shock waves, which increases the amplitude of the large-scale vortex structures’ oscillations. Pressure rises in one area of a vortex and falls in the other as it moves through a shock wave behind the shock wave front. As a result, pressure and rarefaction waves are created and start to move in various directions within the vortex. The system then starts to behave like a dipole source of radiation. Shock wave noise emission output is directly proportional to the jet kinetic energy. The discrete tone corresponds to the jet shock wave noise. The primary distinction in this instance noise creation mechanism is the existence of the acoustic feedback phenomena. The thin mixing layer close to nozzle exit is impacted by shock wave noise emanating from the gas-dynamic barrel boundaries that are travelling against the jet flow. As a result, there are more disturbances in this self-oscillating system, where oscillations arise at a specific frequency and amplify the pulsations (oscillations of a discrete tone are produced in the noise spectrum of a supersonic non-isobaric jets). Because of acoustic feedback, the discrete tone intensity is dependent on various factors, for example nozzle geometry, jet temperature, and ambient conditions.



The majority of a supersonic off-design jet’s noise is produced by intense discrete sound radiation that happens when the acoustic feedback mechanism is stimulated by a quasi-periodic shock wave structure. Upstream acoustic waves contact with the nozzle’s edge and cause instability waves to form in the thin mixing layer at the exit section. The amplitude of these instability waves rises as they travel downstream. An acoustic wave is then produced as a result of their interaction with the periodic shock wave structure. The resultant wave travels upstream and is directed outside the jet and toward the nozzle’s edge. The loop closes when the wave hits the nozzle’s edge and starts a new wave of instability. The wavelength of instability, which has its own dynamics, and the phase velocity of disturbances eventually define the frequency of a discrete tone.



The spectrum of sound pressure in a supersonic jet is shown in Figure 22 at   φ =  110 ∘    (  r / D = 52  ). Line 1 corresponds to numerical calculations of the jet flowing from a tapering conical nozzle. Lines 2 and 3 are taken from the work of [48] and correspond to the outflow of a jet from a corrugated nozzle, which makes it possible to suppress the screech effect, and the Laval nozzle.



Figure 23 presents the discrete tone frequency calculation results compared with experimental data. The dynamics of the process are rather accurately described by the model. The primary distinction is that the experiment shows a faster increase in discrete tone frequency than the model does.





9. Conclusions


The impact of the pressure drop on the shock wave structure of a supersonic jet emerging from a conical nozzle, as well as the distribution of parameters along the jet axis, were demonstrated by numerical simulation. The shock wave structure of the jet is fairly accurately reproduced by the calculation results at different pressure drops, and the local and integral flow parameters correspond well with the physical experiment data, according to a comparison of the derived results with the experimental data. According to the computation results, it is possible to reproduce both the turbulent mixing noise, which originates at the end of the potential core and the supersonic zone of the jet, and the broadband noise from shock wave cells, which propagate primarily in the lateral direction and upstream, Mach waves.
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Figure 1. Structure of underexpanded supersonic jet. 
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Figure 2. Definition of reference surface. 
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Figure 3. Definition of Kirchhoff surface. 
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Figure 4. Discretization of a cylindrical control surface. 
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Figure 5. Interpolation of required functions at a delayed time moment. 
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Figure 6. Computational domain and nozzle geometry. 
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Figure 7. Grid (a) and grid near the nozzle outlet (b). 
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Figure 8. Positions of observation points relative to nozzle outlet. 
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Figure 9. Mach number contours for various NPRs. 
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Figure 10. Numerical (a) and experimental (b) shadow flow patterns at   NPR = 4  . 
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Figure 11. Axial distributions of Mach number (a) and turbulent kinetic energy (b) for   NPR = 4  . 
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Figure 12. Distributions of Mach number at   y = 0   (1, •), 31.75 mm (2, ∘) and 38.10 mm (3, □) for   NPR = 4  . 
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Figure 13. Shape of sonic line for   NPR = 2  . 
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Figure 14. Dependencies of discharge coefficient (a) and thrust coefficient (b) on nozzle pressure ratio. 
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Figure 15. Contours of velocity. 
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Figure 16. Contours of pressure in flow (a) and acoustic (b) scales. 
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Figure 17. Contours of pressure derivative. 
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Figure 18. Third-octave far-field noise spectra (solid lines) in comparison with experiments [45] (symbols) for   θ =  32 ∘    (1, •),   90 ∘   (2, ∘),   118 ∘   (3, ■). 
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Figure 19. Comparison of calculated (solid line) integral noise radiation patterns with experimental data [45] (symbols ∘) and [46] (symbols •). 
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Figure 20. Integral sound pressure levels (solid lines) in angular direction for various Mach numbers. 
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Figure 21. Sound pressure level by frequency for   φ =  30 ∘    (1, •) and   90 ∘   (2, ∘). 
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Figure 22. Sound pressure level spectra at   M = 1.3  . 
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Figure 23. Dependence of discrete tone frequency on time. Comparison of experimental data (solid line) with the results of numerical calculations (dashed line). 
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