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Abstract: A variety of mathematical models have been developed to simulate the biochemical and
physico-chemical aspects of the anaerobic digestion (AD) process to treat organic wastes and generate
biogas. However, all these models, including the most widely accepted and implemented Anaerobic
Digestion Model No.1, remain incapable of adequately representing the material balance of AD and
are therefore inherently incapable of material conservation. The absence of robust mass conservation
constrains reliable estimates of any kinetic parameters being estimated by regression of empirical
data. To address this issue, the present work involved the development of a “framework” for a
mass-conserving atomistic mathematical model which is capable of mass conservation, with a relative
error in the range of machine precision value and an atom balance with a relative error of ±0.02%
whilst obeying the Henry’s law and electroneutrality principle. Implementing the model in an Excel
spreadsheet, the study calibrated the model using the empirical data derived from batch studies.
Although the model shows high fidelity as assessed via inspection, considering several constraints
including the drawbacks of the model and implementation platform, the study also provides a
non-exhaustive list of limitations and further scope for development.

Keywords: anaerobic digestion model; atomistic AD framework; mass conservation; electroneutrality
principle; ADM1; AD model limitations; model verification; model calibration

1. Introduction

Anaerobic digestion (AD) is recognised as a sustainable process to treat organic wastes
(from food residues to agricultural waste) and generate biogas and digestate [1,2]. Biogas
which typically contains ~60% methane is used as fuel to generate heat and electricity,
whereas the nutrient rich residual material (digestate) is used as fertiliser or soil amend-
ment [3,4]. Unlike most fermentation processes which have well-defined substrate and a
single organism involved, AD involves a consortium of microbes, facilitating multiple bio-
chemical reactions to convert diverse substrates consisting of various macromolecules [5,6].
With multiple reactions happening in series and in parallel, a typical anaerobic digester
contains four broad categories of microorganisms—hydrolysers, acidogens, acetogens and
methanogens. The hydrolysers convert macromolecules such as carbohydrates, proteins,
lipids and fibres to relatively simple monomeric units such as sugars, amino acids, fatty
acids and glycerol. These monomeric units are further converted to acetate through a set of
reactions catalysed by acidogens and acetogens, simultaneously producing H2, H2S, NH3,
CO2, etc. The acetoclastic methanogens finally convert acetate to CH4 and CO2, whereas
the metabolites such as H2 and CO2 can undergo hydrogenotrophic methanogenesis to
generate CH4 [7]. Recent work in the field has focused on developing process technologies
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and additive-based solutions to optimise the process for enhancing CH4 production and
generating high quality nutrient rich digestates which could be used as an alternative to
chemical fertilisers for land application [8–10]. To support this, considerable work has been
carried out to model the AD process and optimise the process parameters to maximise the
outputs [11].

AD has a long history of development as a unit operation in wastewater treatment [12].
However, more recently, interest in the technology for the production of renewable energy
from biomass resources and bio-degradable wastes has become an additional motiva-
tion [13–15]. The application of the technology in the field of renewable energy brings
a tight focus on the capital and operating economics, which in turn creates a demand
for greater process productivity or intensity and the more rigorous models and methods
required to design them [16–20]. Prior to the publication of the International Water Associ-
ation’s (IWA) Anaerobic Digestion Model No. 1 (ADM1), the majority of models made no
attempt to “conserve” matter [21–23]. This situation arose principally due to the almost
overwhelming complexity of composition of relevant feedstocks. ADM1 deals with the
complexity of feed and intermediate materials by describing them in terms of Chemical
Oxygen Demand (COD), with particular fractions assigned additional characteristics such
as “readily available” [22]. ADM1 belongs to a class of models which may be collectively
termed Oxygen Demand Models (ODMs). Oxygen demand models and methods can be
based on any of the common forms: Biochemical (BOD), Chemical (COD) or Theoretical
(ThOD) [12,24,25]. However, only those based on COD or ThOD, when rigorously con-
structed, permit the conservation of redox to a “reasonable” degree of precision. Where the
precision of COD methods is limited by the prescribed chemo-catalytic system, the empiri-
cal nature of COD determination and the variability of the terminal oxidation products [25],
the degree of precision of ThOD-based methods and models is governed by the state of
knowledge of the underlying stoichiometry. Where the stoichiometric knowledge is only
partial, COD and ThOD data can be advantageously combined to improve the rigour of
redox conservation of exclusively COD-based methods.

Whilst ODMs, particularly ADM1, have a broader applicability than their predecessors,
they remain incapable of adequately representing the material balance of AD and therefore
inherently incapable of material conservation. The absence of robust mass conservation
also constrains any kinetic parameters estimated by regression of empirical data to an
ODM to the system studied and very close analogues. For instance, the exclusion of
system mass and volume reduction due to mass transfer (liquid–gas transfer), in ADM1
results in an inaccurate prediction of concentration of any given component in the system.
With the concentration of components (for e.g., sugars) affecting the reaction rate (as per
Monod kinetics), the regression of empirical data with the model would result in inaccurate
estimates of kinetic parameters. Further to this, the resulting inaccurate prediction of the
concentration of ionic components would result in the inaccurate prediction of physico-
chemical characteristics. With the inaccurate prediction of physico-chemical characteristics
such as pH, used to model inhibition functions (expressed together with Monod kinetics)
in ADM1, the estimates of the kinetic parameters will ultimately be inaccurate.

Mass-conserving atomistic models (MAM) are generally limited to systems char-
acterised by very simple feed and microbial consortia compositions. This limitation is
imposed by the analytical load required to fully determine the composition of anything
other than very simple, highly prescribed feed streams. In this work, a MAM is developed
based on a conventional “food” analysis of the feed stock which is characterised in terms
of its carbohydrate, protein and lipid content [26]. Yao [27], in a largely theoretical study,
showed that each of the major food components were characterised by a relatively narrow
range of stoichiometries. Thus, by inference, a reasonable estimate of the atomistic composi-
tion of a complex feed stock can be obtained through the application of three standard food
analysis methods [27]. Typical mass-based determinations of the major food components
can be readily and arbitrarily converted to the molar compositions required for modelling
purposes by division by assumed molecular masses to yield the molar compositions of a
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carbohydrate polymer, a lipid and a protein polymer. The MAM framework is assembled
on these three starting components to represent the classical steps of hydrolysis, acidoge-
nesis, acetogenesis and methanogenesis. The objective of the framework is to represent
the observed behaviours of AD, based on the minimum number of intermediate and final
components linked by the minimum number of bio-chemical and physico-chemical pro-
cesses. Table 1 provides key differences between the ADM1 model and MAM framework
(present study).

Table 1. Key differences between Anaerobic Digestion Model No. 1 (ADM1) and the mass-conserving
atomistic model (present study).

Attributes Anaerobic Digestion Model No. 1 (ADM1) Mass-Conserving Atomistic Model
(Present Study)

Basis

COD basis—Degradation or formation of
selected components are presented on COD
basis. Certain components with inorganic

carbon and nitrogen such as CO2 and NH3 are
described on molar basis, whereas components
such as water which cannot be defined through

COD are not included/modelled.

Mass basis—Degradation or formation of all
the components are presented on mass basis.
To model the characteristics such as pH and

alkalinity, mass of specific components is
converted to molar basis.

Atomic basis—All the components are defined
with fixed atomic composition.

COD or mass/atomic balance

Only components which could be represented
in form of COD are shown to comply with the

COD balance. Components which are not
represented through COD are not shown to

comply any form of balance, for
example, water.

All components are modelled in form of mass
and atomic basis which complies with the mass

balance and atomic balance of the system,
allowing accurate estimation of

kinetic parameters.

Hydrolysis of carbohydrates,
proteins and lipids

Represented through first order kinetics, with
rate of reaction dependent only on the

concentration of the substrate.

Represented through second order kinetics,
with rate of reaction dependent on

concentration of substrate as well as
concentration of specific hydrolysing microbes.

Biomass growth rate,
toxicity/inhibition

Biomass production is defined through yield
factor [Yx/s; yield of biomass (x) on substrate
(s)]. Yield factor values are provided based on
the literature. Biomass growth rate is modelled
through uptake-related Monod-type kinetics
using the yield factor and inhibition function
with decay kinetics as per first order kinetics.

Biomass production is defined though a
balanced stoichiometric equation and

associated mass-based stoichiometric constant.
Biomass growth rate is modelled through
growth-related Monod kinetics [28] with

toxicity defined though second order reaction,
dependent upon acetic acid content in the

system and decay kinetics as per first
order kinetics.

Composition of biomass Does not include sulphur with molecular
composition as C5H7O2N.

Includes sulphur with molecular composition
as CH1.8O0.6N0.2S0.006 [29].

Growth of hydrolysers
As hydrolysis is represented through first

order kinetics, biomass (in form of hydrolysers)
formation is not modelled.

As hydrolysis is represented through second
order reaction, biomass formation is modelled

as per Monod kinetics [28].

Composition of proteins Does not include sulphur. Includes sulphur with molecular composition
as (C5H7.9N1.4O1.5S0.05)350.

H2S production due to
degradation of proteins Not included. Included as per stoichiometric equation.

Production of VFAs

Production of VFAs (acetate, propionate,
butyrate and valerate) from monomers are

modelled as per Monod-type uptake kinetics.
The generated VFAs (other than acetate) were
further considered to be converted to acetate

(acetogenesis) with uptake of individual VFAs
defined through set of Monod-type

kinetic parameters.

Only acetate was considered to be directly
produced from monomers, for purpose of

simplicity and to reduce the number of
optimisation parameters. The acetate

production from each individual
monomer/lysate was defined though balanced

stoichiometric reactions and associated
mass-based stoichiometric coefficients were

used to model the rate of acetate production as
per second order kinetics (depending upon

individual monomers and other reactants such
as water and monomer degraders/biomass).
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Table 1. Cont.

Attributes Anaerobic Digestion Model No. 1 (ADM1) Mass-Conserving Atomistic Model
(Present Study)

Acetoclastic methanogenesis
Methane production modelled through uptake
of acetate (acetoclastic methanogenesis) as per

Monod-type uptake kinetics.

Methane production modelled as per second
order kinetics, depending upon acetate content

and acetoclastic methanogens/biomass.

Hydrogen gas, NADH
and111 FADH2 production

All reaction stoichiometries do not include an
intermediate step of NADH or FADH2 which

is ultimately converted resulting in gaseous
H2 production.

Included production of intermediates such as
NADH and FADH2 [“combined” (H∗

2 )] which
is modelled to be further converted to gaseous

H2 as per second order kinetics, depending
upon concentration of (H∗

2 ) and total microbial
biomass of the system.

Hydrogenotrophic
methanogenesis

Methane production modelled through uptake
of hydrogen (hydrogenotrophic

methanogenesis) as per Monod-type
uptake kinetics.

Does not include hydrogenotrophic
methanogenesis due to low computational

power of the implementation platform
(Microsoft Excel).

Headspace composition

Headspace is considered to consist of
CH4, CO2, H2, and H2O (vapours). Does not

include N2 (or other inert gases), which is
sparged during startup of the reaction to

generated anaerobic conditions in the system.

Headspace is considered to consists of
CH4, CO2, H2, H2S, NH3, H2O (vapours) and

N2. Inclusion of N2 in the headspace allows
accurate modelling of mass transfer as

governed by Henry’s law.

Initial condition and pH of
the system

Does not include components such as H2S
(and ionic forms) and water. Does not include
rate equation for H2O molecules. Includes only
one ionic form of CO2 (HCO−

3 ). The initial pH
of the substrate and inoculum is considered as

user input value.

Included components such H2S (and ionic
forms) and water and associated differential
equations to determine the rate. Includes 4

forms of CO2, (CO2, H2CO3, HCO−
3 , CO2−

3 )
which increase the accuracy of pH

determination. The initial pH of the substrate
and inoculum is modelled based on the

composition and is not a user input value.

Liquid–gas transfer Liquid–gas transfer is modelled based on
Whitman’s two film theory.

A novel algebraic method is developed to
model the liquid–gas transfer, which is
implemented in Excel through circular

referencing, complying with Henry’s law.

Mass and volume reduction of
the liquid phase

Does not account for reduction in mass and
volume of the system resulting in inaccurate

estimation of kinetic parameters.

Accounts for mass and volume reduction of
the liquid phase and hence allows increased
accuracy of estimation of kinetic parameters.

Compliance with Henry’s law The model is not found to be compliant with
Henry’s law.

The method used to model and implement the
liquid–gas transfer allows strict compliance

with Henry’s law.

Obeyance of
electroneutrality principle

Does not prove if the conditions at any given
time obey electroneutrality principle, i.e.,

charge balance = 0.

Perfectly obeys electroneutrality principle and
proves the charge balance = 0.

2. Model Development
2.1. General Assumptions of the Model

• A batch AD process is considered to occur in a reactor with initial liquid volume VL
and headspace volume of VH. The reactor is considered to be connected to a separate
flexible gas bag which is replaced at regular time intervals equal in size to the time
step used to integrate the bio-kinetic rate equations shown in Table 2.

• Initially (t0), the headspace is considered to be filled with N2, which is used to flush
the reactors to generate anaerobic conditions.

• The total pressure of the system at any time point is assumed to be 1 atm.
• The density of any component (bulk density) in the aqueous phase is assumed as

1000 g/L.

2.2. Model Description

The model considers two major process families, biochemical and physico-chemical,
to occur simultaneously, as described below. Biochemical processes are considered to occur
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at a finite rate between the electrochemically neutral species whilst the physico-chemical
processes are considered to occur instantaneously. Figure 1 illustrates the MAM framework.
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2.2.1. Biochemical Processes

The anaerobic biochemical processes are considered to occur in three steps: hydrolysis,
acetogenesis and acetoclastic methanogenesis.

Hydrolysis

The three substrates, carbohydrate polymer, protein polymer and lipid, are considered
to undergo growth-independent hydrolysis, resulting in the production of carbohydrate
lysate (monomers), protein lysate (amino acids) and lipid lysate (glycerol and long chain
fatty acids). The rate of hydrolysis is assumed to be second order overall, dependent upon
the concentration of specific hydrolysers and the concentration of the respective substrate
constituent. The growth of hydrolysers (carbohydrate polymer hydrolyser, protein polymer
hydrolyser and lipid hydrolyser) is considered to depend on the concentration of individual
lysates and is described through Monod kinetics [28].

Acetogenesis

The lysates (monomeric units) produced in the hydrolysis step are considered to
undergo acetogenesis, resulting in the production of acetate. The rate of acetogenesis is
assumed to be dependent upon the concentration of respective lysate and the concentration
of respective lysate degraders. The growth of specific lysate degraders, namely, carbohy-
drate lysate degraders, protein lysate degraders and lipid lysate degraders are considered
to depend upon the concentration of individual (corresponding) lysates and are described
through Monod kinetics [28].

Acetoclastic Methanogenesis

The acetate produced in the acetogenesis step is considered to undergo methanogene-
sis, resulting in production of methane and carbon dioxide. The rate of methanogenesis
is assumed to be dependent upon the concentration of acetate and concentration of ace-
toclastic methanogens. The growth of acetoclastic methanogens is dependent upon the
concentration of acetate and concentration of acetoclastic methanogens and is described
through Monod kinetics [28].
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Debris Formation and Disintegration

The hydrolysers, lysate degraders and acetoclastic methanogens are considered to
undergo decay due to senility and the toxicity effect of acetate (volatile fatty acid), thus
resulting in the production of debris. The debris is considered to undergo disintegration,
resulting in the production of a fixed percentage of carbohydrate lysate, protein lysate and
lipids lysate, as described through the balanced stoichiometric reactions.

Redox

Many of the steps in anaerobic degradation are considered to be redox reactions. When
written in a conventional form, they appear to be thermodynamically highly unfavourable
and give rise to substantial amounts of free hydrogen. Whilst hydrogen is observed in
digester gases, the concentrations are orders of magnitude lower than would be expected
from conventional stoichiometries. In biochemical systems, these twin issues are addressed
by considering the exchange of ATP, FADH2 and NADH. In the proposed model, the
complex processes of redox and free energy exchanges are simplified into two forms of
hydrogen: “combined” (H∗

2 ) and “free” (H2 gas). The rate of conversion of H∗
2 to H2 (gas)

is considered to depend upon the concentration of all the microbial species in the system
and the concentration of H∗

2 .

Biochemical Processes and Components in the Framework

The biochemical processes occurring in the liquid phase involve seven bacterial species
(three hydrolysers, three lysate degraders and one acetoclastic methanogen), debris (dead
biomass), three polymeric materials (carbohydrate polymer, protein polymer and lipid),
three lysates (carbohydrate lysate, protein lysate and lipid lysate), acetate, H2O, NH3,
H2S, CO2, CH4, H2, and H∗

2 . Table 2 describes the assumed molecular formula for the
polymers, lysates and biomass, stoichiometric equations, and rate equations. The abbrevia-
tions and symbols used in Table 2 are described in the Supplementary Material (Table S1:
Supplementary Material S1).

Table 2. Balanced stoichiometric equations and rate equations based on assumed molecular formula
for polymers, lysates and biomass (adapted or developed based on Refs. [27,29–32]).

Balanced Stoichiometric Reactions

Process/Reaction Balanced Stoichiometric Reaction Comments

Carbohydrate polymer
hydrolysis H(C6 H10O5)360OH + 359 H2O

CP_Hy→ 360 C6 H12O6
Assumed cellulose polymer

of 360 monomeric units

Protein polymer hydrolysis (C5 H7.9 N1.4O1.5S0.05)350 + 349 H2O
PP_Hy→ 350 C5 H9.894 N1.4O2.497S0.05

Assumed protein polymer
of 350 monomeric units

Lipid hydrolysis (H(CH2)17CO)3C3 H5O3 + 3H2O
LP_Hy→ C3 H8O3 + 3H(CH2)17COOH

Assumed lipid consisting of
1 glycerol molecule

attached with 3 molecules
of 18C saturated fatty acid

Formation of carbohydrate
polymer hydrolysers C6 H12O6 + 1.2NH3 + 0.036H2S

CP_Hy→ 6CH1.8O0.6 N0.2S0.006︸ ︷︷ ︸
CP_Hy

+ 2.4H2O + 0.036H∗
2

-

Formation of carbohydrate
lysate degraders C6 H12O6 + 1.2NH3 + 0.036H2S CL_De→ 6CH1.8O0.6 N0.2S0.006︸ ︷︷ ︸

CL_De

+ 2.4H2O + 0.036H∗
2

-

Conversion of carbohydrate
lysate to acetate C6 H12O6

CL_De→ 3CH3COOH -

Formation of protein
polymer hydrolysers

C5 H9.894 N1.4O2.497S0.05 + 0.503H2O
PP_Hy→

5CH1.8O0.6 N0.2S0.006︸ ︷︷ ︸
PP_Hy

+ 0.4NH3 + 0.02H2S + 0.33H∗
2

-
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Table 2. Cont.

Formation of protein
lysate degraders

C5 H9.894 N1.4O2.497S0.05 + 0.503H2O PL_De→
5CH1.8O0.6 N0.2S0.006︸ ︷︷ ︸

PL_De

+ 0.4NH3 + 0.02H2S + 0.33H∗
2

-

Conversion of protein
lysate to acetate

1.8C5 H9.894 N1.4O2.497S0.05 + 4.51H2O PL_De→
4.5CH3COOH + 2.52NH3 + 0.09H2S + 0.54H∗

2
-

Formation of
lipid hydrolysers

C3 H8O3 + 3H(CH2)17COOH + 11.4NH3 + 0.342H2S + 25.2H2O
LP_Hy→

57CH1.8O0.6 N0.2S0.006︸ ︷︷ ︸
LP_Hy

+ 49.3H∗
2

-

Formation of lipid
lysate degraders

C3 H8O3 + 3H(CH2)17COOH + 11.4NH3 + 0.342H2S + 25.2H2O LL_De→
57CH1.8O0.6 N0.2S0.006︸ ︷︷ ︸

LL_De

+ 49.3H∗
2

-

Conversion of lipid lysate
to acetate C3 H8O3 + 3H(CH2)17COOH + 49H2O LL_De→ 28CH3COOH + CO2 + 51H∗

2
-

Formation of
acetoclastic methanogens 3CH3COOH + 1.2NH3 + 0.036H2S AM_De→ 6CH1.8O0.6 N0.2S0.006︸ ︷︷ ︸

AM_De

+ 2.4H2O + 0.036H∗
2

-

Conversion of acetate to
methane and

carbon dioxide
CH3COOH AM_De→ CO2 + CH4 Methane formation

Conversion of H∗
2 to H2(gas) H∗

2
kDeg,H2∗→ H2

Hydrogen (gas) formation
from protons generated by
oxidation of molecules such

as FADH2 and
NADH + H+ (H∗

2 )

Debris degradation 9.6CH1.8O0.6 N0.2S0.006 +1.06H2O + 2.5526H∗
2

kDeg,Deb→ C6 H12O6
+0.15C5 H9.894 N1.4O2.497S0.05 + 0.05C3 H8O3
+0.15H(CH2)17COOH + 1.71NH3 + 0.0501H2S

Debris degradation
resulting in formation of

carbohydrate lysate, protein
lysate and lipid lysate

Rate equations

Compound Rate equation

Carbohydrate polymer (CP) dM′
CP

dt = −kHyd,CP M′
CP M′

CP_Hy fCP/(CP+H2O)

Protein polymer (PP) dM′
PP

dt = −kHyd,PP M′
PP M′

PP_Hy fPP/(PP+H2O)

Lipid
(LP)

dM′
LP

dt = −kHyd,LP M′
LP M′

LP_Hy fLP/(LP+H2O)

Carbohydrate lysate
(CL)

dM′
CL

dt = kHyd,CP M′
CP M′

CP_HyYCL/(CP+H2O) − kDeg,CL M′
CL M′

CL_De fCL/(CL)

−
{

µmax,CP_Hy
M′

CL
ksat,CP_Hy+M′

CL

}M′
CP_Hy fCL_CP_Hy/(CL+NH3+H2S)

YCP_Hy/(CL+NH3+H2S)

−
{

µmax,CL_De
M′

CL
ksat,CL_De+M′

CL

}M′
CL_De fCL_CL_De/(CL+NH3+H2S)

YCL_De/(CL+NH3+H2S)
+kDeg,Deb M′

DebYCL/(Deb+H2O+H2∗)

Protein lysate (PL)

dM′
PL

dt = kHyd,PP M′
PP M′

PP_HyYPL/(PP+H2O) − kDeg,PL M′
PL M′

PL_De fPL/(PL+H2O)

−
{

µmax,PP_Hy
M′

PL
ksat,PP_Hy+M′

PL

}M′
PP_Hy fPL_PP_Hy/(PL+H2O)

YPP_Hy/(PL+H2O)

−
{

µmax,PL_De
M′

PL
ksat,PL_De+M′

PL

}M′
PL_De fPL_PL_De/(PL+H2O)

YPL_De/(PL+H2O)

+kDeg,Deb M′
DebYPL/(Deb+H2O+H2∗)

Lipid lysate
(LL)

dM′
LL

dt = kHyd,LP M′
LP M′

LP_HyYLL/(LP+H2O) − kDeg,LL M′
LL M′

LL_De fLL/(LL+H2O)

−
{

µmax,LP_Hy
M′

LL
ksat,LP_Hy+M′

LL

}M′
LP_Hy fLL_LP_Hy/(LL+NH3+H2S+H2O)

YLP_Hy/(LL+NH3+H2S+H2O)

−
{

µmax,LL_De
M′

LL
ksat,LL_De+M′

LL

}M′
LL_De fLL_LL_De/(LL+NH3+H2S+H2O)

YLL_De/(LL+NH3+H2S+H2O)

+kDeg,Deb M′
DebYLL/(Deb+H2O+H2∗)

Acetate
(Ac)

dM′
Ac

dt = kDeg,CL M′
CL M′

CL_DeYAc/(CL) + kDeg,PL M′
PL M′

PL_DeYAc/(PL+H2O) + kDeg,LL M′
LL M′

LL_DeYAc/(LL+H2O)

−kDeg,Ac M′
Ac M′

AM_De fAc/(Ac)

−
{

µmax,AM_De
M′

Ac
ksat,AM_De+M′

Ac

}M′
AM_De fAc/(Ac+NH3+H2S)
YAM_De/(Ac+NH3+H2S)
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Table 2. Cont.

Carbohydrate polymer
hydrolyser (CP_Hy)

dM′
CP_Hy
dt =

{
µmax,CP_Hy

M′
CL

ksat,CP_Hy+CCL
− kD,CP_Hy − kAc,CP_Hy M′

Ac

}
M′

CP_Hy

Protein polymer hydrolyser
(PP_Hy)

dM′
PP_Hy
dt =

{
µmax,PP_Hy

M′
PL

ksat,PP_Hy+M′
PL

− kD,PP_Hy − kAc,PP_Hy M′
Ac

}
M′

PP_Hy

Lipid hydrolyser (LP_Hy) dM′
LP_Hy
dt =

{
µmax,LP_Hy

M′
LL

ksat,LP_Hy+M′
LL

− kD,LP_Hy − kAc,LP_Hy M′
Ac

}
M′

LP_Hy

Carbohydrate lysate
degrader (CL_De)

dM′
CL_De
dt =

{
µmax,CL_De

M′
CL

ksat,CL_De+M′
CL

− kD,CL_De − kAc,CL_De M′
Ac

}
M′

CL_De

Protein lysate degrader
(PL_De)

dM′
PL_De
dt =

{
µmax,PL_De

M′
PL

ksat,PL_De+M′
PL

− kD,PL_De − kAc,PL_De M′
Ac

}
M′

PL_De

Lipid lysate degrader
(LL_De)

dM′
LL_De
dt =

{
µmax,LL_De

M′
LL

ksat,LL_De+M′
LL

− kD,LL_De − kAc,LL_De M′
Ac

}
M′

LL_De

Acetoclastic methanogens
(AM_De)

dM′
AM_De
dt =

{
µmax,AM_De

M′
Ac

ksat,AM_De+M′
Ac

− kD,AM_De − kAc,AM_De M′
Ac

}
M′

AM_De

Carbon dioxide (CO2) dM′
CO2

dt = kDeg,LL M′
LL M′

LL_DeYCO2/(LL+H2O) + kDeg,Ac M′
Ac M′

AM_DeYCO2/(Ac)

Ammonia
(NH3)

dM′
NH3

dt = −
{

µmax,CP_Hy
M′

CL
ksat,CP_Hy+M′

CL

}M′
CP_Hy fNH3_CP_Hy/(CL+NH3+H2S)

YCP_Hy/(CL+NH3+H2S)

−
{

µmax,CL_De
M′

CL
ksat,CL_De+M′

CL

}M′
CL_De fNH3_CL_De/(CL+NH3+H2S)

YCL_De/(CL+NH3+H2S)

+
{

µmax,PP_Hy
M′

PL
ksat,PP_Hy+M′

PL

}M′
PP_HyYNH3_PP_Hy/(PL+H2O)

YPP_Hy/(PL+H2O)

+
{

µmax,PL_De
M′

PL
ksat,PL_De+M′

PL

}M′
PL_DeYNH3_PL_De/(PL+H2O)

YPL_De/(PL+H2O)

+kDeg,PL M′
PL M′

PL_DeYNH3/(PL+H2O)

−
{

µmax,LP_Hy
M′

LL
ksat,LP_Hy+M′

LL

}M′
LP_Hy fNH3_LP_Hy/(LL+NH3+H2S+H2O)

YLP_Hy/(LL+NH3+H2S+H2O)

−
{

µmax,LL_De
M′

LL
ksat,LL_De+M′

LL

}M′
LL_De fNH3_LL_De/(LL+NH3+H2S+H2O)

YLL_De/(LL+NH3+H2S+H2O)

−
{

µmax,AM_De
M′

Ac
ksat,AM_De+M′

Ac

}M′
AM_De fNH3/(Ac+NH3+H2S)
YAM_De/(Ac+NH3+H2S)

+kDeg,Deb M′
DebYNH3/(Deb+H2O+H2∗)

Hydrogen sulphide
(H2S)

dM′
H2S

dt = −
{

µmax,CP_Hy
M′

CL
ksat,CP_Hy+M′

CL

}M′
CP_Hy fH2S_CP_Hy/(CL+NH3+H2S)

YCP_Hy/(CL+NH3+H2S)

−
{

µmax,CL_De
M′

CL
ksat,CL_De+M′

CL

}M′
CL_De fH2S_CL_De/(CL+NH3+H2S)

YCL_De/(CL+NH3+H2S)

+
{

µmax,PP_Hy
M′

PL
ksat,PP_Hy+M′

PL

}M′
PP_HyYH2S_PP_Hy/(PL+H2O)

YPP_Hy/(PL+H2O)

+
{

µmax,PL_De
M′

PL
ksat,PL_De+CPL

}M′
PL_DeYH2S_PL_De/(PL+H2O)

YPL_De/(PL+H2O)

+kDeg,PL M′
PL M′

PL_DeYH2S_PL_De/(PL+H2O)

−
{

µmax,LP_Hy
M′

LL
ksat,LP_Hy+M′

LL

}M′
LP_Hy fH2S_LP_Hy/(LL+NH3+H2S+H2O)

YLP_Hy/(LL+NH3+H2S+H2O)

−
{

µmax,LL_De
M′

LL
ksat,LL_De+M′

LL

}M′
LL_De fH2S_LL_De/(LL+NH3+H2S+H2O)

YLL_De/(LL+NH3+H2S+H2O)

−
{

µmax,AM_De
M′

Ac
ksat,AM_De+M′

Ac

}M′
AM_De fH2S/(Ac+NH3+H2S)
YAM_De/(Ac+NH3+H2S)

+kDeg,Deb M′
DebYH2S/(Deb+H2O+H2∗)

Water- “native form”
(H2O)

dM′∗
H2O

dt = −kHyd,CP M′
CP M′

CP_Hy fH2O/(CP+H2O) − kHyd,PP M′
PP M′

PP_Hy fH2O/(PP+H2O)

−kHyd,LP M′
LP M′

LP_Hy fH2O/(LP+H2O)

+
{

µmax,CP_Hy
M′

CL
ksat,CP_Hy+M′

CL

}M′
CP_HyYH2O_CP_Hy/(CL+NH3+H2S)

YCP_Hy/(CL+NH3+H2S)

+
{

µmax,CL_De
M′

CL
ksat,CL_De+M′

CL

}M′
CL_DeYH2O_CL_De/(CL+NH3+H2S)

YCL_De/(CL+NH3+H2S)

−
{

µmax,PP_Hy
M′

PL
ksat,PP_Hy+M′

PL

}M′
PP_Hy fH2O_PP_Hy/(PL+H2O)

YPP_Hy/(PL+H2O)

−
{

µmax,PL_De
M′

PL
ksat,PL_De+M′

PL

}M′
PL_De fH2O_PL_De/(PL+H2O)

YPL_De/(PL+H2O)

−
{

µmax,LP_Hy
M′

LL
ksat,LP_Hy+M′

LL

}M′
LP_Hy fH2O_LP_Hy/(LL+NH3+H2S+H2O)

YLP_Hy/(LL+NH3+H2S+H2O)

−
{

µmax,LL_De
M′

LL
ksat,LL_De+M′

LL

}M′
LL_De fH2O_LL_De/(LL+NH3+H2S+H2O)

YLL_De/(LL+NH3+H2S+H2O)

−kDeg,PL M′
PL M′

PL_De fH2O/(PL+H2O) − kDeg,LL M′
LL M′

LL_De fH2O/(LL+H2O)

+
{

µmax,AM_De
M′

Ac
ksat,AM_De+M′

Ac

}M′
AM_DeYH2O/(Ac+NH3+H2S)
YAM_De/(Ac+NH3+H2S)

−kDeg,Deb M′
Deb fH2O/(Deb+H2O+H2∗)
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Table 2. Cont.

H∗
2

dM′
H2∗

dt =
{

µmax,CP_Hy
M′

CL
ksat,CP_Hy+M′

CL

}M′
CP_HyYH2∗_CP_Hy/(CL+NH3+H2S)

YCP_Hy/(CL+NH3+H2S)

+
{

µmax,CL_De
M′

CL
ksat,CL_De+M′

CL

}M′
CL_DeYH2∗_CL_De/(CL+NH3+H2S)

YCL_De/(CL+NH3+H2S)

+
{

µmax,PP_Hy
M′

PL
ksat,PP_Hy+M′

PL

}M′
PP_HyYH2∗_PP_Hy/(PL+H2O)

YPP_Hy/(PL+H2O)

+
{

µmax,PL_De
M′

PL
ksat,PL_De+M′

PL

}M′
PL_DeYH2∗_PL_De/(PL+H2O)

YPL_De/(PL+H2O)

+kDeg,PL M′
PL M′

PL_DeYH2∗/(PL+H2O)

+
{

µmax,LP_Hy
M′

LL
ksat,LP_Hy+M′

LL

}M′
LP_HyYH2∗_LP_Hy/(LL+NH3+H2S+H2O)

YLP_Hy/(LL+NH3+H2S+H2O)

+kDeg,LL M′
LL M′

LL_DeYH2∗/(LL+H2O)

+
{

µmax,LL_De
M′

LL
ksat,LL_De+M′

LL

}M′
LL_DeYH2∗_LL_De/(LL+NH3+H2S+H2O)

YLL_De/(LL+NH3+H2S+H2O)

+
{

µmax,AM_De
M′

Ac
ksat,AM_De+M′

Ac

}M′
AM_DeYH2∗/(Ac+NH3+H2S)
YAM_De/(Ac+NH3+H2S)

− kDeg,H2∗M′
H2∗(M′

CP_Hy

+M′
PP_Hy + M′

LP_Hy + M′
CL_De + M′

PL_De + M′
LL_De + M′

AM_De)
−kDeg,Deb M′

Deb fH2∗/(Deb+H2O+H2∗)

Hydrogen
(H2)

dM′
H2

dt = kDeg,H2∗M′
H2∗(M′

CP_Hy + M′
PP_Hy + M′

LP_Hy + M′
CL_De + M′

PL_De + M′
LL_De + M′

AM_De)

Methane
(CH4)

dM′
CH4

dt = kDeg,Ac M′
Ac M′

AM_DeYCH4/(Ac)

Debris (Deb)

dM′
Deb

dt = (kD,CP_Hy + kAc,CP_Hy M′
Ac)M′

CP_Hy + (kD,PP_Hy + kAc,PP_Hy M′
Ac)M′

PP_Hy + (kD,LP_Hy
+kAc,LP_Hy M′

Ac)M′
LP_Hy + (kD,CL_De + kAc,CL_De M′

Ac)M′
CL_De + (kD,PL_De

+kAc,PL_De M′
Ac)M′

PL_De + (kD,LL_De + kAc,LL_De M′
Ac)M′

LL_De + (kD,AM_De
+kAc,AM_De M′

Ac)M′
AM_De − kDeg,Deb M′

Deb fDeb/(Deb+H2O+H2∗)

Ash (Ash) dM′
Ash

dt = 0

Lignin (Lignin) dM′
Lignin
dt = 0

2.2.2. Physico-Chemical Processes

Two basic physico-chemical reactions are considered to occur in the system, namely,
the aqueous phase and liquid–gas equilibrium processes. The aqueous phase and liquid–
gas processes are interlinked, and the model below describes the conversion of the species
in an ionic or non-ionic form and the transfer of the species from liquid to the gas phase.

Aqueous Processes

As shown in Table 3, the model incorporates eight acid-base reactions. These reactions
are considered to occur simultaneously, along with the liquid–gas transfer.

Table 3. Acid-base equilibrium constants and equations to determine concentration of particular
species in the liquid phase [22,33].

Acid/Base Pair Equilibrium Constant (at
298.15 K) Concentration

H2O(l)/(OH− + H+) 1.01 × 10−14

(kw) [OH−] = kw/[H+]

NH+
4 /NH3

10−9.25

(k1) [NH3(l)] =
CNH3 k1

k1+[H+ ]
[NH+

4 ] =
CNH3 [H

+ ]

k1+[H+ ]

H2S(l)/HS− 10−7.05

(k2) [H2S(l)] =
CH2S [H

+ ]
2

[H+ ]
2
+k2[H

+ ]+k2k3
[HS−] =

CH2Sk2[H
+ ]

[H+ ]
2
+k2[H

+ ]+k2k3

HS−/S2− 10−19

(k3) [S2−] =
CH2Sk2k3

[H+ ]
2
+k2[H

+ ]+k2k3
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Table 3. Cont.

Acid/Base Pair Equilibrium Constant (at
298.15 K) Concentration

CO2(l)/H2CO3
10−2.9

(kh)
[CO2(l)] =

CCO2 k4[H
+ ]

2

[H+ ]
2
k4+[H+ ]

2
k4kh+k4

2k5kh+k4
2kh [H

+ ]
[H2CO3] =

CCO2 [H
+ ]

2
k4kh

[H+ ]
2
k4+[H+ ]

2
k4kh+k4

2k5kh+k4
2kh [H

+ ]

H2CO3/HCO−
3

10−3.45

(k4) [HCO−
3 ] =

CCO2 k4
2kh [H]+

[H+ ]
2
k4+[H+ ]

2
k4kh+k4

2k5kh+k4
2kh [H

+ ]

HCO−
3 /CO2−

3
10−10.33

(k5) [CO2−
3 ] =

CCO2 k4
2k5kh

[H+ ]
2
k4+[H+ ]

2
k4kh+k4

2k5kh+k4
2kh [H

+ ]

CH3COOH/CH3COO− 10−4.76

(k6) [CH3COOH] =
CCH3COOH [H+ ]

k6+[H+ ]
[CH3COO−] =

CCH3COOH k6

k6+[H+ ]

In above equations,

CNH3 =
[

NH3(l)

]
+
[
NH+

4
]

CH2S = [H2S(l)] + [HS−] + [S2−]

CCO2 =
[
CO2(l)

]
+ [H2CO3] + [HCO−

3 ] + [CO2−
3 ]

CCH3COOH = [CH3COOH] + [CH3COO−]

Note: CNH3 , CH2S, CCO2 and CCH3COOH are the molar concentration of NH3, H2S, CO2 and CH3COOH in
the “native form”. “Native form” is defined as the electroneutral form of a particular species and the molar
concentration of “native form” is equal to sum of molar concentration of a particular species dissolved in liquid
(for e.g., CO2(l)) and other ionic (for e.g., HCO−

3 and CO2−
3 ) and non-ionic (for e.g., H2CO3) species in the liquid.

The overall charge balance of the system is modelled in algebraic form, as described in
ADM1 [22] and shown in Equation (1). The concentration of “inert” cations and anions are
represented as [Cations+] and [Anions−], respectively. Equation (1) is solved to determine
the concentration of H+ ions by substituting the concentration of respective species, as
shown in Table 3. Based on the negative logarithm to base 10 of [H+], the pH of the system
can be determined.

[H+] +
[
NH+

4
]
+ [Cations+]− [OH−]− [HS−]− 2[S2−]− [HCO−

3 ]− 2[CO2−
3 ]− [CH3COO−]− [Anions−] = 0 (1)

Based on the molar concentration of H+ ions and the equations described in Table 3,
the molar concentration of other species (listed in Table 3) can be determined. However, it
is important to consider that the formation of these species would result in either splitting
or formation of water molecules. Therefore, the concentration of water molecules in the
system will be altered when the equilibrium conditions are established.

The following sections describe the method developed and used to model (a) the
initial composition of the components (substrate, inoculum, water) added to the system
under equilibrium conditions and (b) the initial state composition of the mixture when
the components are mixed in the reactor and the equilibrium conditions are re-established.
Overall, the following sections describe the modelling method used to determine all the
species that undergo aqueous phase physico-chemical reactions in the system.

Modelling initial state of the components

Any component (substrate, inoculum or water) exists in an equilibrium state. This
means that depending on the pH and molar concentration (of native form) of species in
the component, a specific concentration of cations (e.g., NH+

4 ), anions (e.g., CO2−
3 ) and

neutral molecules (e.g., NH3(l), H2CO3) will exist, such that the overall charge balance of
the species sums to zero and the component remains electroneutral. As described above,
the concentration of these ionic species can be modelled based on the molar concentration of
H+ ions as determined through Equation (1) and equations provided in Table 3. However,
in order to model the concentration of H2O molecules under established equilibrium condi-
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tions, the following hypothetical reactions are considered to occur within each individual
component (Table 4).

Table 4. Hypothetical reactions considered to occur within the component (substrate, inoculum or
water), resulting in formation of native (neutral) form of the respective ionic species [24,33].

NH+
4 ⇌ NH3 + H+

S2− + 2H2O → S2− + 2H+ + 2OH− ⇌ H2S + 2OH−

HS− + H2O → HS− + H+ + OH− ⇌ H2S + OH−

CO2−
3 + 2H2O ⇌ CO2−

3 + 2H+ + 2OH− ⇌ H2CO3 + 2OH− ⇌ CO2 + H2O + 2OH− ⇌ CO2 + H+ + 3OH−

HCO−
3 + H2O ⇌ HCO−

3 + H+ + OH− ⇌ H2CO3 + OH− ⇌ CO2 + H2O + OH− ⇌ CO2 + H+ + 2OH−

H2CO3 ⇌ CO2 + H2O ⇌ CO2 + H+ + OH−

CH3COO− + H2O ⇌ CH3COO− + H+ + OH− ⇌ CH3COOH + OH−

It is assumed that all the ionic species (except H+, OH−, inert cations, and anions) and
non-ionic species (such as H2CO3) are converted to their native form, as described through
the hypothetical reactions in Table 4.

The hypothetical reactions mentioned in Table 4 result in the formation of H+ and/or
OH− ions. As shown in Equation (2) and Equation (3), the “Hypothetical [H+](s)” or
“Hypothetical

[
OH−]

(s)” ions in component s are described as Actual [H+](s) (or
[
OH−]

(s))

(determined as per Equation (1)) minus the [H+](s) (or
[
OH−]

(s)) reacted in the hypothetical

reactions, plus the [H+](s) (or
[
OH−]

(s)) generated through the hypothetical reactions (as
shown in Table 4).

HCH+(s) = Hypothetical[H+](s)
= Actual[H+](s) − [H+](s)reacted inhypothetical reactions
+[H+](s)generated through hypothetical reactions
= [H+](s) − 2[S2−](s) − [HS−](s) − 2[CO2−

3 ](s) − [HCO−
3 ](s) − [CH3COO−](s) + [NH+

4 ](s)
+[CO2−

3 ](s) + [HCO−
3 ](s) + [H2CO3](s)

= [H+](s) − 2[S2−](s) − [HS−](s) − [CO2−
3 ](s) − [CH3COO−](s) + [NH+

4 ](s) + [H2CO3](s)

(2)

HCOH−(s) = Hypothetical
[
OH−]

(s)
= Actual

[
OH−]

(s) −
[
OH−]

(s)reacted in hypothetical reactions
+
[
OH−]

(s)generated through hypothetical reactions

=
[
OH−]

(s) − 2[S2−](s) − [HS−](s) − 2[CO2−
3 ](s) − [HCO−

3 ](s) − [CH3COO−](s)
+2[S2−](s) + [HS−](s) + 3[CO2−

3 ](s) + 2[HCO−
3 ](s) + [H2CO3](s) + [CH3COO−](s)

=
[
OH−]

(s) + [CO2−
3 ](s) + [HCO−

3 ](s) + [H2CO3](s)

(3)

Based on Equation (2) and Equation (3), the total mass (grams) of H2O molecules
(native form) in the component s is determined as shown in Equation (4).

H2Omolecules (grams)innativeform = M′
H2O(s)

=

{
Vs(MH2O,s + MWH2O HCH+(s)), HCH+(s) < HCOH−(s)

Vs(MH2O,s + MWH2O HCOH−(s)), Otherwise
(4)

The term MH2O,s in Equation (4) is the mass concentration (g/L) of H2O molecules un-
der equilibrium conditions, which is equal to 1000 minus the sum of the mass concentration
(g/L) of all other constituents (carbohydrate polymer, protein polymer, lipids, carbohy-
drate lysate, protein lysate, lipid lysate, CO2(l), H2CO3, HCO−

3 , CO2−
3 , H2S(l), HS−, S2−,

NH3(l), NH+
4 , CH3COOH, CH3COO−, H+, OH−, biomass (hydrolysers, lysate degraders
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and acetoclastic methanogens), ash, and lignin) in the component s. Vs is the volume of
component s and MWH2O is the molecular weight of H2O.

The absolute difference between HCH+(s) and HCOH−(s) would indicate the excess
of hypothetical OH− ions, if HCH+(s) < HCOH−(s), or the excess of hypothetical H+ ions
if HCH+(s) > HCOH−(s) in the given component when all H2O molecules are converted
into a native form. Thus, in order to maintain the electroneutrality of the component, the
absolute difference between HCH+(s) and HCOH−(s) will always be equal to the absolute
difference between the molar concentration of inert cationic and anionic species in the
given component.

Modelling initial equilibrium state (t0) of the mixture

For the ease of explanation and understanding, this section considers three components
[substrate (s), inoculum (i) and water (w)] being instantaneously mixed in a reactor at time
t0. In order to model the initial equilibrium state (t0), firstly, the model considers that, before
mixing the three components, the constituents such as H2CO3, HCO−

3 , CO2−
3 , HS−, S2−,

NH+
4 and CH3COO− of each component are converted to the native form, as described in

Table 4.
For further simplification, the modelling approach for this part is explained by using

CO2 as an example. Based on the molar concentration of the native form of CO2 (CCO2, s,
CCO2, i and CCO2, w) in the components (s, i and w), the mass concentration (MCO2, s, MCO2, i
and MCO2, w) is calculated using the molecular weight (MWCO2 ) of the native form. Based
on the mass concentration (g/L) of the native form, molecular weight, and the volume of
particular component (Vs, Vi and Vw) in the mixture at t0, the molar concentration (CCO2(t0)

)
of the native form in the mixture is formulated as per Equation (5).

CCO2(t0)
=

(Vs MCO2,s + Vi MCO2,i + Vw MCO2,w)

MWCO2(Vs + Vi + Vw)
(5)

Using equations similar to Equation (5), the molar concentration of native forms of
other species (NH3, H2S and CH3COOH) are determined. Together, based on the molar
concentration of the native forms and using the equations in Table 3 and Equation (1), the
molar concentration of other species such as CO2(l), H2CO3, HCO−

3 , CO2−
3 , H2S(l), HS−,

S2−, NH3(l), NH+
4 , CH3COOH, CH3COO−, H+ and OH−, existing under equilibrium

conditions at initial equilibrium state (t0), are determined.
Based on Equation (4), the mass (grams) of H2O molecules in the mixture under

equilibrium conditions at the initial equilibrium state (t0) is formulated, as described in
Equation (6).

AM′
H2O(t0)

= M′
H2O(s) + M′

H2O(i) + M′
H2O(w) − 18

[
I(t0)

− (D(t0)
+ E(t0)

− F(t0)
)
]

(6)

In Equation (6), I(t0)
represents the moles of H2O molecules (native form) at t0 which

react to form the different species (ionic/non-ionic) existing under the equilibrium state in
the mixture as described in Equation (7), with the respective reactions shown in Table 5.
D(t0)

represents the moles of H+ ions generated in the mixture at t0 due to the splitting of
the H2O molecules (native form) and other molecules such as H2S, H2CO3 and CH3COOH
(native form) as described in Equation (8), with respective reactions shown in Table 6.
E(t0) represents the excess moles of the H+ ions in the mixture before the equilibrium is
established at t0, as described in Equation (9). F(t0)

represents the moles of the H+ ions in
the mixture after the establishment of the equilibrium at t0, as described in Equation (10).

I(t0)
= VL(t0)

{
[H+](t0)

+
[
NH+

4
]
(t0)

+ [OH−](t0)
+ [H2CO3](t0)

+ [HCO−
3 ](t0)

+ [CO2−
3 ](t0)

}
(7)

D(t0)
= VL(t0)

{
[H+](t0)

+ [OH−](t0)
+ 2
[
S2−

]
(t0)

+
[
HS−]

(t0)
+ 2[CO2−

3 ](t0)
+ [HCO−

3 ](t0)
+ [CH3COO−](t0)

}
(8)
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E(t0)
= E(t0)

=

Vs

∣∣∣HCH+(s) − HCOH−(s)

∣∣∣,HCH+(s) > HCOH−(s)

0,Otherwise

+

Vi

∣∣∣HCH+(i) − HCOH−(i)

∣∣∣,HCH+(i) > HCOH−(i)

0,Otherwise

+

Vw

∣∣∣HCH+(w) − HCOH−(w)

∣∣∣,HCH+(w) > HCOH−(w)

0,Otherwise

(9)

F(t0) = VL(t0)
[H+](t0)

(10)

Table 5. Reactions of H2O molecules (in native form) to generate different species in the
mixture [24,33].

H2O ⇌ H+ + OH−

NH3 + H2O ⇌ NH+
4 + OH−

H2O ⇌ H+ + OH−

CO2 + H2O ⇌ H2CO3

CO2 + H2O ⇌ HCO−
3 + H+

CO2 + H2O ⇌ CO2−
3 + 2H+

Table 6. Reactions resulting in generation of H+ ions in the mixture due to splitting of H2O molecules
(native form) or other molecules (native form) [24,33].

H2O ⇌ H+ + OH−

H2S ⇌ HS− + H+

H2S ⇌ S2− + 2H+

H2CO3 ⇌ HCO−
3 + H+

H2CO3 ⇌ CO2−
3 + 2H+

CH3COOH ⇌ CH3COO− + H+

In Equations (7)–(10), VL(t0)
represents the volume of liquid at t0 and is the sum of the

volume of components added to the mixture (Vs, Vi and Vw).
Based on the mass (grams) of H2O molecules in the mixture under equilibrium con-

ditions (AM′
H2O(t0)

), the mass (grams) of H2O molecules (M′
H2O(t0)

) (native form) at t0 is
formulated as shown in Equation (11). Importantly, M′∗

H2O(t0)
is equal to M′

H2O(t0)
only at

the initial condition (t0).

H2Omolecules (grams) in native form = M′
H2O(t0)

= M′*
H2O(t0)

=

{
AM′

H2O(t0)
+ MWH2O HCH+(t0)

VL(t0)
, HCH+(t0)

< HCOH−(t0)

AM′
H2O(t0)

+ MWH2O HCOH−(t0)
VL(t0)

, Otherwise
(11)

In Equation (11), HCH+(t0)
and HCOH−(t0)

are determined as shown in Equations (2)
and (3), respectively.

It is important to consider that the approach for modelling the H2O molecules (in
native form) is based on mass (grams) basis, unlike the concentration basis used to de-
termine the charge balance. This is carried out (a) to minimise the numerical errors and
(b) because the H2O molecules in the native form are considered to undergo reactions
(described in Table 2) as like the other species (NH3, H2S, H2CO3 and CH3COOH) in their
respective native forms. This also implies that the rate equations (mentioned in Table 2)
which describe the biochemical processes in the liquid phase are implemented on mass
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(grams) basis rather than mass concentration (g/L) basis. This further implies that the
kinetic constants dependent upon the volume (such as saturation constant) are considered
based on the total liquid volume of the system at t0.

Modelling equilibrium state at any consecutive time point

For the purpose of simplification, this section describes the modelling approach used
to determine the equilibrium state at time point t2 (t2> t1> t0). Before the establishment of
the equilibrium state at any time point, the integration of rate equations up to the desired
time point (tn) is performed with an increment of the desired time step, using the equations
described in Table 2. Integrating the rate equations will provide the total mass (grams) of
each molecule (in native form) for molecules such as NH3, H2S, CO2 and CH3COOH at
time t. The mass (grams) of the molecule in the native form at time t will further undergo
speciation and liquid–gas transfer (as described in Liquid–Gas Processes Section). At any
time point, the mass (grams) of a particular molecule (in native form) in the liquid before
the establishment of the equilibrium is formulated as shown in Equation (12) (for example,
mass (grams) of CO2 (GCO2(t2)

) at time point t2).

GCO2(t2)
=
∫ t2

t0

dM′
CO2

dt
− M′

CO2(t1)
+ M′′

CO2(t1)
(12)

In the above equation, M′′
CO2(t1)

represents the mass (grams) of CO2 (native form) in
the liquid phase after the establishment of equilibrium and the occurrence of liquid–gas
transfer at time t1, as described in Equation (13). Similarly, the mass (grams) of other
molecules such as GNH3(t2)

, GH2S(t2)
, GH2(t2)

and GCH4(t2)
is determined.

M′′
CO2(t1)

= GCO2(t1)
− CO2_in_gas(t1)

(13)

In Equation (13), CO2_in_gas(t1)
is the mass (grams) of CO2 released in the gas phase

after the establishment of the equilibrium at time t1 and is determined in a similar manner
as shown in the liquid–gas processes (Liquid–Gas Processes Section). Based on GCO2(t2)

,
the molar concentration of CO2(l) under equilibrium conditions [CO2(l)]t2

is determined,
as shown in Equation (14).

[CO2(l)](t2)
=

GCO2(t2)
− MWCO2 VL(t2)

{
[H2CO3](t2)

+
[
HCO−

3
]
(t2)

+
[
CO2−

3

]
(t2)

}
−CO2_in_gas(t2)

MWCO2 VL(t2)
(14)

Similar to Equation (14), the molar concentration of [NH3(l)]t2
and [H2S(l)]t2

under
equilibrium conditions is determined. Furthermore, the molar concentration (native form)
of species that undergo ionisation but do not undergo liquid–gas transfer (e.g., CH3COOH)
is determined as shown in Equation (15), whereas the molar concentration of inert cations
and inert anions is determined as shown in Equations (16) and (17). Based on all these
molar concentrations, the molar concentration of other ionic and non-ionic species under
equilibrium conditions is determined using equations shown in Table 3 and Equation (1).

CCH3COOH(t2)
=

∫ t2
t0

dM′
CH3COOH

dt

MWCH3COOHVL(t2)
(15)

[Cations+](t2)
=

[Cations+](t1)
VL(t1)

VL(t2)
(16)

[Anions−](t2)
=

[Anions−](t1)
VL(t1)

VL(t2)
(17)
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The mass (grams) of H2O molecules in the mixture under equilibrium conditions at t2
is formulated as described in Equation (18).

AM′
H2O(t2)

= M′
H2O(t1)

− H2O_in_gas(t2)
+
∫ t2

t0

dM′*
H2O

dt
− M′*

H2O(t1)
− 18

[
I(t2)

− (D(t2)
+ E(t1)

− F(t2)
)
]

(18)

In Equation (18), M′
H2O(t1)

is determined as shown in Equation (11); H2O_in_gas(t2)
represents the mass (grams) of H2O released in the gas phase after the establishment of
the equilibrium and occurrence of liquid–gas transfer at t2 (Liquid–Gas Processes Section),
whereas I(t2)

, D(t2)
, E(t1)

and F(t2)
are derived as shown in Equation (19)–(22).

I(t2)
= VL(t2)

{
[H+](t2)

+
[
NH+

4
]
(t2)

+ [OH−](t2)
+ [H2CO3](t2)

+ [HCO−
3 ](t2)

+ [CO2−
3 ](t2)

}
(19)

D(t2)
= VL(t2)

{
[H+](t2)

+ [OH−](t2)
+ 2
[
S2−

]
(t2)

+
[
HS−]

(t2)
+ 2[CO2−

3 ](t2)
+ [HCO−

3 ](t2)
+ [CH3COO−](t2)

}
(20)

E(t1)
=

VL(t1)

∣∣∣HCH+(t1)
− HCOH−(t1)

∣∣∣,HCH+(t1)
> HCOH−(t1)

0,Otherwise
(21)

F(t2)
= VL(t2)

[H+](t2)
(22)

Liquid–Gas Processes

The model considers seven species in the gas phase, namely, CO2, H2S, NH3, H2O, H2,
CH4 and N2. Except N2, the other species are considered to undergo liquid–gas transfer.
N2 is included in the model because the start-up phase of the AD process includes the
sparging of N2 gas in the reactor to create the initial anaerobic condition. CO2, H2S, NH3,
H2, CH4 are considered to undergo liquid–gas transfer based on Henry’s law, whereas the
liquid–gas transfer of H2O is modelled based on Antoine’s equation. With an example of
CO2, based on Henry’s law, Equation (23) is formulated to determine the mass (grams) of
CO2 transferred from the liquid to gas phase at t2. Similar equations are developed for
other molecules undergoing liquid–gas transfer.

GCO2(t2)
− MWCO2

{
[H2CO3](t2)

VL(t2)
−
[
HCO−

3
]
(t2)

VL(t2)
−
[
CO2−

3

]
(t2)

VL(t2)

}
−CO2_in_gas(t2)

MWCO2

VL(t1)
−

CO2_in_gas(t2)
1000 −X

= KH_CO2

 CO2_in_gas(t2)
+HCO2(t1)

MWCO2
CO2_in_gas(t2)

+HCO2(t1)
MWCO2

+Y

PT

(23)

Equation (23) is further written in the form of Ax2 + Bx + C = 0, where x represents
CO2_in_gas(t2)

.
In Equation (23), X represents the sum of mass (grams) of H2S, NH3, H2, CH4 and

H2O released from the liquid phase into the gas phase at time point t2, as shown in Equation
(24), Y represents the sum of the moles of H2S, NH3, H2, CH4 and H2O released from the
liquid phase into the gas phase at time point t2 and the moles of H2S, NH3, H2, CH4,
H2O and N2 present in the headspace at time point t1, as shown in Equation (25), VL(t2)

represents volume of liquid (litres) at time t1 and t2, respectively, as shown in in Equation
(26), and PT represents the total pressure of the system and is considered to be 1 atm.

X =
H2S_in_gas(t2)

1000
+

NH3_in_gas(t2)

1000
++

H2O_in_gas(t2)

1000
+

H2_in_gas(t2)

1000
+

CH4_in_gas(t2)

1000
(24)
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Y =
H2S_in_gas(t2)+HH2S(t1)

MWH2S
+

NH3_in_gas(t2)+HNH3(t1)
MWNH3

+
H2O_in_gas(t2)+HH2O(t1)

MWH2O

+
H2_in_gas(t2)+HH2(t1)

MWH2
+

CH4_in_gas(t2)+HCH4(t1)
MWCH4

+
N2_in_gas(t2)+HN2(t1)

MWN2

(25)

VL(t2)
= VL(t1)

− (
CO2_in_gas(t2)

1000 +
H2S_in_gas(t2)

1000 +
NH3_in_gas(t2)

1000 +
H2O_in_gas(t2)

1000 +
H2_in_gas(t2)

1000

+
CH4_in_gas(t2)

1000 )
(26)

Based on Equation (26), the headspace volume is determined as shown in Equation (27).

VH(t2)
= VH(t1)

+ VL(t1)
− VL(t2)

(27)

The mass (grams) of H2O molecules released in the gas phase under equilibrium
conditions at time t2 is modelled using Antoine’s equation, as shown in Equation (28).

H2O_in_gas(t2)
= MWH2O(

CO2_in_gas(t2)
MWCO2

+
H2S_in_gas(t2)

MWH2S
+

NH3_in_gas(t2)
MWNH3

+
H2_in_gas(t2)

MWH2

+
CH4_in_gas(t2)

MWCH4
) 10(A− B

C+T )

PT−10(A− B
C+T )

(28)

In Equation (28), A, B and C are Antoine’s equation constants for water, T is the
temperature of the gas (◦C) and PT is the total gas pressure (mm Hg).

Based on above set of equations, the total volume (litres) of CO2 in gas phase (headspace
+ gas bag) at time t2 is determined as shown in Equation (29).

TCO2(t2)
=

(
CO2_in_gas(t2)

+ HCO2(t1)

MWCO2 PT
RT

)
(29)

Similarly, the total volume of H2S, NH3, H2, CH4 and H2O in the gas phase (headspace
+ gas bag) are determined. Based on these volumes, the total volume of gas (headspace +
gas bag) is determined as shown in Equation (30).

Tgas(t2)
= TCH4(t2)

+ TH2(t2)
+ TNH3(t2)

+ TH2S(t2)
+ TCO2(t2)

+ TH2O(t2)
+ TN2(t2)

(30)

As the model does not considers production of N2 through biochemical processes, it is
assumed that N2 does not undergo liquid–gas transfer as per Henry’s law. Hence, the total
volume of N2 in the gas phase (headspace + gas bag) at time t2 is determined as shown in
Equation (31).

TN2(t2)
= HN2(t1)

=
VH(t1)

HN2(t0)

Tgas(t1)
(31)

Based on the total volume (litres) of gas in the gas phase, the gas volume in the gas
bag at t2 is determined as shown in Equation (32).

Bgas(t2)
= Tgas(t2)

− VH(t2)
(32)

Based on Equation (32), the volume (litres) of the specific gas in headspace and gas bag
at t2 is determined as shown (for example CO2) in Equation (33) and Equation (34). Further
based on Equation (34), the cumulative volume (litres) of a particular gas is determined, as
shown in Equation (35).

HCO2(t2)
= VH(t2)

CO2_in_gas(t2)
+ HCO2(t1)

MWCO2 PTTgas(t2)
RT (33)

BCO2(t2)
= Bgas(t2)

CO2_in_gas(t2)
+ HCO2(t1)

MWCO2 PTTgas(t2)
RT (34)
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Cu.BCO2(tn) = BCO2(t0)
+

n

∑
i=1

BCO2(ti)
(35)

2.3. Model Implementation

The model is implemented in Microsoft Excel® for Microsoft 365 MSO (Version 2201
Build 16.0.14827.20198) 64-bit. Supplementary Material S2 shows the model implementa-
tion for the batch anaerobic digestion of the system with an inoculum to substrate ratio
(ISR) of 1.00 [1]. The amount of materials (substrate, inoculum and water) added in the
system with different ISRs used for the calibration of the model are provided in the Sup-
plementary Material. To integrate the rate equations, the IVSOLVE function of the Excel
add-in ExceLabTM 7.0 (ExcelWorks LCC, Boston, MA, USA) based on the Runge–Kutta
method of order 5 is used. Iterative calculations are enabled with maximum iterations of
100 and a maximum change of 10−15, as several equations include circular references. In
order to solve the charge balance equation and determine the molar concentration of H+

ions, Newton–Raphson’s method is implemented with 14 iterations and an initial guess
value (at t0) of 10−9 moles/L, whereas the guess value at any consecutive time points
is equal to the [H+] as determined through Newton–Raphson’s method at a previous
time point. For the verification of the model, the mass balance, atomic balance, charge
balance and compliance with Henry’s law is checked at all the time points in the system
(Supplementary Material S2).

2.4. Model Calibration

The model was calibrated using the data generated from experimental investigations
carried out in our previous study on batch AD of food waste (Gandhi et al. [1]) where
batch experiments were performed in 5 l bioreactors (3.5 l working volume) placed in
water baths maintained at 37 ± 1.5 ◦C [1]. Table S2 (Supplementary Material S3) shows
the experimental setup (inoculum, substrate and deionised water added to the system)
which includes six conditions (six different ISRs). Two reactors (n = 2) were setup for each
experimental condition.

The analytical characterisation of the substrate and inoculum generated through ex-
perimental investigations (Table 7) was used as input data for the model. Arbitrary initial
parameter values for substrate and inoculum are assumed in cases where certain analytical
characteristics such as CO2, H2S, cations, anions, amino acids and biomass concentration
are not determined through analytical methods. Considering a) limitations of implemen-
tation platform and the model and b) number of input parameters, the stoichiometric
reactions, values of respective mass-based stoichiometric constants and values of biochem-
ical constants (µmax, ksat, kD, kD) are determined by trying several different values and
changing them as required to achieve appropriate fits with the entire set (for all six ISRs) of
experimental data. Overall, the calibration process was carried out based on a trial-and-
error method and the fidelity of the model was assessed via inspection. The corelation
coefficient was calculated to compare model output with the experimental observations as
described by Li et al. [34].

Table 7. Analytical characteristics of substrate and inoculum (mean ± standard deviation) obtained
from experimental investigations: Gandhi et al. [1].

Parameter Substrate Inoculum

pH 5.80 ± 0.00 8.64 ± 0.01

Carbohydrates (% wet basis) 11.16 ± 0.16 0.48 ± 0.05

Proteins (% wet basis) 3.21 ± 0.06 1.61 ± 0.04
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Table 7. Cont.

Parameter Substrate Inoculum

Lipids (% wet basis) 2.64 ± 0.01 0.69 ± 0.04

Total VFAs (g/L) 4.49 ± 0.14 0.74 ± 0.06

Total ammonia nitrogen (mg/L) 124 ± 12 4223 ± 19

Partial alkalinity (as g CaCO3/L) 0.36 ± 0.07 17.38 ± 0.05

Intermediate alkalinity (as g CaCO3/L) 2.08 ± 0.06 4.82 ± 0.06

Total alkalinity (as g CaCO3/L) 3.08 ± 0.14 22.76 ± 0.04

Cellulose (% dry basis) 4.01 ± 0.18 9.27 ± 0.43

Lignin (% dry basis) 7.16 ± 0.44 12.20 ± 0.02

2.5. Model Limitations

This section includes the limitation of the present model and further scope to develop
better quasi-mechanistic bio-kinetic models. The limitations mentioned below together
explain the discrepancy between the experimental values and model output. The com-
parison between the model output and experimental observations is displayed in the
Supplementary Material (Figures S1–S13; Supplementary Material S3).

• Model considers model substrates such as carbohydrates, proteins and lipids repre-
sented by specific molecular formulas. Although in actual digesters the molecular
formula of the compounds can vary along with the chain length, this variation in
the sub-type of macromolecule (for e.g., sub-types of carbohydrates such glucose,
fructose, ribose, raffinose, etc.) and their respective degradation pathways could
result in variable VFA profile which would in turn result in a variation in gas volume
and composition.

• Model assumes that a fixed proportion of products are being produced as described
through stoichiometric reactions. However, the product formation could vary de-
pending upon other factors such as pH, which in turn influences the microbiology of
the system and metabolic pathways adopted for degradation. Along with this, the
products in turn could result in the alteration of parameters such as pH which would
further have cascading effects.

• Model considers a fixed molecular formula to describe all the different bacterial species
in the system. In a real scenario, the different bacterial species could have diverse
molecular composition and the molecular composition of the same species could differ
based on the growth stage, which in turn depends upon other factors such as pH or
concentration of limiting compounds in the system or concentration of inhibitory or
stimulatory substances [32]. For example, under conditions with high concentration
of substrate, the production of specific enzymes could be upregulated, thus resulting
in changes in the overall molecular composition of the bacterial species [35].

• Model considers fixed mass-based stoichiometric constants of the biomass formation
(fixed stoichiometric reaction) along the entire duration of digestion, which in an
actual scenario could vary based on the overall state of the system and other factors
such as pH, the concentration of specific molecules, and metabolic pathways adopted
to generate biomass under the given state of system [36].

• Model considers a single type of microbial biomass involved in the degradation of
a specific compound and disregards the conversion of multiple types of molecules
through the same type of microbial biomass. For example, the model does not consider
that the carbohydrate polymer degraders could also result in degradation of proteins
and vice versa.

• The biological reactions assumed in the model considers the production of only acetate
and none of the other volatile fatty acids such as propionate, butyrate, valerate, etc.,
and organic acids such as lactate, pyruvate, succinate, etc. [37]. In actual digesters, the
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different types of VFAs are produced and the VFA profile depends upon the pH and
overall microbiology of the system, which in turn is affected by the concentration of
inhibitory molecules such as VFAs, ammonia and hydrogen sulphide [38,39].

• Model does not include the non-competitive type of inhibition but includes a process
related to the toxicity effect of VFA (specifically acetate), which results in the death
of microbial biomass (debris formation). Also, the toxicity effect on microbes is
considered only due to acetate. In actual digesters, a range of VFAs would be produced
at varying concentrations and the strength of toxicity or inhibitory effect of the VFAs
would vary depending upon the type and concentration of specific VFAs [40,41]. In
addition to this, there could be toxicity or inhibitory effects due to molecules such
as ammonium ion/ammonia, hydrogen sulphide and other organic acids (lactate,
pyruvate, etc.) and alcohols (ethanol, methanol, etc.), which are not included in the
model [42–46].

• Model does not consider the effect of contact inhibition on the growth of biomass
which may result in the excess growth of the microbial biomass, in turn diverting (or
converting) a significant proportion of macromolecules as structural components of
the biomass. This limits the conversion of macromolecules into products such as VFAs,
CH4 and CO2 and the production of excess biomass [47].

• Model describes biomass growth through Monod kinetics, whereas the production
of other products is assumed to be dependent upon the concentration of the limiting
component and the concentration of biomass as of a second order reaction. However,
in an actual scenario, the product formation could be growth linked or non-growth
linked or combination of both, which could also depend upon the type of the reactant
molecules [48,49].

• Model does not consider occurrence of hydrogenotrophic methanogenesis. Hy-
drogenotrophic methanogenesis is not included in the model, as the rate of hy-
drogenotrophic methanogenesis and biomass (hydrogenotrophic methanogens) growth
is dependent upon on the concentration of hydrogen in the liquid phase which
would change due to the liquid–gas transfer of hydrogen [22]. Hence, the rate of
hydrogenotrophic methanogenesis (and biomass formation) which depends upon
concentration of hydrogen would require accounting the hydrogen losses from the
liquid phase at any given time point. Therefore, rate equations at each time point
will depend upon the hydrogen concentration which remains in the liquid phase after
establishment of the physico-chemical equilibrium and liquid–gas transfer of hydro-
gen. Implementing this in the present framework would require the determination
of hydrogen concentration in the liquid phase at each time step and conducting a
separate integration of the rate equations at each time point. Given this complexity,
although easy to implement, the low computational power of the model implementa-
tion platform (Excel) makes it difficult to find appropriate parameter values and hence
limits the implementation of the hydrogenotrophic methanogenesis reactions. Due to
similar reasons, the toxicity effects of other molecules such as ammonia and hydrogen
sulphide which can undergo gas–liquid liquid transfer on a microbial biomass is
not considered.

• Model does not include homoacetogens and syntropic acetate oxidising bacterial
species [50]. Although, several species of homoacetogens and syntropic acetate oxidis-
ing bacterial species have been identified in digesters, for the purpose of simplicity
and due to limitations of the model implementation platform the model does not
include these sets of bacterial groups and associated reactions.

• Model does not consider the occurrence of enzymatic reactions due to extracellular
enzymes present in the liquid phase and the rate of degradation of any molecule
(except debris) is dependent upon the concentration of microbes. In actual digesters,
the enzymes released in the liquid phase (either due to inherent extracellular nature of
particular enzyme (for e.g., proteases) or due to lysis of microbial cells) could still be
active and conduct specific reactions even after the death of the microbial cell. This
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overall may lead to the underestimation of the rate of degradation of specific molecules
in the system which are catalysed by such enzymes released in the liquid phase.

• Model assumes that the debris degradation occurs as per first order kinetics and results
in the production of carbohydrate, proteins and lipids lysate (monomers). However, in
an actual scenario, it could be mediated through the presence of certain enzymes which
would result in the formation of rather complex products (for e.g., peptidoglycan,
structural proteins, lipids, lipoproteins, etc.) whose individual degradation rates may
vary depending upon the composition and other characteristics of the system such as
pH, which in turn regulate the activity of these catalysing enzymes. Hence, first order
kinetics may not be suitable to describe debris degradation [23,51].

• Model does not consider the dependence of microbial growth on the concentration of
trace elements in the system, as well as the precipitation reactions that could occur in
the system which would result in a lower concentration of the available forms of trace
elements or nutrients such as NH3. The precipitation reactions would further affect
the concentration of ionizable components in the system and hence indirectly affect
the pH of the system [52–54].

• The equation used to determine the concentration of hydrogen ions (and the pH) in the
system does not involve other major species such as amino acids (although included
as one of the components of in biochemical reactions), organic acids such as lactate,
other VFAs (except acetate) and certain anionic species such as phosphates present
in the system [55–57]. As the pKa values of amino acids vary depending upon the
type of amino acid, and the molar concentration of H+ ions would vary depending
upon the VFA profile, the model losses accuracy for pH prediction [58]. In addition
to this, other cationic (K+, Mg+, Na+, Ca2+) and anionic (Cl−, NO−

3 , HSO−
4 , SO2−

4 )
species and their respective precipitation reactions could significantly affect the pH of
the system [22].

• Model considers only single form of sulphur containing compound (H2S). Other
sulphur containing molecules such as sulphates and organisms and reactions resulting
in the formation or reduction in sulphate are not included in the model [59].

• The modelling approach used in the present scenario models liquid–gas transfer in
accordance to obey the Henry’s law instantaneously at any given time point. However,
in an actual scenario, the Henry’s law may not hold true for such a system where
a continuous transfer of gases from the liquid to gas phase occurs. Also, the model
does not include the resistance factor for liquid–gas transfer and dependence of rate of
transfer on the surface area of the liquid phase, as described using Whitman’s two-film
theory [60].

• The model assumes that the liquid–gas transfer in the system complying with the
Henry’s law is unidirectional. However, in actual systems, this could be bi-directional.
This may lead to errors when the model is implemented for semi-continuously fed
digesters where the gas collection bags are changed at regular intervals.

• The values of Henry’s law constants adopted in the present model are specifically
determined for the systems where the aqueous phase is composed of water molecules.
However, given the complex nature and composition of the aqueous phase, these
values could differ for systems such as anaerobic digesters, which could in turn affect
the liquid–gas transfer [61].

• Model does not consider condensation reaction for water molecules and assumes the
gas phase is maintained at the same temperature as the liquid phase. This is carried
out to reduce the complexity as the Antoine’s equation coefficient varies based on
the temperature [62]. However, in actual digesters, the gas in the headspace of the
digester and gas collection bag could be at different temperatures compared to the
liquid phase.

• The model fails to express the continuous dynamic state of the system. This is because
the acid-base equilibrium reactions and liquid–gas transfer reactions which result in a
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change in volume of the liquid phase and headspace of the system are modelled and
implemented using a set of implicit algebraic equations.

• For the ease of implementation and understanding, the model is implemented and
executed in Excel. Implementation in Excel limits the direct regression of a model
with experimental data due to the complex structure of the model, which involves
circular references.

3. Results and Discussion
3.1. Model Verification and Calibration

The developed model was implemented in Microsoft Excel® for Microsoft 365 MSO
(Version 2201 Build 16.0.14827.20198) 64-bit. In comparison to previous models such
as ADM1 which have been majorly implemented in MATLAB [53,54], the present work
implements a highly complex model on one of the most basic and widely used platforms,
making it accessible to a broader range of users, including those with limited programming
knowledge. However, this implies that the model should be verified for any inaccuracies or
errors. Unlike the previous models, which fail to prove/describe the mass balance, atomic
balance, compliance with electroneutrality principle (charge balance) and Henry’s law, this
work verified the model, providing proofs for compliance (Supplementary Material S2).

To verify the mass balance, the total mass of the system at any time point tn was
compared with the total mass at initial time t0. The total mass of system at time t0 and
any time tn were calculated as described by Equation (36) and Equation (37), respectively.
Compliant with law of mass conservation, the total mass of the systems at any time point
tn was identical to that at the initial time t0, indicating a relative mass balance error less
than the machine precision value (Supplementary Material S2; cells ES78:ES108). Similarly
based on the Carbon, Hydrogen, Nitrogen, Sulphur and Oxygen content of individual
molecules, the atomic balance was determined, and the maximum relative error was found
to be ±0.02%, which was due to errors introduced as a result of numerical integration
(Supplementary Material S2; cells EZ78:FD108).

Total mass(t0)
= VH(t0)

D′
N2 +

(
Vs(t0)

+ Vi(t0)
+ Vw(t0)

)
D′

B (36)

In Equation (36), VH(t0)
, Vs(t0)

, Vi(t0)
and Vw(t0)

represent the volume (L) of headspace,
substrate, inoculum, and water, respectively, at t0. D′

N2 and D′
B (=1000 g/L; as per Section 2.1)

represent the density of nitrogen at 37 °C and bulk density of the system, respectively.

Totalmass(tn) = AM′
H2O(tn) + M′′

H2(tn)
+ M′′

CH4(tn)
+

HCO2(tn)
MWCO2

RT +
HH2S(tn)MWH2S

RT +
HNH3(tn)

MWNH3
RT

+
HH2(tn)

MWH2
RT +

HCH4(tn)
MWCH4

RT +
HH2O(tn)MWH2O

RT +
HN2(tn)

MWN2
RT

+VL(tn){[H
+](tn)

MWH+ + [OH−](tn)
MWOH− +

[
NH+

4
]
(tn)

MWNH+
4
+
[

NH3(l)

]
(tn)

MWNH3(l)

+[S2−](tn)
MWS2− + [HS−](tn)

MWHS− + [H2S(l)](tn)
MWH2S(l)

+
[
CO2−

3

]
(tn)

MWCO2−
3

+[HCO−
3 ](tn)

MWHCO−
3
+ [H2CO3](tn)

MWH2CO3 +
[
CO2(l)

]
(tn)

MWCO2(l)

+
[
CH3COO−]

(tn)
MWCH3COO− + [CH3COOH](tn)

MWCH3COOH}+ M′
CP + M′

CL + M′
PP + M′

PL

+M′
LP + M′

LL + M′
CP_Hy + M′

PP_Hy + M′
LP_Hy + M′

CL_De + M′
PL_De + M′

LL_De + M′
AM_De + M′

H2*

+M′
Deb + M′

Ash + M′
Lignin +

Cu.BCO2(tn)
MWCO2

RT +
Cu.BH2S(tn)MWH2S

RT +
Cu.BNH3(tn)

MWNH3
RT

+
Cu.BH2(tn)

MWH2
RT +

Cu.BCH4(tn)
MWCH4

RT +
Cu.BH2O(tn)MWH2O

RT +
Cu.BN2(tn)

MWN2
RT

(37)

The terms in Equation (37) represent entities as described in Section 2.2 and Sup-
plementary Material S1. R represents gas constant and T is the reaction temperature
(310.15 K).

The charge balance, indicating compliance with the electroneutrality principle [22],
was determined for each time point based on the concentration of charged molecules in
the system using Equation (1). Being compliant with the electroneutrality principle, the
difference between total positive and negative charge in the system was found to be 0
(Supplementary Material S2; cells EY78:EY108).
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Lastly, the compliance with Henry’s law [61] was determined by comparing the calcu-
lated Henry’s law coefficient for individual gases [for e.g., as per Equation (38) for CO2],
with the actual Henry’s law constant (constant value for a specific gas at specific tempera-
ture and specific medium) for CH4, CO2, H2S, NH3 and H2. Compliant with Henry’s law,
the Henry’s law constant (at 37 °C) at any given time tn was 0.001155 mol/L/atm for CH4,
0.02469 mol/L/atm for CO2, 0.07511 mol/L/atm for H2S, 35.1086 mol/L/atm for NH3
and 0.0007402 mol/L/atm for H2 (Supplementary Material S2; ET78:EX108) [61].

KH_CO2 =
[CO2(l)](tn) CO2_in_gas(tn)+HCO2(tn−1)

MWCO2
CO2_in_gas(tn)+HCO2(tn−1)

MWCO2
+Y

PT

(38)

The terms in Equation (38) represent entities as described in Section 2.2 and the
Supplementary Material S1. Y represents the sum of the moles of H2S, NH3, H2, CH4 and
H2O released from the liquid phase into the gas phase at time point t2 and the moles of
H2S, NH3, H2, CH4, H2O and N2 present in the headspace at time point t1, as shown in
Equation (25).

As described in Section 2.4, the calibration process was carried out based on a trial-
and-error method and the fidelity of the model was assessed via inspection. Tables 8 and 9
show values of the bio-kinetic parameters and mass-based stoichiometric constants (MBSC),
respectively. Given a completely different modelling approach and basis (mass basis), the
bio-kinetic parameter values in the present study cannot be directly compared with values
from other models such as ADM1 (COD basis) [22]. However, very interestingly, the model
was calibrated based on a single set of bio-kinetic parameters (Table 8) which describes
both methanogenic and acidogenic systems well.

Table 8. Calibration values of biokinetic parameters.

Parameter Units Value Parameter Units Value

µmax,CP_Hy 1/day 1 kDeg,CL 1/day 11

ksat,CP_Hy g 0.5 µmax,PL_De 1/day 5

kD,CP_Hy 1/day 0.010366 ksat,PL_De g 0.521281

kAc,CP_Hy 1/day 0.00092 kD,PL_De 1/day 0.099417

kHyd,CP 1/day 1.5 kAc,PL_De 1/day 0.010358

µmax,PP_Hy 1/day 1 kDeg,PL 1/day 1

ksat,PP_Hy g 0.5 µmax,LL_De 1/day 5

kD,PP_Hy 1/day 0.090366 ksat,LL_De g 0.521281

kAc,PP_Hy 1/day 0.0015 kD,LL_De 1/day 0.099417

kHyd,PP 1/day 1.3 kAc,LL_De 1/day 0.010358

µmax,LP_Hy 1/day 1 kDeg,LL 1/day 1

ksat,LP_Hy g 0.5 µmax,AM_De 1/day 1

kD,LP_Hy 1/day 0.100366 ksat,AM_De g 0.28

kAc,LP_Hy 1/day 0.009203 kD,AM_De 1/day 0.009405

kHyd,LP 1/day 5 kAc,AM_De 1/day 0.04

µmax,CL_De 1/day 8 kDeg,Ac 1/day 10.72116

ksat,CL_De g 0.521281 kDeg,Deb 1/day 0.4

kD,CL_De 1/day 0.099417 kDeg,H2∗ 1/day 0.0005

kAc,CL_De 1/day 0.010358
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Table 9. Values of mass-based stoichiometric constants (MBSC).

MBSC Value MBSC Value

fCP/(CP+H2O) 0.900278 fH2O_PP_Hy/(PL+H2O) 0.064607

fH2O/(CP+H2O) 0.099722 YPP_Hy/(PL+H2O) 0.941899

YCL/(CP+H2O) 1 YNH3_PP_Hy/(PL+H2O) 0.048537

fPP/(PP+H2O) 0.863039 YH2S_PP_Hy/(PL+H2O) 0.004854

fH2O/(PP+H2O) 0.136961 YH2∗_PP_Hy/(PL+H2O) 0.004711

YPL/(PP+H2O) 1 fLL_LP_Hy/(LL+NH3+H2S+H2O) 0.588886

fLP/(LP+H2O) 0.942797 fNH3_LP_Hy/(LL+NH3+H2S+H2O) 0.120896

fH2O/(LP+H2O) 0.057203 fH2S_LP_Hy/(LL+NH3+H2S+H2O) 0.007254

YLL/(LP+H2O) 1 fH2O_LP_Hy/(LL+NH3+H2S+H2O) 0.282964

fCL/(CL) 1 YLP_Hy/(LL+NH3+H2S+H2O) 0.938439

YAc/(CL) 1 YH2∗_LP_Hy/(LL+NH3+H2S+H2O) 0.061561

fPL/(PL+H2O) 0.744171 fCL_CL_De/(CL+NH3+H2S) 0.892751

fH2O/(PL+H2O) 0.255829 fNH3_CL_De/(CL+NH3+H2S) 0.101178

YAc/(PL+H2O) 0.851789 fH2S_CL_De/(CL+NH3+H2S) 0.006071

YNH3/(PL+H2O) 0.13515 YCL_De/(CL+NH3+H2S) 0.785383

YH2S/(PL+H2O) 0.009654 YH2O_CL_De/(CL+NH3+H2S) 0.21426

YH2∗/(PL+H2O) 0.003407 YH2∗_CL_De/(CL+NH3+H2S) 0.000357

fLL/(LL+H2O) 0.516977 fPL_PL_De/(PL+H2O) 0.935393

fH2O/(LL+H2O) 0.483023 fH2O_PL_De/(PL+H2O) 0.064607

YAc/(LL+H2O) 0.920044 YPL_De/(PL+H2O) 0.941899

YCO2/(LL+H2O) 0.024096 YNH3_PL_De/(PL+H2O) 0.048537

YH2∗/(LL+H2O) 0.05586 YH2S_PL_De/(PL+H2O) 0.004854

fAc/(Ac) 1 YH2∗_PL_De/(PL+H2O) 0.004711

YCO2/(Ac) 0.733333 fLL__LL_De/(LL+NH3+H2S+H2O) 0.588886

YCH4/(Ac) 0.266667 fNH3__LL_De/(LL+NH3+H2S+H2O) 0.120896

YCL/(Deb+H2O+H2∗) 0.648343 fH2S__LL_De/(LL+NH3+H2S+H2O) 0.007254

YPL/(Deb+H2O+H2∗) 0.070804 fH2O__LL_De/(LL+NH3+H2S+H2O) 0.282964

YLL/(Deb+H2O+H2∗) 0.17001 YLL_De/(LL+NH3+H2S+H2O) 0.938439

YNH3/(Deb+H2O+H2∗) 0.104707 YH2∗__LL_De/(LL+NH3+H2S+H2O) 0.061561

YH2S/(Deb+H2O+H2∗) 0.006135 fAc/(Ac+NH3+H2S) 0.892751

fDeb/(Deb+H2O+H2∗) 0.912591 fNH3/(Ac+NH3+H2S) 0.101178

fH2O/(Deb+H2O+H2∗) 0.069021 fH2S/(Ac+NH3+H2S) 0.006071

fH2∗/(Deb+H2O+H2∗) 0.018388 YAM_De/(Ac+NH3+H2S) 0.785383

fCL_CP_Hy/(CL+NH3+H2S) 0.892751 YH2O/(Ac+NH3+H2S) 0.21426

fNH3_CP_Hy/(CL+NH3+H2S) 0.101178 YH2∗/(Ac+NH3+H2S) 0.000357

fH2S_CP_Hy/(CL+NH3+H2S) 0.006071 YH2∗_CP_Hy/(CL+NH3+H2S) 0.000357

YCP_Hy/(CL+NH3+H2S) 0.785383 fPL_PP_Hy/(PL+H2O) 0.935393

YH2O_CP_Hy/(CL+NH3+H2S) 0.21426
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3.2. Comparison between Model Output and Experimental Observations

Table 10 provides the correlation coefficients for various parameters, indicating a
comparison between the model output and experimental observations from 12 reactors
(six conditions: six different inoculum to substrate ratios [1]). A very strong correlation
(correlation coefficient > 0.75) was observed for most of the parameters. A relatively lower
correlation coefficient of 0.65 and 0.50 was observed for the concentration of VFA (g/L) and
ammonia-N (g/L), respectively.

Table 10. Correlation coefficient for various parameters indicating comparison between model output
and experimental observations.

Parameter Correlation Coefficient

Crude carbohydrates (%) 0.91

Crude proteins (%) 0.84

Crude lipids (%) 0.99

VFA (g/L) 0.65

Ammonia-N (g/L) 0.50

Cellulose (g) 0.85

pH 0.96

Partial alkalinity (as g CaCO3/L) 0.97

Intermediate alkalinity (as g CaCO3/L) 0.95

Total alkalinity (as g CaCO3/L) 0.76

Intermediate alkalinity/Partial alkalinity
(IA/PA) 0.92 *

Cumulative CO2 (L) 0.98

Cumulative CH4 (L) 0.93

Cumulative biogas (L) 0.97
* The correlation coefficient was calculated based on model output and experimental observations from systems
with ISR = 4.00, ISR = 2.00, ISR = 1.00 and Control (only inoculum). The systems with ISR 0.50 and ISR 0.25 were
excluded because the ratio of intermediate to partial alkalinity (IA/PA) was equal to ∞, for either/both model
output and experimental observations.

As described in model limitations (Section 2.5), a lower correlation coefficient for
VFA was mainly because the model only considers the production of acetate (as VFA) and
none of the other VFAs or other non-volatile organic acids. As previously described by
Gandhi et al. [1], the experimental data clearly indicated the production of VFAs other
than acetic acid as well as production of lactic acid which is not considered in the present
framework, whereas in the case of ammonia-N, a lower correlation coefficient could be
due to the combined effect of multiple limitations (Section 2.5) of the model. For example,
the model considers ammonia-N as the only nitrogen source for the formation of biomass
[hydrolysers, lysate degraders (except protein polymer hydrolyser and protein lysate
degraders) and acetoclastic methanogens], thus diverting a significant fraction of ammonia-
N for biomass production and resulting in relatively lower predicted/modelled ammonia-N
concentrations than that present in the actual digester. The model also considers a single
type of microbial biomass involved in the degradation of a specific compound, disregarding
the conversion/metabolism of multiple types of molecules (for e.g., carbohydrates, proteins,
and lipids) by the same type of microbial biomass, as could happen in actual digesters.
This implies a relatively higher amount of ammonia-N being utilised for the formation of a
“function specific” microbial biomass, thus resulting in a lower predicted/model ammonia-
N concentration in the system. Additionally, the model does not consider the effect of
contact inhibition on the growth of microbial biomass, which may result in excess growth of
the biomass, in turn diverting a significant fraction of ammonia-N. Furthermore, the lack of
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experimental data for amino acids (protein lysate) in the system, which upon degradation
can produce ammonia, and uncertainty in the determination of proteins (experimental
observations) due to interferences and limitations of the analytical technique [1], may
have contributed to inaccurate analytical determinations, ultimately resulting in a lower
correlation for ammonia-N.

Overall, to the best of the authors knowledge this work for the first times shows high
correlation for multiple parameters, using a single set of bio-kinetic and stoichiometric
parameters and describing (a) non-acidified methanogenic systems, (b) reversibly acidified
systems, and (c) irreversibly acidified systems. This means that the developed model can
describe both methanogenesis and acidogenesis well, using the same set of bio-kinetic
parameters for batch anaerobic digesters.

4. Conclusions

The present work illustrates a methodology for the development of a mass-based
atomistic mathematical model for the batch AD process. Upon calibrating the model using
experimental data, the relative mass balance and charge balance error at any given time
were found to be less than machine precision value, whereas the maximum relative atom
balance error was found to be ±0.02% which was due to errors introduced as a result of
numerical integration. Along with this, the liquid–gas transfer in the model was observed
to comply with the Henry’s law. Together, the mass balance, atomic balance, charge balance
and compliance with Henry’s law provide strong evidence for model verification. In
addition to this, the calibration of the model with experimental data showed a high fidelity
of the model as assessed via inspection. Thus, developing such models which account for
and consider the degradation of multiple components in the system, as well as simulate
the change in volume as a result of liquid–gas mass transfer, along with prediction of pH
and alkalinity based on molar concentrations of different ionic species in the system, could
help in hypothesis testing and determine reliable estimates of the bio-kinetic parameters
when regressed with robustly acquired analytical data. Using these parameters which
could be determined through relatively simple batch studies simulating the process under
continuous or semi-continuous operations could be possible. However, further work is
required to develop the MAM framework for a continuous or semi-continuous operational
mode. To the authors’ knowledge, this study attempted for the first time to develop such
a framework; however, further work to overcome the limitations of the present model is
required. In general, the overall structure of the model could be adapted to understand
other similar physico-chemical processes.

Supplementary Materials: The following supporting information can be downloaded at: https:
//www.mdpi.com/article/10.3390/fermentation10060299/s1, Supplementary Material S1: Table S1.
Abbreviations and symbols used in the model framework; Supplementary Material S2: Excel file with
model implementation for batch anaerobic digestion; Supplementary Material S3: Table S2. Batch
experiment setup: The amount of substrate, inoculum, deionised water added to achieve respective
substrate to inoculum ratios; Supplementary Material S3: Figures S1–S13. Comparison between
model output and experimental observations.
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