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Abstract: Inspired by the phenomenology of high-critical-temperature superconducting cuprates, we
investigate the effect of an anisotropic scattering rate on the magnetoresistance of a metal, relying on
Chambers’ solution to the Boltzmann equation. We find that if the scattering rate is enhanced near
points of the Fermi surface with a locally higher density of states, an extended regime is found where
the magnetoresistance varies linearly with the magnetic field. We then apply our results to fit the
experimental magnetoresistance of La1.6–xNd0.4SrxCuO4 and speculate about the possible source of
anisotropic scattering.
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1. Introduction

The anomalous properties of the metallic state of high-critical-temperature superconduct-
ing cuprates are an intensely debated subject of investigation in condensed matter physics.
The most noticeable anomalies are an extended temperature range in which a linear-in-
temperature electrical resistivity (ρ(T)) is observed [1–3]; anomalous power laws and a scaling
dependence of the imaginary part of the electron self-energy (Im Σ(ω, T) = TS(ω/T)) [4,5],
which is mirrored in a similar scaling dependence of the AC conductivity (σ(ω, T)) [6–11], at
least over a certain frequency range; a seemingly divergent specific heat coefficient (Cv/T [12]),
which seems to be mirrored by a seemingly divergent carrier mass [11], as extracted by finite
frequency extrapolation of the optical mass; and an extended range of magnetic fields where
a linear dependence of the magnetoresistance on the magnetic field is observed [2,13].

There is no microscopic theory that captures all the above-mentioned rich phenomenol-
ogy. The phenomenological theory of the marginal Fermi liquid [4] poses the scaling form
of the imaginary part of the electron self-energy as a fundamental property and derives
a wealth of consequences, such as a divergent quasiparticle mass, but there is not yet a
microscopic model of interacting electrons that behaves as a marginal Fermi liquid. Within
this respect, for instance, engineered SYK models [14,15] describing a strongly interacting
quantum system with random all-to-all couplings with a large number of external degrees
of freedom can be considered as effective theories. Other scenarios invoke the proximity
to a quantum critical point. In these theories, the critical fluctuations near the quantum
critical point couple with the electrons, endowing them with non-Fermi liquid properties.
The main problem with these theories is that the most convincing candidates as quantum
critical points in cuprates are associated with an ordering at finite wavelengths, i.e., a
finite characteristic wave vector qc. These are the antiferromagnetic order [16,17], which is
found in the parent insulating compound and extends to small doping [18], and charge
order in the form of incommensurate charge density waves [19], for which there is now
clear evidence in all families of cuprates [20]. However, the electrons that are strongly
scattered by the critical fluctuations are found on the Fermi surface, at isolated spots that
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are connected by the a characteristic wave vector qc (hot spots). All the other electrons
are only weakly scattered and form a Fermi liquid that short-circuits the non-Fermi liquid
transport properties of the very few hot electrons [21].

Recently, an alternative scenario was proposed in which the Fermi liquid proper-
ties gently shrink with reducing temperature as a result of the coupling of the electrons
with fluctuations in the finite characteristic wave vector that are nearly (but not exactly)
critical and become overdamped at low temperatures [22]. Experimental evidence for
such fluctuations in cuprates was recently provided by resonant inelastic X-ray scatter-
ing (RIXS) experiments [23,24], which showed that besides nearly critical charge density
waves (CDWs) characterized by a narrow peak in the spectra, charge excitations with
much broader spectral features were also observed. These excitations, called charge density
fluctuations (CDFs), have a characteristic wave vector qc very close to the wave vector of
CDWs and must, therefore, have a similar origin, although they do not show any tendency
to become critical, do not compete with supercondcutivity, extend across temperature and
doping ranges much broader than those in which CDWs are observed, and are robust with
respect to the unidirectional suppression of CDWs in strained thin films [25]. CDFs are
excitations with sufficiently low characteristic energy to be a strong source of scattering
for the electrons. At the same time, being characterized by broad spectra in momentum
space, they mediate a scattering that is essentially isotropic on the Fermi surface, escaping
the fate of theories with hot spots. It was shown that the imaginary part of the electron
self-energy resulting from the scattering mediated by CDFs resembles that of a marginal
Fermi liquid, although the ω/T scaling is eventually violated due the non-critical character
of CDFs, and the resulting electrical resistivity is linear in temperature above the critical
superconducting temperature [26,27].

A question then arises about the transport properties in the presence of a magnetic
field. Inspired by a crucial observation of the authors of Refs. [13,28] that points towards an
important role of an anisotropic scattering mechanism in producing a magnetoresistance
that is linear in the magnetic field over a wide range, we want to systematically investigate
the magnetotransport properties of electrons in the presence of a scattering rate that is
anisotropic along the Fermi surface. By following the theoretical framework outlined in
Refs. [13,28], we calculate the magnetoresistance, exploring its dependence on the various
model parameters in wider ranges than those documented in the original works. We
also provide more detail about the numerical implementation of Chambers’ solution to
the Boltzmann equation when applied to cuprates and derive explicit formulas for the
harmonic analysis of the anisotropic component of the scattering rate. We do not make
any assumption about the origin and nature of such an anisotropic scattering and limit
ourselves to discussing the physical interpretation of how the parameters influence the
magnetoresistance in this model. We also performed a fit of experimental data, which
turned out to be consistent with our previous fits of the temperature dependence of the
resistance—within our model, relying on CDFs [26,27]. This study is a preliminary but nec-
essary step towards any attempt to incorporate CDFs into the theory of magnetotransport
in cuprates, and the consistency with our previous resistivity fit is encouraging for these
purposes. In the concluding part of this piece of work, we speculate about the possible
source of anisotropic scattering and its connection to nearly-frozen CDF domains.

2. Dependence of the Conductivity Tensor on the Magnetic Field

In order to calculate the dependence of electrical conductivity on the magnetic field,
we adopt a semiclassical approach within the framework of Boltzmann transport theory.
Having in mind the case of high-Tc superconducting cuprates as a case study, our calcu-
lation applies to a layered system with tetragonal symmetry (for which we set the lattice
spacing to 1), which we specialize to the case of a magnetic field perpendicular to the layers.
The conductivity tensor for such a system, in the presence of a transverse magnetic field, is
a 2 × 2 matrix such that the two diagonal components are equal to each other, as are the
two off-diagonal components. Therefore, the conductivity tensor is determined only by the
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two diagonal and off-diagonal components, which we indicate as σxx and σxy, respectively.
To determine the dependence of the magnetic field of these two quantities without any a
priori assumption about the ratio between the scattering rate and the cyclotron frequency,
we rely on Chambers’ solution to the Boltzmann equation [29]:

σxx(B) =
2e2

vuc

∮
FS

vkF(0),x

(∫ 0

−∞
e
−
∫ 0

t
dt′

τ(kF(t′))
vkF(t),x

vkF(t)
dt

)
dk

4π2 ,

σxy(B) =
2e2

vuc

∮
FS

vkF(0),x

(∫ 0

−∞
e
−
∫ 0

t
dt′

τ(kF(t′))
vkF(t),y

vkF(t)
dt

)
dk

4π2 ,

(1)

where e is the absolute value of the electron charge, B is the z component of the transverse
magnetic field (B), vk is the magnitude of the electron group velocity (vk :=∇kξk, where ξk
is the electron band dispersion law); while vk,x and vk,y instead to the two components of
vk (we set h̄ = 1). The quantity denoted by vuc is the volume of the three-dimensional unit
cell of the layered system, so according to our units, it is simply the inter-layer distance of
the in-plane lattice spacing in units. This quantity plays no role in our further calculations.
Since our goal is to evaluate how the scattering anisotropy along the Fermi surface can
affect the magnetotransport properties of the system, we consider an angle-dependent
elastic scattering rate that does not violate the tetragonal symmetry of the system. In
particular, we adopt a scattering rate of the same form as that proposed in Refs. [13,28]:

1
τ(kF)

=
1

τis
+

1
τan

|cos(2ϕkF)|
ν, (2)

where ϕkF denotes the angle that the Fermi surface vector (kF) makes with the positive
x semiaxis in the first Brillouin zone. In our analysis, we do not study the behavior of
the conductivity as a function of temperature; therefore, we do not need to separate the
elastic and inelastic components in the scattering rates (1/τis and 1/τan). It is worthwhile
pointing out that in this piece of work, we do not address the microscopic origin of the
scattering-rate anisotropy. One possible scenario is linked to the proximity to a Van Hove
singularity, which would cause an increase in the angle-dependent electron density of
states. According to this view, the value of ν regulates the profile of this anisotropy.

The dependence on the magnetic field in Equation (1) comes into play through the
time evolution of vector kF(t). This time evolution is governed by the standard equation of
motion for an electron in a uniform electric and magnetic field:

dk
dt

= −e
(
E + vk × B

)
. (3)

where k, E, and vk lie on the lattice plane, while B is orthogonal. However, since we are
not interested in nonlinear effects in the electrostatic field, we can set E = 0 at this level.
It is worth noting that, according to the system of units we are using, the quantity eB
is dimensionless. In fact, the magnetic field B can be conveniently expressed in units of
B0 := h̄/(e a2) (where a is the in-plane lattice spacing), which is equal to 1/e in our units.
We define the magnetoresistance such that it vanishes at B = 0:

MR(B) :=
σxx(0)
σxx(B)

− 1.

Our main goal is to show how the magnetoresistance depends on the three scattering-
rate parameters appearing in Equation (2), namely 1/τis, 1/τan, and ν. The band dispersion
of the electron system under study is that given by tight binding, for which we only consider
the first three hopping parameters:

ξk = −2t
[
cos(kx) + cos(ky)

]
− 4t′cos(kx) cos(ky)− 2t′′

[
cos(2kx) + cos(2ky)

]
− µ.
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The chemical potential µ is adjusted to fix the number of electrons per unit cell (1− p).
Details about the solution of Equation (3) to be incorporated in Equation (1), as well as a Fourier
analysis of the scattering rate in Equation (2), are provided in the Appendices A and B.

3. Effect of Anisotropic Scattering

In this study, we fix the following set of parameters:

t = 200 meV, t′ = −0.135 t = −27 meV,

t′′ = 0.065 t = 13 meV, p = 0.248.

This set is quite similar to that proposed in Refs. [13,28]. The first problem we face
is how the magnetoresistance is affected by the isotropic component of the scattering. In
order to estimate the overall contributions of the two terms that make up our scattering
rate, we can average the total scattering rate over a full (2π) angle:

1
τavg

:=
1

2π

∫ 2π

0

dϕkF

τ(kF)
=

1
τis

+
1

τan
f (ν), with f (ν) :=

Γ
(ν+ 1

2

)
√

π Γ
(ν

2
+ 1
) ,

where Γ(z) is the Euler Gamma function. The dimensionless function f (ν) is a strictly
decreasing function of ν for non-negative values of its argument such that it is equal to
1 when ν = 0, and has asymptotic behavior 1/

√
ν for ν → ∞. In the absence of a magnetic

field, if the total scattering is dominated by a single characteristic scattering rate, Boltzmann
transport theory predicts a resistivity that is essentially linear. The addition of an external
magnetic field generally provides a subleading correction to this dependence. For this
reason, we expect the quantity of MR(B), beyond its dependence on the magnetic field B,
to be essentially linear in τavg due to the presence of ρxx(0) in the denominator. The trend of
magnetoresistance as a function of B for several values of 1/τis is shown in Figure 1. All
the curves in the figure exhibit a crossover between a quadratic and a linear regime, and
the scale at which this crossover occurs increases with 1/τis. We also observe that the value
of the magnetoresistance increases as τis increases according to an approximately linear
relationship at high magnetic fields. It is worth noting that with the values we set for the
anisotropic part of the scattering (1/τan = 42 meV and ν = 12) and with the range we chose
for the isotropic one (between 3 meV and 12 meV), the quantity of 1/τavg is dominated by
its isotropic component, which is the reason why the linearity between MR(B) and 1/τavg

roughly reduces to a linearity between MR(B) and 1/τis.

Figure 1. Magnetoresistance as a function of B for several values of 1/τis at fixed 1/τan = 42 meV
and ν = 12.



Condens. Matter 2024, 9, 52 5 of 11

Let us now analyze the effect of the anisotropic component of the scattering, namely
how MR(B) is influenced by the two parameters of 1/τan and ν. We first observe that
these two parameters play different roles within the expression for 1/τ(kF): while 1/τan
controls the relative weight between the isotropic and anisotropic parts of the scattering
rate, ν determines the shape of the anisotropic part in a non-trivial way. Indeed, the the
ν parameter appears in the expression for the scattering rate, i.e., Equation (2), as the
exponent of | cos(2ϕkF)|, so it does not produce, e.g., an overall amplification or a rigid shift.
Therefore, we expect that the effect of varying 1/τan is somewhat similar to that of varying
1/τis, with the main difference being that the dependence of the magnetoresistance on the
former is significantly weaker than that on the latter for large enough values of ν, as its
contribution is significantly suppressed by factor f (ν). These observations are confirmed by
our numerical calculation, the plot of which is shown in Figure 2. An important qualitative
difference relative to Figure 1 is that in the second case, the curves seem to grow as 1/τan
increases. The reason is that the scattering rate (1/τan) has a much weaker effect on ρxx(0)
than 1/τis—weak enough to allow for the increase in resistivity due to the magnetic field
to (slightly) outweigh the increase in zero-field resistance.

Figure 2. Magnetoresistance as a function of B for several values of 1/τan at fixed 1/τis = 3 meV and
ν = 12.

More interesting is the effect of varying the value of ν, which is graphically reported
in Figure 3. As we have already mentioned, the increase in ν leads, on the one hand,
to a sharper anisotropy of the scattering rate, but, on the other hand, it attenuates the
contribution of the anisotropic component compared to the isotropic one. This is why
the increase in ν has an effect somewhat opposite to that of the increase in 1/τan, as is
evidenced by comparing Figures 2 and 3. The most interesting aspect of this plot, in contrast
to what we observed in Figures 1 and 2, is that the linear parts of the curves appear to
have essentially the same slope and are, therefore, distinguished from each other mainly
by the scale at which the crossover between the quadratic and linear regimes occurs. In
particular, linearity appears to be more extended as ν decreases. However, for excessively
low values of ν a deviation from linearity is observed at high magnetic fields, in favor of a
sublinear trend.
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Figure 3. Magnetoresistance as a function of B for several values of ν at fixed 1/τis = 3 meV and
1/τan = 42 meV.

4. Discussion and Conclusions

For the sake of concreteness, for comparison with experimental data, we adopt the same
set of parameters that we already used to fit the resistivity data for La1.6–xNd0.4SrxCuO4 [27,30],
whose experimental estimate is provided in Ref. [31]:

t = 435 meV, t′ = −50 meV, t′′ = 38 meV, p = 0.24.

With this set of parameters, we obtain µ ≃ −350 meV. Moreover, in order to perform a
direct comparison with the experimental data, it is necessary to express the magnetic field in
standard SI units. For this reason, it is necessary to fix the value of a and, consequently, that
of B0. By setting a = 3.8 Å [32,33], we obtain B0 ≃ 4.56 × 103 T. The fit of the experimental
data, as shown in Figure 4, provides the following set of values:

1
τis

= 17.7 meV,
1

τan
= 39 meV, ν = 4.

The explicit expression of Equation (2) for ν = 4 is

1
τ(kF)

=
1

τis
+

1
τan

[
3
8
+

1
2

cos(4ϕkF) +
1
8

cos(8ϕkF)

]
.

The set of parameters we chose not only allows for a good fit of the experimental
magnetoresistance curve but is also consistent with our previous fit for the resistivity
data [27,30]. In fact, the value of ρxx(0) that we obtain with the expression for 1/τ(kF)
given by (2) with the chosen parameters is the same as that obtained by setting 1/τ(kF)
equal to the constant value of 2Γ0 with Γ0 = 13.7 meV, which is the value we set to fit
La1.6–xNd0.4SrxCuO4 resistivity data in the absence of a magnetic field. This is a preliminary
test of consistency within our attempt to formulate a theory of the strange metallic behav-
ior of cuprates in terms of overdamped collective excitations [26,27], which is currently
underway. We notice, in passing, that the extended linear behavior as a function of B is
obtained here for a scattering rate that is rather less anisotropic than that suggested in
Ref. [13]. Another important consequence of the mechanism underlying an extended linear
dependence of the magnetoresistance on the magnetic field discussed in this piece of work
is the temperature and magnetic field entering the theory in independent manners, so
there is no reason to expect B/T scaling of the magnetoresistance. Of course, if the overall



Condens. Matter 2024, 9, 52 7 of 11

inverse scattering time (1/τ) is directly proportional to T, then we observe a B/T scaling,
as the coefficient C in the relation expressed as MR(B) = C B is proportional to τ. However,
within our approach, the microscopic origins of the B linearity of the magnetoresistance and
the T linearity of the scattering rate are completely unrelated to each other. The first of the
two is determined by several factors, including the degree of anisotropy of the scattering
on the Fermi surface, while the second is likely due to the semiclassical behavior of the
collective degrees of freedom that mediate this scattering whenever the temperature is
higher than the characteristic energy scale of these degrees of freedom [26,27]. This implies,
for example, that the energy scales at which the linear-to-quadratic crossover is observed,
both in the B dependence and in the T dependence, are unrelated, barring an accidental
coincidence. Therefore, if the mechanism for the linear-in-B magnetoresistance is the one
discussed in this piece of work, any observed B/T scaling is to be considered approximate
or accidental.

Figure 4. Plots of the experimental magnetoresistance data (dots) and theoretical fit (solid line) for
La1.6–xNd0.4SrxCuO4 at p = 24% and T = 30 K. The experimental data are taken from Ref. [13].

So far, we have limited ourselves to identifying the range of parameters that are
apt to describe the magnetoresistance of cuprates. The task of incorporating CDFs in
the theory is beyond the scope of this piece of work, as it requires specifying the elastic
and anelastic contributions for in both 1/τis and 1/τan, with the latter governing the
temperature dependence of the transport properties, which will be the subject of future
investigations. However, here, we wish to speculate about the possible source of anisotropic
scattering and its connection to CDFs.

To extend the linear-in-temperature electrical resistivity down to very low tempera-
tures, as observed in cuprates when superconductivity is suppressed by a magnetic field,
we were recently led to consider a theory in which the damping of CDFs increases with
the lowering of the temperature and diverges at T = 0 (at a specific doping or in some
doping range) [27,30]. Indeed, this theory allows for the extension of the linear temperature
dependence of the resistivity to low temperatures. Furthermore, the electrons coupled to
these overdamped CDFs form a shrinking Fermi liquid [22] that reproduces most of the
phenomenology of the marginal Fermi liquid, with the important difference of yielding a
quasiparticle mass that stays finite. Instead, the divergent specific heat coefficient (Cv/T) is
obtained as a direct contribution of overdamped CDFs. When trying to identify the source
of this overdamping, one is led to consider some kind of incipient glassy behavior for the
CDFs, following an approach inspired to Ref. [34]. It is then tempting to imagine that
some elongated nanoscopic CDF domains become prematurely frozen and contribute to the
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elastic part of the anisotropic scattering rate responsible for the linear magnetoresistance,
whereas the remaining dynamical overdamped CDFs contribute to the inelastic part of the
isotropic scattering rate responsible for the linear-in-temperature resistivity. This scenario
is currently under investigation.
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Appendix A. Equation of Motion of an Electron in a Transverse Magnetic Field

We calculate the conductivity tensor by neglecting nonlinear effects in the electric
field but keeping the full dependence on the magnetic field (at least for magnetic fields
low enough to apply a semiclassical approach). Therefore, the equation of motion for the
electron is obtained by setting E = 0 in Equation (3):

dk
dt

= −vk × eB.

This equation can be expressed either in Cartesian coordinates (kx, ky) or in polar
coordinates (k, ϕ) as follows:


dkx

dt
= −eBvy,

dky

dt
= eBvx,



1
k

dk
dt

= −eB
kxvy − kyvx

k2
x + k2

y
,

dϕ

dt
= eB

kxvx + kyvy

k2
x + k2

y
,

where, in the last two equations, kx = k cos ϕ and ky = k sin ϕ. Since the integral that defines
the electrical conductivity is restricted to the Fermi surface, the various wave vectors that
appear are uniquely identified by their angle with respect to the positive x semiaxis of the
first Brillouin zone. Consequently, the only relevant equation of motion is the one for ϕ.
Once ϕ is found, the corresponding k is adjusted so that k is on the Fermi surface. We point
out that the angular variable ϕ varies continuously along the entire Fermi surface only if it
is closed around the Γ point, namely when it crosses both axes of the first Brillouin zone,
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i.e., kx = 0 and ky = 0. For the case of an open Fermi surface, it is convenient to work with
the angular variable φ, which is defined as the angle taken from the M point starting from
the negative y semiaxis and taken as positive if oriented clockwise (see Figure A1). The
equation of motion for φ is then

dφ

dt
= eB

[
π −

(
kx + 2πθ(−kx)

)]
vx +

[
π −

(
ky + 2πθ(−ky)

)]
vy[

π −
(
kx + 2πθ(−kx)

)]2
+
[
π −

(
ky + 2πθ(−ky)

)]2 ,

where θ(·) is the Heaviside step function. The quantity of k j + 2πθ(−k j) (with j = x, y
and k j ∈ [−π, π]) can be interpreted as a Fermi surface vector if the Fermi surface is
traced around the M point instead of around the Γ point. Also notice that the sign of[
π −

(
k j + 2πθ(−k j)

)]
is the same as that of k j; this implies that the sign of dϕ/dt is the

same as that of dφ/dt, as expected. Moreover, we point out that all the functions in this
expression are well defined, since in the case of an open Fermi surface with tetragonal
symmetry, neither kx nor ky can ever vanish.

Figure A1. Graphical display of angles ϕ and φ for an open Fermi surface.

Appendix B. Harmonic Analysis of the Anisotropic Component of the Scattering Rate

The Fourier series expansion of the function expressed as | cos(2ϕ)|ν provides the
following result:

| cos(2ϕ)|ν =
1
2

a0 +
∞

∑
n=1

an cos(4nϕ),

where

an =
Γ(ν+ 1)Γ

(
n − ν

2

)
2ν−1πΓ

(
n + 1 +

ν

2

) cos
[(

n +
ν+ 1

2

)
π

]
.
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This is a quite general expression that works for any real ν≥ 0. Notice the following
asymptotic behavior:

Γ
(

n − ν

2

)
Γ
(

n + 1 +
ν

2

) ∼ 1
nν+1 for n → ∞,

which ensures that the previous series is always convergent for any ν > 0. A very
interesting expression can be found when ν is an even, non-negative integer. In this
case, we can express it as 2m, where m ∈ N0. The expression for a generic coefficient an is

an =

21−2m
(

2m
m − n

)
for 0≤ n≤m,

0 for n > m,

which shows that only a finite number of harmonics contributes to the reconstruction of
the original function, as required by appropriate trigonometric identities. In particular, for
the trivial case of ν = m = 0, the only non-zero term is a0 = 2, as expected, since in this
case, our function becomes constant.
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