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Abstract: Water utilities are concerned about the issue of pipeline collapses, as service interruptions
lead to water shortages. Pipeline collapses can occur during the maintenance phase when water
columns compress entrapped air pockets, consequently increasing the pressure head. Analysing
entrapped air pockets is complex due to the necessity of numerically solving a system of differential
equations. Currently, water utilities need more tools to perform this analysis effectively. This research
provides a numerical solution to the problem of entrapped air pockets in pipelines which can be
utilised to predict filling operations. The study develops an analytical solution to examine the filling
process. A practical application is shown, considering a 600 m long pipeline with an internal diameter
of 400 mm. Compared with existing mathematical models, the results of the new analytical equations
demonstrate their effectiveness as a new tool for computing the main hydraulic and thermodynamic
variables involved in this issue.

Keywords: air pocket; analytical approach; start-up process; water distribution systems

1. Introduction

A pipeline start-up is an ordinary operation in water distribution systems that water
utilities must conduct [1,2]. This operation represents a complex modelling problem,
requiring an appropriate combination of thermodynamic and hydraulic formulations to
describe the air and water phases [3,4]. Additionally, several pipeline ruptures have
occurred due to the unsuitable performance of this operation. Ruptures can be provoked
during this process’s initial stages, since air pockets are rapidly compressed, increasing the
air pocket pressure inside hydraulic installations [3,5].

The modelling of this problem has been approached using one-dimensional (1D),
two-dimensional (2D), and three-dimensional (3D) numerical resolution schemes [6–9].
The elastic-column (ECM) and rigid-column (RCM) models have been extensively used
to study the behaviour of water movement, employing a system composed of differential
equations [10–12]. Both models provide similar results, since the elasticity of the air phase
is much greater than the pipe wall’s elasticity and the water phase’s volumetric changes [3].
Several researchers have recently undertaken the formulation using these models.

Two-dimensional and three-dimensional models have been addressed using compu-
tational fluid dynamics (CFD), employing the commercial packages ANSYS and Open-
FOAM [8,13]. These models have been primarily used to explore complex scenarios
where 1D models have limitations related to the shapes of air-water interfaces [14]. One-
dimensional, two-dimensional, and three-dimensional models provide similar water veloc-
ity, air pocket pressure, and the length of water column pulses when air–water interfaces
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coincide perpendicularly with the main direction of pipelines. However, when air–water
interfaces tend towards the shape of bubble flow, plug, stratified wave, or stratified smooth
flow, only 2D and 3D CFD models can adequately simulate the behaviour of the leading
hydraulic and thermodynamic variables in water installations during this process.

During the occurrence of start-up processes, two instances are particularly relevant.
The first corresponds to the process’s end, as water utilities can compute the total duration
for cleaning or maintenance manoeuvres on water installations. The investigation con-
ducted by Bonilla-Correa et al. (2023) [15] provided an explicit formulation to compute
the final time of this process. The second instance is marked by the peak value of an air
pocket pressure pulse, which must be considered to determine if the pipe’s resistance class
is sufficient to prevent a rupture.

According to various investigations, this peak value usually occurs during the initial
stages, as rapid compression of air pockets occurs at this time [3,5]. To compute this
maximum value, a complex system of differential-algebraic equations needs to be solved,
taking into account the momentum equation for modelling the water phase, the air–water
interface formulation, and the air phase’s polytropic formulation [12]. Water utilities
require practical tools for rapidly computing these values, as they must analyse many water
installations [16]. A semi-empirical equation has been previously proposed by Tijsseling
et al. (2015) [17].

Although 1D models require less computational time than 2D and 3D CFD, they ne-
cessitate implementing a complex system of differential equations that must be formulated
based on the specific water pipeline configurations. No commercial software is available to
predict filling operations in water distribution systems.

This research demonstrates an analytical equation [18,19] for modelling the thermody-
namic behaviour of air pockets in a single water pipeline start-up. The equation considers
the physical equations governing the behaviour of this process. Engineers can use this
equation to compute the maximum value in air pocket pressure in water pipelines during
this hydraulic event. The demonstrated equation is valid until the instance of backflow
occurrence. A practical application is conducted considering a pipe length of 600 m and an
internal diameter of 400 mm.

The results show that the analytical equation provides a similar maximum value in air
pocket pressure compared to the numerical resolution of the differential-algebraic equations
system, confirming its adequacy for computing this maximum value. A sensitivity analysis
using different mathematical approximations was conducted to demonstrate the robustness
of the analytical approach.

2. Materials and Methods

Starting-up a water pipeline is a standard procedure for cleaning and maintenance
by water utilities. This process begins with the pipeline at rest (v = 0) because the
regulating valves are closed. When a valve operation begins, air pockets are compressed,
increasing air pocket pressure. Ensuring that an air pocket pressure does not exceed a pipe’s
resistance class value is crucial if no air valves exist. Figure 1 shows the main hydraulic
and thermodynamic variables involved when a system is at rest. L0 corresponds to the
initial length of a water column, x0 is the initial air pocket size, p∗0 is the pressure supplied
by a tank or a pumping station, and LT is the total pipe length.

When a regulating valve is opened, a water column fills a hydraulic installation,
causing the air–water interface to change over time. Since no air valve is located at the
highest point of the water installation, the air pocket is rapidly compressed. At the end of
the transient event, the air pocket remained inside the system.
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Figure 1. Water pipeline start-up scheme.

2.1. Current Mathematical Model

A system of differential equations has been defined to analyse the problem of filling
processes in single pipelines. The ECM and RCM yield similar results because the pipe
thickness and the volumetric changes of the water are not significant; the elasticity of the
air phase is much higher in comparison. These models have been previously developed by
Zhou et al. (2013) [20] and Coronado-Hernández at al. (2019) [21]. Both models assume
that an air–water interface is perpendicular to the main direction of a pipe. The RCM is
used for describing the movement of a water column in a filling pipe process, as follows:

• The air–water interface formulation assumes that this front is perpendicular to the
main direction of a pipe system [1,16]:

dL
dt

= v, (1)

where v = water velocity, and L = length of a water column at time t.
• The polytropic law describes the air behaviour:

p*
1xk = p*

1,0xk
0, (2)

where p*
1 = air pocket pressure, p∗1,0 = initial air pocket pressure, x = air pocket size

at time t, and k = polytropic coefficient. Considering that the air pocket size can be
calculated as x = LT − L, then the air pocket pressure at time t is providing by:

p*
1 =

p*
1,0xk

0

(LT − L)k , (3)

Usually, an air pocket pressure begins at atmospheric conditions (p*
1,0 = p∗atm = 101,325 Pa).

The RCM can be used to describe the water phase movement [15,22].

dv
dt

=
p*

0 − p*
1

ρL
+ gsin θ − f

2D
v|v| − RvgA2

L
v|v|, (4)

where f = friction factor, D = internal pipe diameter, θ = longitudinal slope, Rv = resistance
coefficient of a regulating valve, g = gravitational acceleration, ρ = water density, and
A = cross-sectional area of a pipe.

By plugging Equation (3) into Equation (4):

dv
dt

=
p*

0
ρL

−
p*

1,0xk
0

ρL(LT − L)k + gsin θ − f
2D

v|v| − RvgA2

L
v|v|, (5)
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The initial conditions of a filling water process begin at rest which implies that v(0) = 0;
L(0) = L0 ; p∗1(0) = p∗atm; x(0) = LT − L(0) = x0.

2.2. Proposed Approach

This section presents the proposed approach developed in this research. The objective
is to create a numerical-analytical solution that can be used for computing the maximum
value of the air pocket pressure head without solving the complex system composed by
Equations (1) and (5).

The assumptions underlying the proposed approach are outlined as follows:

• The pressure at the pipeline inlet is assumed to remain constant throughout filling
operations.

• The air–water interface is analysed under the assumption of piston flow.

The air phase’s behaviour is modelled using the polytropic law.

• The RCM is utilised to describe the behaviour of the water phase.
• The operation of regulating valves is considered to be instantaneous.

2.2.1. Analytical Solution

Considering the chain rule for Equations (1) and (5), then dv
dL =

dv
dt
dL
dt

. Thus, it is possible

to demonstrate that:

v
dv
dL

=
p*

0
ρL

−
p*

atmxk
0

ρL(LT − L)k + g sin θ − f
2D

v|v| − RvgA2

L
v|v|, (6)

In this case,
d(v2)

dL = 2v dv
dL . Thus:

d
(
v2)

dL
=

2p∗0
ρL

−
2p∗atmxk

0

ρL(LT − L)k + 2g sin θ − f
D

v|v| − 2RvgA2

L
v|v|, (7)

The maximum value of the air pocket pressure in a rapid filling process without air
valves occurs when the movement of the water column reaches zero velocity during the
transient event. In this sense, considering that v ≥ 0, then:

d
(
v2)

dL
=

2p∗0
ρL

−
2p∗atmxk

0

ρL(LT − L)k + 2g sin θ − f
D

v2 − 2RvgA2

L
v2, (8)

Using z = v2 and reorganizing terms in Equation (8):

d(z)
dL

+

(
f
D

+
2RvgA2

L

)
z = 2

p∗0
ρL

−
2p∗atmxk

0

ρL(LT − L)k + 2g sin θ, (9)

where z = square of v.
Equation (9) is a first-order linear formula that can be solved using the integrating

factor eh(L) = e
f
D L+2RvgA2(lnL) . h(L) is a function of friction factor, internal pipe diameter,

resistance coefficient of a regulating valve, gravitational acceleration, cross-sectional area,

and the variable of integration (s). The value of h(L) =
∫ f

D + 2RvgA2

s ds.
Multiplying the left and right sides of Equation (9) by the integrating factor, then:

eh(L)
(

d(z)
dL

+

(
f
D

+
2RvgA2

L

)
z
)
=

(
e

f
D (L)(L)2RvgA2

) (
2

p∗0
ρL

−
2p∗atmxk

0

ρL(LT − L)k + 2g sin θ

)
, (10)
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By organising terms and simplifying, it is possible to obtain:

d
(

zeh(L)
)

dL
=

(
e

f
D (L)(L)2RvgA2

) (
2

p∗0
ρL

−
2p∗atmxk

0

ρL(LT − L)k + 2g sin θ

)
, (11)

By integrating Equation (11) with limits from L0 and L, where L ∈ (L0, LT), and
v(S) > 0 for all S ∈ (L0, L], then:

zeh(L) =

L∫
L0

(
e

f
D (S)(S)2RvgA2

)(
2

p∗0
ρS

−
2p∗atmxk

0

ρS(LT − S)k + 2g sin θ

)
dS, (12)

By solving for z, thus:

z =

(
1

e
f
D L L2RvgA2

) L∫
L0

(
e

f
D (S)(S)2RvgA2

)(
2

p∗0
ρS

−
2p∗atmxk

0

ρS(LT − S)k + 2g sin θ

)
dS, (13)

The water velocity (v) is yielding by the expression, as follows:

v(L) =

√√√√√(e
f
D L L2RvgA2

)−1
L∫

L0

(
e

f
D (S)(S)2RvgA2

)(
2

p∗0
ρS

−
2p∗atmxk

0

ρS(LT − S)k + 2g sin θ

)
dS, (14)

which is valid from values of v(L) > 0.
Equation (14) corresponds to an analytical resolution that involves an integral that

must be solved numerically, as presented below.

2.2.2. Numerical Resolution

The analytical solution presented in Section 2.2.1 contains a term that must be solved
numerically using Simpson’s 1/3 rule. This simple method approximates the integrand
with a quadratic polynomial function [23], yielding a fifth-order error. Its approximation
is employed because a water velocity (v) in the L − v plane is a smooth concave function,
making the method suitable for quadratic functions. Additionally, Simpson’s 3/8 rule can
be used, as it employs cubic polynomials, but this method also has a fifth-order error and is
more complex to implement.

To approximate the integral of a function f over an interval [a, b], the interval is divided
into n equal subintervals, each with a length of h = b−a

n . The endpoints of each division are
provided by li = a + ih with i = 0, 1, . . . , n. For Simpson’s 1/3 rule, n is an even number,
and the integral of f can be expressed as:

∫ b

a
f (s)ds =

∫ l2

a
f (s)ds +

∫ l4

l2
f (s)ds + . . . +

∫ li+1

li−1

f (s)ds + . . . +
∫ b

ln−2

f (s)ds, (15)

where l = points inside the interval (a, b).
Thus, each integral can be computed as:

∫ li+1

li−1

f (s)ds ≈ 1
3

h( f (li−1) + 4 f (li) + f (li+1)) (16)

The integral of f is yielded by:

∫ b

a
f (s)ds ≈ (b − a)

f (l0) + 4∑
n−2

2
i=0 f (l2i+1) + 2∑

n−2
2

i=1 f (l2i) + f (ln)
3n

, (17)
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Before applying Simpson’s 1/3 rule, it is crucial to analyse the term
(

e
f
D (S)(S)2RvgA2)(

2 p∗0
ρS − 2p∗atmxk

0

ρS(LT−S)k + 2g sin θ

)
in Equation (14). The integrand in the interval [L0, L] has

large values; therefore, when performing the integration, the numbers become substantial,
potentially causing memory issues for computers. Equation (18) reflects this situation:

z =

L∫
L0

(
e

f
D (S)(S)2RvgA2

)(
2

p∗0
ρS

−
2p∗atmxk

0

ρS(LT − S)k + 2g sin θ

)
dS, (18)

In this context, the integrand is formulated as:

z =

L∫
L0

(
1

e
f
D L L2RvgA2

)(
e

f
D (S)(S)2RvgA2

)(
2

p∗0
ρS

−
2p∗atmxk

0

ρS(LT − S)k + 2g sin θ

)
dS, (19)

By substituting Equation (17) into Equation (19) to find the value of z, thus:

z ∼=
f

3nD
(L − L0)


 1

e
f
D

L
L2Rv gA2


 e

f
D

(L0)
(L0)

2Rv gA2

(2
p∗0

ρL0
−

2p∗atmxk
0

ρL0(LT − L0)
k + 2g sin θ

)

+ 4
(n−2)/2

∑
i=0

 1

e
f
D

L
L2Rv gA2


 e

f
D

(l2i+1)
(l2i+1)

2Rv gA2

(2
p∗0

ρl2i+1
−

2p∗atmxk
0

ρl2i+1(LT − l2i+1)
k + 2g sin θ

)

+2
(n−2)/2

∑
i=1

 1

e
f
D

L
L2Rv gA2


 e

f
D

(l2i)
(l2i)

2Rv gA2

(2
p∗0

ρl2i
−

2p∗atmxk
0

ρl2i(LT − l2i)
k + 2g sin θ

)

+

 1

e
f
D

L
L2Rv gA2


 e

f
D

(L)
(S)2Rv gA2

(2
p∗0
ρL

−
2p∗atmxk

0

ρS(LT − L)k + 2g sin θ

)

(20)

where n refers to the number of parts of the interval [a, b].
The complete resolution of the system is provided by Equations (14) and (19).

2.3. Methodology

This section outlines the methodology this research uses, structured into five steps, as
depicted in Figure 2. The input data pertain to practical applications of a water pipeline
start-up typically conducted by water utilities. This initial step requires topological charac-
teristics of pipelines and initial conditions of hydraulic and thermodynamic variables (such
as water velocity, air pocket pressure, and water column length).

The case study is modelled using two formulations: (i) the mathematical model sim-
ulating the filling process through the RCM, the polytropic law, and the piston formula
and (ii) the proposed approach developed in this research, which simplifies the current
mathematical model. The numerical resolution was carried out using Octave v7.1.0 soft-
ware, with the ODE45 function (Runge–Kutta method) employed to solve the proposed
approach’s numerical and analytical aspects. A sensitivity analysis of parameters is con-
ducted to observe their influence on the responses of the proposed approach. Similarly,
the results from the proposed approach are compared with those from the mathematical
model. Finally, the section concludes with a discussion of the results obtained.
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3. Analysis of Results

This section presents the application of the proposed approach to a case study involv-
ing a filling process. The data for the case study are as follows: an initial air pocket size (x0)
of 400 m, an internal pipe diameter (D) of 0.4 m, a total length (LT) of 600 m, a constant
friction factor ( f ) of 0.018, an intermediate condition of polytropic evolution (k = 1.2), a
longitudinal slope (θ) of 0.019 rad, and an initial pressure (p∗0) of 202,650 Pa. This case study
is referred to as the “baseline solution” in the following sections.

Figure 3 shows the results of the filling operation based on the proposed approach.
This procedure is only applicable until the process reaches the first instance of zero water
velocity, corresponding to when the air pocket pressure reaches its maximum value in this
transient event. The proposed approach can be used to compute the maximum values
of extreme variables (water velocity, air pocket pressure, and length of a water column).
In this scenario, the initial size of the water column is 200 m when the system is at rest.
The maximum water velocity is 4.77 m/s, which occurs when the water column length is
251.78 m. The highest peak in the air pocket pressure head is 33.59 m, which occurs when
the water column length is 450.29 m. This is crucial, since the proposed approach can
compute the extreme value during this process, which must be considered when selecting
a suitable pipe resistance class.
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Some parameters’ influences were analysed to observe the responses of the proposed
approach. Table 1 shows the range of variation in the analysed parameters.

Table 1. The range of parameters analysed.

Parameter Units
Range

From To

Internal pipe diameter (D) m 0.2 0.5
Friction factor ( f ) (-) 0.010 0.022

Longitudinal slope (θ) rad 0.010 0.050
Polytropic coefficient (k) (-) 1.0 1.4

Air pocket size (x0) m 200 500

The variation in parameters is analysed based on the results presented in Figure 3.
Figure 4 illustrates the influence of internal pipe diameter, friction factor, and longitudinal
slope. These variables exhibit a similar trend; therefore, the maximum value of the air
pocket pressure head is analysed.
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The internal pipe diameter varied from 0.2 to 0.5 m. As the pipe diameter increases,
the air pocket pressure head rises due to the greater water volume in the system, as shown
in Figure 4a. The air pocket pressure head varies from 31.15 to 34.85 m.

The friction factor is analysed from 0.010 to 0.022 (Table 1). The results indicate that
a higher friction factor produces a lower air pocket pressure head (see Figure 4b). For
instance, with a friction factor of 0.010, an air pocket pressure head peak of 37.86 m is
achieved, while with a friction factor of 0.022, a value of 32.69 m is observed.

Another critical parameter is the longitudinal pipe slope. Its influence is analysed
as shown in Figure 4c. The higher the longitudinal pipe slope, the greater the values in
air pocket pressure attained. Air pocket pressure heads vary from 28.35 to 55.38 m for
longitudinal slopes of 0.010 and 0.050 radians, respectively.

The transient event is analysed considering the variation in the air pocket size and
polytropic coefficient, as shown in Figure 5. An isothermal evolution (k = 1.0) shows
greater values compared to adiabatic (k = 1.4) and intermediate (k = 1.2) behaviours.
The maximum value of the air pocket pressure head during the transient event for an
isothermal evolution is 34.28 m, while for adiabatic behaviour, 33.17 m is computed (see
Figure 5a). Figure 5b presents the air pocket pressure graph versus the water column length,
considering air pocket sizes of 200, 300, 400, and 500 m. As expected, the smaller the air
pocket size, the higher the peak in air pocket pressure attained according to the polytropic
law. Specifically, for an initial air pocket size of 200 m, a maximum air pocket pressure head
of 41.26 m is reached. In comparison, for an initial air pocket size of 500 m, the maximum
value is 31.51 m. Figure 5b shows the results when the air pocket size is varied.
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4. Discussion
4.1. Comparison with a 1D Mathematical Model

The proposed approach can be applied from the beginning of the transient flow until
the water velocity first reaches a null value. At this point, the maximum value of the
air pocket pressure is achieved. Figure 6 presents the complete resolution (mathematical
model) of the water pipeline start-up, considering Equations (1), (3), and (4), compared
to the solution provided by the proposed approach. The mathematical model (grey and
green lines) is suitable for simulating the complete transient event, as shown in Figure 6.
Although the proposed approach (blue and orange lines) only presents the simulation until
the water velocity reaches 0 m/s, it is sufficient for practical application, since the maximum
peak in air pocket pressure is reached. Based on this value, engineers and designers can
select an appropriate pipe resistance class. The proposed approach can reproduce the
maximum value in air pocket pressure head of 33.59 m and the maximum value of water
velocity of 4.77 m/s. These results coincide with the mathematical model, as presented in
Figure 6.

Fluids 2024, 9, x FOR PEER REVIEW 11 of 17 
 

model) of the water pipeline start-up, considering Equations (1), (3), and (4), compared to 
the solution provided by the proposed approach. The mathematical model (grey and 
green lines) is suitable for simulating the complete transient event, as shown in Figure 6. 
Although the proposed approach (blue and orange lines) only presents the simulation 
until the water velocity reaches 0 m/s, it is sufficient for practical application, since the 
maximum peak in air pocket pressure is reached. Based on this value, engineers and de-
signers can select an appropriate pipe resistance class. The proposed approach can repro-
duce the maximum value in air pocket pressure head of 33.59 m and the maximum value 
of water velocity of 4.77 m/s. These results coincide with the mathematical model, as pre-
sented in Figure 6. 

 
Figure 6. Comparison between the complete numerical resolution and the proposed approach. 

4.2. Analysis of the Number of Intervals in the Proposed Approach 
The number of intervals (𝑛) for integrating the integral 𝐼 was analysed, considering 

both even and odd numbers, as presented in Figure 7. Figure 7a shows the solution for 
even numbers 2, 6, 10, and 30. The case study was conducted with 𝑛 = 30. The results 
indicate that the proposed approach achieves better accuracy as the number of intervals 
increases. For instance, with 𝑛 = 2, the proposed approach tends to find the maximum 
value of the air pocket pressure head. Additionally, the maximum value of water velocity 
is adequately computed by the proposed approach using 𝑛 = 2. 

When an odd number of intervals is used, the proposed approach can compute the 
final value of the air pocket pressure head (33.59 m). However, it is not suitable for accu-
rately representing the evolution of the transient event, as shown in Figure 7b, where 𝑛 
takes values of 5, 7, and 30 (baseline). This suggests that implementing the proposed ap-
proach should be carried out using an even number of intervals, as Simpson’s 1/3 rule is 
defined under this condition. 

0

5

10

15

20

25

30

35

40

−2

−1

0

1

2

3

4

5

6

0 100 200 300 400 500

p 1
* /γ

w
(m

)

v
(m

/s
)

L (m)

Water velocity - Proposed approach Water velocity - Mathematical model

Air pocket pressure - Proposed approach Air pocket pressure - Mathematical model

Figure 6. Comparison between the complete numerical resolution and the proposed approach.

4.2. Analysis of the Number of Intervals in the Proposed Approach

The number of intervals (n) for integrating the integral I was analysed, considering
both even and odd numbers, as presented in Figure 7. Figure 7a shows the solution for
even numbers 2, 6, 10, and 30. The case study was conducted with n = 30. The results
indicate that the proposed approach achieves better accuracy as the number of intervals
increases. For instance, with n = 2, the proposed approach tends to find the maximum
value of the air pocket pressure head. Additionally, the maximum value of water velocity
is adequately computed by the proposed approach using n = 2.

When an odd number of intervals is used, the proposed approach can compute the
final value of the air pocket pressure head (33.59 m). However, it is not suitable for
accurately representing the evolution of the transient event, as shown in Figure 7b, where
n takes values of 5, 7, and 30 (baseline). This suggests that implementing the proposed
approach should be carried out using an even number of intervals, as Simpson’s 1/3 rule is
defined under this condition.
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Figure 8 shows the results of the integrand I considering Equations (18) and (19). For
the case study, the reformulated equation to compute the integrand (Equation (19)) ensures
appropriate values for evaluating the integral, avoiding large numbers. Implementing
Equation (18) yields values of magnitude greater than −107.
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4.3. Validation

The proposed approach is derived from the mathematical model presented in Sec-
tion 2. Moreover, as illustrated in Figure 6, both models produce identical results for
an instantaneous opening of regulating valves. The primary advantage of the proposed
method is its ability to enable water utilities to calculate the maximum air pocket pressure
in water pipelines rapidly. The proposed approach assumes an instantaneous valve open-
ing, expected to yield higher values than scenarios involving gradual valve openings. In
this context, the authors utilised the experimental data provided by Bonilla-Correa et al.
(2023) [15]. The experimental setup consists of a 7.36 m long inclined pipeline with a nomi-
nal diameter of 63 mm and a pipe slope of 30◦. The resistance coefficient (Rv) for a fully
open valve was 17,000 ms2/m6. For the analysis, two air pockets (x0) of 0.96 and 1.36 m
were considered, with the initial pressure head (p∗0) varying between 1.75 and 2.25 bar.
Table 2 presents the experimental measurements.
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Table 2. Experimental tests.

Test No. p*
0(bar) x0 (m)

1 1.75 0.96
2 1.75 1.36
3 2.25 0.96
4 2.25 1.36

The proposed approach was tested using the experimental measurements presented in
Table 2. Figure 9 compares the computed and measured maximum air pocket pressure head
for the tests analysed. The proposed approach is expected to yield higher air pocket pressure
values than the exact solution, as the experimental tests involved a gradual manoeuvre. An
electro-pneumatic valve with a 0.2-s aperture was used during the experiments.
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To assess the accuracy of the proposed approach, the root mean square error (RMSE)
and the correlation coefficient (R2) were calculated as follows:

RMSE =

√√√√ 1
N

N

∑
j=1

(
p∗1,computed,j − p∗1,measured,j

)2
, (21)

where p∗1,computed = air pocket pressure computed by the proposed approach, p∗1,measured =
measured air pocket pressure, and N = total number of tests analysed.

R2 =
∑N

j=1

(
p∗1,computed,j − p∗1,computed

)(
p∗1,measured,j − p∗1,measured

)
√

∑N
j=1

(
p∗1,computed,j − p∗1,computed

)2
√

∑N
j=1

(
p∗1,measured,j − p∗1,measured

)2
, (22)

Based on the results presented in Figure 9, the RMSE and R2 values are 4.72 m and
0.99, respectively. This indicates that the proposed approach is well suited for application in
water utilities, as it closely aligns with the experimental results, even when not accounting
for a gradual manoeuvre.
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4.4. Comparison with Previous Models

Water utilities can utilise the proposed approach to calculate the maximum air pocket
pressure during filling operations, particularly when considering an instantaneous valve-
opening manoeuvre. This scenario is more critical, as it produces the highest pressure
surges. The proposed approach can yield results comparable to 1D, 2D, and 3D models [3].
Implementing 1D models is complex, necessitating the numerical solution of partial and
ordinary differential equations when formulating the elastic and rigid water models [15,20].
These models are well suited for capturing both rapid and slow valve-opening manoeuvres.
The 2D and 3D CFD models provide a more intricate solution, allowing for detailed consid-
eration of thermodynamic and hydraulic variables [3,24]. However, these models demand
significantly higher computational resources than 1D models and the proposed approach.

5. Conclusions

This paper introduces an approach for computing water pipeline start-ups involving
entrapped air pockets. The proposed approach simplifies an existing 1D mathematical
model developed by the authors which incorporates the rigid column model, the polytropic
law, and the piston flow equation to simulate the air–water interface. It is valid until the
system reaches zero water velocity during the transient event.

The proposed approach is beneficial for determining the maximum value of an air
pocket pressure head during a filling operation. It is paramount, as the proposed approach
represents the sole analytical-numerical equation developed from physical equations in
the current literature. The results of the proposed approach can be used to verify whether
the pipe resistance class was appropriately selected, enhancing system feasibility. It is
a practical tool that can be used for water utilities to evaluate extreme pressure with
entrapped air pockets in pipelines. Its implementation is more accessible than rigid- and
elastic-column models. The proposed approach is based on an analytical resolution, which
includes an integrand that needs to be solved numerically using Simpson’s 1/3 rule.

A practical application was tested using a 600 m long pipeline with an internal diame-
ter of 400 mm. A sensitivity analysis of varying parameters such as pipe diameter, friction
factor, longitudinal slope, polytropic coefficient, and air pocket size was conducted. The
proposed approach yielded values consistent with the current mathematical model.

Furthermore, the proposed model was compared with the 1D mathematical model,
demonstrating that both models accurately predict extreme air pocket pressure heads.
This confirms that the proposed approach can be considered reliable for selecting the pipe
resistance class. A sensitivity analysis was also performed on Simpson’s 1/3 rule, showing
that the proposed approach maintains good accuracy under the specified assumptions.

The proposed approach involves an instantaneous opening manoeuvre in regulating
valves, enabling the computation of the maximum air pocket pressure. Water utilities
can use this information to select the appropriate pipe resistance class for pipelines. The
approach was validated using experimental measurements conducted on a 7.36 m long
pipeline with a nominal diameter of 63 mm.

The proposed approach should be tested on more complex pipeline networks for
future work. Additionally, its implementation should be incorporated into commercial
software packages for filling operations.
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Nomenclature
The following abbreviations were used in this manuscript:

Variables
A: cross-sectional area of a pipe (m2)
D: internal pipe diameter (m)
g : gravitational acceleration (m/s2)
h(L): function that depends on some variables (-)
k : polytropic coefficient (-)
I: integral
L: length of a water column (m)
l: points inside the interval (a, b) (-)
LT : pipe length (m)
n: refers to the number of parts of an interval [a, b] (-).
p∗0 : pressure provides by an energy source (Pa)
p∗atm: atmospheric pressure (101,325 Pa)
p∗1 : air pocket pressure (Pa)
Rv : resistance coefficient of a regulating valve (ms2/m6)
s: variable of integration
v: water velocity (m/s)
x: air pocket size (m)
z: water velocity square (m2/s2)
θ : longitudinal slope (rad)
ρ: water density (kg/m3)
γw: water unit weight (N/m3)
Subscripts
0: refers to an initial condition
Acronyms
ECM elastic-column model
RCM rigid-column model
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